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Abstract: The relationship between the geometric properties of “hyperboloidal”
Cauchy data for vacuum Einstein equations at the conformal boundary of the initial
data surface and between the space-time geometry is analyzed in detail. We prove
that a necessary condition for existence of a smooth or a polyhomogeneous Scri (i.e.,
a Scri around which the metric is expandable in terms of 7~/ log’ r rather than in
terms of r~7) is the vanishing of the shear of the conformal boundary of the initial
data surface. We derive the “boundary constraints” which have to be satisfied by an
initial data set for compatibility with Friedrich’s conformal framework. We show that
a sufficient condition for existence of a smooth Scri (not necessarily complete) is
the vanishing of the shear of the conformal boundary of the initial data surface and
smoothness up to boundary of the conformally rescaled initial data. We also show
that the occurrence of some log terms in an asymptotic expansion at the conformal
boundary of solutions of the constraint equations is related to the non-vanishing of
the Weyl tensor at the conformal boundary.

1. Introduction

In the papers of Bondi et al. [3], Sachs [18] and Penrose [17] which laid the
foundations of our present understanding of the gravitational radiation, some rather
strong hypotheses about the asymptotic behaviour of the gravitational field in lightlike
directions were postulated. In a recent study by ourselves [1] (cf. also [2]) of the
asymptotic properties of solutions of constraint equations on spacelike hypersurfaces
intersecting “Scri” transversally it has, however, been observed that generic Cauchy
data constructed in such a setting by the “conformal method” failed to be smoothly
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extendable, after appropriate rescalings, to the conformal boundary! due to the
occurrence of some logarithmic terms in an asymptotic expansion of the fields near
the conformal boundary. This behaviour was observed even though the “seed fields”
used in the conformal method were smoothly extendable to the conformal boundary.
The aim of this paper is to analyze in detail the obstructions to smoothness of the
solutions of the constraint equation constructed as in [1]. In order to present our
results it is useful to define two tensor fields c* defined on the connected component
under consideration M, of the conformal boundary OM of the initial data surface:

hCD/\ hCDK
0-1:!4:3 = <>‘AB - TCD hAB) + <KAB - ‘—2ﬂ hAB)

which we shall call the shear tensor of OM;, where h,p is the induced metric on
OM,;, K 45 is (the restriction to 9M of) the extrinsic curvature (X i) of M in the
unphys1cal space-time (V,7), and A, is the extrinsic curvature of 6M in (M, g).
In the case of Cauchy data constructed as described in Sect. 2, our results linking the
geometry of the boundary of the initial data surface with the geometry of the resulting
space-time can be summarized as follows:

) (1.1)

oM,

1. Suppose that neither o' nor o~ vanishes. Then there exists no development of
the initial data with a smooth or polyhomogneous Scri.

2. Suppose that o™ = 0 or 0~ = 0; changing the time orientation if necessary we
may without loss of generality assume that o+ = O:

(a) Suppose moreover that K o um; # 0, where K| l°g denotes “the logarithmic
part” of K 4, cf. Sect. 3 for deta1ls 'If there exists a development with a polyho-
mogeneous Scri, then it is essentially polyhomogeneous, i.e., no development with
a smooth Scri exists.

(b) Suppose instead that K i o M, = 0.

i) Suppose moreover that K lc’gl aM; # 0. If there exists a polyhomogeneous Scri,
we cannot exclude the possibility that it is inessentially so, i.e., that it can be made
smooth by an appropriate change of gauges.

ii) Suppose finally that we moreover have K\¢|, m; = 0. Then there exists a
development which admits a smooth conformal boundary.

It should be stressed that the results linking the log terms with the non-vanishing
of the Weyl tensor proved here show that the occurrence of shear and of at least some
of the log terms in asymptotic expansions of physical fields at Scri is not an artefact
of a bad gauge choice, including the choice of a conformal factor, or of a pathological
choice of the initial data hypersurface (within the class of uniformly bounded from
above and uniformly bounded away from zero, locally C?, conformal factors and C'
deformations of the initial data hypersurface which fix dM): if Scri is not shear-free
(by which we mean that Eq. (3.11) does not hold), then no conformal transformation
will make it shear free. Similarly if the Weyl tensor does not vanish at M, then no
gauge change in the above sense will make it vanish (cf. Sect. 3 for a more detailed
discussion).

1 Tt has similarly been observed by Christodoulou and Klainerman [6] that generic space-times
constructed by evolving “small” Cauchy data asymptotically flat in spacelike directions seem
to display asymptotic behaviour incompatible with the Bondi-Sachs-Penrose (BSP) conditions
(and this result has apparently been recently rigorously established: D. Christodoulou, private
communications). Since the Christodoulou-Klainerman theorem is proved under quite different
conditions its conclusions are, however, somewhat different from the ones obtained here
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Let us mention that results somewhat similar to those obtained here have been
recently derived in a Bondi-Sachs type setting in [7].

The overall picture that emerges from the results of [6, 1, 7] and from the results
here is that the usual hypotheses of smoothness of Scri are overly restrictive. These
results seem to indicate that the correct setup for an analysis of the gravitational
radiation is that of polyhomogeneous rather than smooth functions on the conformally
completed manifold, i.e., functions that have asymptotic expansions in terms of powers
of = and log z rather than of x only. It should, however, be stressed that even though
the fact that the physical fields (§, K) satisfy the constraint equations guarantees the
existence of some vacuum development (V,#%), it is by no means obvious that in
the case, say ot = 0, the existence of some kind of compactification of (M, g, K)
implies the existence of some useful conformal completion of (V,#). The question
of existence of conformal completions of (V,#) with three dimensional boundaries is
the most important unsolved problem of the present theory.

This paper is organized as follows: In Sect. 2 we review the results of [1]
about existence and structure of solutions of constraint equations satisfying “rough”
hyperboloidal conditions?. In Sect. 3 we study the relationship between the Weyl
tensor at the conformal boundary and some of the log terms in the Cauchy data, cf.
Theorem 3.1. We should stress that in that section we do not assume that the data
have been constructed by the methods of [1], rather we study a quite general class
of initial data satisfying boundary conditions, which are inspired by those that would
be satisfied by data constructed in [1]. Nevertheless the class of data considered is
significantly larger than that described in Sect. 2, and we have actually tried to tailor
the boundary conditions to be the weakest possible for our analysis to go through
without some significant difficulties. The argument in Sect. 3 is essentially a careful
reexamination of the argument presented by Geroch in [12] assuming a smooth Scri. In
that section we also derive some results which are necessary for further applications,
cf. Theorem 3.2. It seemed of interest to rederive the results of Sect. 3 in a more
direct manner, using directly the constraint equations: this is done in Sect. 4. In that
section we show that the rather indirect four-dimensional methods of Sect. 3 can be
replaced by an analysis which is conceptually more straightforward but much more
tedious from a calculational point of view, using 341 and 2 + 1 4 1 decompositions
of the fields. In Sect. 5 we address the question of existence of a time evolution of the
initial data which possesses a polyhomogeneous or smooth Scri. Theorem 5.1 is our
main existence result, while Proposition 5.1 is our main non-existence result. Various
conventions and definitions are given in Appendices A and E. In Appendix B we
show that initial data with a “shear-free” conformal boundary can be embedded in a
space-time which is asymptotically Minkowskian in light-lie directions. In Appendix
C the notion of the extrinsic curvature of a null hypersurface is shortly discussed.
Some calculational arguments needed in Sect. 3 can be found in Appendix D.

2. The Conformal Method

In this section we shall outline the Lichnerowicz-Choquet-Bruhat-York method for
constructing solutions of the constraint equations (2.1)—(2.2) of general relativity, with

2 We use the qualification “rough” for the boundary conditions of [1] to differentiate them from
those that are needed in Friedrich’s evolution theorems. It is precisely the object of this paper to
demonstrate with what conditions should the “rough” boundary conditions of [1] be supplemented
to obtain data suitable for Friedrich’s theorems
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asymptotic conditions appropriate to the “hyperboloidal” initial value problem [8, 9],
cf. also [2,1].Let M be a smooth, connected, Hausdorff, compact three dimensional
manifold with boundary, set M = int M, 9M = OM = M\M. Given “seed fields”
(9,5, A¥), where g;; is any smooth Riemannian metric on M extending smoothly to

OM, and AY is any symmetric, traceless tensor field on M extending smoothly to
OM, a solution (g, K) of the general relativistic constraint equations

R@) = §;;5u K* K7 — (§,K9), @2.1)
DK"Y — g K*g7) =0, 2.2)

where Ei is the Levi-Civita connection of §, > and R(f) is the Ricci scalar of a metric
f, satisfying the condition

K=g,K7=3, e==I, (2.3)

can be constructed by the following procedure: Let = be any defining function for
OM, i.e. a function satisfying x € C®°(M), x > 0, z(p) = 0 & p € OM, with dx
non-vanishing at M. Let AY € C°° (M) be symmetric traceless and let X be any
solution of the equation

D;[z3(D'X7 + D' X" — 2 D, X*¢")] = —D,(z2AY), 2.4)

define 5

2
. w P . 2 .. w i
LY = ;3-(13 X1+ DIX"— 2D X*g7) + — 47, (2.5)
where w is a solution of the equation
3 2,12 2 3 _
wAw =3 [Dwly + zw (R(g) — [LIP+35 =0, (2.6)
1

satisfying w > 0, wz™" - uniformly bounded on M from above and uniformly
bounded away from zero, where |L|2 = g;; g, L** L7*. Setting

~ )
9i5 =W G5,
Ki] — w3Lij + 691']'7

one obtains a solution of (2.2)—(2.1) satisfying (2.3). Moreover when X is chosen
appropriately (cf. point 1 below) the fields (gij,f( i7) satisfy (in a rough way?) the
asymptotic conditions appropriate to the “asymptotically hyperboloidal” setting (cf.
[9,1]). In [1] the following has been shown:

1. For any (g, A) as above one can find a unique solution X € 22O (M) +
z* log £C>(M) of (2.4) such that

U2, U¥ e C(M).

2
<£> LY =UY + 2* log zU! o

w log »

Given any g there exists an open dense set (in the C°°(M) topology) of A’s

for which Uﬁ,’g] om Z 0 (however, there exists an infinite dimensional closed

subspace of A’s for which Ulifgl om = 0). If Ufoggl om = 0, then Ulijg = 0 and

3 For a precise description of various conditions imposed, cf. [1]. In the smooth seed fields context
discussed here, the boundary condition on X is that 72X be bounded; this ensures existence and
uniqueness; cf. also footnote 2
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thus z2w™2L* € C°°(M). Let us note for further reference that in an orthonormal
frame e;, as described in Appendix A, if we write, in a neighbourhood of 0,

LY = [P @)+ zLY () +...,

where {v} are coordinates on OM, then we have L}* = 0, while both L§B(v) —
5 L§PhephAP and LB () — 5 LYPhe phAP are freely specifiable tensor fields

on OM.
2. For any (g, A) as above one can find a solution w € %, where 2, denotes

the space of polyhomogeneous functions on M (cf. Appendix E), of Eq. (2.6).
More precisely there exists a sequence {N,}32, with Ny = N; = N, = N; =0,
N, = 1 and functions w, ; € C°°(M) such that

N,
WYY w, atlogl z 2.7)

>0 j=0

(cf. Appendix E for the meaning of “~”). For an open dense set of (g, A)’s we
have wy 1[50 Z 0. If wy 1[5p, = 0, then w € C(M).

When L% = 0, the obstruction to smoothness of w has been analyzed in detail in
[2]. In that reference it has been shown in particular that w, ;|,, vanishes if the Weyl
tensor of the unphysical space-time metric is bounded near OM (cf. [2] for details).
It is the object of this paper to extend that analysis to the case L* # 0.

3. Weyl Tensor vs. Log Terms

In this section we shall show that under some conditions the vanishing of the Weyl
tensor at OM is equivalent to the vanishing of some of the log terms in the solutions of
the constraint equations. The methods of this section do not require any understanding
of the origin of the log terms, which will be discussed in more detail in the next
section. It should be stressed that we do not assume the condition tr K = const
(which has been made in [1], as described in Sect. 2). To obtain sharp results we will
consider functions which satisfy some detailed differentiability requirements near the
conformal boundary, cf. Definition 3.1 below. The reader who is not interested in
sharp results might assume that all the functions appearing in the formulas below are
polyhomogeneous, thus all the coefficients of expansions in terms of powers of x and
log x are smooth functions of the boundary variables.

Let (M,§,K) be an initial data set, thus M is an (open) manifold, § is a
Riemannian metric on M and K is a symmetric tensor field on M, with (§, M)
satisfying the constraint equations (2.1)—(2.2). We shall also assume that M = int M,
where M is a compact manifold with boundary, and that there exists a function
w € CUM)N C3 (M) such that

G=wlg on M,
w|8M:07

and g is a Riemannian metric on M such that g € C°(M) N C2 (M). If we assume
moreover that g;; € H MM, KW € HE (M), with some k > 2, then it follows

1
from well known theore?ﬁs [14, 13, 4, 5] that there exists a vacuum space-time (V,7),
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with 4 € CE~1(V), together with an embedding i: M — V such that *5 = §, and
K represents the extrinsic curvature tensor of ¢(M) in (V,#%). Given an orthonormal
frame é;, ¢ = 1,2, 3, for § the four vectors (€,), a = 0,...,3, where &, = 7}, the unit
normal to i(M) in (V,#), form an orthonormal tetrad for 4. Let {2 be any function
on V such that

Noi=w, (3.1
define
v =025,

In what follows we shall identify M with ¢(M) without explicitly mentioning this
fact, and we shall always assume that (3.1) holds.
Following Geroch [12] we define

Sub = Ry — ¢ RO Vas (3.2)
7, = R*,(%) — : R%)8%,, 3.3)
where R, (f), R(f) denote the Ricci tensor and the Ricci scalar of the metric f; we

have [12]
Rabcd = Cabcd + ,ya[ch]b - ’Yb[csd]a ’ 34

where R, ., and C,; , are the Riemann tensor and the Weyl tensor of the metric
Vo> and

2 VeV 02 1
Sop = 5 V, V2 + Tc VYap T I Gabs (T =7%.5%), (B.5)
CapedV2 + 02V, Sy = V(271G ) — 27 %y,, %,V 02, (3.6)
V™27 Cpem) = =272V (27 G) + 027, %, V2 (3.7

(in this section* and in Appendices A and D all indices are tetrad indices, and
are raised and lowered with v,, = diag(—1,1,1,1)). If ¥ is vacuum, then clearly
?Cb = O.

We wish to stress that above and throughout the remainder of this section we have
not assumed that any kind of well behaved conformal completion of (V, v) exists, and
that Eq. (3.5)—(3.7) hold whatever the extension {2 of w to V.

The trace of Eq. (3.5) gives
4vVNE 2 1
'77 — —QBQ+W’7ab%b. (38)
Let us assume that near a connected component OM, of OM, we have

weC' ), A*Z, =),

and that we have chosen {2 so that along M we have

S =y*S,, =

002 = ow™h).
The requirement that S = o(£272) gives
PR VL, = 0= woloar, = £1Dwglon, » (3.9

4 On the other hand it should be noticed that in Sect. 4, 5, and in Appendix B coordinate indices
are used
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where
wy = V2| -

It follows that if we wish S, to be o(£272) we need to choose the boundary value
of V{2|5y, so that (3.9) holds. The trace free part of (3.5) reads

2 1 .
Sap — %S%b = G [VavbQ - %D‘Q’Yab] + 0" (%b - %7 d‘%d’)’ab)' (3.10)

Equation (3.10) shows that if %, = o(§2), then a necessary condition for (V,%) to
admit a Scri with a C*(V) metric is, that there exists on M functions wy,wy, such
that if we set

Vol2lyr s VoVof2lyr = wyg s

then we have

yoim (V,V,2 — ; 007,,) =0. (3.11)
By an abuse of terminology we shall refer to (3.11) as the statement, that a smooth
Scri is shear free in the “gauge” [Jf2 = 0.

Let us recall, that the couples (v, §2) and (¢*v, ¢£2) determine the same physical
metric 57 = £2727. If ¢ is a twice differentiable function uniformly bounded from
above on M and uniformly bounded away from zero on M, then a straightforward
calculation shows that the condition (3.11) is invariant under such rescalings. As will
be seen in Proposition 3.3, if the space-time under consideration admits a Scri which
is a null hypersurface, then the geometric meaning of (3.11) is the vanishing of the
conformal extrinsic curvature of Scri, as defined in Appendix C.

We wish to show that from the Cauchy problem point of view the requirement
that Eq. (3.11) holds will lead to a constraint on the Cauchy data: a simple 3 + 1
decomposition of (3.5) gives

1 4 2 1 1
Sij 3 g Sklgz‘j = N KKZJ ~3 ngj>V0‘Q + (DiDj‘Q T3 AgQgij>:|

1 1
+ 5 <?;J -3 g“%zgzj), (3.12)
where K, is the extrinsic curvature of M in the (unphysical) space-time (V,7),
K = 9" K}, and where A is the Laplacian of the metric g;,. Equation (3.12)
implies:
Proposition 3.1. Suppose that g € C'(M), w € C*(M), K € CO(M), &, = o(£2). A

necessary condition for the existence of a conformal completion V of (V,7) such that
v € CX(V) is that

1 1
(Ki] - § Kg”>

1
v ‘g{lleg (Dij“’ 3 Ag“’%)]

Wo
€=
()

where D, is the Levi-Civita connection of g,,.

9

oM

(3.13)

=41,
oM
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It is worthwhile to analyze the covariance properties of Eq. (3.13): recall that the
quadruplets (w, g;;, K¥, V£2|5) and (@, §;;, K*7, V{2| ), where

&= dw, (3.14)
G = 0, (3.15)

Ko = ¢—3<sz - gg”) + (qu - ¢>—2¢0)g“‘ , (3.16)
Vol2ly = VoRly + ¢ dow, G.17)

with ¢ € CL (M), ¢, € CL.(M), determine the same physical Cauchy data set
([, K). If ¢ is assumed to be uniformly bounded from above on M and uniformly
bounded away from zero on M, then a straightforward calculation shows that the
condition (3.13) is invariant under (3.14)—(3.17). Thus, (3.13) is indeed a condition
on the physical Cauchy data.

Equation (3.13) is a non-trivial condition, because it is not satisfied by generic
initial data as constructed in [1]:

Proposition 3.2. For generic (g,A) € C®(M) & C™(M), the solution of the
constraint equations constructed by the conformal method will not satisfy (3.13).

Remarks. 1. Equation (3.12) shows that S;; will blow up at 7 = V\V as 27! when
(3.13) does not hold. This implies immediately that initial data for which (3.13) does
not hold will lead to a space-time (V, %) which does not admit compactifications (V, )
with a metric v € C*(V). It will be seen in Proposition 5.1 below that a stronger
result holds: whenever (3.13) fails no conformal completion of the space-time with a
polyhomogeneous Scri can exist, cf. Sect. 5 for details.

2. If V admits a boundary such that .7 = V\V is a null hypersurface with M, C .7,
then Eq. (3.18) below is equivalent to the vanishing of the conformal extrinsic
curvature of .7 on OM, (cf. Appendix C). This together with Proposition 3.3 shows
that in vacuum Eq. (3.11) is equivalent to the vanishing of the conformal extrinsic
curvature of .7 on OM,.

Proof. 2 + 1 decomposing (3.13) one finds
(Kap = 58P Kophap) oy, = €(Aap = 3 Mas) » (3.18)

where
_ 1 AB

the indices A, B, etc. run from 2 to 3, h 45 is the metric induced on OM, by g, and
A4 p 18 the extrinsic curvature of M, in (M, g). As can be seen from what is said
in Sect. 2 (and is analyzed in some more detail in [1]), both sides of (3.18) assume
(independently) arbitrary values as (g, A) run over C°°(M) @ C*°(M), and the result
follows. [

In the Appendix B we show that Cauchy data for which (3.18) holds are
asymptotically flat in a quite satisfactory sense. The question whether or not and
in which sense a space-time in which (3.13) fails to hold deserves the name of
asymptotically flat and/or asymptotically Minkowskian remains to be investigated
(cf. [7] for a discussion of this question in a Bondi-Sachs framework).

In the remainder of this paper we shall be concerned with the case in which (3.13)
holds. In order to do this we need to impose on g and K differentiability conditions
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consistent with the occurrence of log terms in the solutions of the constraint equations.
In order to cover sitatuions in which finite differentiability of space-time fields is
appropriate we introduce the following:

Definition 3.1. For 0 < k € N the function f € CE (M) N CY(M) is said to satisfy
the k-condition at OM,, where OM, is a connected component of the boundary OM
of M, if in local coordinates y = (z,v?) as described in Appendix E we have

0 <lal <k—1lim 97 (z" logzf) =0,
la| = k lim 87 (2" logzf) =0,
xr—

k(ok
lim O (x"logzf)

— k!
20 logz K flow,

Remarks. 1. A function f satisfying
V 0<l|o| <k, [02f|=o"Ilog™" ),

will also satisfy the k-condition. In particular if f € CF(M), then f satisfies the
k-condition.
2. Function displaying the above behaviour at OM, appear naturally when studying
the regularity of solutions of constraint equations near M, under finite differentia-
bility hypotheses on the “seed fields” used in the conformal method (cf. [1]).
3. Note that if f satisfies the k-condition, then z*logzf € C*~1(M), and z*f €
C*(M); moreover the function z*logzf behaves under differentiation and passing
to the limits at &M, in a way somewhat similar as it would if f € C*M. An example
of a function which is not in C'(M) but which satisfies the k-condition for all k > 1
is given e.g. by the functions log(x)~%, with any o > 0. Functions of the form
log(x)~*¢(v/x), @ > 1, where ¢ is any smooth function compactly supported in a
coordinate patch on OM (with v-coordinates on a coordinate patch of 9M extended
to a neighbourhood of M in any smooth way) also satisfy the k-condition for any
k.
4. This is a condition concerning space-derivatives of f only, no time derivatives are
involved.

Before stating the main result of this section, Theorem 3.1, we need to describe a
property of the initial data sets considered:

Proposition 3.3. Consider a Cauchy data set (M, §, K) for a vacuum space-time
(V, %) such that

9, = ‘-‘J_zgzj o 9y = gij + log xg?]"c )

. 3 S 5 e
LY =w’LY, LY =LY+42"logzLy,
K=K+ loga:f(log,
w=0q& + z logzd'°8

where

~i
g7,

w]Nz

f(zgijf(”, LY =KY—~

with §;; € C*(M), & € C*M), L7, K € C*(M), and &'*¢ satisfies the 4-condition,

Alog

§;; satisfies the 3-condition, and L K,

log: Kiog Satisfy the 2-condition at OM,. Suppose
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moreover that there exists € = +1 such that

A K
(’\AB ) h’AB) = E(KAB ) hAB>
oM, oM,

A=h4B), 5, k=h“PK,p. (3.20)

, (3.19)

Then:
1. There exists a function 2 € Ci (V) satisfying $2|,, = w such that

lim |V2P =0,
M>3p—90M,

. 1 . n.
Maglnl—rzlaMi (V,Vy2 — ;0027,,) =0;

2. On M there exist functions R, € C"(M) and RLE., satisfying the 1-condition
such that

Rapealpr = Ropeq + £210g ‘Qngcd (3.2D)

(in particular
Copedl vt = Capea + 210g RCE (3.22)
Suplae = Sap + 210g 2SE, (3.23)

with Cpoar S0 € CYI), and C\E,,, SE satisfy the 1-condition). Ry, and

RS, respectively C,, , and CX8 . can be chosen to have all the symmetries

of a Riemann tensor, respectively of a Weyl tensor.

Remarks. 1. It should be stressed that we do not claim that the decompositions (3.21)—
(3.23) are preserved under evolution (although we find it likely that this will be the
case, at least under the conditions of Sect. 2). Thus, in all further calculations we
assume that (3,21)—(3.23) hold on M only.

Alog

2. Since we are working in a frame formalism in this section, when g,;° = 0
(]

the positioning of indices on e.g. f,log

upstairs or downstairs does not affect the

decomposition of L¥ into the log part and the regular part. If gﬁ‘;g # 0 (or if one uses
a coordinate formalism as in some other sections) one should use e.g. an orthonormal
frame for § in all the calculations (or use § to raise and lower indices). This will
not affect the equality of leading order part of the covariant and contravariant log
part of a tensor, but will only lead to differences between some lower order terms in
the covariant as compared to contravariant log part. Throughout this paper we shall

freely move the index “log” in the subscript or superscript position, writing €.g. ]ili(;g

for §;,0;, LEL etc.

In the remainder of this paper we shall assume that the choice of the extension {2
of w from M to V has been made in a way consistent with Proposition 3.3.

The proof of Proposition 3.3 is a straightforward 2 + 2 decomposition, and can be
found in the Appendix D. Our main result is the following:

Theorem 3.1. Suppose that the hypotheses of Proposition 3.3 hold and let (V,7) be
a Cauchy development of (M, §, K) such that 4 € C} (V). Let M, be a connected
component of M which is diffeomorphic to S*. Then in any orthonormal frame such
that ey LM we have

MB;I-I—I}(?MZ' Cu.bcd(p) =0 3 (324)
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if and only if

. 1 .
MBLIEIBMi Cl(:)lgOA(p) =—3 Mazglinc')Ml Sllo‘g(p) =0. (3.25)
Remarks. 1. We do not assume K = const, in particular there might be log terms in
an asymptotic expansion of K at OM,.

2. Cauchy data (g, K ) such that (3.18) holds, constructed by the conformal method
from generic smooth seed fields, as described in Sect. 2, will be have near M in a
way consistent with the above assumptions. In such a case one moreover has

AB L, AB

£ 0,

Liog ===, (3.26)

with gi‘;g =0, §;; € C), L7 € C(I1), while &'°¢ and ﬁfgg are “polyhomoge-

neous” near OM,.

3. For (§,K) € H;"“(M ) ® HI°(M) there exist vacuum developments satisfying
€ C3 (V).

4. The proof below is a careful reexamination of Geroch’s version of the Weyl tensor

vanishing theorem of Penrose [12].

5. The condition that (V,#) is vacuum can be replaced by the conditions

Gaplpe = 0@, (3.27)
[V (27 Gy = 0@, (3.28)
Veta Gya VA2 s = 0(z?). (3.29)

6. It should be stressed that in Theorem 3.1 we do not assume any uniform bounds
on derivatives normal to M of R4, Ryp.q> and RCE .

7. Our arguments below also show that for other topologies (3.25) and (3.24) are not
equivalent: from what is said here and from the results of [1] it follows that there
exist solutions of constraint equations with M, # S? which satisfy the hypotheses
of Proposition 3.3 (in fact (g, K, w,w,) can even be chosen to be smooth up to OM,)
and for which the space-time Weyl tensor does not vanish on 0M,.

Theorem 3.1 follows immediately from Proposition 3.3 and from the following:

Lemma 3.1. Under the hypotheses of Proposition 3.3, the only non-vanishing compo-

nents ofCabcd|3Ml are (up to permutations) C’OAOB|3M1, COAIBIBMV and CIAIBIBM.; ;
with

lim C =¢ lim C, = Iim C
Msp—am; OAOB Map—oMm, °AB T ysplan;  ABY
e= lim  [|Dw|;'V,2]=+1.

M>3p—dM, 9

Coaoslan, s a symmetric traceless tensor field on OM, and satisfies the equation

. 0A0B _ : 10B07 _ 1 : 1B
Ty (COAB) ) = — 1198Mi[|Dw|gclg I=3 o lim  1Dwl, ST, (3:30)

M>p © 2
where &, is the Levi-Civita connexion of the metric h induced by g on OM,.

Proof. Let 2, R4 etc., be as given by Proposition 3.3. From Eq. (3.6) with
a,b=1,j and from (3.22)—(3.23), (3.28)—(3.29) one obtains

. doy
MagngMi CiyeaVee2=0. (3.31)
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Consider the Bianchi identity

~VoRag+ ViR, = 3 V,R & —VSy0+ V8

at

=V,S. (3.32)
Equation (3.32) with a = j and (3.23) immediately give

VoSo;ln = Ollogz).
Equation (3.32) inserted in (3.6) with a = ¢ = 0 yields

j 2
[Couo; V' 20 [as = = = (VoSio = Vz'SoZ')} l + o(1)

M
=o0(1).
From this we can conclude that
Ma;iglaj\/h Coio; VI 2 =0, (3.33)
which implies
Ma};iElOMZ Coo1 =0. (3.34)

Define € = +1 by (V*82e,)|5y, = [[Dwl,(ee® + eNl[oyy, ( = MBEEBM Vo2 =

s[DwIQIBMi). From (3.31) we obtain

Mai)l—r?aMz Coor =0, -3
MagglaMi Cijoa = ¢ MaL‘TaM, Cipia- (3.36)
Equations (3.34)—(3.35) imply
yrolim Capor =0. (3.37)
Consider e.g.
Magfa M Cosoz = Magina Mi[—coozo + Cora1 + Ciz + Coasl
— 1 a p——
MagglaMi Co*2a =0,
which shows that
li =0. 3.38
Mopon, Coaso (3.38)
Equation (3.36) also gives now
li =0. 3.
M3pooM, Clapc =0 -39

The identity (A.13) of Appendix A implies

lim C = Iim C, (3.40
Mopon, A T o T, H0408B )
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so that one also obtains

Ma;if}a M, Cons = Ma;lyiin [=Coso3 + Ciz13 + Coapz + Caa3]

- Map—»a [C 3a3] -

= Ma;l)il—l:laM, Capop =0. (3.41)
Define

Cap = MB}}_TO M, Coaos = M;,EE‘B M, Coos -
From (3.34)—(3.41) it follows that all nontrivial information about Mazl)i—r—?(')M Clpeq 18
contained in C 4 3, since the only non-vanishing components of MSELHBM Cipeq are
Coa0s> Ciaon> Cia1p (and appropriate permutations of the indices thereof), with
Ma};iiné?Ml Conon = ¢ Ma;lvi—r?aMz Coars = Ma}:iglaMz Cran = Cap-

Let us also note that we have

AB A
hABC g = Mo hm [ Coooo + Cio10 + Cano + Capa0]

= lim C% =0
M>p—90M, 0a0 ’

so that C' 5 is a symmetric traceless tensor on M,. From (3.7) and (3.22) it follows

: —1Aa0B0\y __ a0B0
polim [0V (27100 = — |l (G, (3.42)

since this equation does not involve derivatives of C?“? in directions normal to M.
For p € OM, let Yp = Yp(8) be an integral curve of el with Yp(0) = p, thus for any

d
function f we have T F(v(8)) = e,(f) (v(s)). From "'Hospital rule we have

lim <LCA’GOBO>(7(S)) = lim [el(ea(Q))éaOBO + VGQGI(CQOBO)
2 5—0 e,(2)
e, (e, (12))C*0B0
e;(£2)

} (v(s)

s—0

= lim [61(01030) + ](7(3)), (3.43)
S§—
Equation (3.43) shows that (3.42) does not involve derivatives of C'*°B% in direc-

tions transverse to 0M,. A somewhat lengthy but otherwise straightforward 2 + 2
decomposition of (3.43) gives

lim [Qva(rz—léawo)] =9,C*8

— lim lej(e4 () + V2w, 0, + V Qw,'y | $CAE
5—0 (.Q)
where Z, is the Levi-Civita connexion of the metric h induced by g on OM,. Since

li =0, (3.42) gi
A@pn_{léMZ V V.82 ( ) gives

Dy = Jlim (1Dwl,Cig™) - (3.44)
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To finish the proof, let us note that (3.22) inserted in (3.6) gives

1
log d - _Z : 4
Co0aV Dlons, = —3 M;,,lglinaMi (10g9 vOSAO)- (3.45)
From the Bianchi identity (3.32) we have
VoS540 = ViSai = V4S,
so that from (3.23) one obtains
1 1
li — = 1 —_—
MBPH—?BMZ- <log9 VOSAO) MBplB?@M (log 2 VISA])
= (|Dw[ S )|8M (3.46)
Equations (3.45) and (3.46) give
log Iog
0A01!3M |aM )

which achieves the proof. [

Proof of Theorem 3.1. Clearly, Eq. (3.44) shows that C45 can vanish only if C2P°

does. If OM, ~ S2, the converse is also true because in the case the operator
LA — 9, LAB which maps symmetric trace free tensors to vector fields is elliptic
with tr1v1al kernel. [

Theorem 3.1 holds under more general conditions than those discussed in Sect.
2, since it allows for non-constant K, and for 3 log z terms in g,,> moreover the
structure of the log terms in K;; is much more general than that which is obtained in

the setting of Sect. 2. When g,, € C*(M), the C"°|,,. terms responsible for the

non-vanishing of the Weyl tensor at 9M; can be related to the log terms in K, as
follows:

Corollary 3.1. Under the conditions of Theorem 3.1, suppose moreover that §;; e =0
(thus g;; = §,; € C3*(M)), and

. 1
Wy =Gy + 37 wow log way® (3.47)
&y € CP(M), wy® satisfying the 3-condition. If we write

1
w=&+ I} w* log ww'®® | (3.48)

1y

A 1
K, =K, + 5 wow? logwK %8 (3.49)

(& € CHM), K e CY(MD), Wiog Satisfying the 4-condition, K. K% _ satisfies the 1-

1j
condition), then

l?)IgOA|6M 3 (IDW| Wo log)’BM ; (3.50)

thus (3.24) holds iff Klog om; = 0.
Proof. Inserting Eq. (3.49) into (3.5) one finds
Soslons, = —[1Dw|,woLBlgy, - O (3.51)
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Theorem 3.1 and Corollary 3.1 show how the K icjf terms affect the space-time

geometry at OM. In the remainder of this section we shall consider the role of the
other log terms. Let us start with an identity between the log terms in w and K
which holds under the conditions (3.27)—(3.29).

Lemma 3.2. Under the hypotheses of Corollary 3.1 we have the identity

1 1 4 7
WElony, = 5 (K8 = 3KE = S K)| 5 (3.52)
with W8 as in (3.48), K\ as in (3.49), and
K8 = 3K 4 wp®). (3.53)

Remark. Equation (3.53) is consistent with (D.11) which gives
. A 1 . N A
K:K+§wow3longl°g, K =30, twg" K, .

Thus K'°¢ consists of the log terms in the trace of the extrinsic curvature of M of the
physical space-time metric. This implies in particular that K'°¢ is invariant under the
transformations (3.14)—(3.17) (this can also be checked by a direct calculation under
appropriate hypotheses on ¢ and ¢;).

Proof. Equation (3.7) gives

: —1Aalcdyy : ) 10cd
ol Q9,710 =~ im (VG (3.54)

By Lemma 3.1 and a calculation similar to that of the proof of Lemma 3.1 one finds
that the right-hand side of (3.54) with ¢ = 0, d = 1 vanishes identically (this holds

irrespectively of whether or not C2°%|5,, = 0). From (3.54) one therefore obtains
0101 -
Clog l@Ml =0.

Equation (3.4) gives
1
Coio1 = Roio1 + 3 (511 — Soo) -
On the other hand we have
Ryjor = =51 —
=
1 1
Coio1 = —3 (Sgo+ 81 + 3 R)+ Ry, -
From (A.12) one obtains
] 1 | 1
Cototlon, = —(3 WP S35 + 51F)
and (3.65)—(3.66) below give

Dw 2 4 2
0= Cgﬁ%ﬂam = [l ) fi <K}‘ig + K2 4 3 Wit 4 : wlog)]

1R+R

6 21210

lons,

(3.55)

oM,
Equation (3.52) follows from (3.53) and (3.55). O

Recall that the choice of wy® is arbitrary, so that for fixed K'°¢ the function K'°g
is arbitrary. It follows that (3.52) imposes a relation between the functions w'°¢ and
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l°g (determined by the seed fields if the conformal construction has been used)

modulo choices of gauges. If, e.g., we have K'°¢ = 0, we can choose w(‘) =0 so
that K'°¢ = 0 and then Eq. (3.55) reads

W8y = —3 K}‘;g|aMz : (3.56)
This last equation shows in particular, that under the conditions of Sect. 2 and with
this choice of gauges the vanishing of all log terms in K, ; implies no log terms in w
as well.

Theorem 3.2. Under the hypotheses of Proposition 3.3 let (V,%) be a Cauchy
development of (M, §, K) such that 7 € C’lf)g(V); suppose moreover that g, , € C3(M)
and

C bed = 0, (3.57)

lim o
M>3p—9dM,
in an orthonormal frame such that e, 1 M. Then the function w can be extended from
M to a function §2 on 'V (locally of the same differentiability class as w) such that

C:;Ofcdsz =0, (3.58)
if and only if
K855, =0, (3.59)
K¥lon, =0, (3.60)
(K% — S hOPKSE Shas)lon, =0 (3.61)
Moreover if (3.58) holds then we also have
R lons, =0. (3.62)

Remark. When the topology of the boundary is spherical and (3, K) are constructed
by the conformal method starting from smooth “seed fields,” as described in Sect. 2,

then the proof below shows that (2~ o wioq € Co(M) and is polyhomogeneous if and
only if (3.60)—(3.61) hold.

Proof. Regardless of the topology of M it follows from Eq. (3.30) that C(l)(;gAOI oM, =

Si‘f[ am,; = 0 whenever (3.57) holds, so that if we choose w to be of the form (3.48)
and wy, to be of the form (3.47) then (3.60) will hold by (3.51). If we then choose
wqo SO that

1
— wiw? log ww(l)%g , (3.63)

Woo = Woo + 5,

with Oy € CA(M), wy? satisfying the 2-condition, then the decomposition (3.49)
inserted in (3.5) implies
Sotlon, = —lDw| woK 5 + wi®n)llan, (3.64)
log[aM = “lez {wlog + = (wfog w(l)og)}] laMg (3.65)
l"g|aM = [|Dwl2{ - K;(;g — W, + 3 W - wg’g)gij } IBMz . (3.66)
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Let us consider the 2 + 2 decomposed form of (3.58). From (3.4) and (A.12) one
obtains

log ! 1
Rigip = Ciaip + Sap + Sithap = Clhiglom, = —(Sa% + S1Fhap)lon, -
Equation (3.66) yields
Cihiglon, = (1Dl (KRS + (K1 + 5% + 300 hap) gy, (B6D)

and (3.55) shows that (3.58) with abcd = 1A1B is equivalent to (3.61). From (3.4),
(A.11) and (3.66) with a little work one finds

i(ijBlaM = [|DW| "L’O(KIDg +3 (Klog log)hAB)]laM )

so that (3.61) and (3.53) imply that C’1 40Blom, will vanish if and only if (3.59) holds.
Manipulations with the Bianchi identities and Eq. (3.6) similar to those outlined at
the end of the proof of Lemma 3.1 can be used to derive the following:

1 ] 1 1 ol

[IDW| (S e + 201?51;1)”31\/1 = Z[ClAbOwOHBM = CICEOl‘BMi =3 SX% oM, >
1 d |

(CaBbaV oy, =0= C, BcolaM =¢C, BC1|aM ) Cﬁam!aM, =0.

Calculations similar to the ones at the beginning of this proof show that all the
remaining components of C! bcd|3 M; vanish when (3.59)—(3.61) hold. Then Eq. (3.64)

shows that S'°8 = 0 provided we choose
i0 |6M, p

wg)ng,» =- loglaM (3.68)
Similarly it follows from (3.64) that Se|, m, = 0 will hold if we set

wonlons, = 5 Wo® — W' *B)lgn, - (3.69)

Equations (3.61) and (3.55) show now that the right-hand side of (3.66) vanishes
identically, and the proof is completed. O

4. A Direct Approach

Throughout this section, in contrast to Sect. 3, all indices are coordinate indices,
and not tetrad indices. In this section we shall derive, by a direct analysis of the
constraint equations, the obstructions to smoothness of the solutions of the constraint
equations. The relationship between the “log terms” and the boundary values of the
space-time Weyl tensor derived in the previous section will also be rederived here
by a straightforward 2 + 2 decomposition calculation. We will assume that the fields
9., L, w have the regularity described in Proposition 3.3 and that

K=3, e=4%+1. “4.1)

(If K = constant # +3 the results described below go through with trivial
modifications.) As in [2] (cf. Lemma 2.1 of [2]) it is possible to prove that the
following gauge conditions can be imposed:

Proposition 4.1. Assume that g € C°°(M), that (4.1) holds, and that the hypotheses of
Proposition 3.3 are satisfied. We may without loss of generality choose the coordinate
system and the conformal factor so that
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1. the coordinates (x,%?,y>) form a Gaussian coordinate system near OM, ;» and
2. trA=0on J0M,.
The above and the scalar constraint equation imply then

w=1z+0) near oM, .

Remark. It is worthwhile pointing out that with the above conditions we have
|Dx| 4 = 1. Moreover we have the following useful identity on M,

AapAPo =3 X Mg, 4.2)
where we have used the notation
vip = VABlu'AB )

where v, ;1 are covariant 2-tensors on M. The identity (4.2) is easily proved using
the fact that )\ 45 is symmetric and therefore may be diagonalized. Equation (4.2)
implies in particular

B o, =0 (4.3)

for any symmetric trace free 2-tensors y, v on OM,. Similarly we will use the notation
Nipiv =X BugCuoA, etc.
We shall start our analysis with the vector constraint equation.

4.1. The Vector Constraint Equation

Consider the momentum constraint equation for the physical data,
DYK,; — K§;,) =0.
Setting
R, =wL;+ 3 Kj,; (4.4)

with K = constant, the momentum constraint equation takes the form

wD'L;, —2w"'L,; =0. 4.5)

A 2 4 1 decomposition calculation yields
(@0, — 2 — 2Xp L + 2D AL 4 + 2MP L, 5 = o(z?), (4.6)
(20, —2 —aX; )L g + 2PAL 45 = o(z?). 4.7)

We have:

Proposition 4.2. Let the hypotheses and the gauge conditions of Proposition 4.1 hold.
According to Proposition 3.3 we can write

L= L +a? lOgl’Aﬁg , (4.8)

with L,; € C*(M) and ﬁli(;g satisfying the 2-condition at O M,. Suppose moreover that

21 1 #1
Lz%laMi =73 LlolghAB : 4.9)
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Then
Lilom, =0, (4.10)
Oy Liilonm, = ML e, 4.11)
0. Liplom, = F°Leg, (4.12)

log

and the terms L in the decomposition of L;; take the following values on M, :

“%M = (P DPL g+ 0, Mg L*P + X450, L )

= (DADPL 5+ Rug LA + X80 L, ), (4.13)
Lifloss, = ~0,(Z L sp)
~[ZBO,L,p) + 20 DL,
+2L 4PN + LB Dy A pol, (4.14)

where R 4 denotes the pull-back of the Ricci tensor of g;; to OM,.

Remarks. 1. The tensor L ] o, defined above in Eq. (4.8) differs from the trace-free

part of K °g| on; defined i 1n Eq. (3.49) by a normalization factor of £/2.
2. The hypothes1s (4.9) holds for solutions of the constraint equations constructed by
the conformal method starting from seed fields which are smooth up to the boundary.

Proof. The result is obtained by inserting the decomposition (4.8) in (4.6)—(4.7) and
comparing terms with appropriate powers of z. To get (4.13) one uses the identity

Rup =0 g+ Tag+224c25 —AapXCs. O (4.15)

Note that ['%%; is expressed in terms of L\’%. This means that the vanishing of Llog

is equivalent t0 the vanishing of the three functlons LYE L% on OM,.

In the remainder of this subsection we shall con51der those solutions of the
constraint equations which have been constructed by the conformal method starting
from seed fields g, A,z € C°°(M), as described in Sect. 2. For simplicity we shall
only consider those A ’s for which we have

AD'xlgy. =0. (4.16)

Equation (4.10) shows that any tensor L, satxsfymg (4.5) necessarily satisfies (4.16).
This observation and a simple argument us1ng uniqueness of solutions of (2.4) shows
that the space of transverse traceless tensors constructed as described in Sect. 2 is
exhausted by those tensors which are obtained from tensors satisfying (4.16).) Under
(4.16) it follows by comparing terms with appropriate powers of z in (2.4) that the
desired solution X of (2.4) satisfies

X =0(?). (4.17)
Equations (2.5) and (4.17) show that we have
1
(Lap —5 hCDLCDhAB)|aM = (Aap - thDACDhAB |3M , (4.18)

OyLap — 5 hP0,Leph ablons, = (0:4a5 — 3 3 hePo o Acphag) gy, - 419

It is natural to ask the question, for which segd fields will one obtain solutions of
the constraint equations such that Lij € C°°(M) — as discussed in Sect. 2, this will
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occur if L ]g] am,; = 0. The appropriate conditions on A can be derived by inserting
(4.18)—(4.19) into (4.13)—(4.14), they do not, however, seem to be very enlightening
in general. Some simplifications occur if in addition to (4.16) we assume that “Scri
is shear free,” in the sense that

Luglom; =€Xam» (4.20)

with £ = £1. Under these conditions the equation ﬁlloﬂ an, = 0 can be rewritten as

L¥lons, = — NP0, A g +e(@ADEN 5 + RypA*P)l|gy, =0.  (421)
With some work from (4.14) one finds that

Llors, = =2 °pas (4.22)

where X

From L°; = 0 and from (4.20) it is simple to show that p, g is trace-free, so that
P4p IS a symmetric traceless tensor on the two dimensional manifold OM,. If OM,

is a sphere, ]A;ll"jl am; = 0 implies p 45 = 0; for other topologies this will, however,
not be true in general.

4.2. The Scalar Constraint Equation

Under the conditions of Proposition 4.1 we can write
w =z +2’w; + z*log(@w, | +Lo., (4.24)

where l.o. denotes lower order terms. Inserting the expansion (4.24) in Eq. (2.6) one
obtains

wWilons, = 15 [-40,(0p") = LypLAP + R(g)], (4.25)
Wy lons, = 1¢ ROPAET) + 2LAP0, L 4y + 4LGL PN — 0, R)
= < R2\p") +2L4P0,L 1 — 0, R), (4.26)

where we have used (4.3) and the fact that Ly;|5), = O which implies that
h*BL plon, = 0. A 2+ 1 decomposition of the second Bianchi identity D;R =
2D7R,, using A" =0 on OM; gives the relation

8, Rlgpr, = 20, Ry, — DADBN 5 + M BR ). (4.27)

Note that Since T'AB = %ThAB’ /\FF‘BMZ = O and )\AB/\BC)\CAlaMZ = O,
one finds from the identity (4.15) that \ER aglon, = A:0 . Further, using
Ry, = 0,(Agf) — X\: X we find

achlllé’Ml = 8725()‘FF) - 2>‘AB81;)‘AB )
where we have used (4.3). Thus we get

wy, =%[RAB/\AB+9A@B)\AB+8$L:L]]8MZ, (4.28)
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where in the last step we have used the fact that g% L;; =0 and L1j| om; = 0,

which implies hAP L, 5|5, = 0 and therefore L 4 LC glops. = 5 LopLEPhyp. In
particular, if “Scri is shear free” in the sense that (4.20) holds, then

£
Wy = =3 LY . (4.29)
aM;

This gives an alternative proof of Lemma 3.2, namely that under the present conditions

the vanishing of Lll"lgl am,; implies that the boundary value of the log coefficient in w
vanishes as well.

4.3. The Weyl Tensor

Throughout this section we shall assume that the hypotheses and the gauge conditions
of Proposition 4.1 are satisfied. By a transformation of the form (3.16) with an
appropriate ¢, we can also achieve

K=0, (4.30)

and we shall also assume in this section that (4.30) holds. Due to Ein(}) = 0, C,,
is the negative of the Ricci trace of the spatial part of Riem(%):

0_ A 0_ B
—Cior. = —Ciop = —Ryp
__rap B =ip 1
= —F5Riak” + G Riji
J
lRij’

where C; %, respectively C’abc , denotes the Weyl tensor of the metric -y, respectively

4. Using the conformal transformation rules and the Gauss equation (A.12) we get
the formula

1
Cij = COin = RU(Q) 3 R(g)gij
1 1 1
+~ (Dlew -3 D, D*wg,, + 6Lij> - LFL,, + 3 L¥Lyg,, . (4.31)
By I’Hospital’s rule we have

1

= —axAAB +€8.’ELAB
OM;

so that, using A 44|, m, =0,L, [ am; = 0 and the fact that the square of a symmetric
traceless two dimensional tensor is proportlonal to the metric one is led to

Caglom, = Bap — 9 up + €0, L g + khyp, (4.32)

for some function . Now we have Cy*y; = Cy*, = 0, and since Cyg; |55, = 0 by
Sect. 3 it follows® that x can be determined by the requirement that the right-hand

5 This identity can of course be derived directly by a somewhat lengthy 2 + 2 decomposition
calculation
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side of (4.32) is trace-free. The embedding equation (4.15) allows us to rewrite Eq.
(4.32) as

CAB|aM, = e(a:cLAB - % hCDaxLCDhAB) : (4.33)
Thus, the value of C 4z on 0M, is just the trace free part of 0, L 4 5. Equations (4.33)
and (4.22)—(4.23) give an alternative proof of the assertion, that under the shear-free
condition (4.20) the boundary values of the log terms in L,, are determined by
Cabcdl@Mi‘
Let us finally mention that with some work it follows from (4.31) that C'zl.;’.g takes
the form
|6M = 8wy, +elyE,

log —
CIA aM; = 5L1Aa
Alog _ log
CABI(;)MZ- =4wy 1hap — EL

(cf. also (3.50)). We see from (4.29) and from Proposition 4.2 that under the

hypotheses of this section the fields C%¥ and C'5% vanish identically on dM, (cf.
also the proof of Lemma 3.2).

5. The Evolution Problem

The aim of this section is to discuss the question of existence of developments (V%)
of the “hyperboloidal” Cauchy data (g, K) which admit some kind of conformal
completion (V/,-y). Let us start with smooth up to boundary initial data:

Theorem 5.1. Let OM; ~ S?, the two dimensional sphere, and let (§, K) be a solution
of the vacuum constraint equations for which there exist smooth functions w and wy,
with w/z € C°(M), such that the fields

9y =G, 5.1
K9 = w3 (KY — £ g, K*gv) + 9 i (5.2)
3 Jkl g ) .
are in C*°(M). Suppose moreover that there exists € = %1 such that

hCD)\ hCDK
()‘AB - '—Z—CQ hAB) = 5<KAB - TCD hAB> (5.3

OM; oM,

Then

1. There exists a Lorentzian manifold with boundary (V,7) and a function 2 €
C°°(V) (defining function for OV) such that (intV,272v) is a development of
(M, §, K), with OM, being a smooth submanifold of V\V.

2. If moreover M = B(1) (the unit ball R3), then there exists €o > 0 such that if

lw = @llosany + 19,5 = il crom + lwoll e + 1K ooy < €05 (5:4)

where g, is the standard flat metric on B(1) and & = (1 — r2)/2, then (intV, 27 2y)
is timelike and null future geodesically complete.

Remarks. 1. The norm in (5.4) can be considerably weakened at the price, however,
of a rather more complicated statement of the corresponding result, cf. [9] for details.
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2. Part 1 above still holds when OM, % S? provided one adds the assumption that
COAOB'BMi =0.

Proof. The calculation of Sect. 3 shows that V(2|,, € C®°(M) and V,V,£2|,, €
C°°(M) can be chosen so that S,,|,, € C®(M), 271C%, 4l € C=(M). Point 1
follows then from Theorem 6.5 of [8], point 2 follows from Theorem 3.5 of [9] and
from the results of [11]. O

The condition (5.3) can be rewritten in terms of the seed fields (g, A), so that from
(4.21)—(4.23), (3.56) and Theorem 5.1 one obtains:

Corollary 5.1. Let OM =~ S2, the two dimensional sphere, and let (§,K) be
constructed as described in Sect. 2 starting with smooth seed fields (g, A). Suppose
moreover that there exists € = x1 such that

A
</\AB ) hAB)

Without loss of generality we may choose the “gauge”

(5.5)

1
=€ {AAB 3 hCDACDhABji

oM oM

with z,v* — Gauss coordinates near the boundary. Suppose that moreover in this
gauge we have

AljlaM =0,
[@A@BAAB + RAB)\AB]laM = 0,

(6zAAB - %hCDamACDhAB)IaM =0.

Then the fields w, and K constructed by the conformal method are in C°°(M). Further,
w“lCade is in C*(M) and the conclusions of Theorem 5.1 hold.

Remark. 1t is clear from the methods of [1] that under the hypotheses of Corollary
5.1 the condition (5.4) can be replaced by the condition that (g,;, AY) are sufficiently
close to (g;;,0) in some possibly higher norm.

We shall now consider the case of initial data sets for which the log terms
occur. Note first, that if K% has log terms in its expansion at M, then even if
we start with g,; € C>(M) then by evolution g;; will pick up log terms at the
next moment of time. It follows that the appropriate setup to discuss the evolution
problem is that of polyhomogeneous space-time metrics 7. Before proceeding any
further, let us intrdouce some terminology. Let .Z be an n-dimensional connected,
paracompact, Hausdorff manifold with boundary, thus .Z = int.Z and 0.% =
OM = M\ are smooth manifolds. A semi-Riemannian metric f on ./ will
be called polyhomogeneous if f € CX ()N CO ) and if in local coordinates
y = (x,v) near 0.#, where z is a defining function for J.# and v are coordinates
on 0.7, the functions f,, = f(9/0y",0/9y") are polyhomogeneous. Given a
polyhomogeneous metric f on ./ it is natural to enlarge the atlas on ./ to include all
those local coordinate transformations which preserve the polyhomogeneous character
of the metric near 0.7.

We shall say that the initial data (M, §, K) are polyhomogeneous if M is as
described above and if there exists polyhomogeneous functions w and w,, with
w/x € CO(M), such that the fields (g, K) given by (5.1)—(5.1) are polyhomogeneous.
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We shall say that a development (V,7) of polyhomogeneous initial data (M, §, K)
admits a polyhomogeneous Scri if
1. There exists a manifold with boundary V such that V = int V, and such that OM
is a smooth submanifold of 9V;

2. There exist a polyhomogeneous function 2 € CY(V) satisfying 2|5,, = 0,
YV 2(p) # 0 for p € OV, such that the metric 225 is polyhomogeneous;

3. There exists a time function ¢ defined in a neighbourhood of M in V such that
t|; = 0, compatible with the polyhomogeneous structure, with the associated lapse
function being uniformly bounded away from zero.

It should be pointed out, that all the results described in Sect. 2 go through under
polyhomogeneity conditions on the seed fields (g, A). More precisely, if g is any
polyhomogeneous metric on M and A% is any uniformly bounded polyhomogeneous
symmetric tensor field on M, then there exist solutions (X, w) of (2.4) and (2.6) such
that L% given by (2.5) is polyhomogeneous and uniformly bounded on M, and w/z
is polyhomogeneous, uniformly bounded, and uniformly bounded away from zero
on M

Given a polyhomogeneous initial data set it is natural to ask the question whether
or not there exists an obstruction to the existence of a development of the initial data
with a polyhomogeneous Scri. We have the following:

Proposition 5.1. Let (M, §, K) be a polyhomogeneous initial data set with 9i; €
CYN (M) and K9 € COM). If both for € = 1 and for € = —1 we have

A
(’\AB ) hAB)

then there exists no development (V,#) of (M, §, K) which admits a polyhomogeneous
Scri.

) (5.6)
M,

K
# €<KAB 3 hAB)

aM;

Proof. Suppose that a polyhomogeneous Scri exists; therefore one can find a time
function ¢ defined in a neighbourhood of M in V such that ¢|,, = 0, and the associated
lapse function « and the shift vector 3 are, in local coordinates, polyhomogeneous,
with o uniformly bounded away from zero in a neighbourhood of M. We have the
evolution equations (we use the notation of [19], in particular indices are coordinate
indices)

891;‘
Y — Z39;, = —20K,;, (5.7)
Ry - V02
5r — ZokKi; = —DiDja+2 5 (D,D;QV 0K,
3|Vl — O
tal - oz Yy
+°R; + KK,; — 2K, K* /|, (5.8)

where « is the lapse function, 3 is the shift vector, Zﬁ denotes a Lie derivative and
3Rij is the Ricci tensor of g,;. Note that by hypothesis all the functions «, 8, g;;,

2 and K¥ are polyhomogeneous and uniformly bounded. If (3.19) does not hold,
then the terms D, D, {2 in the trace free part of Eq. (5.8) with ij = AB will give a

contribution which blows up as 27! near M, while all the remaining terms in the
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trace free part of the ij = AB equation are at most blowing up as some power of
log z, which gives a contradiction. [

Proposition 5.1 suggests very strongly, that there exists no polyhomogeneous Scri’s
which are nor shear free, even without the extra regularity conditions g € C 1(]\7[ ),
K% e C%M) which we have imposed above. Such a result has been observed in
[7] in a Bondi-Sachs type setting. Recall that the condition (5.3) has been derived in
Sect. 3 precisely under the condition g € C'(M), K% € CO(M). 1t is rather clear that
an analysis of (5.8) under general polyhomogeneity conditions on (g, K) will lead to
an analogous “no-go” theorem, with possibly a somewhat modified version of condi-
tion (5.6).

Proposition 5.1 shows in particular that generic initial data constructed as in
Sect. 2 with smooth seed fields (g, A) will not admit a development which admits a
polyhomogeneous Scri (this will hold even when w and L are smooth up to boundary
as long as (5.6) holds). The above “no-go” result does of course not exclude the
possibility of existence of some non-polyhomogeneous conformal completions of
V.

It may be of some interest to stress that if V' is a spacetime which is the maximal
development of initial data for which (5.3) holds, then in the class of polyhomogeneous
conformal completions one obtains a conformal completion V for which V\V is a
two dimensional smooth manifold, namely OM. The physical significance of such
space-times and completions remains to be investigated.

Consider now a polyhomogeneous initial data set for which (5.5) holds — if this
condition were not preserved by evolution via Einstein equations, it would follow from
Proposition 5.1 that the resulting space-time could not admit a polyhomogeneous Scri.
It is therefore natural to ask the question, whether (5.5) is preserved by evolution.
We shall show this is the case for initial data satisfying g;; € "9 N C'(M),

K% ¢ #Ph9 0 CO(M), and satisfying moreover the conditions

K=3, K=0, M, =0.

It can be shown [7] that for any polyhomogeneous metric Gauss coordinates can be
constructed, the coefficients of the transformed metric being again polyhomogeneous
in the Gauss coordinate system. In what follows we shall use this coordinate system
on M in a neighbourhood of dM,. Let n' be the three dimensional normal to the
sets {2 = ¢;} N {t = ¢,}, for some constants c;,c,, thus n* = D*2/|D2| and
the extrinsic curvature of those sets is given by A5 = —% g4, Where & is a
Lie derivative. From the evolution equations (5.7)—(5.8) with a little work one finds,

assuming (5.5),

0
En Aap —€K ) =% pniesPap — €K ap) + Dy D
IM;,t=0

1
- 5.5 + KGR (5.9)
2 [gt —.n] 9ap T RgaB

with some function k. (Fortunately, as explained below, we do not need to use
(5.7)~(5.8) to evaluate r, which would require quite a messy calculation.) From
K;;n7 |55, = 0 it follows that

)

_On

== =0.
oM, 1= Ot

M, ,t=0
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It should be noted that in (5.9) the lapse function « and the shift vector [ are arbitrary.
We can therefore require that they are polyhomogeneous, and that

o, 1=0 =1, (5.10)
nUDon, =0 =0, (5.11)
(B + en)long, 1m0 = 0. (5.12)

This leads to

0
— (A5 — K, 5)
EIRY: AB oM, 10

(It might be of some interest to point out that with the choice (5.12) we have

0

e
< = =2 v
Ot o, =0 @+ Do, =0 (IDW|9 )

3
OM;,t=0

so that at ¢ = O the vector field __8_

5 is proportional to V{2 on 0M;, as should

OM, t=0

be if we want the integral curves of gy to follow the level set {2 = 0.) Consider now
the tensor field

OAB =g — %hCD)‘CDhAB - E(KAB - %hCDKCDhAB) :

By definition we have h*50 , 5 =0, so that

ot ot AP
. -0 ap 9948 : :
Since o 4lonr 4—o = 0 it follows that h** —2= = 0, which together with
v Ot |on, t=0

the definition of o 45 and (5.13) yields

_ 1 8MhProp —ehPKop) (5.14)
2 ot M, t=0
Under the conditions (5.10)—(5.14) that
9945 =0. (5.15)
ot oM, ,t=0

Equation (5.15) shows that the requirement of preservation of the vanishing of the
shear of the conformal boundary doe not lead to any supplementary conditions on the
initial data.
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A. Appendix

Forpe M lete, = eaua#, a=1,...,4, be an orthonormal tetrad, with
e’ =n", et =n",

where n“@u is a unit timelike vector field orthogonal to M in (V,~), and n = n"@u
is any unit vector field tangent to M such that for p € 0M;, n is the inward pointing
vector orthogonal to dM, (such tetrads can easily be constructed by e.g. a Gramm-
Schmidt procedure, with the differentiability class of ei“(‘_?u = ei’“ak, i,k =1,2,3,
being that of g;; = ;). By definition we have

Vop = ’ywea“eb” = diag(—1,1,1,1).
A = 7, set e® = v, Define
wabc = <veceb7 €a>'y <~ veaeb = wcbaeca (Al)

where (, ), is the scalar product in the metric f, and V is the Levi-Civita derivative
operator of ~y. It follows

V. (XPe) = V, (Xbe) = (e,(X") +w’ X e,

(A.2)
=:(V,X%e,.
Let g be the metric induced from (V) on M, let h be the metric induced from
(M, g) on OM,, we shall denote by D,, respectively by &, the Levi-Civita derivative
operator of g, respectively of h. As is well known (cf. e.g. [15]), the tetrad formalism
is most convenient in 3 + 1 and 2 + 1 decomposition calculations because we have

Di(X'e;)= D, (X7e;)
[e;(X7) + w’(, X e, (A.3)

=:(D,X)e,,

Ty(XPep)= 7, (XPep)
= [e ,(XB)+ WP, X ey (A4)

= (P41 XP)e,

where the w : . coefficients in (A.3)—(A.4) are the same as those appearing in (A.2).
From (A.1) we have

Kij = woij = woiy = (Ve,€5,7M) (A.S5)

where K, is the extrinsic curvature tensor of M in (}, «y) (the sign conventions here
agree with those of [40] when 7 is chosen to be future pointing), and

Aup =Wiap =Wiga = <veAeB’n>'y
= (D, ep:N)y» (A.6)

where A 4 5 is the extrinsic curvature of M, in (M, g) (note the unconventional sign
in (A.6) due to the fact that n is the inward pointing normal to 0M,. This choice of
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n is convenient for our purposes because if x is a defining function for M, then
n = Dz/|Dz|,.) The following equations are often used:

VX, = DX, + X,K,, (A7)
D,Xp=2,Xp— XA g, (A8)
ViXo=D; Xy + KX}, (A.9)

002 = — 2y + 4,2+ K0, (A.10)

Q00 = VoV, Qy=el2), K=K,
O=vV,, A4,=D'D,.

We have the following embedding equations (cf. e.g. [19])

szlco('y) = DjKik - Dink ) (A.11)
R =R, + K Ky — Ky Ky (A.12)

R,,.4(f) being the Riemann tensor of a metric f. We shall need the following well
known result:

Proposition A.1. Let v be a conformally vacuum metric on a four dimensional
manifold. Then the Weyl tensor C ;. of v satisfies

Ciji = 2ieCns + %,uCk14) » (A.13)

where
Cij = COin )

Proof. Since (A.13) is conformally invariant without loss of generality we may
assume that <y is vaccum. A 3 + 1 decomposition calculation gives (cf. e.g. [19])

K 2
Czj = Ri](g) + 3 sz - Likij + 9 Kzgij ,
K
L;,=K,; - = Yis

(9,; = ;,)> while from (A.12) one obtains

Rii(@) = 29,4.Cn, +29;0Ck;, + Aijia »
2
Al = 29ik Line L€ + 29,3 Ly L3 + 2Ly Ly — | Ll 9ik 9 -

Tracelessness and symmetry of L,; together with the identity
Skb1 L Ly =0 (A.14)

imply A, =0, and the result follows. [J
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B. Asymptotically Minkowskian Coordinates

The object of this section is to show that polyhomogeneous initial data sets for which
(3.19) holds are asymptotically flat, in the sense that the Cauchy data set can be
realised by an embedding of the initial data surface in an asymptotically Minkowskian
(not necessarily vacuum) space-time. The notion of asymptotic flatness used here is
rather rough, and it is clear from the formulae below that the metric considered possess
finer properties than (B.3), we shall however not attempt to formalize that.

Throughout this section, for simplicity of calculations, we shall assume that
changing the time orientation if necessary we have

K=-3, K=0. (B.1)

(There is little doubt that the results below still hold without these conditions.)
We shall say that (V,#7) is asymptotically Minkowskian in lightlike directions if
there exist constants R, C|, C, and a coordinate system on V covering the set

O =0, c, ={t,2):r 2 R,Cy <t—r <y, B.2)
and constants C' and N such that on @ we have
W = Ml +10,9,,1 < Cr'logV r. (B.3)
We have the following:

Proposition B.1. Let (M, §, K) be a polyhomogeneous data set (as defined in Sect. 5)
with g € C'(M) and K € C°(M). Suppose moreover that we have oM, ~ S2, and
that (B.1) holds, and that (changing time orientation if necessary) we have

=0. (B4

h,CD)\ hCDK
()‘AB - ——Lhp+Kyp——<L hAB> )
M,

2 2

Then there exists a polyhomogeneous space-time (V,#7) which is asymptotically Min-
kowskian in lightlike directions and an embedding i: M — V such that i*y =g, and
K is the extrinsic curvature tensor of (M) in (V,7).

Remarks. 1. We do not claim that (V%) can be chosen vacuum, though we believe
that this is indeed the case.

2. The method of proof of Proposition B.1 works without the conditions g € C''(M),
K e CO(M ) as long as g and K are polyhomogeneous provided that the coefficients
of the log’ z in terms in K 45 are related to some of the coefficients of zlog’ z in

9ij-
Proof. Let, as usual, hyp = g4plgp,- As is well known, there exists a conformal

diffeomorphism ®: 52 — S? such that *h 45 = ¢*h 45, Where h , ; is the standard
round metric on SZ,

Let us still denote by g,; the metric obtained by pull back with the map (z,v) —
(xz,P(v)), we thus have g,pl5 M, = #*h 4p- Let ¢ denote any function on M such

that ¢lsp, = ¢, with d¢/dz|, M, SO chosen that the extrinsic curvature of dM;
in the metric ¢~2g is pure trace. Using once again the symbol g;; for the metric
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7 2g, ; we have thus obtained g5l = R 4. As has been shown in [7], for any
polyhomogeneous metric Gauss coordinates near the boundary can be introduced, so
that we have ¢4 = g(dz,dz?) = 0, ¢°° = g(dz,dz) =1 for 0 < z < x, for some
zy. We thus have

gzjdac’da:j = da? + g, pda?dz®

with
v 1. an
gAB]BMZ =hyup, /\|6M1 ) hAP B_xB o, =0.
It now follows from (2.6) that
f=2 =140@Y.
T
Introducing r = 1/x we have
§;,dz'dx? = w"zgwdxzdxj = 272 drt 4 22 g , pdatda® (B.5)
Define
T=t—V1+12,
and set
Yw=-1, %% =0, %,0=0=x,, (B.6)
with
72 ~ r? 1
Xrr = 1+r2+grr: 1+7.2+f2r2’ (B.7)
X'rA = O? (B'S)
3 r?
XaB =94 = ?59,4}3 : (B.9)

It follows that the embedding (r, ) — (t = v/1 + 72, 7, ) has the desired property
that i*4 = §, for any 4 which on i(}M) takes the values given by (B.6)—(B.9). To
analyze the extrinsic curvature of the slice 7 = 0 it is useful to pass to the coordinates
(1,7, 2?) so that the metric

dz? = 7, dztdz” = —dt* + ’yijdxidazj (B.10)
takes the form
d8® = —dr> -2 \/%77 drdr + §,;dz*dz? . (®B.11)

The extrinsic curvature tensor of i(M) will take the desired values if we set

8i] =0) =
or (= )—?szj,
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with
9 9g;;  op* ap*
k 99 ~ -
Vij = =2/ X STKj + 8 %;g + S Ik + g Iki
=2 /X fr[g., _r (K'» — lgle g )}
rr W ij 3 klIzj
A3 05, opF . opF
TViae2 or an T T e S ®12)
g4 =0, (B.13)
2.3
gr=— {__J’;_ — = —r2 4+ 0(1), (B.14)
where §¥ is the matrix inverse to G;;- One easily finds
0§ og"
Uy = 2% Iy, + 267 S+ 8_61“ G, + O/ = 01/, (B.I5)
Yoa=001/1), (B.16)

bpp = 207 (KAB -3 6’(;;‘3) + O log 1) = O(rlog” 1) (BAT)

for some constant N (note that ¢, 5 = O(r logN r) wouldn’t hold if (B.4) weren’t
satisfied). Let finally ¢ € C°°(R) be any function satisfying suppd C (—¢,¢),

0< <1 ¢l_ppepm=1set B, 1) = ¢t — /1 + r2). Define
Vudatde” = —dt? + (1 = §) [dr® + r*(d6? + sin’ 0 dp*)]
+ Blxg, + (¢ — V1 + 2, ) da'dad .

It is easily seen that € can be chosen small enough so that the metric /4 satisfies
(B.3) in the quasi-Minkowskian cooridnates (¢,z = rsinésin¢, y = rsinf cos ¢,
z = rcosf) on the set {r > 1/z,t € (—o0,00)}. O

C. The Extrinsic Curvature of a Null Hypersurface

Let (V,v) be a Lorentzian manifold, let ./ be a null differentiable hypersurface in
V,ie., ./ is a differentiable submanifold of codimension 1 such that for all p € ./~
there exists a neighbourhood ¢7, of p and a vector field k& defined on ¢, such that
Vq € @, we have 0 # k, € T,/J" and (k, k) = 0. It follows that & is defined up
to the multiplication by a non-zero number. For XY € Tpﬂf define

NX,Y) =~v(X,Vyk). (C.1)
It is easily seen that N is a symmetric tensor field on ./ satisfying
VX eT, /), Nk, X)=0. (C2)

In the space of 2-covariant symmetric tensors let us define the equivalence relation
Ny~ N, iff VX, Y €T, J7,
N(X,Y), =a,N|(X,Y),, «a,€eR. (C3)
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It follows that the equivalence class [IV];, N given by (C.1), is an object well de-
fined by the geometry of V and by .#". [IN], will be called the extrinsic curvature
tensor of V.

Consider next a Lorentzian metric v, on V such that v, = ¢*y, where ¢ is a
differentiable function on V; set

X YeT, V", N(X,Y)=(X,Vyk), (C4)
where V! is the Levi-Civita covariant derivative of the metric ;. One finds

N(X,Y) = ¢*N(X,Y) + By(X,Y),
B=—¢k'd, .

In the space of 2-covariant symmetric tensors let us define a second equivalence
relation

(C5)

N, ~, N, iff VXY €T/,

C.6
Ny(X,Y), = o, N (X, V), + B(X,Y), a8 eR. &0

From what has been said it follows that the equivalence class [N],, N given by (C.1),
is an object well defined by the conformal geometry of V' and by .#". [IV], will be
called the conformal extrinsic curvature tensor of /.

D. Proof of Proposition 3.3

Consider the equation

DR - (V27 2V, V02
ab — 02 Yab — 0 B (Dl)
the equations
: 2 _ 29 _
polim | [(Vof2)? = [D2I] =0, (D.2)
(Vo2 — [DO2I;

P LT 0 Vb — 2V, V821 =0, (D.3)

are clearly necessary conditions for

with S, € C'(M), and Sf;)g satisfying the 1-condition (we will show that they are
also sufficient). Equation (D.2) is easily satisfied by setting

Vol2lyy =wg,  wolon, =€lDwlglon,, €==%l1, (D.5)

w, otherwise arbitrary, with an € which shall be determined later. A 3 4 1 decompo-
sition of the trace-free part of (D.3),

. 1
ol (72942 = 021) =0,
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gives the equations

MsginaMi VoVi2 = 3 Ma:}){ngMl(Agw + Kuwy), (D.6)
MaLITaMi Dy = MaylzlglaMz(Kz Djwy, (D7
. 1 _ . 1
Mag-r-{laMi (D;Djw — 5 A,wg;;) = — MajlolinaMi [wo(K;; — 3 Kgy;)] . (D.B)
Equation (D.6) will be satisfied if we choose
VoVof2ly =wes  woolom, = "% (Agw + Ke|Dw|)lap, » D.9)
wyo otherwise arbitrary. To analyze (D.7), recall that we have
K = WK 4 wyg", (D.10)
in particular B ~
K =wK + 3wy = Klgp, = 3wolan, - (D.11)

Equation (D.10) gives
Dy(K" — K§¥) =0 wDy(K" — Kg"¥) = 2AK"D,w+ Diwy),  (D.12)
which shows that (D.7) is automatically satisfied. A (2 + 1) decomposition of (D.8)
with i = A, j = 1 gives
DpDwlgy, = —WoK i Dlon, » (D.13)

where &7, is the Levi-Civita connection of the metric A, 5 induced on OM; by g.
Equation (D.13) is satisfied because of (D.7) and (D.11). To show that (D.8) with
i =1, j = 1 holds, recall that we have the scalar constraint equation,

wAw — 3 | Dwl: + FXR(g) ~ L2 + LR =0, (D.14)
from which it follows that
1Dwlylons, = 5 1K 1|5, (D.15)
(which is consistent with (D.11)). Applying e' to (D.14) one obtains
(2D,D\w + ADyw — 5 KD, K)| 5, =0, (D.16)
where
)\ = hAB)\AB 5

with A 4 5 — the extrinsic curvature of M, in (M, g). With a little work from (D.16)
one finds that

D\ Dywlyy, = —35 [ADyw + BK,y — K)willoy, (D.17)

which is precisely (D.8) with ¢ = 1, 7 = 1. It follows that the only non-trivial
condition imposed by (D.8) is the equation

[‘*’0 (KAB - ghAB)} o, = [lleg (’\AB - %hAB)j'

— L AB
K=h KAB’

Y

on; (D.18)
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which will be satisfied if we choose ¢ according to the sign occurring in (3.20). Now
the trace of (D.3) gives

Dw|? — (wy)?
lim (Dg_zH_g(w_O)_>=0,
M 9p—>3M¢ w
which with a little effort can be seen to hold if (D.9) holds.
We have thus shown that (D.8) will hold whenever (D.18) holds provided we
choose wy, and wy to satisfy (D.5) and (D.9). It is then elementary to show that (D.4)

will be satisfied provided w, and w, are moreover required to satisfy

_ Alog

wy = Wy + 3' z* log 78,
N 1 1 ~log
Wog = Wog + Ex 0g LWy ,

~ log

with & € C3(M), &gy € C2(M), &y ® satisfying the 3-condition, O satisfying the
2-condition. [This is easily satisfied as we have a complete freedom of choice of the
extensions of w off M. We can e.g. choose wy, to be any function in CZ(M)NC3*(M)
satisfying (D.5), and choose wy, to be any function in C2(M) N C (M) satisfying
(D.9) (with such a choice we will have ‘g’g =0, w(l)oog = 0; some other choices might
be more convenient for some other purposes).] Now the embedding equations (A.11)
and (A.12) together with the condition on g and K show that

I
Rkl = Rz]ko + :clog:sz‘;gkO ; (D.19)

Alog
zgkl'M - Rz]kl + iBlOg sz]lcl ’ (DZO)
with R, ;0. RE%CO, Ry Rij ., satisfying the appropriate conditions. Since

RiO]O— R +g Rzk]ﬂ

Eq. (3.21) follows from (3.23) (which has already been established) and from
D.19)-(D.20). O~

E. Conventions, Function Spaces

The summation convention is used throughout this paper. Conventions on signature,
covariant derivatives and extrinsic curvatures can be found in Appendix A.

Let M be a compact, connected Hausdorff manifold with boundary. Thus M =
int M is a smooth, paracompact, Hausdorff manifold of dimension 3, and OM = OM
is a smooth manifold which is a (necessarily finite) sum of its connected components
O0M,. Throughout this paper = will denote a defining function for 0M, i.e. a function
satlsfymg Zlgp =0, 2 >0, IdxllaM > 0, and the implication z(p) = 0 = p € OM
holds.

We can always choose a finite number of coordinate charts ¢;:; — Rt =

{y eR™:y! >0}, j=1,...,J, covering a neighbourhood of M such that y! = z.
When referring to local coordinates we shall implicitly assume that y' = z, and we
shall use the letter v to denote the coordinate 3, y>;

A=yt A=23.



“Hyperboloidal” Cauchy Data for Vacuum Einstein Equations 567

Thus
y=(z,v).

The standard Schwartz multi-index notation is used throughout, thus if

a=(a,...,a,),
then
0% =0y =090 ..o = 031007 ... 0y = 97197,
where 8 = (o, ..., Q,).

For k € Ny = N U {0} the spaces CF (M) are the spaces of functions k-
times differentiable on M. The spaces C*(M) are the Banach spaces of functions
differentiable k-times on M such that f and its derivatives can be extended to
continuous functions on M, and equipped with the supremum norm.

Let f; be a sequence of functions, f; € CZ2(M), such that for every N € N and

for all |a] < N we have
105 fil < C; ya*o™

for some sequence s; y — oo and some constants C; . We shall write

11— 00

if for every n, M € N there exists N € N and a constant C(n, M) such that for all

lo] < M
N

a;(f—Zfi)
1=0

f will be said to be polyhomogeneous, f € . %, if f € Ci2(M) and if there exists

< C(n,M)x™.

loc

a sequence {N }2,, N. € N,, and a sequence of functions f,, € C°°(M) such that
215=0" " 0 Jk

J

o N
Fad S e (E.D)

7=0 k=0

Let F be a function space over M. A tensor field X = (X4 5)» Where A, 3 are some
multi-indices, |A| = r, |3| = s, will be said to belong to F if in local coordinates as
described at the beginning of this section the components X 4 p of X are in F'. We shall
write that X € z*F when 27*X € F, etc. We shall write that z € F| 4 F,, where
F,, a = 1,2 are two function spaces, if there exist X, € F, such that X = X, + X,.
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