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Abstract. The g-difference system satisfied by Jackson integrals with a configura-
tion of A-type root system is studied. We explicitly construct some linear combina-
tion of Jackson integrals, which satisfies the quantum Knizhnik—Zamolodchikov
equation for the 2-point correlation function of g-vertex operators, introduced by
Frenkel and Reshetikhin, for the quantum affine algebra U, (5T,). The expression of
integrands for the n-point case is conjectured, and a set of linear relations for the
corresponding Jackson integrals is proved.

1. Introduction

1.1. In a recent work [FR], Frenkel and Reshetikhin constructed a g-analogue of
the vertex operators of Tsuchiya and Kanie [TK] and derived a g-difference
equation for the n-point correlation function, which is a g-analogue of the
Knizhnik—Zamolodchikov equation (KZ) in the Wess—Zumino—Witten model and
is called the quantum Knizhnik—Zamolodchikov equation (QKZ). This equation is
written in terms of the trigonometric R-matrices arising from finite dimensional
representations of the quantum affine algebra U,(g) (cf. [J1]) corresponding to
a simple Lie algebra g, and plays an essential role to produce elliptic solutions of
the quantum Yang—Baxter equation (YBE) of IRF type. One needs to solve the
connection problem of gKZ to obtain an explicit form of the elliptic solutions of
YBE in this context.

Therefore to indicate solutions of qKZ explicitly is of great importance to
consider the following question: Do all the known elliptic solutions of YBE of IRF
type come from the connection matrix of qKZ? Actually in the simplest case for
Uq(gl\z ), Heine’s basic hypergeometric functions with Jackson integral representa-
tions are used to represent solutions to gKZ for 2-pont function in [FR] and the
resulting connection matrix coincides with the ABF-solution of YBE (cf. [ABF,
JMO]).

In a previous paper [Ma2], we have constructed a Jackson integral solution to
qKZ for the n-point function of the g-vertex operators of U,(sl,) for certain kinds
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of representations provided the number of integration variables is one. The aim of
this paper is to generalize it to multiple cases. We conjecture an explicit expression
of a solution and prove it for the 2-point case. Our result is analogous to the case of
ordinary KZ (q = 1 case), while the proofs are much more technical.

In Subsects. 1.2—1.4 below, let us briefly describe our method comparing it with
that of the g = 1 case.

1.2. Let us review the result of [DJMM] on L an integral representation of solutions
to KZ for s,. The simple Lie algebra g = 5[, is generated by three elements X *,
H with the relation

[X*,X ]1=H, [HX*]= +2Xx*. (1.2.1)

Let n;: g—» End(V;),i=0,...,n, oo be a set of irreducible representations with
the highest weight vectors v; of the weights ;. We assume, for some positive integer
m, that

j’o+...+,1n_,{w=mo(, (122)

where o stands for the simple root of g. We consider the tensor product
Vo®:---®V, and define the quadratic Casimir operator ;;eEnd

(Vo®---®V,) by
Q= (m; ® 7)) <X+ X +X ®@X* + %H@H) . (1.2.3)

Let k = (ko,...,k,) be a multi-index such _:Lhat ko+---+k,=m. Put
a;=ko+---+k. For such a multi-index k, we associate a vector

€V ® - - - ® ¥V, and a rational function @z (x, t) = Gz (X0« - » Xns b1s. -« » tm) AS
follows:
X ~)ke X ")fn
UE=(k03 0 ® - ® o (1.2.4)

P, )= Y ﬂ ( | +Il< t—l—) (1.2.5)

WeSm i=0 w() — Xi
Here S,, denotes the symmetric group acting on m letters {1,...,m}. Let v be
a complex parameter, which is related to the level [ of representations of the affine
Lie algebra § = sl, by v = W+ We set
Ox,t)= ] (u—x)*s”
0si<jsn
x [] =) 2% ] (—t)>@2, (1.2.6)
0<izn 1<i<j<m
1sjs=m
and define
F = Z(f D(x, )Pr(x, t)dty . . . dt,,,)v,; . (1.2.7)

k
Here the contour is appropriately chosen. Then we have
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Proposition 1.2. The vector & is a highest weight vector in Vo ®---® V, and
satisfies the KZ:

Y &, i=0,...,n. (1.2.8)

The construction above is an interpretation of a result of Aomoto [Al].
A generalization to the sl, case is given by the author [Mal]. Similar integral
solutions for an arbitrary simple Lie algebra g are constructed by Schechtman and
Varchenko [SV1, SV2]. Note that [ZF] and [CF] are pioneering works on this
direction and see also [K] and [ATY].

1.3. Let us consider a trigonometric analogue of the last construction. We keep the
notations in 1.2, except

P =Y 1'[< I L) (1.3.1)

ai-1+1sjsa; Xi — bw(p)

weSm i=0
and
—(Ai, @)V —2(Ai,a)v
X; t:
- 11 () (1-4)
1=izn \fj Xi
1<5jEm
tj @y L 2@y —(A; (Ao+ Ao +a,a)v
x 4 b T x> [T S
1si<jsm \Li tj 1<izn 1<jsm
(1.3.2)
Using them we define & by.
dt dt
F=Y([o00)@e(x, 00— ) . (1.3.3)
: ty tm

Now we formally put xo, = o0 and define

xi+xj
Xi — Xj

<Qij - %(&-, ﬂj)) +mAT)X X —X ®X*). (1.34)

rij(x) = —

They form a set of classical r-matrices normalized as:
ri(X)v; ®v; = 0. (1.3.5)
For a weight A, we define
(A (X Yev; = (4, A — ko) (X )Fo; . (1.3.6)
Then we have

Proposition 1.3. The vector & is a highest weight vector in Vo ®---® V, and
satisfies the trigonometric KZ:

xi%gf—ﬂ( y rij(x)+ni(/1w+a)—(/1w,xi)).9r, i=1,...,n. (13.7)
i 0sj<n
j*i

This construction is due to Cherednik [Ch], where integral solutions to the
trigonometric KZ for an arbitrary simple Lie algebra g are given with a beautiful
derivation of an explicit form @;v;.
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1.4. Let us explain an approach to obtain a g-analogue of the constructions above.
Let U, (51, ) be the quantum affine algebra of type A{" (see 2.1). Let 7;: g — End(V}),
i=0,...,n oo be a set of irreducible representations of the subalgebra U, (sl;)
with the hlghest weight vector v; of the weight 4;. Let Ry, (x) be the trlgonometrlc
quantum R-matrix of U, (sT;) acting on V;® V;, whose classical limit coincides
with (1.3.4). We put p~" = q. Then qKZ, in a certain convention, is the following
system of g-difference equations for a V, ® - - - ® V,-valued function #

DX DX
I, = Ryy,_, <_> RV;VO(
Xi-1 Xo
71y +a) = (A A) Xn) Xit1) !
xqe *“Ryy|\—) ~ Ruow|—) &
Xi Xi

i=1,...,n, (1.4.1)

where T; denotes the shift operator: T;F(xy,...,X,) = F(xy,...,pXi. .., X,)
Here we have also put xo = o0.

On the other hand, a g-difference deformation of the function @(x, t) is known
as follows, provided we shall here use p instead of gq. Let (a P)e denote
(P" % P)w p)
( u
y—y = B.Bytheg- -binomial theorem, we see that letting p — 1 it tends to (1 — x)zﬂ
in a certain sense. Therefore starting from the trigonometric counterpart (1.3.2), it is
natural to define

» o(1 —ap"). Then a g-analogue of (1 —u)*” is given by , where

X —(Ai,a)v (p(l,,a)vt./x..p)
ds (x, t) = <_l> - v} i <o)
’ 1§l_i[§n L (P~ t;/x:5 Poo
15jSm
X <Q>(a’a)v(p_(a,u)vti/tf;p)w xi—(l.',a)v l—[ ot i taay
1si<jsm \Li (p(a'a)vti/tj;p)oo 1<isn 1<jsm ’
(1.4.2)
Instead of the integration, we use its g-analogue called the Jackson integral defined by
So0 dpu e n
[o)—==0-pn Y o0 (1.4.3)
0 n=-—oc

for a value seC.

In the present paper, we make a special selection of a set of @; which is a g-
deformation of (1.3.1), and define a V, ® - - - ® V,-valued function & in a similar
way to (1.3.3), such that some analogy of the construction of Subsect. 1.2 or 1.3
would be established. The key idea is utilization of a natural g-deformation of the
permutation used in the definition (1.2.5) or (1.3.1). To be more precise, we adopt
the following action of the simple transposition ¢; on a rational function:

— ¢ty

(O-if)(tla”‘s m)_f(tlw'- Livts Lise vy m) 2t (144)

—tiv1

For an appropriate choice of rational functions ¢ and vectors ;e Vo ® - - ® V,
(see ((4.3.3) and (5.1.1) respectively), we define as follows:

Pelx,t) = 3, (wor)(x, ) (1.4.5)

WESM
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and
F = Z(I ¢p(x: ) Pr(x, t) @ s %>0E . (1.4.6)

= t tm
k
Then our main result is the following (Proposition 5.1.1 and Theorem 5.2.1):

Theorem 1.4. The vector F is a highest weight vector in Vo ® -+ - Q@ V,. If m=1
and n is arbitrary, or n = 2 and m is arbitrary, it satisfies qgKZ.

1.5. The paper is organized as follows. In Sect. 2 we review the notion of a quan-
tum affine algebra Uq(s/l\z) and the trigonometic R-matrix. We also review the
definition of gKZ. Section 3 is devoted to explain the action of the symmetric group
and to prepare some technical lemmas. In Sect. 4 we choose rational functions
@y and derive a set of linear relations among the corresponding Jackson integrals.
In Sect. 5 we interpret the linear relations in the context of U,(sl), and conjecture
an explicit form of a Jackson integral solution to qKZ, which is proved to be true
when n = 2 and m is arbitrary.

1.6. After completing this work the author learned that K. Mimachi [Mi2]
independently studied the g-difference equation for the same kind of Jackson
integrals (for n = 2 in the present notation). He also learned that N. Reshetikhin
[R] constructed a Jackson integral solution to the quantum Knizhnik—Zamolod-
chikov equation at least for Uq(gfz) using a method in Bethe Ansatz.

2. Quantum Knizhnik-Zamolodchikov Equation for U,,(gl\z)

2.1. The quantum affine algebra Uq = U,(sl) is defined as an algebra over C with

the generators:
X5, Xt, Kg', Ki? 2.1.1)

and the relations:
KoK, =K Ko, KoKi'=K;K{'=1,
KXFK' =q* X, KiniKi_1 = anji (i=*J),
X x71= 0, SR
(XEPXF —(@® + 1+ ¢ )XF)PXFXE
@1+ HXEXFXF)? - XF (X =0 (i+)). (212

Here g denotes a general complex parameter. In this paper, the comultiplication
4: U, -» U, ® U, is defined by

AXH) =X K, +1® X,
AX7)=X; @1+ K '®X;, 4K)=K ®K;. (2.1.3)

Let A™ denote the n'® composition of the comultiplication. We put 4" = o -4,
where 0(a®b)=b®ain U, ®U,.



484 A. Matsuo
We consider the subalgebra U, = U,(sl,) generated by X* = X{ = K¢,
For each x e C*, we define an algebra homomorph1sm Pyt U -U, y
(px(X(-)i) = xilXia (px(Xli) =X* s
?:(Ko) = K™, o.Ky)=K. (2.1.4)

Let (V;, m;) be a highest weight representations of U,. Then (Vi(x), #;) =
(V;, m;° @,) gives a representation of U, for each xeC.

Proposition 2.1.1. There exists an operator

Ry (x): Vi(x) ® V(1) = Vi(x) ® V(1) (2.15)
whose matrix elements are rational functions in x such that it satisfies the intertwining
property

A'(@)Ry,y,(x) = Ryy,(x)4(a), aelU,, (2.1.6)
and the quantum Yang—Baxter equation:
RViVj(x)RVin(xy)RVij(y) = RVij(y)RVin(xy)RViVj(x) (2'1'7)

on V;® V;® V.

This proposition follows, for example, from the existence of the universal
R-matrix in a certain sense ([D T]) We can easily see that it can act on
Vi(x) ® V;(1) as a formal power series in x, since V; is the highest weight U,-module.
Moreover normalizing by a scalar factor we obtain such an Ry, (x) whose matrix
elements are rational functions in x. We also refer to [FR].

2.2. We will derive in this subsection some recurrence relations for matrix elements
of the R-matrix Ry,y,(x).
Let v; be the highest weight vector in V; with the highest weight 4;, and put

M; = (4, 0) . (2.2.1)
We define
Xy
(k) — R 222
AT 222
where the following notations are used:
[a] = % for a complex number a ,
[k]! =[k][k —1]---[1] for an integer k . (2.2.3)

Then we have
Kol = gMi=2ky® - X +p® = [M; — k + 1]V,
X v = [k + 170D . (2.2.4)
Consider the tensor product V;(x) ® V;(1), which equals to V;® V; as U,
module. For simplicity, puti = 1, j = 2 and denote v, (x) ® v,(1)e by v ® o, Let
Ry,v,(x) be an operator satisfying (2.1.6). For each set of integers k, [, m such that
0<k=<mand 0 == m, we define R}, = R}",(x) by the following rule:

Ryy,x)p® @ v™ ™ = ¥ Ry p® @ v™? . (2.2.5)
1=0

Otherwise we put Ry}; = 0.



Quantum Algebra Structure of Certain Jackson Integrals 485

Lemma 2.2.1. R}, satisfy the following recurrence relation for each k =0,...,m
and1=0,... ,m+ 1.

xqiq? ™R [k + TIRPS L, + "M [m — k + 1]RET

= q"¢* [m — | + 1IRE, + xg" M2 [I]RY, -, and (2.2.6)
g Mk + 1R + g™ [m — k + 1] RPT!
= gMi M2 — | + 1]RP, + g™ g2~ O[IRY 227)

Proof. Applying 4'(X¢ ) to (2.2.5) and using 4(X§ )Ry,v,(x) = Ry,y,(x)4'(X¢ ), we
obtain

RVIVZ(X)(xq~Mz+2(m—k)[k + 1]v(k+ 1)® pm=h 4 [m—k+ 1:]1)(") ® v(m—k+1))

m
=Y (g™*m—1+ JRF WO @ v Y 4+ x[1 + 1]RF v D @ o))
1=0

m+1
Y @M m — 1+ 1RE + x (IR =)o @ o™=+ D) (228)

1=0

On the other hand, by definition,

m+1
k —k+1 1 -1
vaVz(x)v()®v(m +1) _ Z ka;r U(l)®v(m +1),
1=0

m+1
Ryy,(x)o** D @v" ™ = % RpfH @ @ v, (2.2.9)

1=0

Substitute (2.2.9) in (2.2.8) and compare the coefficients to v® ® v™~'*1), Then we
obtain (2.2.6). Similarly applying 4'(X{) to (2.2.5), we arrive at (2.2.7).  Q.E.D.

Therefore R} are uniquely determined by the scalar R, for general ¢, 1, and
1. We fix the normalization by R, = 1. Then, as a result, all R}}(x) are expressed
by some rational functions, which can be continued with respect to the parameters.
Thus, for arbitrary g, 4; and 4;, we have uniquely specified the operator Ry,y,(x)
satisfying (2.1.6) and (2.1.7), whose matrix elements are rational functions in x.

2.3. Let Ay, ..., A, A, be a set of weights such that

Aot Ay — A =ma, 2.3.1)

where m is a non-negative integer. Let V; be the irreducible representation of U,
with the highest weight A; and the highest weight vector v;. Let
H(Vo® -+ -® V,) denote the set of the highest weight vectors with the weight

0 *

Ho(Vo®---®@V,)
={weVo®: - @ V,; A”(X ") =0, A(K)v = g*=2v} . (2.3.2)

Let us normalize the R-matrices by
Ryy,(x)v; ® v = v; ® v;, (2.3.3)
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as in the last subsectlon If Ryy(x) = Z RP(x)® R(d’(x), then we let it act on
Vo®- ® v, by 1®---® R“”(x) ® --® R“”(x) ® - - - ® 1, which is nontrivial
only on i and j' components of the tensor product. Then we have

Ryw,(X)Ryy(x"1) =1id . (2.3.4)
We next consider, for a weight A, the operator defined by: :
g P = ghhhay (23.5)

Let g™ act on the i'® component of V; ® - - - ® V.
Let p be a complex parameter and suppose p~” = q. Let T}, denote the p-shift
operator:

T F (X1, .., Xn) =F(Xq,. ooy PXisv v o5 Xn) - (2.3.6)
The quantum Knizhnik-Zamolodchikov equation (qKZ) is, in some conven-
tion, the following system of equations for a function # = # (x4, . . ., x,) valued in

%}.oo(V0® ®V)

DX; Px;
L7 = RViVi—l< -« Ryy,
Xi—1 Xo
X\ ! Xie1) !
i(Ao + @) = (Aw, A n 4
qn( )= ( )RV,.V.« ; . 'RV,'+1Ve< ) F ,
i Xi

i=1,...,n. (2.3.7)
Let us express & as
=Y WW®F, (23.8)
k=0

where %, is a function valued in the weight space of V; ® - - - ® ¥, with the weight
Ao — Ao — ka. The qKZ for &, is the following:

X DpX;
];g;o = RV.'V,‘— 1( p ) RV.Vl < >
Xi-1 X1

PN Xiv1) !
i(A0+ Ao +0) = (A0 + Aw, A n i
x qm( 0 @)~ (4o ')RV,.V.» x) .. .Ry..w . Fo,

i=1...,n. (2.3.9

If & is a solution to (2.3.7) then &, is a solution to (2.3.9). If the parameters are
general then & is recovered from %, since A®(X*)# = 0, and two equations are
equivalent.

for some positive integer [ and ¥, are finite dimensional

1
R k. If v=
emar V=5 )

representations, then the gKZ (2.3.9) is satisfied, up to nomalization by a certain
scalar factor, by the n-point function of g-vertex operators. Roughly speaking, it is
given by

970 = <DO’ TI T q’nvoo> > (2310)

where ¥; is an operator of the following kind:
Wit V(pi-1) = V) ® Vilxi) - (2.3.11)
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Here V(u;) denotes an integrable highest weight representation of ﬁq of fixed level
I with the classical highest weight u;. The weight u; should be appropriately chosen,
and v, and v, are the highest weight vectors of V(4,) and V(1) respectively. See
[FR] for detail.

3. Action of Symmetric Group

3.1. Let us consider the m™ symmetric group S,, which consists of all permutations
of letters {1,...,m}. It is generated by the simple transportations o;,
i=1,...,m— 1 with the following fundamental relations:

6f =id, 06,410, =0,4,0:0:4+; and o,0;=0j0; for|i—j|>1. (3.1.1)
The following lemma is well-known:
Lemma 3.1.1. Let S be a subgroup of S,, generated by some of o;,i=1...,m— 1.

Then there exists a subset X (resp. Y) of S,, such that any element of S, is uniquely
expressed as sx by xe X and se€ S (resp. ys by ye Y and s€S).

For example, let S be S,,—; as a permutation group acting on {1, ..., m — 1}.
Then we may take

X={op-1-051=j<mj. (3.1.2)
3.2. Now fix a general constant ge C and set
ti— q°t;
= — . 3.2.1
s (32.1)
Let C(ty,. . ., t,) be the set of all rational functions with indeterminates ¢4, . . . , t,,.
For an f(ty,. .., t,)eC(ts,. . ., tn), we define
(@)t stm) =f, o bt tine oo s tm)Diiyg - (32.2)

For instance, let i be an integer such that 1 <i < m. Then we have

(O-m—l' . .O'if)(tl, ey tm) =f(t1, R PRI S tm—l) 1_[ Djm, (3.23)

ijsm+1
(6" 01)(is1 - -02) -+ (Om-1" - Om=) ) 15 s Tw)
=f(ti+1,...,tm,tl,...,ti) 1 Djk' (3.2.4)
i+11§§1k§§lm
Lemma 3.2.1. The action of o; defined above extends to a representation of the
symmetric group S,, on the space C(ty,. .., t,)

Proof. It suffices to show the fundamental relation (3.1.1), which is easily
verified. Q.E.D.
For any subgroup S of S,, and a rational function f(ty,. . ., t,), we denote
2t = W) ) (3.25)

S weS

The following lemma will be used in Sect. 5.
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Lemma 3.2.2. Let f(ty,. .. ,t,) be arational function such that wf = f holds for any
weS,,. Suppose that g(ty,. .., tn) = l_[15i<j£m(q2ti —t;)f(t1,. .., tw) is a poly-
nomial. Then it is divisible by [, o, ;<,.(t: — t;)-

Proof. Let k and I be integers such that 1 < k <[ < m. Let we S,, be the transposi-
tion of letters k and [. It is writtenasw = 6y - -+ 6,_,06,_106,_, - - - 6. Then we have

9wty - - > twom) = — Dy H DDy l—[ (@%t: — ) f(twaays - - - » tom)

k<i<l 15i<j=m
= - l—[ (qzti - tj)(wf)(tl’ LRI tm)
15i<js=m
= = l—[ (qzti - tj)f(tla CE] tm)
15i<j<m
= _g(t17'~ ~7tm)‘

Therefore the polynomial g is divisible by (¢, — t;) for each pair (k, 1). Q.E.D.

For example, we have

l—[ (thi - tj)Zl = I_[ (t: — tj) Z q21(w)
Sm

15i<jsm 15i<jsm weSm

= ]I (ti_tj)ﬁ(l+q2+"'+q2d_2), (3.2.6)
d=1

1Zi<jsm

where [(w) denote the length of weS,,.

4. Jackson Integrals of A-type Root System

4.1. Let p be a fixed complex number such as 0 < |p| < 1. Let us denote

@pw=T]0—ap". (4.1.1)
n=0
Let u be a single variable. The g-difference operator % is defined by
14
d _ ¢(pu) — o)
dpuqb(u) T (4.1.2)
For a value se C — {0} and for a function ¢(u), we define
S0 d Uu Q0
) ¢(u)—:;*=(1 —p) Y, $(p" (4.1.3)
0 n=—o

whenever it is convergent. This is called the Jackson integral along a g-interval
[0, soo ], which is a g-difference analogue of the ordinary integration.

Lett = (tq,. .., t,) be a multi-variable. The multiple Jackson integral, written
as
dyt dyt dyt,,
60T =90, tw) == =", (4.1.4)
1 m
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is similarly defined where a certain notion of g-cycles takes place instead of
g-intervals (cf. [A2]). However we only need the following property:

ftk d)(t) =0 forany 1<k<m. 4.1.5)
This is a g-analogue of the Green—Stokes theorem. We do not discuss a choice of

a g-cycle in this paper.
Let ~ be the equivalence relation of functions defined as follows:

G1(tys. .. tm) ~ @y(ty,. .., t,) if and only if there exists a function Y (t,. . ., t,)
such that
d
Prlty,. .o tw) — Palty, . . tw) = tiﬁ‘//(tlw oo s bm) (4.1.6)
pli
for some i = 1,...,m. Then if ¢,(t) ~ ¢,(¢t) we have, by (4.1.5),
d,t dyt
J$1(07F = [$2(0=. (4.17)
4.2. Now, under the notations of 2.3, we put
M;=(,a) and M= Ao+ Ay + ). (4.2.1)
Then, by the assumption (2.3.1), we have
M=2Mo+M;+---+M,—2(m—1). 4.2.2)
We define
X\ MY (PM0 /x5 D)
[0)) (x’ t) — <_> +
i 1§I—I§ tj ( M: t]/xu p)oo
15j<m

B G)z(ﬂjj/_tj_)g [T ™ [1 av. @23

2v .
1gi<jsm (P7'ti/tj; P 12i%n 1<jsm

Since p~" = g, the definition (4.2.3) is rewritten as

Xi _Miv(q—M‘t /xl;p)OO
o= 11 (?) @/
1<izn \lj j/Xis P)oo
1=js=m
5\ (@t P . o
X d) T x; M t . 4.2.4)
lsil;[j<m<ti) (q zti/tﬁ P 1<1—1_[<n 1§1;1§m !

Now recall the action of the symmetric group (3.2.2). We have the following
important lemma, which asserts that our action of S, is compatible with the
Green-Stokes theorem twisted by @,(x, t).

Lemma 4.2.1. If rational functions ¢@(t) and @,(t) satisfy @,(x, t)@(t) ~
D (x, 1), (1), then D, (x, ywe(t) ~ D,(x, )we,(t) holds for any weS,,.

Proof. Tt suffices to show the following assertion. Let ¢(t) = o(t4,...,t,) be
a rational function. Then, for any weS,, and any 1 <i < m, we have:

d d
W<tid—? {¢p(xa t)(p(t)}/(pp(xs t)> - t O d ) {(pp(xa t) (Wq))(x t)}/(pp(xa t)
’ e 4.2.5)
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It is easily checked by direct calculations for each w = g4,..., 0, using the

following:
d ((t\* (¢*ti/t;; P)eo D;;i — 1/t \*" (¢%t:/ti; P)eo
ti_{<_1) (‘1_2/1 p) }= j (_J) (q—-z/J p) i 4.2.6)
djt; [\t;) (@ “ti/t;; D)o p—1\t;) (@ “t/t;;P)w
d [(t\* (@°t/ts; D)o 1 =Dy [t;\*" (@it D)o
ti=—\\=T| === D= = = . 4.2.7)
dotj (\t:) (@ “ti/tj; P p—1\t;) (@ "ti/t;; P)w
4.3. We formally put xo = 0. Forany 0 <i<nand 1 <j=<m, we set
q "X — X;
Ai'=——, Y Y 4.31
] X; — q—-Mitj J X; — q M‘tj ( )

Let kK = (ko,. . ., k,)€(Z3zo)"*" be a multi-index such that ko + - - - + k, = mand
define
kKk= Y kik;. 4.3.2)

0<i<jsn

Putting a; = ko + - - - + k;, we set
oz (x, t)=qE'En< I1 Ao "Ai—1jBij>,

i=0

ai-1+1<j<ai

Fr(x, 1) =Y op(x, 1) (4.3.3)
Sm

We are interested in linear relations and g-difference equations among the Jackson

integrals .
t
Fz () = [ @,(x, )¢ (x, 1) 4.3.4)

Remark. The definition of 4;; originates in the following observation:

. d {(ﬁ)"”‘”(q”““tj/xi; p)w} _ Ay — 1(§>‘Mf“(q""’fzj/xi; P
Tyt [\t @ t/x:pw | p—1\4 (@™ty/%i; P
Note that B;; is related to A;; by the following equality:

Ay=(q ™ —q")B; + ¢ .

4.4. In this subsection, we will prove linear relations among Fz.
Let & e(Zxo)"*! be the multi-index with only non-zero entry at i component.

Proposition 4.4.1. Let K = (ko, - . . , k) be a multi-index such that ki + - - - + ky,
=m — 1. Then we have:

n

- K M4+ Ky, — A M) 42Ky e+ K B —
Z(an k._q x+k:)q (M, 41 + + M,)+ 2(kis, + +k")Fk’+E,-_0‘
i=0

Note. This relation is a g-deformation of Aomoto’s relation (0.6) in [A1].
To prove this proposition, we prepare the following lemma:
Lemma 4.4.2. Let S, act on C(ty,...,tx+1) asin 3.2. Then

Z <q2kAik+1_in n Djk+1> n B;;

Sic+1 1<jsk 1<)k

=qq ™ —q¢" )Y Il By. 4.4.1)

Sp+1 1SjSk+1
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Proof. Because of (4.3.5), the left-hand side of (4.4.1) equals to
g* (g™ — ¢ Z l_[ B + g™ Z (‘IZk - H Dy 1> n B;;. (442
Sk+11=jsk+1 Sk+1 1=jsk 15jsk
The second sum becomes

gy, Bi;-1+1<q2k— I Djk+1) [T B

Sk+1 1<j<k 1<j<k+1

-

Sk+1 15jsk > 15j

= Z { s ( n D;k+1> ‘1 l_[ DJk+1>} H B;;
Sk+1 X 1=5j<k
= —l Z (@%txs1 — t1) n Bij + g™ Z (¢*—1) n B;; .

1<j<k 1<jsk+1
Xi Sie+1 15jsk+1 Sic+1 15jsk+1

1L

Here we have used (3.2.3) in the last equality. Now we have
k
s —ti =Y 497 (@Ptie — 1))
j=1

Since each summand is anti-symmetric by the action of ¢;, its summation with
respect to Sy . is zero. Therefore (4.4.2) is written as

{* @™ —a" +q"@* -1} 3 [l By,

Sk+1 15jSk+1
which is equal to the right-hand side of (4.4.1). Q.E.D.

Proof of Proposition. We start with the identity

d . dt
Itmﬁ<¢p(xa t)(PE'(X, t) 1_[ Djm>_e— =0 s
ptm

1sjsm-1 t
where @p(x, t) = Zsm_ L Pe(x, ty, . . ., ty—1)is defined similarly as ¢z (x, t) provided
the summation is over S, -, acting on C(ty,. .., t,-1). Weset a; = ko + - - - + ki.

By the definition of @,(x, t), the integrand is calculated as

(p - I)tmd-dt— {¢p(x) t)@l?’(xa t) l—[ Djm}

1£jsm-1

= p(x,t)(ﬁ:zf(x,t)(ff“‘“"'*";)‘(M°+"'+M"’ [T 4m— 11 Djm)
-1

0<izn 1Zj<m

n
= )%, OPp(x, 1) Y @Kot ki) = (Mo 4 M)
i=0

X <q2k:Aim - in l_[ D]m) l__[ Ahm l_[ Djm 9
sa

a1 +1=j 1ghsi-1 a+1sjsm-1
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whichis ~ 0. Putb; =2(ko +-- -+ ki—1) — (Mo + - - - + M;) for simplicity. Sim-
ilar calculation holds for

d . dyt
ftk_{¢p(xa )(Om-1-..0:Pp)(x, 1) H D;k} =0.
dptk i<j<k-1
Summing them up, we can write the coeflicient to @,(x, ) as

Y Y or(x, t)(qz"‘Aim—qM‘ [ Djm> [T Awm I Dim

Sm i=0 4, +1<5j<a 0<h<i-1 aG+1<j<m—1

= Z qu‘(01~ COg 4108 (X, 1) (qZkéAia(+l — " ﬂ Dja;+ 1>
i=0 Sm

g +1sjsq

x ]I Apgi 41 -
0<h<i—1

Using Lemma 3.1.1 and Lemma 4.4.2, we rewrite it as:

qub'(fh Ogor) (X, 1) gh (g~ Mtk — g™ =k)Biy v [] Apg i1

i=0 Sm 0<hs<i-—1
— z qb +k;(q—M,+k: _ in_ké)qk"k'q_(k’+5i)'(k’+§*)(ﬁﬁ,+éi(x, t)
i=0

=q- (ko + -+ + kn) z q +k5)—(M°+"'+Mf)(q_M'+k;'—qM"_k:')@,;/Jrgi(X,t).

Therefore we obtain

(in_kx{ — q—Mi+ k:)q(MH-l ok M) = kg Ak )dsp(x, t)(pk +3 (X t) ~

M=

i=0

Q.E.D.

5. Solutions of Quantum Knizhnik—Zamolodchikov Equation

5.1. Let usinterpret Proposition 4.4.1 in the language of U,. We keep the notations
in Sect. 2. R
For a multi-index k = (ko, . . ., k,), we set

=0 Q- @ v, (5.1.1)
where v is defined by (2.2.2). We define a Vo ® - - - ® V,-valued function & by

F =) FM®u, (5.1.2)
k| =m
where F(x) is defined by (4.3.4) and the summation is over all multi-indices k such
that kg + - - - + k, = m. The weight of & is 1, because of (2.3.1).
Then, as a corollary to Proposition 4.4.1, we obtain

Proposition 5.1.1. The vector F satisfies A™ (X *)F = 0. Namely, F is a function
valued in #, (Vo ® - --® V).
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Conjecture 5.1.2. The function Zis a solution of the gKZ:

T.7 = RViV1-1<pxi ) Ry, <&>
Xi—1 Xo

X\ ! Xir1\ !
ani(lw-l-a)"(lw,li)RVnVi (f) .o RV,-+1V.-< ; > F .

i i

If m = 1 and n is arbitrary, the conjecture is true [Ma2]. It is also true when n = 2
and m is arbitrary as we shall show in the next subsection.

5.2. We consider the case n = 2. Let us denote

QX 1) = ©0,k,m—1 (X, 1)

= qk(m—k) n Blj l_[ AljBZj . (52.1)
15jsk  k+1s5jsm
F(x) = Fio,k,m-1 (%) - (5.2.2)
Then %, is given by
Fo= Y F(x)P 5. (5.2.3)
k=0

Recall that Ry,y, (px,/x1) Ry,y, (x1/px,) = id.
Theorem 5.2.1. The function %, satisfies the QKZ:

T, Fp = grillo+ o+ 8) = (o + 1) R, <ﬁ) F, (5.2.4)

X2

. px2 (o + Aw + 0) — (o + Aoosda) GF
Tz/o = RV2V1 — qnz 0 @ 0> %2 /0 . (525)
X1
Proof. Since we have
T,T 1 ®y(x, 1) By(x, 1)
~ T, T @(x, pti,. .., Ptm)Pr(X, Pte,. . ., Pty)

= qu +M2_MM¢p(x’ t)@k(xs t)
- q(n, 1) 0o + o+ ) = o + ks + 22 B (x, 1) G, 1)

it holds that

T, T %, = q(ﬂl + 1) (Ao + Ao + ) = (Ao + Aoy dy + ]-2)3770 .

Therefore (5.2.5) follows from (5.2.4). To show (5.2.4) it suffices to verify that the
functions R} ;(x;/x,), which are the matrix elements of Ry, y,(x;/x,), satisfy the
following:

Ti®y(x, )Gu(x, 1) ~ 3, g™ 7™M Ry (x1/x2) Bplix, ) Pulx, 1) - (5.2.6)

k

e
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Now we have

Tl (Dp(x’ t)qo,(x, t)

~ T1¢(X, ptla e 7ptlatl+1a‘ L) tm)(pl(xa ptlw .. 9ptl’tl+1a st tm)
=g Mg Ve (x,1) [ Bijd; [1 By [I Dy
1<j=s1 I+1<5jsm 1=5is!
I+1Zjsm

Therefore by Lemma 4.2.1 it is sufficient to prove

g™y 1[I B4z [I By [l Dy
S

' 1SJs1 I+1<jsm 15is1

I+1<j<m
= Z R?,l(xl/xz)qk(m_k)z n B1j 1_[ AijBZj . (527)
k=0 Sm 15j<k k+1<jsm

By (3.2.4), the left-hand side of (5.2.7) is written as
g™y [l BuyAs [l By
Smm—Il+1=Zj<m 1=5j=m-1

Then having multiplied by some of common denominators, the proof of (5.2.7)
reduces to the following lemma:

Lemma 5.2.2. The functions Si}; = R’ (x/x,) satisfy the identity

gy [T xi@™x,—¢t) ] x20x0 — g Mity)

Smm—Il+1=<j<m 15jsm—1
=2 St d Y TT xilea—q ™) ] xa(g ™ Mxs —1ty).
k=0 Sm1=jsk k+1<jsm
(5.2.8)
Proof. To simplify expressions below, we put
Ke=3 JI xixa—q ™) ] xaqg ™x1—1t),
Sm1<jsk k+1<jsm
Lr=% ] x(x1—q ™) I1 x1(q~™x; — 1)) .
Sm 15js=m—1 m—Il+1=<j<m
Then (5.2.8) becomes
¢ VLr =3 SpgtmTRKR. (5.2.9)
k=0

We shall prove by induction on m that S*; = R*,(x;/x,) satisfy (5.2.9). For m = 0,
it trivially holds by the normalization (2.3.4). We assume that (5.2.9) holds for
m — 1. First notice the following observation. Multiply both sides of (5.2.8) by

[1

1zi<jsm Li— 1

9t — t
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Then it follows from Lemma 3.2.2 that the results are polynomials whose degree is

one with respect to each t;,i = 1,. . . , m. Therefore it suffices to verify the equality
at two different values of each t;. We will consider the limits ¢,, » 0 and ¢t,, » co.
Now let S,,_; acts on C(ty,. . .,t,_1). For any function f(ty,. . ., t,), we have

S At et = 3 Omete 00N 1)
Sm

Sm-1i=1

Z Y S timts bt s tme1) ]

i=1 Sm-1 15jsm—-1

by (3.1.2). Therefore, letting ¢,, » 0 and ¢,, > o0, it becomes

Z Z f(tla s ti—l, 09 tia st tm—l)q_Z(m—i) and

i=1 Sm-1
Z Z f(tl"" -1, @, tu-~-;tm—1)q2(m_i)
i=1 Sm-1
respectively. Applying this consideration to Kj', we obtain
i=k+1

tm—0 i=1

k m
lim Kj = x1x2< y q'“’”'”)Ki":f + q_M1x1x2< Y 41‘2"”“')>K;,"“1

= x1xy(g 72" g VKT KEE + g7 g O I — KK,

1 k " .
hm _K;cn= <z 2(m— 1)> k 1 _x2< Z qZ(m—t))K;cn—l

tm—o00 ‘m = i=k+1

= —X q—quZ(m k) FUKIKRSE — x2q™ T [m — K]Kp Y

Similarly applying to L}", we get

lim LF = x,x,(g %™ V[m — [ LP~" + g~ Mg 0~ D] Ly

tm—0

1
lim —Lf' = — x,q~ " q*q" """ Im — 11 LP™" — xq T [LTS

tm = 0 tm

Thus we see that Sy’ satisfy (5.2.9) if and only if they satisfy both of the following

two:

gim Vg Mg 2m g =D [ LpS 4 g 0 — 1]LPTY)

m—1
= ¥ KT Mg D [ — K ST
k=0

+ q(k+ 1)(m—k—1)q—2(m—k—1)q—k[k + 1] Sin+1’l} ,
q"" P0aq THIILET + x2q M qM g T Im = 11LPTY)

m—1
= 2 K@ {xag" " g T Im — K]S
k=0

+x1q—qu(k+1)(m—k—1)q2(m k—1) k[k+ IJSk+1 l} .

(5.2.10)

(5.2.11)
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Now by the induction hypothesis, we have

m—1
L;n—l — q—l(m—l—l) Z qk(m_k_l)R;::[_lKkm_l ,
k=0

m—1
-1 —(I—-1)(m-1 k(m—k—1 -1 -1
Lot =g 0700 5 gt DR KT
k=0

Substitute them in (5.2.10) and (5.2.11) and equate the coefficients to K ~*. Then
we see that the following equalities for all k =0,...,m — 1 are sufficient to the
conditions (5.2.10) and (5.2.11):

g"2q* [m — k1Sp, + g™ M2 [k + 11 Sk 1,
= ¢ PO IIRET + ¢ D — IR
x2g™ M m — K] ST+ x40 q2 ™ F D [k + 118
= x;g"M M RE T + X242 [m — IIRP .

Comparing them with the intertwining property (2.2.6) and (2.2.7), we see that
St = R i(x;/x,) satisfy (5.2.9). Thus the induction is completed. Q.E.D.

Note. For general values of g, 4, and 1,, the equality (5.2.8) characterizes the
intertwiner Ry, y,(x) with the normalization (2.3.3).

5.3. Remark. Put xo = 0and p = p~'. We define the function & similarly as #, by
substituting

xi) M (BMYE/X5 D)oo

1<i<n tj (ij_Mivtj/xi;ﬁ)oo
15js=m
Lj 2 (ﬁ_zvti/tﬁﬁ)w M
x ) Ll Pe rr M (ML (53.0)
1§il:Ij§m<ti> (ﬁzvti/tﬁﬁ)oo 1<i<n ' 1;1;[gm ! ’
and
;o atxi— s _ —aq" s gty
Ay = o B;; = e =t (532)
Xi— g4t Xi—q't; L — q°t;

instead of P,(x,t), A;;, B;; and D;; in the definition of %. Then we have
A" ®X*)F = 0. We conjecture that # is a solution of the following g-difference
equation:

A A Xi— X
T.% = Ryy,_, <ﬁ—xl> : -RViVO<16—;>

x;\ 71 X\ ! oA
X qﬂ'(/%’J +a)— (lm’l")RVnVi x—> R RV;‘+ 1Vi <x_> ?_ s (5.3.3)

n i+1
where fl denote the shift of x; by p. This conjecture is true for m = 1 or n = 2. The
proofs are similar to the case of &#. Therefore, by transforming the variables as

1 . . .
X; o we obtain another expression of solutions to gKZ.

13
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