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Abstract. A rigorous proof is given of the orthogonality and the completeness of
the Bethe Ansatz ecigenstates of the N-body Hamiltonian of the nonlinear
Schroedinger model on a finite interval. The completeness proof is based on ideas
of C.N. Yang and C.P. Yang, but their continuity argument at infinite coupling is
replaced by operator monotonicity at zero coupling. The orthogonality proof uses
the algebraic Bethe Ansatz method or inverse scattering method applied to a lattice
approximation introduced by Izergin and Korepin. The latter model is defined in
terms of monodromy matrices without writing down an explicit Hamiltonian. It is
shown that the eigenfunctions of the transfer matrices for this model converge to
the Bethe Ansatz eigenstates of the nonlinear Schroedinger model.

1. Introduction

The nonlinear Schroedinger model was introduced by Lieb and Liniger [26] in
1963 as the first model of a boson gas that contains a nontrivial adjustable
parameter and which can be fully analysed without making approximations.
Earlier, Girardeau [20] had introduced a simpler model of a gas of impenetrable
bosons in one dimension, but this model behaves effectively as a very high-density
gas. Also, the latter model does not have a nontrivial parameter. In many other
respects, however, the two models are quite similar and, indeed, Girardeau’s model
can be obtained from the nonlinear Schroedinger model in the infinite-coupling
limit.

In [26], Lieb and Liniger obtained the eigenfunctions of the nonlinear
Schroedinger model Hamiltonian with periodic boundary conditions using an
“Ansatz” similar to the one used by Bethe in his analysis [11] of the one-
dimensional Heisenberg model. They did not prove. however, that the set of
eigenfunctions thus obtained is actually complete. Many other models have since
been shown to be soluble by means of the Bethe Ansatz method and generalisations
thereof. (See for example [19, 6, 18, 34 and 14].) In particular Baxter’s solution of
the anisotropic Heisenberg chain [5] was a major breakthrough. Another
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important development was the quantum inverse spectral transform method by the
Leningrad group of Faddeev [31] and [16-18] (see also Thacker & Wilkinson
[33]). Concerning the completeness problem, considerable progress was made by
Babbitt and Thomas [35] and [1-3]. They prove orthogonality and completeness
of the Bethe Ansatz eigenstates for the ground state representation of the Heisen-
berg chain in the infinite volume limit. In the Heisenberg chain the existence of
bound states presents a problem in finite volume. Indeed, in Bethe’s original paper
the bound states are described only in the infinite volume limit, in which case they
are given by the so-called string solutions to the Bethe Ansatz equations. In finite
volume this string hypothesis has been shown to be incorrect [13].

Given the eigenvalues of the N-body Hamiltonian of a soluble quantum model
it is possible to obtain the thermodynamics of the model by means of a method
introduced by Yang & Yang in the case of the nonlinear Schroedinger model in
their remarkable paper [36]. This method is analogous to the usual method (see
e.g. [25]) for deriving the thermodynamics of the free boson gas. As the authors
point out themselves, however, their analysis is not mathematically rigorous.
Recently, Yang & Yang’s derivation was put on a rigorous footing in the paper
[15] using techniques from large deviation theory. These techniques were de-
veloped earlier in [ 7] for various models of an interacting boson gas involving only
the free-gas particle number operators. (See also [8 and 9].) The analysis starts
from one basic assumption which was still unproven: the completeness of the Bethe
Ansatz eigenstates. In this paper we shall prove this long-standing conjecture, thus
completing the analysis of [15].

Let us now briefly outline the way this result is proved in this paper. The
N-particle Hamiltonian of the nonlinear Schroedinger model is given heuristically
by

N az
HY= — Z pis 2K Z 3(x; — x;) (1.1)
j=1 J 1Zi<jsN

where k = 0. A precise mathematical definition of this Hamiltonian will be given in
Sect. 2. It uses the KLMN theorem [28] and a Sobolev inequality. (This is very
similar to Example X.3 of [28].) As x decreases to 0 one expects HY to converge to
the free-boson Hamiltonian in some sense, while as k — oo, HY should tend to the
Hamiltonian of Girardeau’s model of impenetrable bosons (in the case of point
particles). In Sect. 3 we shall prove that this is indeed the case if one interprets the
convergence in the strong-resolvent sense [27].

In the same paper mentioned above [36], Yang & Yang argue that the
completeness of the Bethe Ansatz eigenfunctions follows from the fact that they
converge to a complete set of eigenfunctions for the impenetrable boson model as
Kk — oo. That this argument is faulty can be appreciated considering the following
simple counter example: Let T, for 0 < k¥ < oo be the operator of #2(IN) defined by

[ (T,u), = nu, ift <nzk,
(T u)es1 = [(k + 1) sin®0 + kcos?a]uy 4,
+(k+1—k)sinacosau.,,, (12)
(T r2 =(k + 1 — k) sinocosouy 44
+ [[(k + 1)cos?a + xsin®a]u; 5 ,
(Teu)y = (n — 1)u, ifnzk+3,

-
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where k = [, thatis k < k < k + l,anda=g(1c— k) u = (g, Uy, - .. )€ £2(N).

We can diagonalise T, as follows. Let e, e,, . . . be the canonical basis for £2(IN)
and put

Ua(k) = e, forn<kandn=>k+3,
Yi+1(K) = cosaeysy —sinae s, (L3)
Yir2(k) =sinoe 1 +cosae,ss .
Then
Tha(K) = ny(x) forn<k,
T+ 1(k) = ki1 () , (1.4)
T Wa() = (n — D, (x) forn=zk+2.

By computing the resolvent R, (1) = (A1 — T,)~ ! explicitly it is easy to show that
T, is continuous in the strong resolvent sense, and also that T,, - T, as k — o0,
where

Toe,=ne, (n=1). (1.5)

Now consider, for each k < oo, the subset of eigenstates {y,(k)}, .+ (the
analogue of the Bethe Ansatz eigenstates). This is a continuous set of states. Indeed,
as k72k+1, Y,(k)=vy,k+1)=e, for n<k and n=k+3, while
Vi+2(K) = ey = Yt 1(k + 1). Furthermore, every e, is the limit of ,(x) as
k > o0 and yet {Y,(k)},+x+1 is not complete. (Notice that Ypg+1(x) is not
continuous, but this does not affect the continuity of T,.)

It follows from this example that we have to use some additional information.
We shall use the fact that H, is increasing in k. Moreover, we consider the limit
x — 0 instead of the limit x — co. This turns out to be easier because HY is
bounded below. In fact it is still an open problem whether it is possible to construct
a one-parameter family of operators T, which is increasing and continuous in the
strong resolvent sense for 0 < k¥ < oo and such that there exists a continuous
family of eigenvectors (k) such that {y,(c0)} =, is complete but {,(k)}>; is
not complete for k < oo. In the limit k — 0 on the other hand we can use the fact
that the eigenvalues decrease when k decreases but the number of eigenvalues
below an arbitrary number A remains finite. No eigenvalue can therefore escape to
infinity and any additional eigenvector other than the Bethe Ansatz eigenvectors
would give rise to an extra eigenvalue for HY below a certain finite A. This
argument of course uses the independence of the Bethe Ansatz eigenstates. The
details are given in Sect. 3.

For the proof of the orthogonality of the Bethe Ansatz eigenstates we make use
of the algebraic Bethe Ansatz method developed by Faddeev et al. [31, 17, 16].
This is an alternative method for diagonalising the N-body Hamiltonian. (For
a comprehensive review of this method applied to various models, see also [14].)
To be exact it only works for lattice models. To obtain the eigenstates of a given
continuum model one then has to take the continuum limit of an appropriate
lattice model approximation. We shall use the lattice model introduced by Izergin
and Korepin in [21 and 22]. In Sect. 4 we describe this model in terms of the
so-called monodromy matrices, without writing down an explicit Hamiltonian.
One can express the Hamiltonian in terms of logarithmic derivatives of the transfer
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matrix 7(A1) and it was shown in [23], using a local gauge transformation,
that this Hamiltonian converges to the nonlinear Schroedinger Hamiltonian as
the lattice constant tends to zero. It would be interesting to make this derivation
rigorous, but we shall not attempt this here. Instead, we show directly that the
corresponding eigenstates converge to the Bethe Ansatz eigenstates of the nonlin-
ear Schroedinger model. This proof is presented in Sect. 5. It is rather straightfor-
ward but tedious and it involves some delicate cancellations. An alternative
approach might be to use the quantum Gelfand-Levitan equation as proposed by
Craemer, Thacker and Wilkinson [12]. It should be noted that the proof of
convergence presented in this paper also completes Korepin’s proof [24] of
Gaudin’s formula for the norm of the Bethe Ansatz eigenfunctions in the case of
the nonlinear Schroedinger model. The advantage of the algebraic Bethe Ansatz
method is that it provides us with a one-parameter family of operators which
are simultaneously diagonalised. By varying the parameter the eigenvalues corres-
ponding to different eigenstates can be made non-degenerate so that these eigen-
states must be orthogonal. This orthogonality proof is presented in Sect. 4,
Lemma 4.2.

The proofs for orthogonality and completeness presented in this paper depend
strongly on the fact that there are no bound states in this model. For models with
bound states the situation is more complicated. Indeed, the solutions of the Bethe
Ansatz equations (the analogues of (3.2) and (3.3)) are then manageable only in the
thermodynamic limit, where they are arranged in so-called strings in the complex
k-plane. Under this string hypothesis Takahashi [32] generalized the Yang-Yang
thermodynamic formalism to the Heisenberg XXZ chain. Completeness of the
Bethe Ansatz eigenstates for the infinite Heisenberg chain in the ground state
representation was proved by Babbitt and Thomas [1]. A mathematical proof of
the Yang—Yang thermodynamics for this model is, however, still an open problem.
The approach of [15] using large deviation theory does not seem hopeful in that
case because it requires completeness for the finite chain. Other models may be
more amenable to this approach. In particular, the massive Thirring model (see e.g.
Bergknoff & Thacker [10] and Thacker [34]) may be a feasible proposition
because it has only a finite number of bound states for a certain range of parameter
values.

2. Definition of the Hamiltonians

In the following the number of particles N is fixed and will therefore not be
included in the notation. We shall use the KLMN Theorem (see [28]) to define the
operators H, with 0 < x < oo on the Hilbert space L2,,([0, 1]") of quadratically
integrable symmetric functions on [0, 1]V as perturbations of the free gas Hamil-
tonian H,. The latter is defined with periodic boundary conditions as follows:
Let

Dy = {l// €6 2m([0,1])|Vx e [0, 171V 1:¢(x, 0) = Y(x, 1) and

oy _
Ay B0 =g 1)}, 2.1)

XN
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where C2,,,([0, 11") denotes the space of twice continuously differentiable symmet-
ric functions. On D, we define the operator H, by

Hoy= — Ay foryeD,. 2.2)

Then D, contains a complete set of eigenfunctions for H,. These are given by

N
Vo ()= Y [T exp[2minix,], (2.3)

geFyi=1
where x € [0, 1] and n;e Z for j=1,2,..., N.

Proposition 2.1. The set {l/l?nj}}

<n, IS a total set in the Hilbert space
L2,.([0, 17") satisfying

ngsns ...

N

Hoy{,, = 2n)* Y, njyg,, . (2.4)
ji=1

The operator H, defined by (2.2) on D is therefore essentially self-adjoint.

Proof. The totality follows from the Stone-Weierstrass Theorem. Indeed, consider
the algebra of continuous periodic functions ¥ € €., ([0, 1]V) of the form

M
Y(x) = Z Am exp[i(k(lm)xl + -+ k;’,")xN)] R

m=1

where k;’") = 27m§.'") and nj."') € Z. This set is clearly self-adjoint and it contains the

constant functions. It also separates points of the torus as follows immediately from
the one-dimensional case. This set is therefore dense in %, ([0, 1]V) for the
uniform topology and hence also in L2([0, 1]") for the L2-topology. Now let Sym
be the symmetrisation operator:

1
Syme(xla LRI xN) = _\/—‘]TI—' 6;»] l//(xa(lb ceey xG(N)) 5 (25)

where the sum runs over the set #y of all permutations of {1,2, ..., N}. Then, if
D < L?([0, 1]")is dense, Symy(D) is dense in LZ,([0, 1]1V). But, if D is the above
algebra then Symy(D) is the set of functions

M
Symy(D) = { ZI Al |[M = 1,2, n{" e Z, Ame(E} <D, .
The relation (2.4) is trivial and the essential self-adjointness of H, follows from
Nelson’s analytic vector theorem (see [28], Theorem X.39). [J

We denote the self-adjoint extension of H, also by H,. Next we define
quadratic forms h, corresponding to the operators H, using the KLMN Theorem
([28], Theorem X.17). For ¢, ¥ € D, we define h,(¢, ) by

he(d, ) = (P Ho¥) + k(9 ¥) , (2.6)
where
1 1
Wb )=2 T fdvi T Bl 2.7



352 T.C. Dorlas

(Here, the symbol 7} means that the integral over x; is omitted.) To apply the
KLMN theorem we must establish the inequality

3(¢, 9) < c{(d|Hod) + (¢1¢)} (2.8)

for some constant ¢ > 0 and all ¢ € D(H,). For ¢ € Dy, this is a Sobolev inequality
which can be derived in the following way: Let x4 € [0, 1] be arbitrary, and write

0
B (X)xj=x, = O(X) |5, =x0 + j dx; ad) (2.9)

Integrating with respect to x, and using the Cauchy-Schwarz inequality we obtain

1 1 X1 a¢

() s;=x| = [1D(x)]dx; +§de ) I dx;
0 xo | 0Xj
! 0
< [ 16(x)|dx +j 94,
0 J

1 1/2 1 a
§<£|¢(x)|2dxj> +<(§)5—f

Integrating now with respect to the other variables we find

2 1/2
dxj> . (210)

)

(2.11)

1 1
jdxl...7...§de|¢(x)|xj=x,|2§2< [ dx|p(x)*+ [ dx e
0 0 J

[0, 17" 0,1}

It follows that

09 |2

0x;
A simple integration by parts shows that the first term on the right-hand side
equals 2(N — 1)(¢|Hy¢) so that this establishes the inequality (2.8) with
¢ =2N(N — 1) for ¢ € Dy. But Dy is a core for H, and hence also a form core for
ho. This implies that (2.8) also holds for ¢ € D(H,). We can now prove:

o(pP)s2(N—-1) Y

j=11[0,11"

dx + 2N(N — 1)(¢]4). (212

Proposition 2.2. For all k € [0, o0) there exists a unique self-adjoint operator H, with
quadratic form domain Q, = Qo = Q(H,) such that (¢|H W) = h (¢, ) for all
¢, € Q. The operators H,. are increasing in k.

Proof. We proceed by induction on k. Assume that H,, is defined as in the
proposition for some ko = 0. Then, by (2.12) and the fact that H,, = H,,

3(¢, ¢) S 2AN — Dhyo(¢, ¢) + 2N(N — 1) |92 .
It follows by the KLMN theorem that H, is uniquely defined for

1 . .
K <Ko+ 2(N——1) Obviously, H, = H,, if k > ko as (¢, ) =2 0. O

About the domain of the operators H, we can say the following:
Proposition 2.3. Let Z# be the region
%={x€[0,1]N|0§x1§ §XN§1} (213)
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and define, for k € (0, o),
D, = {qﬁ € Coym([0, 11%)| P |2 € €*(R) and for ue R

d0, 1y, ..., uy—1)=¢(ug, ..., uy-1,1)

jd) O, uq, ..., uy—y1)= (3(]5 (U, ..., uy—1,1) and
X1 oxy Xn

lim (a‘““) - @"5(“)) — |} 214)
Uit1)th au”'l aui

Then D, < D(H,) and
H.¢p= —Ad fordeD,. (2.15)
Proof. Using the fact that
Qo = {¢ € L2 ([0, 11")|3 sequence ¢, € Dy: ¢, > ¢ in L?

and h(¢n — ¢n) = O, m — o)} (2.16)

a simple regularisation shows that D, < Q,. Now
D(H,) = {¢€QolIle Lin: (Y[&) = he(y, ¢) Ve Qo} . (2.17)
A simple integration by parts shows that h,.(, ¢) = — (Y| 4¢) for ¥ € Dy. This

proves that ¢ € D(H,.) because D, is a form core for H,. [

Remark. The operator H, is also well-defined. It is the free particle Hamiltonian
with Dirichlet boundary conditions on the lines x; = x;. Its quadratic form domain
is given by

Q. = {d€Qolsup h(d,¢) < 0} (2.18)
and o
he (9, ¢) = sup h (e, ¢) . (2.19)

3. Completeness of the Bethe Ansatz Eigenstates

As explained in the introduction we shall prove the completeness of the Bethe
Ansatz eigenstates of the Hamiltonians defined in the previous section using
a modification of the continuity argument proposed by Yang and Yang in their
far-sighted paper [36]. The argument is very general and can be formulated for
a general one-parameter family of operators. It assumes the orthogonality of the
eigenvectors which will be proved in Sect. 5.

We begin by defining the Bethe Ansatz eigenfunctions for the nonlinear
Schroedinger model For a given set of wave numbers k; <k, < ... <ky one
defines functions 1//{k 1€ Lim([0,11%) b

N
Vi (X1, xy) = Y Aaexp[i Zl kd(j)xj] (3.1)
=

aeSy
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for 0x;,£x,= ... £ xN 1, where &y is the set of permutations of
{1,...,N}. It was shown in [26] that these functions are eigenfunctions of
H, provided that the wave numbers k4, . . ., ky and the coefficients A, satisfy the
following conditions:
N
kj = 27ij — z ek(kj - k;) ) (3.2)
i=1
if N is odd and
1 N
kj=2n<mj+§)— Z Ox(kj—ki), (33)
i=1
if N is even, where m; € Z and the function 0, is given by
0.(k) = 2 arctan(k/x) ; (3.4)
and
A, .
Z‘ = — exp[ — l@K(k,(j) - ka'(j))] (35)

whenever t and o differ by a single transposition:
(j)=0(j+1), 1(j+1)=0(j) and t(i)=o0() forixjj+1. (3.6
One easily proves following [26]:

Lemma 3.1. If the set of wave numbers {ky, . .., ky} satisfies the conditions (3.2)
respectwely (3.3) with m;eZ and the coejﬁczents A, are defined by (3.4) then
l//{k , € D(H,) and

Ho i) = ( ; kf)wf,:j; : (3.7)

In [36] (see also [15], Prop. 5.1) it was proved that there is exactly one Bethe
Ansatz eigenstate for every set of integers my < - -+ < my:

Lemma 3.2. For every set of integers m; < -+ < my there exists a unique solution
ky < -+ <ky to Egs. (3.2) respectively (3.3). Moreover, these solutions {k;(k)}
depend continuously on x € (0, o).

Proof. The first statement was proved by Yang and Yang in [36]. They define
a function

1N
B(kl,...,kN)=—2-Zk2 2n21k+ Z@(k k;), (3.8)
j=1 11 1
where
[ M if Nis odd ,
77 my+4 ifNiseven,

and

6,(k) = ;Bk(k’)dk’ .
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They then showed that (ky, ..., ky) minimises B if and only if it satisfies (3.2)
respectively (3.3), and that B is strictly convex. Notice, however, that B is also
continuously differentiable as a function of x. The minimiser therefore varies
continuously with k. [

In this section we shall prove that the functions l,b{k} are complete in
L2.([0, 1]1") assuming that they are orthogonal. First we note the following:

Lemma 3.3. Let {l// . Jm < ... <n, be the total set of eigenfunctions of H, defined in
(2.3). Then, for every set of integers ny < -+ < ny there exists a set of integers
my < -+ < my such that

‘// 1} np ask — 0,
where k; < -+ < ky are the solutions of (3.2) if N is odd and (3.3) if N is even.

Proof. Let ny < - -+ < ny be given. If N is odd then we define m; as follows:
N+1
mj=n;— 2 +J; (3.9)

if N is even then we define

N
mj=nj—5+j—1. (3.10)

Both cases are similar; we consider the case that N is odd. Then

ji—1 N

ki = 2mm;— Y (+m)— Y (—m) =2mm;+ (N —2j+ )z =2zn;,

i=1 i=j+1

and
A, )

0

Lemma 3.4. For all ¢, €[0, o),

heo(¢) = inf h(d) YoeQ,.

K>Ko

Proof. 1t is obvious that the equality holds if ¢ € Dy. But Dy is a form core for H,.
This means that D, is dense in Q, for the norm || ¢ |2 = || ¢ ||* + (qb |Ho ). By the

inequality (2.8), if ¢, — ¢ with respect to this + -norm then h, (Pn) — h, (@)
uniformly in x on bounded intervals. [

Corollary. For all k¢ € [0, ), H,, = lim, | ., H, in the strong resolvent sense.
Proof. This follows immediately from [27], Theorem S 16 or [30]. O
Lemma 3.5. Let p,(x) be the n'* eigenvalue of H,. Then

Ma(io) = inf p,(x) (xo € [0, c0)) . (3.11)

K>Ko
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Proof. By the Min-Max Theorem (Theorem XII1.2 of [29]),

()= sup inf h(¥) . (3.12)
[ T Pn-1  YeQo:y|=1
w (bl ~~~~~ (bn 1]

It follows immediately that u,(xo) < p.(x) if Kk > xo. Conversely let A = p,(xo) and
let ¢ > 0 be arbitrary. We shall show that, if k — k, is small enough then, for all
b1s. .., ¢P,— there exists ¥y € Q, such that || =1, Yy L[¢;,..., ¢,—1] and
h(¥) <A+ e Indeed, by (3.12) there exists Yy eQ, with ||y =1 and

U L[, ..., u1] such that hy(¥) <7i+e/2 By Eq (28), h(y) < he()
+ c(k — Ko) (1 + heo(¥)), so if we choose c(k — x0)(2 + 1) < &/2 then (assuming
& < 2) we have h.(¥) < A + ¢ as required. [J

Corollary. The operators H, have purely discrete spectrum for all x € [0, o) and
their resolvents are compact operators.

Proof. This follows immediately from Lemma 3.5 and Theorem XIIL.64 of
[29]. O

Remark. This result can be used to strengthen the corollary of Lemma 3.4 as
follows. Define the operators R, = (1 + H,)~'. Then R, — R, strongly. Further-
more, R, is compact for all k. It follows that, in particular (R,,)"/? and (R,,)"/* are
compact. (See [27], Problem VI.46.) Now choose ¢ > 0 arbitrarily small. Then,
since the unit ball B, of L2, is mapped onto a compact set by (R,,)"/*, there exists
a finite subset Y, ..., ¥ of By such that for all € B; there exists ¥, with
“ (RK0)1/4 (!/I - Wm) “ <e. NOW,

I Re(Ru) ™I < 11 (Reo) ™ 1 IH(Rico) ™ M Re(Ry) ™I £ 1,

so if we let ¥ — Kk, be small enough so that [[(R,— R, )¥.| <e¢ for all
m=1,..., M then

I(Re = Reo)¥ | S 1Re(Rieg) ™ ¥ ((Reg) ¥ — (Ryo) ) |

+ [(Re = R )¥m | + | Rieo (¥ — ¥) | < 3e.

This proves that || R, — R, ol —=0asx | ko and hence that H, — H,, in norm
resolvent sense!

We now order the Bethe Ansatz eigenstates y24(x) so that the eigenvalues
In() = Z k(1) satisfy A,(k) < Ay 1 (%)

Lemma 3.6. Suppose that, for some m, (k) < (k). Then py i+ 1(K) £ Apsr(x)
forall k = 0.

Proof. This is obvious since f,, 1+ 1 is the (k + 1)™* eigenvalue above u,, and there
are at least k + 1 eigenvalues between u,, and A, +,, namely 4,,, ..., Apip. O

Theorem 3.1. Assume that the Bethe Ansatz eigenstates " k) deﬁned by (3.1), where
the wave numbers {k;}}_ 1 satisfy (3.2) if N is odd and (3.3) if N is even, and where the
coefficients A, satisfy (3.4), are mutually orthogonal. Then they form a complete set in
L2 ([0, 1]N) asmy <my < -+ < my run through Z.

Proof. We shall prove that, for all k < o0 and all n=1, 2, ..., u,(x) = 4,(x).
Indeed, suppose that for some x, and some positive integer g, (ko) < Any(Ko)-
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Since 4,(0) —» oo as n — oo, there exists p such that p, (ko) < 4,(0). Now define
Ky = inf{x > 0], (k) < Ay (%)} .

Then there exists a sequence K \ k; such that p, (k) < 4,,(x{”) and hence, by
Lemma 3.6,

Mg +k+1 (K(ln)) = /1no+k(K(1n)) Vkz0.

Taking n — oo we find, using Lemma 3.5 and the continuity of the Bethe Ansatz
eigenvalues 4,,(x) which follows from Lemma 3.2 and the assumed orthogonality,

Pno+r+1(K1) }»n0+k(’<1) Vk=0.

Let n; >ny be the smallest integer such that 4,,(x;)> 4,(x;). Then
/“tnl(Kl) é ;{m—l(Kl) = ino(Kl) < /{nl(Kl) and by ContiHUitya #nl(Kl) g )Vno(Kl) =
Uno(K1) = o (169) < 4,(0). Proceeding in this way we can define sequences () and
(m) by

Kk = inf{x > 0|y, (k) < Ay, _,(K)}
and
m=min{n > m_ | A,(k) > An_ (K1)} -

The sequences stop when x;, = 0. We now argue that there must be a k such
that x, =0. Indeed, for x <y, M, _,(k)=4,_,(k) and in particular,
U (0) = Ay _,(0). On the other hand, p,,_,(0) < p,, _,(kk—1) < 4,(0) so that
-1 < p, i.e. the sequence (n;) is bounded. It must therefore break off and we
conclude that x; = 0 for some k so that p,, _,(x) < 4,,_,(x) for all « > 0 and hence
U, +1(0) < 4, _,(0). This contradicts Proposition 2.1. [

In Sect. 5 we shall prove the orthogonality of the Bethe Ansatz eigenstates, thus
completing the proof of the completeness of these states.

Remark. Notice that the proof of this theorem uses only Lemma 3.5. It follows
from the argument of the remark following Lemma 3.5 and Theorem VIIL.23 of
[27] that this lemma holds in the general situation of a continuous, non-decreasing
one-parameter family H, of positive operators with compact resolvent. The latter
condition actually follows if H, has compact resolvent as in the corollary of
Lemma 3.5. We can therefore generalise Theorem 3.1 to

Theorem 3.2. Let {H,},> o be a one-parameter family of positive self-adjoint oper-
ators on a Hilbert space # . Assume that k +— H, is monotonically nondecreasing and
continuous in the strong resolvent sense and that H, has compact resolvent. Suppose
further that there exists a set of linearly independent eigenfunctions {¢,(x)} for
H, which depends continuously on k and is complete at k = 0. Then this set is
complete in A for all k = 0.

4. Lattice Approximation and the Algebraic Bethe Ansatz

We shall prove the orthogonality of the Bethe Ansatz eigenstates (3.1) by means of
a lattice approximation introduced by Korepin and Izergin [21]. This lattice model
is defined by a commuting set of transfer matrices which can be diagonalised by
means of the so-called algebraic Bethe Ansatz introduced by Faddeev et al. (see
[16]). Although the corresponding Hamiltonian is a highly complicated object we
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shall prove directly that the corresponding eigenstates converge to the Bethe
Ansatz eigenstates of the nonlinear Schroedinger model as the lattice constant
tends to zero. Using the fact that the eigenstates of the lattice model are simultan-
eous eigenstates of a one-parameter family of operators one can prove that they are
orthogonal. Taking the continuum limit it then follows that the Bethe Ansatz states
(3.1) are also orthogonal.

In this section we shall outline the algebraic Bethe Ansatz method, also called
the quantum inverse scattering method, for the special case of the Korepin—Izergin
model. More extensive reviews can be found in [16, 18 and 14]. It should be noted
that the method was originally developed in the case of the nonlinear Schroedinger
model itself [31, 17]. However, in that case the method is only approximate. It is
the lattice approximation introduced by Korepin and Izergin [21] which is exactly
diagonalisable by this method. They proposed a Hamiltonian for their model in the
form of a trace formula analogous to the one discovered by Baxter in the case of the
one-dimensional Heisenberg model [5]. In [23] an argument is presented using
a local gauge transformation which shows that this Hamiltonian approaches the
nonlinear Schroedinger Hamiltonian in the continuum limit. The mathematical
status of this argument has yet to be investigated. To define the transfer matrices of
the Korepin—Izergin lattice model we subdivide the interval [0, 1] into M intervals
of length 4 = 1/M. In the following 4 will be fixed and we impose periodic
boundary conditions by identifying the lattice points 0 and 1. At each lattice point
x,=nd (n=1,..., M) we assume given creation and annihilation operators
af and a, operating on a local Hilbert space #, ~ # satisfying the commutation
relations

Lan, am] = A . (4.1)

(The unusual factor 4 is introduced so that we can consider a, and af as the
continuum annihilation and creation operators a and a* applied to characteristic
functions: a, = a1, _ . x,) and similarly a = a* (1, _, cq) ) Let F4= @ y_, Fx
be the corresponding Fock space where #4 = (®,1:'= 1 )sym 1s the symmetrised
tensor product of N copies of #. A general element ¥ € 4 can be written as

¥= ) flny, oo ony)ak ... ak Q, 4.2)

1Snms...SnysM

where Q= ®1.,Q, is the tensor product of the ground states of the local
oscillators: a,Q, = 0. Its norm is given by

[P)?=4a" Y f(ng, .o ny)P0(ng, ... ny) (4.3)
1sm ... SnysM
where
6(”15""nN)= Z H(|P|_1)' 6nP~ (44)
ne P(N) Pen
(Here 2(N) denotes the set of partitions of {1, ..., N} and 6,p = [ ,p,i 1 ;0. 0, if

jeP = {1,..., N}.) These formulae will be useful in Sect. 5. Following Faddeev
[16] and Korepin and Izergin [21] we now define local 2 x 2-matrices L,(4) for
A€ R with operator-valued entries, the so-called monodromy matrices, as follows:

o%(4) By )

4.5
B (i) #3)

L,(4) = <
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where a,(1) and f(A) are the operators

o, (A) = (1 - % ir4 >1 + % Kara, (4.6)
and
B = —iy/xafp, 4.7
with
1 1/2
pn=<1 +Zrca,’fa,,> . (4.8)

The transfer matrix t(4) of the model is now defined as follows: We form the
product of matrices

4.9)

To(A) = Lu(4) . . . Ly(3) = (AM(M BM@)

By(4)  Af(4)
and take the two-dimensional partial trace
Tp(A) = Troy(Lp(4) . .. Li(4)) = Ap(A) + A% () . (4.10)
The main result of the algebraic Bethe Ansatz method is:
Theorem 4.1. Define for any real number 1,
a(d)y=1-—1i14/2 4.11)

and suppose that Ay < A, < ... < Ay are real numbers satisfying the coupled

nonlinear equations
a(/lk)>M A — A —ix
— = —_— 4.12
<a(/lk) ll;lk Ak — Al + IK ( )

Then the wave function

Y(Ay,...,4n) = Bi(A;) ... Bf(Iy)Q 4.13)
is an eigenfunction of Ty (1) for every A€ R with eigenvalue given by
N N B N A—A —1i
Ew(ii day - s o) = [T 225 oy 4 K GOM . (414)

=1 A— A o1 A— A
Proof. We begin by defining

b= H 4.15)
A—p—ix
and
e p) = 7. (4.16)
A—p—ik
The quantum R-matrix is the 4 x 4 scalar matrix given by
1 0 0 0
0 b(4, A, 0
RUL 1) = (A1) (4 p) @17
0 c(hp b4y O
0 0 0 1
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It is an easy but tedious exercise to show that it satisfies the following commutation
relations, sometimes called the star-triangle relations:

R(4, ) (La(A) ® Lo(p)) = (1Q L, (1)) (L, (A @ D R(4, 1) , (4.18)
where the tensor product of 2 x 2-matrices is defined explicitly by

My N ﬂu”)

4.19
/%21%/ /%22./1/‘ ( )

J/Z@JV=<

Now, by the fact that, for n & m, «,(2) and f8,, commute, we have

M
Tu(A® Ty(w) = I_] (La(A) ® La(p)) -

By repeated application of (4.18) we therefore obtain
R(4, m)(Tu(A)® Ty (1) = A Tne (W) (T (D)@ 1)R(4, ) - (4.20)

These relations imply, in particular,

Bi(D)Am(1) = (4, w)Bir(1) Ar(A) + b(4, 1) Ay (1) Bir(4)

which can be written as

(A .
Au(w)Bie(2) = b0 ) B (M) Au(p) — b(h 1) (1) An(2) (4.21)
provided that 4 + y, and similarly,
c(4, 1)

A (B3 (n) = () A3 (4) — Bi()A%(w) . (422)

1
b(4, u) b(4, u)

Another important consequence of the commutations relations (4.20) is that the
operators Bj;(A) commute:

Bii(4) B () = Bi (1) Bir(4) . (4.23)

These relations enable us to evaluate the operators 4,,(4) and A3 (1) applied to the
vector ¥(Ay, ..., Ay) defined by (4.13). In the case N = 1 we have simply

AP (1) = b(ll,l)B* (A1) Ay (1)Q — ;Etij;Bfl(/l)AM(/ll)Q 4.24)
and
AL P(4) = ——— B (D2 — 2 Bryagae . @29)
b(4, A1) b(2, 2¢)
We now claim that in the general case, if 1 + 44, ..., Ay,

APy ooy ) = Ao(K Aty oo AP s ooy )
- Z Af(AA, ..., An)B%(A)B(Ay)

=1
CBECA) . Bii(Ay) Ay(4)Q (4.26)
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and
AFf (DY (A, oo Ay) = Ao(A A, oo, AN) P (A, o5 Ay)

N
= 2 A2, -, An)BR(A) B (41)
j=1

CBE(A) .. BuUnAL(A)Q,  (427)

where the coefficients Aq, 4;, /TO and A j are given by

N
1
. — M
Ao A, ..oy Ay) = a(d) j]:[l b0 1) (4.28)
- w1
Aog(A A1, ..oy Ay) = a(A R 4.29
o(4; 44 n) = a(4) jIJIb(/l,A,-) (4.29)
c(4;, 4) 1
A (D5 Ay, ooy Ay) = —2 , 4.30
A N b4, 4) ﬂjbui, ;) (430
and
~ c(4, 4;) 1
Ai(A Ay, oo, Ay) = J . 4.31
ke i) =g M e 1 (@30
To prove the formulas (4.28)4.31) we first remark that by symmetry
AR Ay ooy An) = Ax(A A ooy Ajs e ey A ) (4.32)

and similarly for A ;. The induction step for the proof of (4.30) now reads

Au(A)Bi(An+1) - . Bi(4,1)Q

1
=—— B¥(4 Ay (AD)BY(Ay) ... BE(4)Q
bUnaiid) (A + 1) Am(4)Bir(An) (A1)
c(Ans1,4)
—————— = B¥(A) Ay (2 B¥(Ay) ... B¥(4,)Q
bGwetd) (A Ay (Zy+1)Bir(An) (A1)
1
=—— Ao(A Ay, ... AN)B¥(A ... B¥(1,)Q2
b1, 2) of 1 ~)Bi(An+1) $1(41)

1 N
- Ai(A Ay, oo, AN)
b(An+1,4) j;1 A A v)
Bi()Bi(Ay+1) - . Bl (A) . .. Bi(A)Au(4)Q
_ c(/lN+1’/1)
b(An+14)

c(Ayii, 4) &
N A S0 e ia
b(lN.{.l,l)j;l j( N+1 1 N)

Ao(An+15 A1, -+, An)BR(A)BRy(Ay) . .. Bir(41)Q

Bi(A)BY(Ay+1) - - Bl (4)) ... Bi(A)Au(4)Q .
4.33)



362 T.C. Dorlas

It follows in particular that
c(An+1,4)
b(An+1, 4)

and by the symmetry relation (4.32) we obtain (4.30) with N replaced by N + 1.
Now, adding (4.26) and (4.27) we conclude that ¥(44, . . ., Ay) is an eigenvector of
Ap(4) + AF(4) with eigenvalue

E(A A, ooy Ay) = Ag(A Ag, ooy )+ Ao(As Ay oo s Ay)  (435)
provided that Ay, . .., Ay satisfy the following relations:

ARy )M + A(As Ay, ..o, d)E(A)M =0 forj=1,..., N
(4.36)

Ayii(A A, . 0, Ay) = Ao(Ans13 41+ .., Ay) (4.34)

or equivalently,

(“(/ﬁ))M _ b(Ay, &)
a(A)) ik (A 4)

for k =1,..., N, independently of 1. These relations are just (4.12). This proves
the theorem in case A+ ;. If 1 = 4; the result follows by continuity. Indeed,
(Ap(A) + AF(A)WP(Ay, . .., Ay) is easily seen to be continuous in A while the
relations (4.37) imply that Ey(4; 44, . . ., Ay) has a removable singularity at 4 = A;.

We shall need two properties of the solutions to (4.12) and the corresponding
eigenfunctions (4.13). First we can take logarithms to rewrite (4.12) in a form
analogous to (3.2) and (3.3):

(4.37)

1 N A — A
M arctan 3 Md | =mm, — ) arctan — (4.38)

1=1
if N is odd, and

1 1\ X Ao — Ay
M arctan -z—/lkA =n|mt |- Y arctan p (4.39)
1

=1

if N is even. Hence we have the analogue of Lemma 3.2:

M M .
Lemma 4.1. For every set of integers — > <mg < o <my< > there exists

a uni(jue solution Ay < -+ < Ay to Egs. (4.38) respectively (4.39). Moreover, as
M — oo this solution tends to the solution of (3.2) respectively (3.3):
limp o, Aj(M) = k;

Proof. Analogous to (3.8) we define

N Ak N
Bu(h, ..., i) =2M 3 | arctan 2> dx — 2n Z 1,6,1,‘+l S O — ).

k=10 2 k =1
(4.40)
It is clear that By, is also strictly convex and that 0B,,/04, = 0 if and only if (4.38)
respectively (4.39) holds. Furthermore,

N Ak
Byu(A, ..., Ap) 2 Y, {ZM | arctan— dx — 27r1k/1k} 4.41)

k=1
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The right-hand expression tends to infinity when |4,| tends to infinity for some

M
k provided that — 5

a unique solution in that case. To show that these solutions tend to the solutions of
(3.2) respectively (3.3) we remark that By (4,, . . ., Ay) converges to B(4q, ..., Ax)
uniformly on compacta. This, together with strict convexity of B implies that, for
fixed m,, ..., my the minimiser of B, tends to that of B. [

M
< I <7. It follows that (4.38) respectively (4.39) has

The second important property of the eigenvectors for finite M is their ortho-
gonality:

Lemma 4.2. Suppose that A, < -+ < Ay and Ay < -+ < Ay are two different
solutions of Eqs. (4.12). Then the corresponding wave functions ¥(Ay, ... ,Ay) and
V(AL ..., Ay) given by (4.13) are orthogonal.

Proof. We shall prove that, for some 1€ R,
Ev(A Ay, ooy An) = Ey(A 20, -0, AN) .

To this end define the functions

N
fw=T1 (e~ &) (4.42)
k=1
and similarly
gy =11 (u—4) (4.42)
k=1
for ue €, and let W(u) be the Wronskian
W) =f(u+ i)g(u) — f(1)g(u + ix) . (4.43)
Then we have by (4.14),
FAEM(A) = a(IWM f(4 + ix) + (AM (A — ix) (4.44)

and similarly for g. Assuming that E, (1) = Ey(4) for all real 1 we obtain
W(A —ix) = f(A)g(4 —ix) — f(A — ix)g(4)

M
=fw{EM“) g() (@> o0 + m)}

(M a(4)
Ey(4) a(A)\M .
- an{ Dedin —(20) s+
(M
= <§(—l—)> W) . (4.45)
On the other hand
W(l—ilc)=irc< ﬁ (A—=2) — II_VI (ﬂ—lk))= W(a) . (4.46)

It follows that W(4) = 0 except for a finite number of A’s. By continuity, W(4) =0
for all real A. By (4.46) this implies that {4,} = {4;}. O
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5. Convergence of the Lattice Approximation

To prove the orthogonality of the Bethe Ansatz eigenstates it now suffices to prove
that the eigenstates (4.13) of the lattice model converge to the Bethe Ansatz
eigenstates as 4 — 0. We first embed the Fock space #“ into the continuum Fock
space F = Py Lim ([0, 1]¥) by the mapping

Y fay,. .. ny)ak - arfQ—

lsms ~"EmysM

Z f(nb ces nN)Sym(l[xn‘_an‘] ® - ® l[an_l’an]) s (51)

lsms- " SnwsM
where the symmetrisation operator Sym is defined by (2.5). It is easily seen that this
mapping is an isometry for all M. Indeed.

ISym (Igx, yx,1® " @ I, v, DI

N X
= 3 I § dxilpe, e 1) =000, omy) . (52)

ceSy i=1 *n-1
Next we rewrite the Bethe Ansatz eigenstates in a more symmetrical way intro-
duced by Gaudin (see [19]):

Lemma 5.1. The Bethe Ansatz eigenstate t//g;:} given by (3.1) where the conditions
(3.2)—(3.6) are satisfied can be written as follows:

iy (ns - -y xy) = /NESym(Jy,)) (X, - oo, ) (5.3)
where
™ ix Al ik;x;
lﬁ{k”(xl,...,x,\,)z H 1 ~ma(xi—xj) l—[ eI, (54)
1<i<jEN [T | j=1
Proof. Let x; < - -+ <xy. We shall prove that the coefficients of
exp [iZ?’= 1 kojyx;] satisfy (3.5) when ¢ and  differ by a single transposition as in
(3.6). Now, assuming that k; < - -+ <ky,
N
VNISYymy (xq,. .., xy) = Y, Aglky, ... ky) [] e, (5.5)
ce¥y ji=1
where
ix
Agky, .. ky) = 1 (1 — k——————k——e(ki — kj)> . (5.6)
®:e0) < o(y) a(i) — Ra(j)

If ¢ and 7 differ by a transposition as in (3.6) then o(i) < o(i’) < (i) < 7(i")
when i,i'%j,j+1, while o(j)<o(@)<t(j+1)<z@l) if i*+j+1 and
o(j+1)<o(i)<t(j)<(@i)ifi=+j. It follows that
iK
1F
Ar kt j —kt j .
A_ = (J+1;K () = ——exp[—t@k(k,(j)—ka(j))] . (57)
4 1 i_
kd(j) - ka(j+ 1)
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The proof of the convergence of the lattice approximation will now be sub-
divided into two main lemmas: Lemma 5.2 and Lemma 5.4. The first contains the
“analytical” part of the proof and the second the “algebraic” part in a sense. Indeed,
to reduce the problem to an algebraic one we must show that the additional terms
in the monodromy matrices for the lattice model are negligible in the limit 4 — 0
compared with the terms originally considered by Faddeev et al. [16, 17, 31]. To be
precise we prove:

Lemma 5.2. In the limit A — 0, the eigenfunction ¥ (Ay,. .., Ay) defined in (4.13) is
given by

N
YA,y Ay) R ( [T B8+ + E;‘_l(zm)a +04), (58)
k=1

where
B~;k(/1) = Z ﬁ;tf,n,-kl()')ﬁn, I~1,n,_1+1(/1) e ,B:r Lny + 1Bn,ﬁ;kl~1,1 s
Ism<- <msM
(5.9)
and
Bon() = 3, a(A)" T a() "B (5.10)

r=n

Moreover, the operators Bi(A) defined by (4.9) are bounded on F%5 by a constant
independent of M (but depending on N).

Remark. In the following we shall omit the O(4) symbol and simply write the
~ sign to indicate equality up to order 4.

Proof. We prove both statements in the lemma simultaneously by induction on N.
Consider first the case N = 1. We write

L,(A)=L()+ L,, (5.11)
where
07y _ a(d) B
Ln(l)—< 0 &(2))’ (5.12)
and
~  (3xaya, 0
L,= < 5, tka*a, > . (5.13)

(In (5.12) we have written a(4) instead of «(4)1 with a slight abuse of notation; «(4)
is given by (4.11).) Then

a(A)M BY (A
Ly(y) . . Li(A)Q=LYy(A) ... L9Y(A)Q = (1) ﬁi‘“(ﬂ}) Q. (514
0 (A1)
A C AY CY¥
We define i 1 = .
< e enemgenera,(B D>¥’ (B'P DW))Itfollowsthat

P(A) = B} (A1) Q= Bl 1 (4)Q = B¥(4,)Q .
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For general N and ¥ € # the decomposition (5.11) leads to
Ly(A)... L)Y
=LY(A) ... L3)Q

M
+ Z Lgl,m+1(/q~)Ln,Ln,—1,1(i)W+

n=1
+ z Lgl,nn+1(l)EnNLr?N——l,nN_,+ I(X)Enlq—l LR EnlLr?lfl,l(A')!P .
1snm <~ <ny=M
5.15
Here, n (.19
Lo, =1 L2 (5.16)
k=n

In the proof of (5.8) we shall show that

( Y Lyt 1 WL, . .. EnlLS,_l,x(/l)> P((A1s- -5 4An)
1< < <n, <M (1,2)
RBXA)P(s. s hy) (5.17)

To prove that B (4) is bounded on Z4y it is sufficient to show that the (1, 2)-
Ycomponent (5.17) of each term in (5.15) is bounded by a constant times || ¥ ||. The
case p = 0 follows immediately from (5.14): it equals 3 1 (1) ¥. To bound this we
write ¥ in the form (4.2). Then, using (5.10),

Bt (DY

SN Y f(gs .. ny) e GAY af paal . . . atQ

N f(ny,. oo sy ysy)
2 .’ ’. 4 OCJ.M_njO—().nj—l
1§n1<~2§n~”§M jgl 1+#{l*11"i="j} @ @

I
|
=

1 1/2
x<1 +ZKA#{i *j|n = nj}> af ...af, Q. (5.18)
Hence
1
”ﬁz}’lg/”2§KAN+l<l+ZKAN> Z B(nl,...,nNH)

lsnms- Sny, =M

—

Nilf(rh)' .. 9nj7' .. ’nN+1)
=t L+ g{i#jin=n;)

But, by Cauchy-Schwarz,

N+1 —
(nla‘--anj9-~->nN+1) M—n; = L
= a(HM (A
jgl 1+#{l=l=]|ni=nj} () ()
)IZ N

NV f(my,. .., n5...,0 1

< ) s Mhjs s 'N+1 alM—nj&an—12
_jgl L+g{i=+jln=n;} J;1| @ @ |
Nﬂlf(nl,---,ﬁ;wu,”zvn)iz

(N D+ B Y S i+ m =)

2

A (M ma(Aym 1 (5.19)

2

IIA

(5.20)
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Using the fact that O(ny,...,ny+1) S (N +1)0(ny, ..., 71, .. ., nye1) We con-
clude that

1 1 M
I Bl ()W < A+t (1 + ZkAN)(N + 1)(1 + Zhﬂ)

x Z Nillf(nl9"~,ﬁ;7---,nN+l)lz

1Sm< - Sy M j=1 L+g{i*jln=n;}
Xe(nl,' . ,nN+1)

< kAVTUN +1)2(1 + kAN/A)(1 + A242/4)M

M
x Y Y | f(ny,...,n8)*0(ny,. .., 0y

n=11snmg - SnysM
=k YI*N + 1Ky (D931 (5.21)
where
Ky(d) = (1 + 224242 and  yy = (1 + kKNA/4)Y> . (5.22)

Since lim sup p;- o Kp(4) = 1 and lim sup yr- o, 75 = 1, this implies that B3 ;(4) is
bounded uniformly in M. Indeed,
lim sup || 83,1 (D) 7, < /k(N +1).
M-
Let us now consider the p™ term in the series (5.15). To this end define for general
pEm<Mand YeF
ry= > LWL, .. L LY ()Y (5.23)
1snm<- <n

We then have
ry = Z LY, (WL, Y. (5.24)

In particular, if ¥ is the second column of I'{” then (¥ $¢)); is just the left-hand
side of (5.17), and by (5.24),

m

(glirf))lz Z <%K‘X(j‘)m " *a +,Bm n+1ﬁn)(_(p 1))

n=1

bar S Bhasata, (B2, (525)

n=1
and

m

(P2 =Y a@" "B (L) s o Z aA""ara,(P), . (5.26)

n=1

For the first term in (5.25) we have

1 m
SKla@ | Y ata, (25Y),
n=1

< KK (DAN +1) sup (L)
pEnEM (5.27)
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because (P), € F4.,. This term is therefore of order 4. Similarly, the second
term in (5 26) is of order A. In the remaining terms we write (¥ "), and
w{r7Y), in the form (4.2):

1
{ (IJ ))1"’Zl<n,='“énN_ng;l—l(nl""’nN)a::*'~art,Q,

1
(p ))2'"‘Zl<n1§ gnN§Mgn—1(n1>- . ,”N)a;k‘ . ..a,va.

The last term of (5.25) can then be bounded analogous to (5.19):

(5.28)

T(P 1))

= KAN+3712‘4 Z Oy, ..., nys1)

lsm S Sy M

N+1

9n,—1("1:-~>;l;,--~>"1v+1) —n; = —1
n __m - (A g( )
dipad ),Zl e G

<KAZN2(N +1PKu Py sup [(E:217) 017 (5.29)

ps=n=M

The last term of (5.25) is therefore also of order 4. We conclude that

2

(P = Z Brrn 1) Bu (232101 + O(4) (5.30)

uniformly in m provided that the remaining terms in (5.25) and (5.26) can be
bounded uniformly in m. Formula (5.30) of course leads to (5.9).
We bound the first term of (5.26) as follows:

m

Z (A" "B (ER )

n=1

m

K4 ) Y #lilng=n}ad)" " pp fu-1 (g, ..y, 1)

1<m < <ny<M n=1
xay ...arQ. (5.31)
Here p, = p,(ny,. .., ny) = (1 +FIJCA £{i|n; = n})"/%. Hence

m

Z A" B (2 ”)1

n=1

< Ky AN 2 < i (#{iln = n})Zloz(/l)P(m—"))

1Sm < - SnysM

><< Y N fomi(ny,. . ,nN,n)|2>0(n1,. .., ny)
n=1

<Ky AV KLPNY Y
1 ..

X Z Ifn-l(nla' .. ’nNsn)lzg(nl" .. 9nN)
n=1

< kyu AKy(AP(N +1)N? sup || 25757 (5.32)

pPEn=m
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The first term of (5.25) can be written as follows:

¥ B (D (H)

= Z Z ﬁkau)M—ko—‘(A)k—l

s SnysM k=2
k_.
x{ 2 a(A) " pa (1 + #{iln; —n})f(nl,...,nN,n)}a,’c“a,’,“l...a,’,‘NQ
N+1 a(A)M—'nj&(l)n)—l
= K4 1—5n ~’n- . N
K Z Z( 1’1)p11+#{l:|:11ni=nj}

I1sms-Sny =M j=1

nj—1
x{ Y oa()"p, (1 + #lilni=n}) f(ny, ..., 05, .. ,nNH,n)}

xay ...ak, Q.
(5.33)
This leads to the following bound on the norm:
Z M1 (AR (P2
<K2AN+3 (N +1)3KM(/1)2
N+1 |nj—1 2
X Z Z Z Soci(g, oo g, 0 Ny, N)
1Snm g Sy SMj=11|n=1
x0(ny,. .., nye1)
pi(N + DKy (MY sup [(P325), 1% (5.34)
psns<M

This concludes the proof of Lemma 5.2. O

The algebraic part of the proof also uses induction. The induction step makes
use of

Lemma 5.3. Let C,(Aq,. .., Ay) be defined by
K
Co(dy, .., Ay) = (i,j).a!,l » <1 - m e,-,-) , (5.35)
where G is the inverse of the permutation ¢ and
8“={+1 ifi<j,
Y —1 ifi>j.
Then, if x; < -+ < xy,

N
VL (X xn) = Y Colkyy. . ky) TT e (5.36)

gePy j=1
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and

N K )
Colhts. .., An) = -5, Co(Ary. ooy An=y), (537
( 1 N) il;[1 < l(/la(l]—)bN) ,a(N) ( 1 N 1) ( )

i+ o(N)

where ¢’ € Sy is defined by
gi)y<adg'(j)eali)<a(j). (5.38)

Proof. Equation (5.36) follows from (5.3), (5.5) and (5.6). (5.37) is immediate from
the definition of C,. O

Lemma 5.4. For arbitrary N,
By(Ay) ... By (4,)Q =~ Y fo(ng,. .. ny)ak .. oax Q+0(4),
' " (5.39)
where

N
Sy oony) = (=i Y ColRas. s Ay) [T a(E)¥ "0 &(A)" . (5.40)

ceSLy i=1

Proof. We use induction on N. For N = 1 we have already seen that

. M M
P(Ay) = Bii(A)Q = Y a(d )M "a() ' BrQ~ ), filmar 2, (541)
n=1 n=1
where fi(n) = (— i\/;)oc(/ll)M “"&(A;)". Notice that p, Q2 = Q. In general we have,
for Ve Z4, p. ¥ ~ ¥ since N is bounded. We may also neglect factors «(4) since
these are of order (1 + O(4)). In the induction step we now prove that

M= BEON)PArs . dy-) PN+ PN, N (5.42)
where
PO =P =0 PR+ =0 (5.43)
and
M = y fRMmy,. . .,ny)ak ... akQ, (5.44)
Sm< o <mEM
with

O,y = (=i Y CYGy,. .., Ay) [N] a(A )M o (4;)o
e o (5.45)
and
iK

’—_I-gi,a(N)> Co(Aiy oy A1) .
) T AN

k
C&')(ll""le)z (/1
I<{l,.. ,N}\o(N) iel G (i
1=k

(5.46)
This yields (5.39) with the help of Lemma 5.3.
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The left-hand side of (5.42) can be written out as follows:

n2—1 M
N .
’I/;()’z(—l\/;)NKk Z Z Z Z
12m< <\ =Mri=1r2=nm+1 re+1=nc+1
a(AN)M—(r‘+"‘+rk,,)+(n1+“ +m)—k
XOCK(/?,N)(“-FH + ) -+ ) —k
X Z Z C:(ils--‘;/lN—l)
1Em<: ~<my-;1 =M 16eFy_y
N-1
x |1 a(@)™ mwa(i)"vwak a,ak ... a,akak ... ak Q. (547)

i=1

It is easy to see that the terms with r; = m; for some i and j are negligible in this
sum. Furthermore, for every i = 1,. . ., k there must exist j(i) such that n; = m;;,.
We can therefore write {ry,...,rme1j0{my, ..., my_1}\{ny,...,m}=
{mh,...,my}, where mi < -+ <my and r,=m;, with 1 <i; <+ < iy
< N. The expression (5.47) then becomes

(N) lf)N(KA)k Z Z

1€Smi< - <mysM 1<ii< <y N
1 —1 Gy —1 m) =1 m oy —1
% Z Z Z a(Ag)M Ot ) O )
Ji=1i k=14 ng=m +1 me=mj +1
X ()t D S O )
Te€F Ny

k+1 ig—1 , ,
x 1 {( I1 a()'f(t))M'mi&(j'r‘(i))mi>

a=1 i=jg-y +1

Ja—1
X< H “(lr‘(i))M_m‘”o—t(lt—(i))"’m)}

1=,

k
x [T (@A™ ™ ™a(Ae)) ) ark, . . an, Q. (548)
a=1

(We have defined j, =0 and j,.; = N.) Next we can carry out the sums over
Ni,. .., " Writing

a(An) &(Az))
{o=— Ll 5.49
7(w) 2() G4
we have
mj oy —1 é,m;qﬂ _pmy +1
KA "e = kA 26 24
ng =§:} +1 Ca —1

m {Ca’” —La-"}, (5.50)

where we have used the fact that

Lom 1+ iy, — Ay) 4 + 0(4?) . (5.51)
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Inserting (5.50) into (5.48) we obtain

N ir—1 I+1—1
YV & (—ii)Y Y 5 Y ooy
1Smi<- - <mysMI1Z1< " <ipy SN j1=iy Jk=ix
X X Collaye o Aoy )ty MO gy
T€FN-1
k+1 ia—1 ) )
x 1 {( I1 a(ir(i))M-mi(z(/lr(i))m‘>
a=1 i=jg-1+1
Ja—1
X( IT (o)™ @ Aey) ™ ) }
i=ig

k
X [T {(oan) @A) ™" ols) ™ Eleg))™

_ (oc(/ln)o—t(,lN)“ 1 a(lf(ja))— 1 a_(;tf(j,,)))m}“ +1 }

k K

X _—

al;ll i(Aeiy) — An)

We now split this sum into three parts according to (5.42): We consider

separately the terms with given ji,. .., j, and for each a=1,...,k we choose
either the term {7+ indicated with a “+” or the term (™" 1ndlcated with a *

A general term of the sum (5.52) can then be labelled with ((ji, £),. .., (Jk, -_I—))
The subdivision (5.42) will be as follows:

1. ¥ contains the terms ((iy, —),. .., (s =) Gs42 =1, +).o oy lxrs —1, +))
for some s =0,1,...,k
2. ‘Pch ) consists of the terms for which there exists s = 1,2, ...,k —1 such that

a(Ay)Mak, . . ak,Q . (5.52)

N

(jl’ +)G{(i1, ) (lz )} .. a(js 1s +)e{(ls 1s —) (ls 1 +)} (jsa +) =
(s+1 =1 +)  Us+1s +) = (is+1, —) and ]s+26{ls+25' R A 1},- .
Jx€{ixs. . . ,ix+y —1} arbitrary. We shall assume that s is m1n1ma1 so that if, for

some a = 2 ,8—1, (Ja1, +) = (i, —1, +) then (j,, +) *+ (i;, —).

3.9 COn51sts of the remaining terms, 1e those for which there exists
SE{I k} such that (]s’ i)¢{(ls’ - (ls+1 1 +)} and if (]a 1> -_)
= (i, —1, +) then j, =+ (i,, —) for ae {1, . .. ,s —1}. Again we assume that s is
minimal so that (j,, +)€(,, —), (la+1 —1, +)} fora=1,...,s—1.

The proof of (5.44)—(5.46) is straightforward. We have

RSN Y )

18m < - ~<mN<M 1fy< <+ EN

2 Ci(Aty ooy An=1) Z( 1 ou(An)™ e G(Ay )™
T€F Ny s=0

is+1—1
X ( a(lm)) 07('%(0)"“)

i=1

N-1
X ( N o Ae)™ 7 G (Aey) ™ >

s K k K

x[] ——— ———a} .. an Q. (5.53)
all i(Az,) — An) a=Is_l+1 i(Azg,,, —1) — AN)
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If we now define o€ %y by
Gl) = 7()  if i<ige,,
d(s+1)=N (5.54)
dgiy=1—-1) if i>igq,

then it is easy to see that t = ¢’ as defined by (5.38). Thus we obtain

PN & (=i 2 2

1sm< - <mysMI1IZii<' <y N

P (- o)
= &,,0(N)
ce¥y a=1 l()*&(ia)_lN) w7

i, + a(N)

N

X [T alZs)™ ~™a(Aoi) ™ am, - - - am Q

i=1

= ) ) )}

-3 i,6(N)
l<my< —~<mysM gesylc{l, ..,NN\o(N) iel i(Asy — An)
1

N
x [T a(@)™ moa()moay, ... an,Q, (5.55)
i=1
which proves (5.44)—(5.46).

Next we consider the more difficult problem of proving (5.43). Analogous to
(5.41) we have

'P(N) BM 1(/1N)'1”(/11,- ce /IN—I) = ngN)o

sothat P = P, = 0. Trivially, ¥{" = 0. Finally also ¥§" ; . = 0 because, if
k=N —1theni; =1,...,iy= N and hence
(Ja» ) = (a, £)€{(is, —), (a+1 1, +)} foralla=1,..., N —1. To prove that
™ e =0 we write

k—1s—1

M o=y Z 7N (r,s) (5.56)
s=1r=

where s is given in the definition of ¥{") and r is such that (j,, +) = (i,, —) for
a=1,...,r and (j,, +)=(iz+1 —1,+) for a=r+1,...,s—1. Similarly we
write

k—1s—-1

Y= Z P01 ( (5.57)
s=1r=

where s is given in the definition of ‘P}CN_)L +and (j,, £)=(iy, —)fora=1,...,r
and (j,, +)=(iz+1 —1, +)fora=r+1,...,s —1. Using the short-hand

M= ((4:)) " &(4;) (5.58)
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we have

is+3—1 k+1—1

TN (r,5) x — i(y/x) Y Y

Lsm< - <mysM 1< <1 SN js+25is+2 Jk=ik

N

Z C(ha, s Ay-1)(— 1)’+1 H “(jﬁ)M

T€FN-1 i=1

ir+1—1 is+1—1
(my , +m 4+ +my )—m,_, mi m; 41 Mgy
an i 2 b ! H rli(i) ]._.[ r’t(z) ‘r (is+1)
i=1

i=ipt1
k+1 ia—1 Jja—1
mi+
X n {( 1_.[ r(z))( ]._.[ ”‘L’(l)+ >}
a=s+2 i=ja-1+1 i=iq

N

r K K
y )
l;l (Am —An) 111 (Az6,,, —1) — An)  i(Ae,,) — An)

x [] {——/1 L - Z"«“]}a,";l c.ar Q. (5.59)
a=s+2 ( () N)
(Here jg41 = i+ 1.) Next we compute ‘P}cN_),, +(r, )
is+1—1
P9~ (=il Y Y )3
1<sm<- <mysM 15§, < "< <N js=is+1
is+2—1 ir—1 N
X Z T Z Z C.(Ag, ..o Ay )(—1) 1—[ O‘(A:')M
Js+1=is+1 Jk-1Tik-1 1€y i=1
ire1—1 js—1
m, . Em o+ Em ) —my : ;
xn(N e T m,) m1< I_II ’7%)( 1_[ ’1;';1;1) noe
= i=irt1

k ia—1 Ja—1
mi
x H {( l—[ t(1)>< H 7,1(1)+1>} i O — 29 )
a=s+1 i=ja-1+1 i=iq a=1 T(ia) N

y SI__[l K { K K }
a=r+1 W, —1) = An) [ ilhe, -y —An)  1(Agy — An)

k—1
a=111 {l(lru)“lzv)

In this sum we can combine the permutations t and 7 which differ only in
a transposition of 7(j,) and 7(j; —1). The coefficients of C, and C; differ only in
a sign.We can therefore use the fact that

KM’;{M_—”)(CI —C)=C, +C; (5.61)

X [ — ]}a,’ﬁ,“ ce.am Q. (5.60)
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to rewrite (5.60) in the form

is+1—1
N
§c )1 + R (—lf Z Z Z
1Smy< - <mysM1Z2,< " <N js=ist1
is+a—1 =1 N
Z o Z Z Clhi, .oy An— (1) l—[ “(’q-i)M
Js+1=is+1 Jk—1=ik-1 1€L Ny i=1
[ Jjs—1
Xafire s F M ) < 11 %) < AT )'7?81)
1=+
k { ig—1 ><Ja_1 r K
. I 0o ) s
a=111 <i=ja_1+1 T(l) i=ig 0 a=1l(/1f{z,.)—/lN)
s—1
K K K
x [T - . :
a=r+1 LAy, — 0 = AN) 1A, — 1) — An) 1(Ae) — An)
k-1 . N N
< 11 {___[Cm,ﬂ _meylar L ar Q. (5.62)
a=s+1 l('lr(],, )vN)

Comparing this with (5.59) it is now clear that
M (rs)+ PN, L (rs)=0, (5.63)
which completes the proof of (5.43). O
Convergence of the lattice approximation now follows easily:

Theorem 5.1. For arbitrary N, the eigenstates ¥ (A,...,Ax) of the Korepin—
Izergin lattice model defined by (4.13), where (A,. .., Ay) is a solution of (4.38)
respectively (4.39) for a given set of integers m; < - - - < my converges to the Bethe
Ansatz eigenstate Tﬁ;j}, where (ky, . . ., ky) is the solution of (3.2) respectively (3.3)
with the same set of integers m; < ** - < my:

lim WAy, .., Ay) = (—iy/K)e it kg B4 in 2 norm . (5.64)
M- o
Hence the Bethe Ansatz eigenstates for different sets m; < --- <my and
my < -+ - < my are orthogonal and the set of all Bethe Ansatz eigenstates for an
arbitrary set of integers my; < -+ - < my is complete in Fy.

Proof. By Lemma 4.1, 1;(M) — k; as M — co. Writing x; = 4n; in (5.40) we have
a(AM (A > e Hil2ettixs as M > oo .

By the simple fact that Zaeywwa(xl,. ..,Ay)| is bounded as M — oo and
IIZKM o empen @ oo an Q]2 <1 we may conclude that (5.64) holds. The
orthogonalxty of the Bethe Ansatz eigenstates then follows from Lemma 4.2 and the
completeness from Theorem 3.1. O
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