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Abstract. We prove a center-stable manifold theorem for a class of differential
equations in (infinite-dimensional) Banach spaces.

1. Introduction

The center-stable manifold theorem is a standard tool in analyzing the behavior of
a differentiable dynamical system in the vicinity of a stationary point. In its usual
formulation, this theorem applies to smooth maps or flows in (finite or infinite-
dimensional) Banach spaces (see for example Ruelle [1]). This framework is,
however, too restrictive for many interesting applications, especially in the realm of
partial differential equations. Indeed, even in the simple example of the heat
equation 0,u = Au, the solution curves do not define a flow in the function space,
but only a semiflow, and no general theorem seems to be available in such cases.
Moreover, in some elliptic differential problems where the spectrum of the linear
operator is unbounded in the unstable direction, it is not even possible to associate
a semiflow with the equation, since arbitrarily small initial data may diverge in
arbitrarily short times. Nevertheless, center manifold techniques have been success-
fully applied to such problems, see Mielke [2].

It is thus important to formulate a center-stable manifold theorem directly for
the differential equation itself, with no reference to any flow possibly associated
with it. In this paper, we prove such a theorem for a class of equations characterized
by weak assumptions on the linear operator in the right-hand side, but imposing
relatively restrictive conditions on the nonlinear terms (smoothness). The main
motivation for this paper was to provide the mathematical apparatus for the
companion paper, written jointly with J.-P. Eckmann [9], where the results
presented here are applied to the problem of constructing front solutions for
the Ginzburg-Landau equation with complex amplitudes. Our approach follows
closely Eckmann and Wayne [3], but provides additional information on the
regularity in time of the solutions. Analogous results for more general non-
linearities and for non-autonomous equations can be found in Mielke [2, 4, 5]. For
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a recent review of center manifold theory in infinite dimensions, see Vanderbauw-
hede and Iooss [6].

Let & be a (real or complex) Banach space, A a linear operator in &, and
f+ & > & a smooth map vanishing at the origin. We consider the autonomous
differential equation in &,

d
Ez(t) =Az(t) + f(z(¢)), t=0. (1.1)
We are interested in the behavior of the solutions in a sufficiently small neighbor-
hood of the fixed point z = 0. Our assumptions are:

A1) (On the linear operator) The Banach space & is the direct sum of two closed,
A-invariant subspaces &%, £*, and the corresponding restrictions A®* = A|;s,
A" = A|s. generate strongly continuous semigroups e?”, e~ for ¢ = 0.
Furthermore, there are real numbers A° < A* such that

sup ||e?||e™*" < 00, supl|e 4| eM < o .

t=0 t=0
A2) (On the non-linear term) The map f is of class C* for some (not necessarily
integer) k > 1, and verifies f(0) = 0, Df(0) = 0.
A3) (On the spectral gap) If 2° = 0, we also assume that A* > kA° and that &* has the
C* extension property.

For comments on these assumptions, see the remarks below. In view of A1, we
can write any z € & as a pair (z°, z*) with z° € ° and z* € £*. Going to an equivalent
norm, we may (and do) assume that || z| = max(| z*||, || z*||) for all z € &, and that
| e®|| < e, e 4| £ e”** for all t e R, (see Pazy [3], Sect. 1.5). For all r > 0,
we denote by B;, B, B, the balls of radius r around the origin in &%, &%
& respectively, and by 2(4°%), 2(A4*), 2 (A) the domains of the operators A5, A", A.
Finally, if fe(4%4*) and if z:R, —¢& is continuous, we define |z|,=
sup;so | z(t)[le”#. With these notations, we can formulate our main result:

Theorem 1.1. (Local center-stable manifold theorem). Assume that the conditions
Al, A2, A3 above are fulfilled.

Stable case (A* < 0): Let f € (4% A*), p < 0. Then, for sufficiently small r > 0, there is
a (unique) C* map h: BS — B* with h(0) = 0, Dh(0) = 0, whose graph ¢~ < B, (the
local stable manifold) has the following properties:

a) (Invariance) For all zo € ¥ such that z{ € D(A®), there exists a unique solution z(t)
of Eq.(1.1) such that z(0) = zo, z(t)e ¥ for all te R, and ||z|; < .

b) (Uniqueness) If z(t) is any solution of Eq. (1.1) such that z(t) € B, for allt e R, and
lzllg < oo, then z(t)e ¥ for all te R .

Center-stable case (1° = 0): For sufficiently small r > 0, there is a C* map h: B — B!
with h(0) = 0, Dh(0) = 0, whose graph ¥~ < B, (the local center-stable manifold) has
the following properties:

a) (Invariance) For all zoe ¥ such that z§ e D (A°®), there exists a C! curve
z: [0, o0) = & with z(0) = zy such that, as long as z(t) € B,, then z(t)e ¥ and
Egq. (1.1) holds. If moreover z(t) € B, for all t € R, then z(t) is the unique solution
of Eq. (1.1) with these properties.
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b) (Uniqueness) If z(t) is any solution of Eq. (1.1) such that z(t)€ B, for all te R,
then z(t)e ¥ for all teR .

Remarks

1) By a solution of Eq. (1.1), we always mean a classical solution, that is, a continu-
ous function z: [0, o0) — & such that, for all t > 0, z(¢) is continuously differenti-
able, z(t) e 2(A) and Eq. (1.1) is verified.

2) The Assumption Al implies that 4%, 4* are closed, densely defined linear
operators in ¢&°, &", whose spectra are contained in the half-planes
{we C|Re(w) £ 4°}, {we C|Re(w) = 2*} respectively (Hille—Yosida theorem).
Note that we do not assume that A4 itself generates a semigroup. As a conse-
quence, the Cauchy problem for Eq.(1.1) is very awkward: in general, this
equation does not define a semiflow at all, even in a neighborhood of 0 and for
small values of ¢. Thus, the existence of solutions with initial condition on the
manifold ¥ is part of the assertion of the theorem. Note also that we do not
suppose the semigroups e*”, e~ to be analytic.

3) In the Assumption A2, we denote by C* (with k = n + o, ne N*, a € (0, 1]) the
class of n times differentiable functions whose n™ derivative is Holder continu-
ous with exponent a. For example, we mean by C? the space of once differenti-
able functions with Lipschitz derivative. By €* = C*, we mean the class of
functions with bounded derivatives up to order k.

4) In the Assumption A3, the Banach space &° is said to have the C* extension
property if there is a €* function y: &% — [0, 1] equal to 1 in the unit ball B and
vanishing outside the ball B} for some R > 1 (see Ruelle [1], Bonic and
Frampton [8]). Any Hilbert space or finite-dimensional Banach space has the
C* extension property for all k.

We shall give a complete proof of Theorem 1.1 in the case k € (1, 2] only; higher
order differentiability of the manifold ¥~ can be proved recursively along the same
lines. Using additional assumptions on the non-linearity f, we first (Sect. 2) state
a global version of our result (Theorem 2.1), and prove it by successive applications
of the Contraction Mapping Principle. Then (Sect. 3), we show how Theorem 1.1
follows from Theorem 2.1 by restricting the system to the ball B, (stable case) and
by “cutting off ” the non-linear terms (center-stable case). In conclusion (Sect. 4), we
state the corresponding version of the center manifold theorem (Theorem 4.1).
Except for some basic facts in semigroup theory, the proofs are elementary and
completely self-contained.

2. The Global Center-Stable Manifold Theorem

In this section, we prove a global version of Theorem 1.1 in the case k € (1, 2]. For
convenience, we assume from the outset that we are given two Banach spaces
@5 1 1s) (&% ||+ |l.), and we define & as the direct sum &° @ &* equipped with the
norm | z|| = max(||z*|, || z*|,) for all z = (z°, z*) € &. Rewriting Eq. (1.1) in the form

dzs S S S s u

d_t = A’z +f(Z:Z )a

d u

EZ{ = A2 + f4(25, "), @.1)

we express our hypotheses as follows:
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H1) The linear operators A% £°*— &° and — 4": &* —» &* define strongly con-
tinuous semigroups e, e 4" for t = 0. Moreover, there exist real numbers
A < A* and D°, D* = 1 such that

et < D™, [lem 4], < Do,

for all t = 0.
H2) The functions f*: & - & and f*: & —» &* are globally Lipschitz and vanish at
the origin: f*(0) =0, f*(0) = 0, and

1@ =@l =llz =2, 1@ —-@Ol 1z - 2],

forall z, Ze &.

H3) The functions f*, f* are (Fréchet) differentiable, and the derivatives Df*, Df*
are globally Hélder (for some exponent o € (0, 1]) and vanish at the origin:
Df*(0) = 0, Df*(0) =0, and

IDf*(z) — D) < L*|lz — 2||*, IDf*(z) — Df*(®)|| = L*l|lz — Z||*,
forall z, Ze 6.

Theorem 2.1. (Global center-stable manifold theorem). Given A%, A*, f*, f* verifying
the hypotheses H1, H2, H3 above, assume that there exists a f§ € (A°, 2*) such that the
conditions C1, C2 below are fulfilled. Then there exist a (unique) map h: &° — &* and
a (unique) semiflow ¢: R, x & — &° with the following properties:

i) his C*** h(0) = 0, Dh(0) = 0.
ii) ¢,(¢)is C°inteRy and C1** in & € &°%; also, ¢,(0) = 0, Dg,(0) = e*”
iil) h(2(4%)) = 2(A4*) and ¢,(D(A°%)) = D(A®) for all t = 0.
iv) For all & € D(A%), ¢,(&) is C' in t and z(t) = (P:(E), h(P.(£))) is a solution of
Eq. (2.1) satisfying ||z, < co.
v) Ifz(t) is any solution of Eq. (2.1) such that || z|| ; < o, then z(t) = (¢.(&), h($.(£)))
for some € &°.

Remarks. We recall that 9(A4°%), 2(4*) are the (dense) domains of the operators
A°, 4%, and that | z]|s = sup,sol z(t) e #. The conditions C1, C2, are defined in
Lemma 2.8 and Lemma 2.10 below; they are fulfilled if 1* > (1 + o)2° and if the
Lipschitz constants [%, [“ are sufﬁmently small.

Since the proof of Theorem 2.1 is somewhat lengthy, we shall divide it into
several pieces. In a first stage (Sect. 2.1), we show the existence of solutions z(z) of
Eq. (2.1) with | z|| ; < co. As we shall see, all these solutions lie on the graph of some
map h: &% — &* In Sect. 2.2, we prove the differentiability of this map and of the
semiflow defined on its graph by Eq. (2.1).

2.1. Existence of Solutions. We want to prove the existence of solutions z(t) of
Eq. (2.1) with || z| 4 < co for some f € (4%, 1*). The basic observation is that all these
solutions (if they exist) must satisfy an integral equation.
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Lemma 2.2. Ifz(t) is a solution of Eq. (2.1) such that lim,_, , || 2*(t)| e~ *** = 0, then
z(t) verifies the integral equation

2(t) = e*"E + j eMTIf(2(v) dr
[

0

()= — [ e f(z(t + 7)) dr, 2.2

0
with £ = 2°(0) e &°.

Proof. Fix t > 0, and define x(t) = e***~92%(1), for 0 < t < t. The function x(t) is
continuous on [0, ] and since z°(t) € 2(A°) for all t > 0, x(7) is also differentiable
on (0, t) with derivative given by x'(t) = e**¢ 9 (dz/dt — A°z°)(1) = e~ If3(z(7)).
Thus, integrating over 7 € [0, t] and noting that x(t) = z5(¢), x(0) = e*"*¢, we obtain
the first line of Eq. (2.2).

Similarly, define y(t) = e 4“¢~9z%(7), for 1 = t = 0. As above, y'(1) = e
f*(z(7)) for all = > t. Integrating over 7 € [t, T}, we find for all T > ¢,

—A%(t—1)

Z4(t) = e AT 024(T) — fe_“‘“(’")f“(z(r))dt )

In view of H1, the first term in the right-hand side goes to zero by assumption as
T — oo, and we obtain the second line of Eq. (2.2). |

Definition. For all § € (4%, 2*), we define

R — max DSlS Dulu
B ﬁ LT B

The main result of this subsection is:

Proposition 2.3. Suppose that the hypotheses H1, H2, H3 are fulfilled, and assume
that there exists a ff € (A°, A) such that Ry < 1. Then, for all £ € D(A°), Eq. (2.1) has
a unique solution z(t) such that z*(0) = £ and || z||; < c0. Moreover, z(t) is the unique
continuous solution of Eq. (2.2) such that ||z||z < .

The first step in proving this proposition is to show that Eq. (2.2) has a unique
solution for all £ € &°.

Lemma 2.4. Assume that there exists a f§ € (A°, A*) such that Rg < 1. Then, for all
& € &°, the integral equation Eq. (2.2) has a unique continuous solution z(t) such that
Izlly < co; moreover, ||z| g < D*|| |5

Proof. Fix ¢ € £, and consider the Banach space Ly = {ze C°(R ., &)|||z]; < oo}
equipped with the norm | z|[,. For all ze L, denote by 77 the right-hand side of
Eq. (2.2) (as a function of t). We shall show that T'is a contraction in L; and maps
the ball ||z|; < D*|| || into itself.

First, it is not difficult to see that, for all z € L;, (T2)(¢) is a continuous function
of t. Next, using H1, H2, we find for all te R,

t
(T2P@)|ls < D*e* | El|s + [ D 1% z|| g do
0

s DSlS s
S D e + o Izl sl — ™)

p—7
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Dsls
< ef'max (Ds €15, 7 ”Z”ﬂ> ,

uju

e . Dl
Dre™ (|z|(ﬁeﬂ<f+>dr=e”’lu_ﬂllzug,

(2@l =

O 3 8

so that || Tz||; < max(D*| ||, Rgllz|l4) < co. This means that T maps L; into
itself. Furthermore, if | z||; < D°|| ¢||5, then also || Tz < D] €|, since Rg < 1.

Finally, we bound the difference (7z)(t) — (T2)(t) for all z, Ze L;. The “in-
homogeneous term” e?*'¢ of Eq. (2.2) drops in this calculation, and we obtain as
above

D D*l*
1(T2)(®) — (TZ)(2) || < e'max (m, m) lz—2Z2l,4,
so that |7z — TZ| s < Ry|lz — Z|| 5. This means that T: L; — Ly is a contraction.
O

We next observe that the solution z(t) of Eq. (2.2) is also a solution of Eq. (2.1)
as soon as it is continuously differentiable.

Lemma 2.5. Let z(t) be the solution of Eq. (2.2) given by Lemma 2.4, for some & € &°.
The following assertions are equivalent:

i) z(t) is continuously differentiable for all t > 0.
ii) For all t > 0, z(t) € D(A) and t - Az(t) is continuous.
iil) z(¢) is a solution of Eq. (2.1).

Proof. For all 0 < ¢ < t, we have the identities

1(Zs(t +&—2(1) = l(e"s‘ — 1)z + lj ePCTIfS(z(t + 1))dt ,
P P €y

1(z"(t) —ZYt—¢)) = l(1 —e )24 (1) + lf e ACTI Uz (t — 1))dT
€ & €y
which follow easily from Eq. (2.2). Let us consider the first equation. As ¢ — 0, the
last term in the right-hand side converges to f*(z(t)), the first one to 4°z°(t) provided
that z°(t) € 2(A4°), and the left-hand side to D, z°(t) (the right-hand derivative of
2%(t)) provided that z* is differentiable from the right at ¢. Thus, if z°(¢) is C* for ¢t > 0,
then z%(t) e 2(4°) for all t > 0 and (dz°/dt)(t) = A°Z°(¢) + f*(z(?)); in particular,
t - A°z°(t) is continuous. Conversely, if z°(t) € 2(4°) and t — A°Z%(¢) is continuous
for t>0, then z°(t) is differentiable from the right for all t>0 and
D, z5(t) = A°Z°(t) + f5(z(t)) is continuous, so that z*is C*. If both cases, z*(t) verifies
the first line of Eq. (2.1). Now, repeating the argument with z*(t) (second equation),
we conclude the proof of Lemma 2.5. O

According to this result, the proof of Proposition 2.3 will be complete if we
show that the solution z(¢) of Eq. (2.2) is C* when ¢ = z°(0) € 2(4°). We shall first
show that z(t) is Lipschitz in ¢ (Lemma 2.6). Then, using this result, we shall prove
the differentiability (Lemma 2.7).
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Lemma 2.6. Let z(t) be the solution of Eq. (2.2) given by Lemma 2.4. For ¢ > 0, define
ve = sup(e” || z(t + &) — z(1)])) -

t=0
If £ € D(A®), then y, = O(e) as ¢ > 0.
Proof. First of all, we note that y, < ||z] 5(1 + €*) < 0. Next, using Eq. (2.2), we
obtain for all ¢ > 0,

25(t + &) — 2°(t) = e™ {(e"‘ss —1)E+ EeAS‘E”)fS(Z(r))dT}
0
+ geAs(t_t)(fS(Z(T +¢) — f(z(r))dr ,

Pt 8 — () = — [ e A+ T+ 8) — e + 1) dr
0

If ¢ € 9(A®), the quantity in brackets { -} behaves like e(4°¢ + f*(z(0))) + o(e) as
& — 0. We thus find

I2°(t + &) — 2°(t) | s < D*e**{e| A°¢ + f*(2(0)) |5 + 0(e)} + }Dse‘s“'”lsvee’" d
0

<eh (wsnAs& + O+ ofe) + E’% n) :

D*I*
)\,“ _ Bye M

As a consequence, we have y, < Ry, + eD*[| A°¢ + f*(z(0)) || s + o(e). Since Ry < 1,
this means that y, = O(¢) as ¢ - 0. O

Lemma 2.7. Let z(t) be the solution of Eq. (2.2) given by Lemma 2.4. If £ € 2(A4°),
then z(t) is continuously differentiable for all t = 0.

oo
lz4(t + &) — 2(0)ll. < | D*e™ **1"y, P * 9 dr = eft
0

Proof. First of all, we can assume without loss of generality that the Holder
exponent « of Df*, Df* (cf. H3) is so small that, if we set

A_{ﬁ(1+a) if g>0
F=1s ifp<0’

then

DS s ul“
R,;Emax<A ! ,D A><1.
p—2 -5
Next, we differentiate Eq. (2.2) formally with respect to the time. Since & € 2(4°),
we find

Dz*(t) = e*"(A%¢ + f(z(0))) + }e“‘s“")Dfs(z(‘c)yDz(r) dt,
0

Dz'(t) = — Te'A“’Df“(z(t + 1)) Dz(t + 7)dt , (2.3)

0
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where Dz* = dz’/dt, Dz = dz*/dt and Dz = (Dz*, Dz*). Now, we can consider
Eq. (2.3) as an equation for the unknown function Dz(¢), given z(t) the solution of
Eq. (2.2). A moment’s reflection shows that Egs. (2.3) and (2.2) are integral equa-
tions of the same form: the only difference is that the Lipschitz functions f*, f* have
been replaced by the bounded linear maps Df*, Df*. Thus, since R; < 1, Lemma 2.4
implies that Eq. (2.3) has a unique solution Dz € L;.

It remains to show that the solution Dz(t) of Eq. (2.3) is the derivative of z(t). In
order to do that, we define for all ¢ > 0,

8, = sup(e || z(t + ¢) — z(t) — eDz(t)]) .

t20

From Lemma 2.6, we know that J, = O(g) as ¢ > 0. We shall see that, in fact,
d, = o(e) as ¢ > 0. This will prove that Dz(t) is the right-hand derivative of z(¢), and
since Dz € L; is continuous, this will complete the proof of Lemma 2.7.

Using Eqgs. (2.2), (2.3), we obtain for all ¢ > 0,

z2°(t + &) — 2°(t) — eDz°(¢)

— ot {(em — DE - A+ [ () ~ ) dr}
0
+ ] eI + 8) — ) — D) (e + o) — (1)) de
0

+ i e CTIDfS(2(1)) - (z(t + &) — z(1) — eDz(7))dr .
0

Clearly, the quantity in brackets { -} is o(¢) as ¢ - 0. On the other hand, using the
Mean Value Theorem, we have
I f5z(r + €) = f*(z(x)) — Df°(z(1))* (z(z + &) — z(7)) |
< llz(z + &) — z(¥) || - sup | DF*(w) — Df* ()l ,

wel

where I' = & is the segment (straight line) joining z(z) and z(zr + &). So, using H3
and Lemma 2.6, this term is bounded by L¥(y,ef")* ** < Lyl **¢?". Finally, we also
have

IDf(z(2))* (2(x + &) — 2(z) — eDz(x)) || < 16,7 .

Combining these estimates, we find

SIS SJs

125t + &) — 20 — D2 ()], < ef”‘(BP—L yie ﬁD ot o(a)) .

Similar calculations for z*(t) yield

~ U uju
124z + &) — 2°(t) — eDz*(D) |l = e’”(—D—A%”“ » 2 455) :
= »—B

Since (by Lemma 2.6) y; ** = o(e) as ¢ — 0, we conclude that §, < R;6, + o(e). This
means that §, = o(¢) as ¢ = 0. O
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2.2. The Center-Stable Manifold. According to Lemma 2.4, all solutions of
Eq. (2.2) with ||z < oo are contained in the graph of the map h: §° — &* defined
by h(&) = z“(0), where (z°(t), z%(¢)) is the unique solution of Eq.(2.2) for which
z°(0) = & We are thus led to look for solutions of Egs. (2.1) and (2.2) of the form
z(t) = (¢.(&), h(P,(£))), with ¢ a semiflow in &°. In view of Eq. (2.2), h and ¢ must
verify the integral equations

$(&) = ML+ [ eI (98, h($(8)))dr
0

[}

h(@) = — [ e " (¢:(8), h($(2))) dr . (2.4)

0

In this subsection, we shall show the existence of a unique solution &, ¢, of Eq. (2.4)
in suitable function spaces. The graph of & will be referred to as the center-stable
manifold.

We first introduce the function spaces for 4 and ¢. For g € [0, 1], € (4°, 2¥), we
define

H, = {h:6*—> &"[h(0) = 0; | h(&) — k(). S o] & — Ell,, V& Ee b},
Kp={¢: R xE > E°|¢po(&) =, Ve s’
¢,(0) =0Vt eR,; ¢ is continuous in t;

(&) — ¢uE) s < DoeP||& — E||5, Ve e R, ,VE Ec 85} .

As is easily verified, H, and K, are complete metric spaces if equipped with the
distances

dth, ) = sup PO = PO ) 5~ sup sup <e_,3, n %(é)ﬂg“@(é)lls) '

£+0 11 20 £40
With these definitions, we have the following result (see also [3]):

Lemma 2.8. If (2%, A*) and if

DF DT\ 1
(Cl) O-=max<ﬁ—,lsD,,lu—BD><§,

then Eq.(2.4) has a unique solution h, ¢ in H, x K.

Proof. To simplify the notations, we set f3(£) = (&, h(¢)) and f}(&) = f*(, h(&))
for all £ € &% Now, for all he H,, ¢ € K5, we define

oo}

F(h, ¢)&) = — [ e™*"fi(¢.(&)) dr,

0
G(h, ¢)(C) = e® & + [ X TIf5(e(E)) dr .
0

We shall show that, if the condition C1 is fulfilled, the map (F, G) is a contraction in
H, x K and thus has a unique fixed point.
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We first show that F(h,¢)e H,. Since he H, and <1, f}: §°> & is
Lipschitz with the same constant [ as f* (this follows from the definition of the
norm in &). As a consequence,

1F(h, $)(&) = F(h, $)(E)]lu < f le™*Ilull f4(<(&)) = fi(e()) . de

D*[*
AM—B
Thus, the integral defining F(h, ¢) converges absolutely, and (by definition of o) we

have |F(h, ¢)(&) — F(h, ¢)(&) . < ol & = E|, for all & Ee&*. Since obviously
F(h, ¢$)(0) = 0, this means that F(h, ¢) € H,.

We next show that G(h, ¢) € K;. It follows immediately from the definitions
that G(h, ¢)o(&) = &, G(h, ¢),(0) = 0, and that G(h, ¢),(¢) is continuous in ¢ for all
Ee &*. As above, f5: &5 — &° is Lipschitz with the same constant /° as f*, and

1G(h, $)(&) — G(h, §)(E) s
< e L€ = Olls + [ 1€ Ul £3(h:(8) = (9o s dr
0

< [ (DUe™H)Doet & — &l dn = D& =€l -
0

t
< D& — &+ [ (DD & — & du
0

=D ¢ - f||s<em My

for all te R, and all ¢, £e &°. This means that G(h, ¢)e Kﬂ; _
It remains to show that F and G are contractions. Let h, he H, and ¢, ¢ € Kg;
for all £ e &%, we have

1 F8(De(8) — FUBO) Nl S 111 §e(&) — Fel&) 15 < 1"dx(, P)eP | €5,
I F4(BeE) = F1( POl < 1“I h(e(€)) — h(e(E)) | < 1d(h, KD &,
| f3(@&)) = 1Bl < 1“D*(du(h, B) + di(, ) | €[5,

the last line following from the preceding ones by the triangle inequality. We thus
find

(" — e”‘)) < pefe - &,

I F(h, ¢)(&) — F(h, )(&)lu < }o le™ A |l f4($(&)) — f1(PuE)) |l ude

D¥[*
A= p

=

D*(dy(h, h) + dx(¢, ®)IIE]ls -

In the same way, we have

I £5($:(8)) — f3(d(O)ls < I°D*(dy(h, ) + di($, )P || €],
|G(h, $)(€) — G(h, $)(O)l; < yneA I 3 ($:6)) — f3($(6)) s dr

DiIs
B -

S 57— D'ulh, h) + d(¢, )e €]l -
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(Note that the “inhomogeneous term” e**'¢ of Eq. (2.4) drops in this calculation.)
Combining these results, we see that

du(F(h, ¢), F(h, §)) + d(G(h, ¢), G(h, §)) < 20(du(h, F) + di($, §)),

for all h, he H, and all ¢, § € K. Since ¢ < 1/2 by Cl, this means that (F, G) is
a contraction in H, x K. O

We next point out the relation between the solutions of Egs. (2.4) and (2.2):

Lemma 2.9. Let he H,, ¢ € K be the solution of Eq.(2.4) given by Lemma 2.8.
Then ¢y 41, = ¢y, 0 Gy, for all ty, t,RL, and, for all &€ &%, the function z(t)=
(:(&), h(,(&))) is the unique solution of Eq. (2.2) in the sense of Lemma 2.4.

Proof. Since ¢, is a solution of Eq. (2.4), it is not difficult to see that

$1,(9:,(8)) — ¢, +0(8) = i eI (fi(he($1,(0) — il v rn(©))dr

forall (e &*and all t;,t, e R, . Let

1
K = sup sup sup (e—’g("“”— 1b:,(¢42(8)) — b1, +12(&) ”s>'

1120 1220 €+ 0 ”f”s

Clearly, K < 2(Df)* < o, since ¢ € K;. Now, it follows from the identity above
that

166, (66,(8)) = buy+0x(E) s S [ D¥F I KT & dr
0

SJs

Dsl K
< G KT S 5 Tl

Hence K £ K/2, so that K = 0; this proves the semigroup property for ¢,. Using
this result, it is now obvious from Eq. (2.4) that z(t) = (¢.(), h(¢p,(&))) verifies
Eq. (2.2). Note also that C1 ensures that R; < 1. O

We now show that A, ¢ (given by Lemma 2.8) are differentiable with respect to
& e &%, and that the derivatives Dh, D¢ are Holder continuous with exponent o. In
order to do that, we follow the same strategy as in the proof of Lemma 2.7. First,
differentiating Eq. (2.4) formally with respect to &£, we obtain

D¢, (&) = e*" + g e IDf(¢:(8)) (D:(E), Dh(¢.(£))* D.(8)) dr

Dh(¢) = — ofoe”‘”Df 1(¢:(C)) * (DP(&), Dh(¢:(8))* Dg.(&)) dr , (2.5)
0

where D fi(&) = Df*(&, h(€)) and Df3 (&) = Df*(&, h(£)). We then consider Eq. (2.5)
as an equation for the unknown functions Dh, D¢, given, h, ¢ as defined by
Eq. (2.4). Appropriate function spaces for Dh, D¢ are:

I;I,,,, = {Dh: E5—> L (&5, )| Dh(0) =0; | Dh(&)|| £ 0,VEEES,
IDh(&) — D) | < pll€ — El2, VE Ee 65},
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Kp, ={D¢p: R x 8> L(6°,8°) [ Ddo(&) =1, Ve &7

D¢, (0) = e*™,Vt e R ; D¢ is strongly continuous in t, V¢ € &%
1Dl < D€, V¢ e &%Vt eRy;
ID$(&) — Dpu(E)]| < peft)| & — E|z, Ve e R, ¥E Ee 67},

for some sufficiently large p > 0. Here and in the sequel, we write

pl+a) if >0

B if <07

As is easily verified, H,, ,and K s, are complete metric spaces if equipped with the
distances

ﬁ=muwma+m={

dg(Dh, Dh") = sup | Dh(§) — DK (9)] ,

Eeés

(D¢, D¢’) = sup sup (e~ " | D$,(¢) — D)) -

t20 gess

With these definitions, we have the following result:

Lemma 2.10. Let he H,, ¢ € Ky be the solution of Eq.(2.4) given by Lemma 2.8.
Assume furthermore that f € (A%, A*) and that
Dl D*[* 1
(C2) max< _ (Ds)l +a (Ds)l +a> —
B Tr—p 2
Then Eq. (2.5) has a unique solution Dh, D¢ in I;Va,p x K 50> If p is sufficiently large.
Proof. For all Dhe H,,,, Dp € 1&,3 »» we define

F(Dh,D$)(&) = — I e” " Dfi(¢:(£))* (D¢(£), Dh(¢:(8)) Do(8)) dr

G(Dh, D$),(&) = e + g e TIDf($.(8)) (Dg(E), Dh($.(8)): Dp.(8) dr

where the integrals in the right-hand side are only strongly convergent in
L(6°, "), L (875, 67) respectlvely We shall show that, provided that p is suffi-
ciently large, the map (F, G) is a contraction in H,, p X KB »» and thus has a unique
fixed point.
We first show that F(Dh Do) e Hcr o G(Dh D¢)e K,, - Clearly, G(Dh D¢)0
et G(Dh D), (&) is strongly continuous in t, and since Df*(0) = 0, Df*(0) =
we see that F(Dh, D¢)(0) = 0, G(Dh, D¢),(0) = 1. Furthermore, for all ¢ € &° and all
the R, we have [ Dfi(Q) [ = I* | DFu() I S I° ID¢.() ]| = Det, | Dh(¢)| < 0, and
thus

uju

| F(DR, D))l < [D*e™*I"D*e""dr < - D < 7,
0

t
|G(Dh, D) (&) < D*e*" + [ D*e*~?1°D%eP" dt
0

< D¢ (e’ls‘ + —— (P — e’ls‘)) < Dsef' .
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Finally, for all &, Ee s and all te R, we have
ID.(&) — D)l < pefi & — &Iz,
IDR($:(8)) — Dh(¢(5) |l < p(D%e™ |1 & — E|l,),
| Dh($.(8))* Do(&) — Dh($.(8)) Dp.(E) |l < 2(D*) **pef*| & — &|I%,
IDf5(6:(8)) — DFE(¢o(E) | < L>(D%eP || & — &) .
Therefore, we find
| F(Dh, D$)(&) — F(Dh, D)) |
D“L* D1 e 1
{» E(DS)W pro E(Ds)l } e - &z,
| G(Dh, D), (&) — G(Dh, D), (&)l

é{PL (Ds)1+a+2ADl
p—x p—2

In view of C2, the quantities in brackets {- } are smaller than p, if p is sufficiently

large. This means that F(Dh Do) e HG . G(Dh Do) e K,, oo
We now show the contraction property. Let Dh, Dh' € Ha 0 Do, D@’ € Kﬂ o
For all £ e &° and all te R, we have

ID¢.(&) — D$2(&) | < dg(D¢, D§")e" ,

IDh($.(£)) — D' (¢.(E) || = di(Dh, Dh')

IDh(¢.(€))* D$-(£) — Dh'($.(&))* (&) || < D*4eP",
where 4 = dg(Dh, Dh') + dg(D¢, D¢'). Therefore, we easily find ‘

DHI*
A—B

S(DS)”“p}eif TE{¥

| E(Dh, D$)(&) — E(DI, D$')(©)]| <

D'A<ad,

SJS

“ ~ 1
| G(DR, D§)(&) — GDI, DY )\(&) ] < BD

DsAeP* < gAeP,

so that
di(F(Dh, D¢), E(DI, D$')) + dg(G(Dh, D¢), G(DK', D¢'))
’ < 20(d(Dh, D) + dg(D$, D$) ,
for all Dh, DK € I—TI,,& and a}l D¢, D¢’ e 16,3,,,. Since 20 < 1, this means that (13, @)

is a contraction in H, ,x K; ,. O

It remains to verify that Dh, D¢ are the derivatives of h, ¢:

Lemma 2.11. Under the assumptions of Lemma 2.8 and Lemma 2.10, the solution
(h, ¢) of Eq. (2.4) in H, x K is differentiable with respect to ¢ € &°, and its derivative
(Dh, D) is the solution of Eq.(2.5) in H, ,x K ,.
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Proof. Let he H,, ¢ € K; be the solution of Eq. (2.4), and Dh e ﬁw, D¢ e IE,,,,, be
the solution of Eq. (2.5). We have to show that Dh is the derivative of h and D¢ the
derivative of ¢. For all ¢ > 0, we define #(¢) = max(#,(¢), #,(c)), where

n1(e) = sup sup [[h(& + k) — h(&) — Dh(&) k||, ,

geés |kl =¢

n2(e) = sup sup sup (| §.(& + k) — $(&) — Dby (&) k™) .

gess 120 |kl =e

By construction, #(e) <2D% for all ¢>0. We shall show that, in fact,
n(g) = O(e***), and this will prove Lemma 2.11.
Let ke &% ||k|| = e In view of Egs. (2.4) and (2.5), we have the identity

0

h(E + k) — h(&) = Dh(®) k= — [ e {fi($:(& + k) — fi(:(8) — Dfi($:(E)

0

(@& + k) = D:(8), h(Do(& + K) — h(:(E))) } dr

(oo

— [ € Dfi($8) (6l + B — ¢:() — DS.(&) K,

0
hd(& + k) — h(¢:(E)) — Dh(¢.(£)) Dg.(&) " k) d .

We have to estimate the various terms in the right-hand side. In the first integral,
we use the Mean Value Theorem to bound the expression in brackets { -} by

1€ + k) — ¢8|l sup [IDf*(2) — Dfi(d(D]

zel

where I' = & is the segment joining (¢.(£), h(¢.(¢))) and (¢.(£ + k), h(¢.(¢ + k)));
we thus obtain the bound L*(D*¢f*¢)' **. For the second integral, we note that

| $o(& + k) — $(&) — Dpl(8) Kl < me)e™,
and we rewrite the last line as
h($:(& + k) — h(¢:(8)) — Dh(¢:($)) * (¢:(& + k) — ¢:(£))
+ Dh(¢:(8)* (¢:(E + k) — ¢:(&) — D.(&) k) .

Using again the Mean Value Theorem, the first line of this expression can be
bounded by

¢ + k) — do(&) s sup [ Dh(W) — Dh(p(E))l

wel’

where I'' = &° is now the segment joining ¢.(¢) and ¢.(¢ + k);_this yields the
bound p(D*ef°e)! ¥ The second line is simply bounded by o#(e)e?".

Combining all these estimates, we obtain for all £ e &° and all ke &° with
Ikl =,

Du(Lu + lup) D¥I#
h k) — h(&) — Dh(&) k||, £ { ———=(D%e)* ** 0.
[R(E + k) — h(Z) (&) -kl _{ B (D%) +’7(8),1“—/3}
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By similar calculations, we also find for all te R,

s [DS(LS+ ¢ Dsl®
& + k) — ¢.(8) — DPpi(8) ks = eﬂ‘{(—A—p—) (D)™ + n(e) = } .
B— p—x
Using C2 and the definition of #(g), we conclude that 5(g) = O(***). O

Using all these results, it is now easy to complete the proof of the global
center-stable manifold theorem.

Proof of Theorem 2.1. Let he H,, ¢ € Kz be the solution of Eq. (2.4) given by
Lemma 2.8. In view of Lemma 2.9, Lemma 2.11, only the last three assertions of
Theorem 2.1 remain to be proved. If & e 2(A4°), then z(t) = (¢p,(¢), h(,(£))) is
a solution of Eq.(2.2) by Lemma 2.9, hence a solution of Eq.(2.1) by Proposi-
tion 2.3. In particular, t — ¢,(¢) is C*, ¢,(&) € 2(4°) for all t and h() = h(¢o(£)) €
2 (A"). This proves iii) and iv). On the other hand, if z(t) is any solution of Eq. (2.1)
such that |z|; < oo, we know from Lemma 2.2 that z(t) verifies Eq. (2.2) with
¢ =7%0). By uniqueness of the solutions of this equation, we must have

z(t) = (¢:(8), h(¢:(£))). This proves v). O

2.3. Continuous Dependence on Parameters. The approach we used in proving
Theorem 2.1 makes it easy to obtain additional information about the center-
stable manifold. As an example, we shall state here a continuity result which is
useful in applications. Suppose that we are given two systems like Eq. (2.1), defined
by two collections (43, A%, f31, 1), (A5, A%, f5, f%) verifying the hypotheses H1,
H2 with the same constants D°, D* and I°, [*. Assume also that the condition C1 of
Lemma 2.8 is fulfilled for some f e (4°, 2*), and denote by (hy, ¢4), (hy, @) the
solutions of Eq. (2.4) corresponding to the systems 1, 2 respectively. The following
result says that hy, h, and ¢4, ¢, are close to each other if 4;, 4, and f;, f, are:

Proposition 2.12. Under the assumptions above, if

sup ||ttt — e[, < D%, sup [leTA — e~ o7 < DY,
120 120
1 S S S 1 u u u
sup — 1 f1(2) =32 s = %, sup — [ fi(2) —f2(2) ). S I,
z#OlZ” z#O“Z“
for some ¢ > 0, then
D¢ Dse

dg(hy, hy) < 1T=29° dg(dy1, P2) < P

Proof. Let 4 = max(dg(hy, hs), dg(d1, ¢2)). In view of Eq. (2.4), we have

hi(€) = — [ e 1($1,:(8), hi($1,:(E))dr

hZ(é) = - e‘A‘Z‘r g(‘pl,r(é)’ hz((f)z,t(f)))d'f 5

Ot 8 Ow—8
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for all £ € &°. As a consequence,

h1(8) = h2(O)

=

le™ 5 — e 45 |1, || f1(1, (&), h1(1,(E))Iludr

O 8

+ OJ? le™ % L1l f1(1,:(E)s hi(1,(8)) — f5(D1,:(E), hi(1, ()|t
0

+ T le™ 5 1Ll f5(1,2(8), hi(d1,+(8)) — f5(2,2(8), ha(2,(E)) udr.
[

Proceeding as in the proof of Lemma 2.8, it is easy to bound each of the first two
terms in the right-hand side by &g ¢ ||,. Moreover, since

1(¢1,2(8), hi($1,e(2) = (¢2,:(8), ha (2, (DIl < 2D°AeP & s,
the third term is bound by 264 | £||,. We thus find
dy(hy, hy) < 206 + 204 .
Similar calculations for ¢, ¢, yield
dg(¢1, 1) = D’ + 204 .

Combining these results and recalling that 20 <1< D% we see that
A £ D% + 204, or A £ D%/(1 — 20). O

3. Proof of the Local Center-Stable Manifold Theorem

Using the results of Sect. 2, we now prove the local center-stable manifold theorem
(Theorem 1.1) in the case k e (1, 2]. It turns out to be convenient to deal with the
cases A* < 0, A* = 0 separately.

3.1. The Stable Case A° < 0. We first state a variant of Theorem 2.1 which is
adapted to our present purposes.

Corollary 3.1. Assume that there exists an r > 0 such that the hypotheses H2, H3 of
Theorem 2.1 are verified for z, Z restricted to the ball B, = B} X B} = &. Assume also
that H1 holds with D* = 1, A* < 0, and that the conditions C1, C2 are fulfilled for some
pe (A5, %), B < 0. Then there exist a (unique) map h: B; — B and a (unique) semiflow
¢: R, x Bi — B; with the same properties (i), (ii), (iii) as in Theorem 2.1, and

iv) Forallé € 2 (A5) N B, ¢,(£) is Ctint and z(t) = (¢p,(E), h($.(¢))) is a solution of
Eq. (2.1) such that z(t)e B, for all t e R and ||z|; < 0.

v) If z(t) is any solution of Eq. (2.1) such that z(t) € B, for all te R, and ||z || < 0,
then z(t) = (¢:(S), h(¢:(£))) for some ¢ € B.

Sketch of the proof. The idea is to repeat the whole proof of Theorem 2.1 while
restricting the various definitions and equations to the ball B, = &, where the
non-linear terms satisfy H2, H3. For example, it is easy to verify that all results of
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Sect. 2.1 remain valid when restricted to the family of curves z(t) which stay in B,
for all t € R . The crucial point is to check that this property is left invariant by the
right-hand side of Eq. (2.2); but this follows from Lemma 2.4, since D° =1 and
p < 0. Similarly, in Sect. 2.2, we consider the function spaces H,(r), K;(r) obtained
by replacing everywhere & ° by By in the definitions of H,,, K. Using Lemma 2.8, it
is easy to see that the right-hand side of Eq. (2.4) is a contraction in H,(r) x K4(r),
and thus has a unique fixed point h, ¢. The differentiability of i, ¢ with respect to
¢ € By is shown in the same way, by regarding Eq. (2.5) as a fixed point problem in
H,, ,(r) x Kg ,(r). Combining these results as in Theorem 2.1, we conclude the proof
of Corollary 3.1. O

We are now able to prove Theorem 1.1 in the case A* < 0. In view of the
Assumption A2 (with k = 1 + o, o« € (0, 1]), there is an r, > 0 such that the derivat-
ives Df*, Df* are (globally) a-Hoélder in the ball B,, = &, for some Holder constants
L’ L* For all r £ ry, we define

I*(r) = sup | Df*(z)[, 1"(r) = sup [ Df*@)Il -

zeB, zeB,

Clearly, I*(r), I*(r) ~ r*asr — 0. So, given f§ € (A%, 1*) such that § < 0, we can choose

r > 0 so small that
_ I5(r) 1*(r) 1
a_max<ﬁ_is,l“_ﬂ> <2.

Since D* = D* = 1 by choice of the norms in &%, &*, this implies that the conditions
Cl, C2 are fulfilled with I°* = I*(r) and I* = [*(r). As a consequence, restricting the
system (2.1) to the ball B, = &, we can apply Corollary 3.1 and we obtain a
maph € H,(r) and a semiflow ¢ € K4(r) with the desired properties. In particular,
his C* h(0) = 0, Dh(0) = 0, and the assertions (a), (b) in Theorem 1.1 follow from
(iv), (v) in Corollary 3.1. O

3.2. The Center-Stable Case A* = 0. Again, we begin with a variant of The-
orem 2.1:

Corollary 3.2. Assume that there exists anr > 0 such that the hypotheses H2, H3 of
Theorem 2.1 are verified for z, Z restricted to the cylinder &° x B} < &, and such that
f(z2) =0, f*(z) =0 for all z¢ B; x &". Assume also that H1 holds and that the
conditions C1, C2 are fulfilled for some f € (A%, ). Then there exist amaph: §° — &*
and a semiflow ¢: R, x&°— &° with the same properties (i), (ii), (iii) as in
Theorem 2.1, and

iv) For all &€ D(A°), (&) is C! in t and z(t) = (P(&), h(,(€))) is a solution of
Eq. (2.1) satisfying ||z|ls < .

v) If z(¢) is any solution of Eq. (2.1) such that z(t) € B, = B; x By for all t e R , then
z(t) = (¢:(&), h(¢:(£))) for some & € B;.

Sketch of the proof. Adapting the results of Sect.2 to the present case needs
some care, because now we have no control on the non-linear terms f*, f* in the
region # = B} x (6*\By). In Sect. 2.2, this causes no trouble, because f*, f* and
their derivatives Df*, Df* only appear in expressions like f3*(&) = f>*(&, h(&)),



266 Th. Gallay

Dfy* (&) = DfY*(&, h(€)), where h e H, for some ¢ < 1. But f}, f# are Lipschitz on
¢°*, and Df5, Df} are o-Holder, since the graph of h does not intersect the
“forbidden” region . So, all the machinery of Sect. 2.2 works, and we obtain a map
he H, and a semiflow ¢ € K, such that Dhe H, ,, D¢ € Kz , and Eq.(2.4) is
verified.

In Sect. 2.1 however, not all results remain true, since in general a curve
z(t) with ||z s < co intersects the region #. Nevertheless, if ¢ e 2(A°) and if
z(t) = (¢:(&), h(p,(£))), then z(t) ¢ £ for all £ e R, and z(¢) is a solution of Eq. (2.2)
by Lemma 2.9. So, using Lemma 2.5, Lemma 2.6, Lemma 2.7, we see that z(t) is C*
in t and verifies Eq. (2.1). This proves (iv). On the other hand, if z(¢) is any solution
of Eq. (2.1) such that z(t)¢ £ for all t e R, (for example, if z(t) € B, for all t e R ),
then by Lemma 2.2 z(¢) is a solution of Eq. (2.2) with £ = z%(0). As we have seen,
2(t) = (¢, &), h(¢,(é))) is also a solution of Eq. (2.2) such that Z(r)¢ #Z for allte R,
and using the uniqueness part of Lemma 2.4 (contraction property of the map T),
we conclude that z(t) = £(t). This proves (v). O

We are now able to prove Theorem 1.1 in the case A° = 0. First of all, since (by
A3) 2* > k2® with k=1 + o, we can choose f €(4° 4*) such that f = (1 + a)
€ (45, A*). Since & has the C!** extension property, there exist a radius R > 1 and
a function y: &°— [0, 1] such that X(ff)—l if £eBy, y(&)=0 if £¢B%, y is
Lipschitz with constant [, < co and Dy is a-Hoélder w1th constant L, < co. If
I(r), I*(r) are as in Sect. 31 and 1fl5(r) (1 + RL)I*(Rr), l“(r) =(1+RI )l (Rr), we

can assume that
By ) > 1
ax 5 = | <z s
<,B —A 2

by taking r sufficiently small. We next define the “localized functions” g*: & — &,
g“:& — &* by

9’2, 2) = (2%, 202/, g2, 2*) = (2%, 2*)x () -

Clearly, g*, g* are C'*?, coincide with f*, f* in the ball B, = &, and vanish for all
z¢ By, x &*. Moreover, it is straightforward to verify that, in the cylinder
6*X Bk, = &, g°, g* are Lipschitz with constants [°(r), [“(r), and Dg°, Dg" are
o-Holder for some constants L*, L*.

So, we can apply Corollary 3.2 with r replaced by Rr, f** replaced by g** in
Eq. (2.1), D¥" replaced by 1 in H1, [** replaced by [**(r) in H2, and L** replaced by
L** in H3. The conditions C1, C2 are fulfilled by the choice of . We thus obtain
amap he H, and a semiflow ¢ € K; corresponding to the system (2.1) with f*, f*
replaced by g%, g*; in particular, his C*, h (0) = 0 and Dh(0) = 0. Restricting A to the
ball B, & and recalling that f*, f* and g¢°, g* coincide in this domain, we see that
the assertions (a), (b) in Theorem 1.1 follow from (iv), (v) in Corollary 3.2. O

4. The Center Manifold Theorem

In conclusion, we state (without an explicit proof) the center manifold theorem in
the same setting as Theorem 1.1. Instead of Al, A3, we assume:

Al’) The Banach space & is the direct sum of three closed, A-invariant subspaces
&5, &°¢, &*. The corresponding restrictions A° = A|gs, A = Age, A* = A gu
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define two strongly continuous semigroups e*”, e~ 4*! (t = 0) and a strongly
continuous group e (teR). Furthermore, there are real numbers
A< —2AL0<L 2 < A¥such that

sup ||e?le”** < oo, sup|le®|e”*I" < o0, sup e e < o .
120 teR 120

A3') ¥ > kA5, 5 < — kJ%, and &° has the C* extension property.

The spectrum of A is thus split into three pieces: a stable part (contained in the
half-plane Re(w) < 2°), an unstable part (contained in the half-plane Re(w) = 1%),
and a central part (contained in the band |Re(w)| < A°). As above, we write
z = (2%, z°, z") the points of &, B$, B;, B; the balls of radius r around the origin and
D(A%), D(A°), 2(A") the domains of the operators A°%, A¢, A*. Using these
notations, we have:

Theorem 4.1. (Local center manifold theorem). Assume that the conditions Al’,
A2, A3’ above are fulfilled. Then, for sufficiently small r > 0, there is a C* map
h: B{— B{x B¥ with h(0) = 0, Dh(0) = 0, whose graph ¥~ < B, (the local center
manifold) has the following properties:

a) (Invariance) For all zo € ¥ such that z§ € D(A°), there exists a C curvez: R — &
with z(0) = z, such that, as long as z(t) € B,, then z(t) € ¥~ and Eq. (1.1) holds. If
moreover z(t) € B, for all t € R, then z(t) is the unique solution of Eq. (1.1) with
these properties.

b) (Uniqueness) If z(t) is any solution of Eq. (1.1) such that z(t) € B, for all t R, then
z(t)e ¥ for all teR.

In the case where the whole space & has the C* extension property, an economic
way to prove this theorem is to use Theorem 1.1 twice. First, one shows the
existence of a local (center-stable) manifold ¥ tangent to the invariant subspace
& ° @ &°. Then, reversing the sign of the time ¢ in Eq. (1.1), one applies Theorem 1.1
again to obtain a local manifold ¥~ tangent to the invariant subspace &°® &*.
The local center manifold ¥~ is simply given by ¥ n ¥

In the general case, one has to repeat the whole proof of Theorem 1.1, with
suitable modifications. This is a straightforward (but somewhat lengthy) task, and
we shall not go into details. Essentially, in Sect. 2.1, one has to deal with curves z(f)
defined for all £ € R and verifying, instead of Eq. (2.2),

20 = | G,
(1) = AE + [ A (el de |
0

() = — 39 e A0 (z(1)) dr (2.2)

t
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with & = z°(0) € &¢. Similarly, in Sect. 2.2, one has to show the existence of a map
h: 6> &°® & and a flow ¢,: R x £° — &° satisfying, instead of Eq. (2.4),

$u(&) = e*ME + [TV (R($:(8)), $:8), H () de
0

h*(8) = _f e~ (1 ($(8)), h:(8), h(:(8)))dr

e}

h(@€) = — [ e™ " (1*($<(£)), d<(8), h*(<(8))) dr . 2.4)

0
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