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Abstract. The quantum double is shown to imply the dressing transformation on
quantum compact groups and the quantum Iwasawa decompositon in the general case.
Quantum dressing orbits are described explicitly as *-algebras. The dual coalgebras
consisting of differential operators are related to the quantum Weyl elements.
Besides, the differential geometry on a quantum leaf allows a remarkably simple
construction of irreducible x-representations of the algebras of quantum functions.
Representation spaces then consist of analytic functions on classical phase spaces.
These representations are also interpreted in the framework of quantization in the
spirit of Berezin applied to symplectic leaves on classical compact groups. Convenient
“coherent states” are introduced and a correspondence between classical and quantum
observables is given.
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0. Introduction

Quantum groups were recently introduced by Drinfel’d [7], Jimbo [10], and Woronow-
icz [30]. In Woronowicz’s approach a comnpact quantum group is regarded as a
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deformation of the C*-algebra of continuous functions on a compact group. More
generally, a quantum group is understood as a deformation (quantization) of a Poisson
Lie group. For this reason we refer to [24] where a nice description of such a defor-
mation in the spirit of the so-called F-R-T (Faddeev-Reshetikhin-Takhtajan) approach
to quantum groups [19] is given. Besides, in [21] an interesting attempt has been
made to describe SU,(2) as a Rieffel’s strict deformation quantization of Poisson Lie
group SU(2).

Let us now summarize the structure of the paper as well as the presented results.
In Sect. 1, some basic facts about quantum groups are recalled. We follow mainly
F-R-T approach [19]. In Sect. 2, we collect some known results needed in the sequel
about Poisson Lie structure on compact groups and about the classical dressing
transformation. Besides, we want to stress the usually overlooked fact that a complex
simple Lie group G also possesses a Poisson Lie structure making the Iwasawa
decomposition a Poisson diffeomorphism provided G is considered as a real manifold
and the signs on both factors are chosen properly.

Section 3 is devoted to application of the double group construction to quantum
compact groups. In analogy with the classical case the quantum double implies the
quantum dressing transformation. In Sect. 4, the quantum double for compact groups
is described in terms of R-matrices rather than using the representation theory as it
was done by Podles’ and Woronowicz in [17]. Further we present the general case
of the quantum Iwasawa decomposition (the special case of SLq(Z, C) was described
again in [17]).

The goal of the next two Sects. 5, 6 is to describe explicitly quantum dressing orbits
as non-commutative *-algebras, the restriction morphism from the quantum group
onto the quantum leaf, differential calculus on the orbits and to establish the relation
with the quantum Weyl elements defined in [11, 13]. The differential operators with
constant coefficients form the dual coalgebra. The dual of the restriction morphism
is described explicitly. Consequently, the quantum Weyl element can be regarded as
the base point of the quantum dressing orbit in analogy with the classical case.

In Sect.7, we first recall some basic facts from the theory of irreducible
*-representations of compact quantum groups. After that, we present a construction
of these representations realized in a space of holomorphic functions living on the
classical Poisson leaf. Its remarkable feature is that it is related in a simple and clear
manner to the differential geometry of the quantum leaf. In Sect.8 we want to stress
a point of view according to which the above described representations realized in
spaces of holomorphic functions can be also understood in the framework of quan-
tization methods. Besides, we introduce convenient coherent states and discuss the
correspondence principle.

1. Quantum Groups

In the F-R-T approach the basic object through which the simple quantum groups
(more precisely algebras of functions on the simple g-groups) of types A, _,, B,,
C,, and D, are introduced is the R-matrix satisfying the Yang-Baxter equation

RyR;3Ry = RsR;3R,y,, (1.1)
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where R is an N2 x N2 matrix (N = n in the case A, _,» N =2n in the cases C,,,
D,, N =2n +1 in the case B,). In the case of A, _, we have

n n n
ql/"R =gq z e, ®e,;+ Z e, ®e,, +(q— ah Z e,; ®¢€j, (1.2)
i=1 2,7=1 2,7=1
i#] >
where ¢ € C\{0} and e,; are n x n matrix units.
In the remaining cases

N N
R=gq E €, R€;+eny Nyt RENy Npt T+ E €;; @ €,
pr I 2

v Wi, i’

N N
+0' Y ey ®et@—a) Y e ®ey,
=1

i, 9=1
i) i>j
N
+@—q) Y ¢® Yeee, ®eyy, g€ C\{0}; (1.3)
i, j=1
i>j
the second term occurs in the B,, case only, ' =N+1-—1, e, =1L,1=1,..., N,
N N
for the cases B, anan,eizl,izl,...,—2—,El=~1,i=7+1, ..., N, for
the case C,, and
n—1/2,n-3/2,...,1/2,0,-1/2, ..., —n+1/2) for B,
(0, ..,on)= (n,n—1,...,1,-1,..., —n) for C, .
mn—-1,n-2,...,1,0,0,—-1, ..., —n+1) for D,

All the matrices R are unimodular.

The algebra of holomorphic functions on the SL (n) group is then defined as the
factor algebra of the free associative unital C-algebra (C(tzj) (i,j=1,...,n) by the
following relations:

RT\T, = T,T\R, (1.4)
det,7 = > ()" t1, tyy -ty = 1. (1.5)

o€Snp

Here det, T" denotes the quantum determinant, 7' = (¢, ));',_,, T} = T®I1, T, = IQT
and [(o) is the number of transpositions in permutation ¢. R is given by (1.2) in this
case. This algebra will be denoted by (zég"l(SL(n)) and it is a Hopf algebra with
comultiplication

Att;) =ty ®ty;,  Al=1®1, (1.6)

counit
e(t,;) =26, el)y=1, 1.7)
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and antipode

S(t,) = (=)~ Z (___q)l(o)tlol ot ey oy, - tnon (1.8)

gES
where 0 = (0, ..., 0,_,0,.4, ..., 0,) =0, ..., 7—1,7+1,...,n).

Algebra of quantum functions JZEOI(G) (G = SO(N), Sp(IN)) is defined as the
factor algebra of free associative unital C-algebra C(t,;) (i,j = 1,..., N) by
relations (1.4) involving the corresponding R-matrix (1.3) and relations

TCT'C™' =CT'C™'T =1; (1.9)
here ¢ denotes the transposition and C is an C-number matrix given by C' = Cjyq?,
with 0 = (04, ..., o) and (Cy);; = €,6;/;. These algebras are Hopf algebras with
comultiplication (1.6), counit (1.7) and antipode

S(Ty=cr'c!, (1.10)

For g € R, the R-matrices are real and fulfill
R, =R, . (1.11)
Any of the described algebras k/ZSOI(G) admit the following *-structure

t = S(t,,). (1.12)

The star operation is an algebra antihomomorphism, coalgebra homomorphism and
involution. The resulting *-Hopf algebra is called a compact form (compact matrix
pseudogroup of [30]) and will be denoted by (,z%q(K ), where K C G is the maximal
compact subgroup. In this case we shall use the symbol U for the matrix of generators
instead of T'. This U satisfies (1.4) and, moreover,

SW)y=U". (1.13)
The dual Hopf algebras to the above mentioned quantum groups are introduced
following {7, 10, 19]. Let g be a simple Lie algebra, o, ..., «, its simple roots and
AiJ = 2oy, aj)/(aj,aj) its Cartan matrix. Algebra U, g, h € C, is a C[[h]] algebra
with generators H,, Xii, i=1, ..., r, and relations
_ +y_ + + y—1— s Sh(hH)
[Hinj]_O) [Hz'an ]"‘i(alaaj)Xj s [X1 7X] ]—613 shh) , (1.14)
“ m
>k [k] XHEXFEXFH™ =0 (1.15)
k=0 %
for i # j, where m = 1— A, q; = e~ "@*)/? and
E_ ,—k
hy, = L—4_. (1.16)
qa—q

The quantum factorials and the quantum binomial coefficients are then introduced as
usual. The subscript g will be omitted if not necessary. The normalization is chosen
in such a way that (a;, ;) = 2 for the short roots.



Quantum Dressing Orbits on Compact Groups 101

Algebra U, g is a Hopf algebra with comultiplication

AH)=H;®1+1®H,,
+ + " (1.17)
AX) = X ®exp(hH,;/2) +exp(—hH,/2) ® X;
and antipode S
S(H)=—H;, SX ) =—-eXte ™, (1.18)

where 6 is the element of the Cartan subalgebra corresponding to the half-sum of
positive roots. For h € R, the Hopf algebra U, g admits the following *-structure

(H)*=H;,, XH'=XF. (1.19)

The resulting *-Hopf algebra can be also regarded as a deformation of the complexified
eneveloping algebra U(€) where € C g is the maximal compact subalgebra.

Without loss of generality we may restrict the values of ¢ € (0, 1). Letting ¢ = e ™"
we have a pairing between U, g and Jéq(K ) determined by the rules

(zy,c) = (z @y, Al)), (1.20a)

(z,cd) = (A(x),c®d), (1.20b)

(z*,¢) = (z,(S0™)", (1.20¢c)

and by the requirement that (H,,U), (X:*,U) coincide with the corresponding
matrices in the fundamental (vector) representation of the classical Lie algebra g.
Using the “restriction” homomorphism

Pr N G) = A (K),

between the Hopf algebras which is determined by p, (1) = U we have also a pairing
between U),g and J@g"l(G).
Let @, ,,:U,sl(2) — U,g denote the canonical embedding of si(2)-triple corre-

sponding to the i simple root. It is not hard to see that there are corresponding
embeddings of quantum groups ¢, ;,:SU, 2 — K, with g; = g for all simple roots

in the case of A, , and D,; ¢, =g, fori=1,...,n—1and q, = ¢* in the C,,
case and ¢; = g, fori =1, ..., n— 1 and q,, = ¢'/? in the B,, case. This means that
we have a morphism of x-Hopf algebras

Qi1 Ay (B) = A4, (SUQ)). (1.21)

2. Poisson Lie Structure on Simple Lie Groups

There is a wide literature about this topic going back to Drinfeld’s original treatment
[7]1 (we refer the interested reader for further details e.g. to [14,20]). In the context
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of the present paper, an important point of view is that one strengthening the role of
the Iwasawa decomposition [14]. Let

G=Kx AN, (2.1a)
gr =E@an, (2.1b)

be the Iwasawa decomposition of a connected simple complex Lie group and of
its Lie algebra g considered over reals, respectively. As usual, K is the maximal
compact subgroup and AN is the solvable subgroup in G. Having equipped gp with
the form {-,-) = Im B(-,-), where B is the Killing form on the complex algebra g,
one gets a Manin triple (gg, €, an). The subalgebras £ and an induce one on the other
one-cocycles

Bt —EAE, pyuyian—anAan.

On the other hand, these cocycles determine Poisson Lie structure on the groups
K and AN, respectively. But according to the following discussion, if we want to
turn GG also into a Poisson Lie group and the Iwasawa decomposition into a Poisson
diffeomorphism we have to take p 4, with the opposite sign and consequently to
change the sign at the Poisson bracket on AN.

We define a classical r-matrix 7 € gy A gy by

%ZYSAZS, (2.2)

where {Y,} and {Z,} are dual basis in an and €, respectively. The corresponding
one-cocycle p on gg,

f

(X)) = — ad(X)F, 23)

induces a Lie bracket on gp and a Poisson Lie structure on G. Having identified g
with g using the form (.,.) we have

gﬁg =t Gan 2.4)

as a direct sum of Lie algebras. The symbol £~ means that the Lie bracket in £ is
taken with the opposite sign. One can check without problems that

ple=px and plan=—p,y. (25)
An immediate consequence of (2.5) is
Proposition 3.1. The Iwasawa decomposition (2.1a) is a Poisson mapping.

Proof. 1t is not difficult to verify that a sufficient and necessary condition for a
subgroup H C G to be a Poisson subgroup is

u() CHAD (2.6)

(this criterion is different from that one given in [20, 14]). Hence K and AN are
Poisson subgroups in G, K x AN is a Poisson subgroup in G x G. As the multiplication
G x G — G is a Poisson mapping the same is true for the diffeomorphism
K x AN — G. QE.D.

Let us now compute the Poisson bracket on G explicitly. Generally it holds: if
some r-matrix is expressed as

TZZTini/\Xj

1<J
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and £/*(¢F) is the right-(left-)invariant vector field on G corresponding to X, then
{frgy = _riEl el gl fef-g—(f 9. 2.7)
1<)

It follows that if 7 is a complex representation of g and 7" the corresponding
holomorphic representation of G then

{TeT}=[rennTaTI, 2.8)
{T* ®T} = T @ 7)rTy, — Ty(r* @ 7)rT)* . (2.9)

In our case, we are able to express 7 using the Weyl generators in g(B(X,, X_,) =1,
(Xo, X_o1=H,)
F=Y GX NIX 53X, AX_ + X, NiX, +H, NiH,).  (2.10)
a>0

Note that the symbols i X, iH,, etc. are rigid in gg, i = (—1)!/2. Taking into account
that the element

SN X, 90X A+ X, ®X,+2H,®H,)
a>0

is ad(g)-invariant we obtain finally

{TeT}=ennTeT], (2.11)
{T*eT}=-T{ T @n)rT+ Tr@nrly, (2.12)
where
r=-2Yy X ,®X,+H,®H,)€g®g. (2.13)
a>0

It is useful to compare these relations with the correspondence rules relating the
classical case with the quantum one:

AZ)=Z®1+ 10 Z+i5huZ)+O0r?), (2.14a)
fg—gaf =ih{f,g} + 0", (2.14b)
R=1—ihr+O0h?. (2.14c)

The complex unit is here necessary to guarantee reality of the Poisson bracket. In fact,
the r-matrix (2.13) should be multiplied by some positive constant to meet the rules
(2.14). This is related with renormalization of the Killing form on g. The relation
(2.11) corresponds to (1.4), the quantum counterpart to (2.12) will be discussed later
(4.7b).

Because the projections

Ip:G— K and Il n:G— AN

induced by the Iwasawa decomposition are Poisson mappings the below defined left
action of AN on K and the right action of K on AN possess the same property:

L:AN x K - K,  L(u,g) = I, (ug), 2.15)
R:AN x K — AN,  R(u,g) = I ;5 (ug) . 2.16)
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These actions are called dressing transformations. The following “twisted multiplica-
tion” rule is clearly valid

L(u, g,9,) = L(u, g;) L(R(u, g,), g5) - (2.17)

According to [14,23], every symplectic leaf of the Poisson structure on K has
a form Xy, - t, where ¢ is an element of the maximal torus M in K and Xy, is
the Schubert cell corresponding to some element W of the Weyl group. In fact, Xy
coincides with the orbit in the dressing action containing . Perhaps this is the most
distinguishing property of the dressing transformation. Let now W = W W
be the reduced decomposmon of W, where W, is the Weyl element of the sl(2)—
triple corresponding to the i simple root. It is known that every symplectic leaf Xy,
decomposes as a direct product of symplectic leaves X w, >

J
Xy = XWZ] . .XW% , (2.18)

and that two different reduced decompositions of the same Weyl element give in the
above decomposition isomorphic symplectic manifolds.

Now we give a more detailed description of the symplectic manifolds X Wy Let
us begin with the simplest case of SU(2) Lie group. As is well known [28] in this
case this symplectic leaf is of the form

X - (A +22)"122 QA +z2)71/2
T\ -4z 4272z

and the Poisson bracket on this symplectic leaf is given by

) e SUQR);z € (C} (2.19)

{z,2} = 2i(1 + 22). (2.20)
The dressing transformation on the orbit X can be written explicitly,
L(u,z) = o’z — Ba, (2.21)

where u = (a 5_1) € AN.
0 «

In the general case [22] the symplectic leaf (2.18) can be described as a direct
product of k copies of the symplectic manifold X with k£ pairs of coordinates
(21,215 -+ 23, %), Where z; is the coordinate on XWJ, and with Poisson brackets

{zj, Z} = io,(1+2;2;) 6 (2.22)

where a; =2 for all j in the cases A, _; and D,, a; = 2 for WZ-J, corresponding to
the first n — 1 roots in the cases B,, and C,, and c; = 1 for the n™ root in the case
of B, and o, = 4 for the n'™ root in the case C,,. If ¢, denotes the group embedding

corresponding to the i simple root then we can write in matrix form
Xy =, (X)...0;, (X), (2.23)

where we assume that in the i™ term in the product z, stands instead of z.

3. Quantum Dressing Transformation

The basic notion we start from in this section is the quantum double. Its definition
goes back to Drinfel’d [7] and it was widely applied to quantum enveloping algebras
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[19]. An extensive study of related problems was given in [18]. Let us start from
the definition. Let %, be a *-Hopf algebra and (-,-):.4; ® .4, — C be the pairing
between .Z, and the dual vector space %, - %, is also equipped with a structure of
*-Hopf algebra following unambiguously from the rules

(wv, ) = (u® v, AC)), (3.1a)
(A(w),c® d) = (u,dc), (3.1b)
(Su,c) = (u,S7'¢), (3.1¢)
e(u) = (u, 1), (3.1d)
(1,¢) = e(c), (3.1¢)
(u*, c) = (u, (Sa)*)*. (3.1f)

The *-algebra & = %, ® %, can be turned into a x-Hopf algebra as follows. Let

0= 2,94, (3.2)

be the canonical element in .%4; ® .4, with {x,} and {a,} being dual basis in %,
and .%,, respectively. Utilizing the mapping

DA, Q Ay — AyR A, Dlcu)=ou®c)o”, (3.3)
one can define
A=(1d®2®id)(A.® A4,), (3.4)
E=¢,Q¢y, 3.5
S =P, S;®5)0. (3.6)

Here and everywhere in what follows P;; designates the permutation (flip) mapping
between the indicated factors in some tensor product.
The canonical element p is known to have properties [17]

0fo=00" =1, 3.7
Wd®S)e=0", (S,®ide" =0, (3.8)

and the mapping & fulfills the following important identities:
(6, ®1)P =i1d®e,;, (d®e)P=¢,Qid, (3.9)
(1d®P) (P ®id) ((dRA,) = (4, ®id) P, (3.10)
(@ ®id) (([dRP) (A, ®id) = (dRA,)P. (3.11)

Besides, one can define comultiplication also on &' = %, ® %, getting thus another
x-Hopf algebra,
A ={ded ' ®id) (4, A,). (3.12)

The mapping @ is then an isomorphism of *-Hopf algebras. Let us denote by
tity =L, gy — D

c c
the natural embeddings and by
P, =1dQe; Y — A4,
py=¢.Qid: Y — 7,
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the projections. The mappings ¢, ¢, are *-algebra morphisms and p,_, p, are *-Hopf
algebra morphisms. It holds

p.®@ppA=id, (p;®p)A=9. (3.13)

It is useful to observe that after the natural embedding of .Z_,®.-, into Lin(.%,) —
the space of linear operators on .4, — the *-Hopf algebra structure can be extended to
Lin(.#,). This enables one to avoid the difficulties with infinite series. The *-algebra
structure is defined by

m(A,B)y=m (A® B)A,, (3.14)

Afc=(AS0M*. (3.15)

To define the comultiplication embed Lin(./4,) ® Lin(.Z,) into Lin(.%, ® .Z_). Then
AA(1 ®c) = A (Ac), (3.16a)

AAc@ )= (18 cp)A(AG) (1 ®Sq), (3.16b)

where
(id®A)A.c= Z e ®c.

The left dressing transformation of .Z; on .Z, should be a x-algebra morphism
L2, — A4, 42,

with some additional properties. The notion of quantum left (right) action has now
stabilized in the literature [1]. The morphism L is required to satisfy

(e, @id) L =id, (3.17)
d®L)L =(A;®id) L. (3.18)

An important property of the classical dressing transformation is that it preserves
Poisson manifolds. This condition is reflected in the quantum case as follows. We say
that a two sided ideal 7 in %, is L-invariant if

LIy C 4,07 .

After identification of .4, ® (%./7) with 4, ® 4,/.%; ® 7 we have the factor
action

Analogy with the classical case suggests the following definition of quantum dressing
transformation
L=&,, ie, L)=ol®c)o". (3.19)

The following proposition is an immediate consequence of the identities (3.9), (3.10).

Proposition 3.1. The morphism L is a left quantum action. Every two-sided ideal
T C A, is L-invariant.

One can consider as well the dual action. Denoting by U, and U, the *-Hopf
algebras dual to ./Z, and .Z,, respectively, we have the dual morphism

LU,@U,—-U,.
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The conditions (3.17), (3.18) are then rewritten
Lae2) =12z, (3.19)
LEaLne 2)=LEn® 2). (3.20)

One can introduce analogously the right dressing transformation of . 7, on .7, as a
morphism
Ri=Qu0 4ty — ;. (3.21)

Note that the mapping ¢ can be rewritten as
D =(my@m)Pr(L®R). (3.22)
Using this relation and the identity (3.11) one can verify a quantum analogy of (2.17),
(dRADL = ((my@m )Py @id)(LR(RRId)L)A, . (3.23)
Its dual version is
Lidam,) =m (L @ L(R®id)) (Py(A, @ A,) 2id). (3.24)

Here we have not introduced special symbols for multiplication and comultiplication
in the dual Hopf algebra.

It is worth emphasizing that the requirement on the classical dressing transfor-
mation is stronger, namely the symplectic leaves should coincide with the dressing
orbits. The quantum analogy is more speculative in the present moment and we shall
discuss it shortly in Sect. 6 [after the relation (6.21)].

4. Quantum Double for Compact Groups

Let us now apply this general construction to quantum compact groups, .7, =

. /4(K). The dual quantum group was described in [17] on the base of the repre-
sentation theory. Here we prefer the approach exploiting existence of the quantum
R-matrix. Let U be the vector representation of K . The vector representation A of

the dual group AN contains generators of the algebra. 7, = .7 (AN) as its entries
and is determined by the relations

(AU, = Ry, (4.1a)
(AT U0,) = R, (4.1b)

In this way the pairing between . 7 (AN) and . 7, (K) is determined unambioguously.
For example, it holds: if (j,, ..., j,,. %, ..., k,,) is any permutation of (1,2, ..., N),
N = m + n, then

Ay Ay U U =T Rl

The product on the RHS is ordered: Rko ;, stands left to R, .~ whenever o = o',

v <v ore>o, v=1u Matrix A* of generators of .7, can be identified with the
matrix L~ of F-R-T [19].
Owing to the unitarity of U, the equation RU,U, = U,U, R is equivalent to

UfR™'U, = U,R7'U".

The Yang-Baxter equation (1.1) then implies
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Proposition 4.1. The *-Hopf algebra % (AN) is determined by the following rela-
tions:

RA A, = ALA R, (4.2a)
AJR™'A, = A,R7MAT, (4.2b)
and
AN = AgA, (4.3a)
Sy =A"", (4.3b)
e(A) =1, (4.3¢)
the matrix A is upper triangle, the diagonal elements mutually commute and
I 4. =1. 4.4
The key role plays
Proposition 4.2. It holds
0 A, ®U )" =X, 4,, U, (4.5)

forall j, k.
Proof. Rewrite (4.5) as

Q(ZaAok & Uja) = (ZaAjo ® Uok)g

and embed this time .%,®..Z, into Lin(_#,). The canonical element g then corresponds
to the identity and the elements o(u ® d) and (u ® d) o correspond to the mappings

¢ — ((([d®(u,-))Ac)d,

and
¢ — d(({u,-) ®id) Ac),

respectively. Thus (4.5) can be rewritten once more:

2,(d&(A,,, NA)T;, = Z,U, ({4

g~ o8

) ®id) Ac) (4.6)

Jo?

for all c € .,/Zq(K) and all j, s.
Clearly, (4.6) is valid for ¢ = 1. The relations (3.1b), (4.3a) imply that it holds

(d (A, NA(ed) = X,(1d (4, ) Alc) (d (4, ) Ad),
(4;,,) @id) Aled) = X, ((4,,,) ®id) A(c) ((4;,, ) ® id) A(d) .
It follows easily that the relation (4.6) is satisfied for cd provided it is satisfied both
for ¢ and d. We conclude that it is enough to verify (4.6) only for the generators of

the algebra ng(K ).
Letting ¢ = Uy, in (4.6) we get

20',1/<A U >Uk1/U

s C vt jo = 20,V<Ajcr’ Uk:u) UasUut .
But owing to (4.1a) this is equivalent to

U, U, Ry, = Ry'ULU, . QE.D.
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Corollary 4.3. The matrix T = Ug A with entries belonging to the quantum double
D(K) fulfills

RT\T, = T,T\R, (4.72)
TYR™'T, = LR™'TY, (4.79)

and
AT =T,T, (4.8a)
S(T)y=T"", (4.8b)
eT)=1. (4.8¢)

The same relations are also fulfilled by T' = AU in Z'(K).
Remark. The identity (4.5) means that
T =T . 4.9)

One can regard the -Hopf algebras . Z (K) and .Z,(AN) as being embeded into
% and omit the sign of tensor product. Then each element from J%q(K ) commutes
with any element from ng(AN ). The entries of the matrix T'= U/ generate some
x-subalgebra ¥ in & which is also sub-coalgebra owing to (4.8a). Let us now check
the relation between ¢ and &.

To meet this goal we shall need a version of the non-commutative Gram-Schmidt
orthogonalization process. Let us introduce the following property of completeness
of a x-algebra .Z:

(*) If some positive element u € % is represented by an invertible operator in all
x-representations of .Z then u is invertible in 7.

Lemma 4.4. Let .Z be a unital x-algebra having the property (x) and F be a matrix
from Mat(n) ® .4 having a left inversion. Denote by [, ..., f, the columns of F.
Then there exist orthogonal vectors gy, ..., g, from 42", gF - g; =0 fori # 4, and
matrices S® € Mat(n) ® 4, k = 1, ..., n, with units on the diagonal and with all
nondiagonal elements equal to zero possibly except SZ(?) , 1 <1< j <k, such that it
holds

F® = FS® = (g, ..., gy Fruts -1 f) -

Proof. The property () implies that if F' has a left inversion then the diagonal
elements of F*F are invertible. Taking into account this observation and noting
that matrices S of the described type are manifestly invertible we can find the
orthogonal vectors g; recursively:

m
G =11 Gmyt = Fongr — Z gk(g?i -gk)’l(gl‘ S - Q.E.D.

k=1
This orthogonalization process can be applied to the matrix 7" to decompose it into
orthogonal and upper triangle parts. It follows that if the algebra ¥ is completed by the
square roots of the positive invertible elements lying on the diagonal of (7™)*T)

we get the whole double Z(K).

Let us now extend the Hopf algebra JZZOI(G) to involve also quantum antiholomor-
phic functions on G. The resulting *-Hopf algebra J%q(G) is defined by the relations

valid for .%EOI(G) and, in addition, by the relation (4.7b). The dual *-Hopf algebra
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U, (gr) is a deformation of the enveloping algebra of the complexified Lie algebra
gp @ C. Its detailed description should be established but we shall not need it for
our purposes. Nevertheless, it must be again valid that to the i simple root there

corresponds an embedding
@, Up(slDg) — Uy (gr)

and that the ranges Ran(¢; ;) generate U, (gg).
Owing to Corollary 4.3 we have a morphism of x-Hopf algebras

ki 2 (G) — Y(K).

Proposition 4.5. The homomorphism k is injective.

Proof. 1t is sufficient to show that the dual morphism £ is surjective. Note that to the
i simple root there corresponds also a morphism & (K) — & (SU(2)). According
to the results of [17], ~ (SU(2)) can be identified with (more precisely, regarded as

a completion of) Y/Zq(SL(Z, C)). Thus we get a commutative diagram

AE) e (K
Pi.h

/(SI0,0) s /(SUQ)).

Considering now the dual diagram we see that Ran(#) contains Ran(¢, ;) for all ¢
and hence Ran(%) = U, (gp). Q.E.D.

According to this proposition, &/ (K) can be regarded as a completion of . Aq(G)
and the relation T' = U A replaces the Iwasawa decomposition in the quantum case.

Remark. We note that the relation (4.7b) entering the definition of . 7 (G) was
discovered rather recently [16,6]. Its classical counterpart is given by (2.12). What
we wanted here to demonstrate is that it follows in a straightforward manner from
the construction of the double group. Proposition 4.5 should be compared with results
of [6] where the dual *-Hopf algebra to . %q(G’) [defined by relations (4.7a,b)] was
constructed. This is in fact the quantum enveloping algebra of g denoted by U, (gp)
above. The resulting algebra can be easily recognized as the dual *-Hopf algebra
& (K)* to the quantum double & (K). Following general ideas of F-R-T [8], ¢/ (K)*
is constructed again as a quantum double,

Y =, Zq(K)* ®. 7 (AN)*,

now with trivial comultiplication and twisted multiplication. & (K)* @ & (K) pos-
sesses a universal element ./". With a knowledge of fundemental representation 7 of
7 (K)* such that

(r®id).7 =T,

one could reduce the Iwasawa decomposition of 7" to the factorization problem valid
generally in any quantum double.
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5. Quantum Leaf on SU,(2)

The first step is to introduce a quantum counterpart to the Poisson leaf X (2.19),
(2.20) on SU(2). This quantum group is generated by four generators,

a b
U= (—q_lb* a*) , q€(0,1), (5.1
satisfying relations

ab=gba, ab*=qb*a, " =0b"b,

5.2
aa®* —a*a = (q_2 —1)b*b, aa® +bb* =1. ©2)

In the classical case the coordinate z on X is equal to —U,,/U,;. The quantum leaf
should be described as a factor algebra V’@q(SU (2))/.7,, such that the image of the
element b is invertible (possibly after some completion). Set

z=0""a. (5.3)

The elements z and z* generate the *-algebra of quantum functions on the leaf and,
as an easy computation shows, satisfy the relation

1+ 22% = ¢72(1 + 2*2). (5.4)

More formally, denote by .4 the factor algebra of the algebra of formal power series in
two non-commuting variables z, z* by the relation (5.4). The “restriction” morphism
of x-algebras

(. :(/gq(SU(2)) — %
is defined by

Yyla) = (142257122, (5.52)
P, = (1 + 227172, (5.5b)
The kernel
T, = Ker(¢,,)

is a two-sided ideal in qu(SU ).
It is possible to introduce differential calculus on % determined by the rules
0,z=1+ qzzé‘z , 3zz* = qzz*ﬁz ,
0,2 =q %20, 0,2 =1+¢%%0,,

z

(5.6)

and consequently,
0,0, = ¢°0,0, . (5.7

Owing to (5.4), every element f from . can be normally ordered,

F=Y3" fu5, fec.

This enables one to define a functional €, on %,

€u(f) = foo- (5.8
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Differential operators of finite order with constant coefficients form the dual vector
space .%"; the pairing between %" and % is defined by (£ € 2, f € %)

<§af> =6w(£f), (59)
particularly,
(L f)=eu().
One can easily check that
. L -
(@508, 2") = g2 Mk 6y (5.10)

{8F87} ;& could be chosen for a basis in .2".
The pairing induces a coalgebra structure on 2" via

(AQ), feg) =& fg). (5.11)

To describe the comultiplication explicitly we have to order normally the monomials
2*(2*)7. Put here and everywhere in what follows

A=qg—-q L. (5.12)

Lemma 5.1. It holds

_ . min(j,k) N ) _\)® STAPAT
Ry = g2k Z g 3 s+ D+G+RIs (=) U1 k]!

pore [s]! [j— sl [k —s]!
x (z¥) 82k (5.13)
Proposition 5.2. It holds

A(afaé)=zq_'3(s+”([$.) ZZ[ ] { }

s=0 =0 v=0

« qu(k~u)—cr(j—0)—2(j—U+S)Vazv+sag ® af—”ag_(ﬂ_s , (5.14)
Particularly,
o
n(=A)°
Ay = 2o 5 w0y (>-15)
; [s]!

The next task is to compute the dual coalgebra morphism
P, 2 — U, (sl(2)).
Lemma 5.3. It holds

J
(004, (1 —a2"2)7") = 797V (jI*e? / [Ta -2 -1,

=1
where x is a complex parameter.
Proof. Start from

= (0701,(1 —zz*2)(1 — z2%2)7")

= <A(8§8§), (1—zz*2) @0 —2z"2)71),
and then apply Proposition 5.2 and relation (5.10). Q.E.D.
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Lemma 5.4. It holds

)" = Z ¢V Y @M@ - DN ETY
k>0 k,;>0
ki+..+kj=n—j

Proof. Introduce complex functions

J
Fy(z) = 1/H(1 — 2@ % - 1)).
1=1

Then by Lemma 5.3,

d

Jad Kok
(azazv(z z) > q (k — j)! dak—

F](O)‘ Q.E.D.
Now we are able to order normally the elements 1, (a), ww(a)* and v, (b) =

1,,(b)* on the base of the following

Lemma 5.5. It holds

1] -]

(%Y 2. (5.16)

i 3
(42572 =143 (- 1pg?”

J=1

Proof. Using Lemma 5.4 and the identity

=S () ()

n=0
we find that
1+ =1+ Z g b ( - 4—1) C,(*Y4,
7=1
where

> IN" /2n+2j _ _
o= (-3) (1Y) T T v - e
k>0 k;>0
k‘1+...+k]=n

With the help of the interpolation formula

:iy ﬁ - for s=0,1,...,5—1,

1=1 = yl - yV
i

T T
PLNISN

one is able to simplify (5.17) to get

7 7
C; = 4900+ H(l — Y H(1 —¢*. Q.E.D.
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Corollary 5.6. It holds

k—1
(@108, U) = (—1)4" k11 11 BM} (l O)’

=0

Y akak+ly 77 k+k kﬂll, 0 0
(P, @55, Uy = (=D q 2k + 11 [ |5 +i o 1) (5.18)

=0
s 0 g
Y gk ok _ k 3k -
<U7w(dzaz‘)»L7> _(_1) qz [k]' I:[O !:‘i +Z} (—l 0) )
and all remaining values (1, (0*0L), U) other than listed in (5.18) vanish.

Corollary 5.6 is still unsatisfactory for we want to identify the images '@,w(aﬁ %)
with some elements from the quantum enveloping algebra. Let us note that in the
fundamental representation we are working with it holds

(H,U}z(é _?) <X+,U>:<3 é) (X‘,U):(? 8)

Set
yiE = pthH2 5 (5.19)
Lemma 5.7. It holds
G (@) = (g 7’“”“*”(Y*MU,(l), (5.20a)
1, (05) = . "R, (). (5.200)

Proof. We shall prove (5.20a), the second relation can be shown analogously.
Equation (5.20a) means that

k3 kQk+D)

<qz)ur(0§)7 Ul 7L> - ( 1)
for all n and arbitrary k. Clearly,

YU UG, (DU, LU, (5.21)

n
YU U= T®. ®I®Y+@6/IH§?}...®6}LH,

where Y and H on the RHS should be replaced by their representative in the
fundamental representation.

We proceed by induction in n. The equality (5.21) with n = 1 follows from
Corollary 5.6. To perform the induction step 7 — n -+ 1 we take into account the fact
that @w is a coalgebra morphism and apply the identity (5.15) and a particular case
of (5.14), namely

o k
~Lss —A)° v . . .
A =3 g A s [k} grETITIS @ 9F g (5.02)

!
s=0 [S]. v=0 v
Thus we are able to compute

(€.U. UnUn+l> = (4. V..U, ® Un+l>
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with ¢ = J)w((‘?f) and £ = ’l])w(l) and verify consequently the identity (5.21) also
with n replaced by n 4 1. We omit remaining calculations which are straightforward
though a bit tedious and only note that the following identity turns out to be helpful

b —ks+lsz+s k s 1 k
2 s — =
S g A [8] [] [2+z] ¢*. QED. (5.23)

s=0 1=0

6. Quantum Orbit Related to Quantum Weyl Element

Now we are able to state a relation to the quantum Weyl element which was introduced
in [11] and [13]. Below we follow notation of the paper [11]. Complete U, (sl(2))
with an element W unambiguously determined by the relations

. 0 q
(W,U) = (_1 0) , 6.1)
and 5 L 5
AW)=R,WeW, (6.2)
where
> > ls(s+1) A® —\s s
Rn—g(ﬁ e (6.3)
The quantum Weyl element is defined by
W =exp ( - % Hz) W (6.4)
and fulfills
AW)=RE W W, (6.5)
where L
RY, :exp(— —2—H®H> Rlz (6.6)
is the universal R-matrix.
Proposition 6.1.. It holds
¥, =W. 6.7)

Proof. 1t is enough to apply Lemma 5.7 to the identitiy (5.15) and the result compare
with (6.2). Q.E.D.

The morphism Jjw can be computed also in the general case.
Proposition 6.2. It holds

min(j, k)

. . 1 L o im Al
9561) = (— 1)k 5 kQ@E+D+5 j s(s—g—k—1) L7}
), (050%) = (=g ; q AT
s hH _ . —2(s—7) ) .
< H= I (%) Yy ©6.8)

r=]
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Proof. We start from the equation
My (05) = 9, (A8Y) .
The LHS can be computed with the help of the relation (5.20a) and Proposition 6.1.
1 ok 1 s
— (_1\k 3 kCE+D 5 sGe+rvtk—) A° Tk
LS = (-1 S 3 = [k
5=0 v=0
% (Y+)I/+SW ® euhH<y+)k~u(Y~)sW .

To get the RHS we apply (5.22) and again (5.20a, b)

2 Lkl A Tk o
RHS = Z Z(_l)uqz + k+2 [S_]' l:y:l (Y+)”+SW®ww(85_”8§).
s=0 v=0 '

For the elements (Y ), j = 0,1,2, ..., are linearly independent in U,(sl(2)) and
W is invertible, one can compare the first multipliers in the tensor product to get

o L=+l o (=N)° k (c—s)k,, -
— 2 2 o—s $—0 98
17> g [S O}q 0,y (027°03)

" [s]! —
_ Z q% S(S-H)—(S—o)2 [2‘]9' [S —If U:| q(s-o)ke(k+0~s)hH(Y+)s—0'(y—)sW ,

where k — v = s — 0 and max(0, 0) < s < k + 0. Summing both sides

t
Z g DRyt [Iﬂ x LHS, (resp. RHS,)
k=0

and using the identity
t
k|t k o _
Z(_l)t k [k] I: } q(t 71— Dk =q t6jt, (6.9)
k=0 J

( m] is assumed to be equal to zero if m > n> and a quantum version of the
binomial theorem we obtain the desired result. Q.E.D.
Corollary 6.3. The morphism &w is injective.

Denote by U, (sl(2)) the completion of the quantum enveloping algebra by the
Weyl element. Then the range

7 = Ran(i),)
is a sub-coalgebra in U, (s((2)). Clearly,
fez, iff (& f)=0 forall £€.7). (6.10)

As the morphism zﬁw is injective and ‘/%q(SU (2))/7, is naturally embedded into .%
the pairing between .2" and LﬁZq(SU (2))/.7,, is nondegenerate. In this sense .% can
be regarded as a completion of ng(SU @n/7,.
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It is possible to describe the left dressing transformation on % explicitly. Let

A:(O‘ ﬁ) (6.11)

0 a!

be the fundamental representation of (/éq(AN ). The generators fulfill

045=Qﬁ04> aﬂ* :q_lﬂ*aa a* =,

(8,85 1=0-¢g)(?-ad). 12
The relation (4.5) means that
ola®a)o* =a®a—q 'BRb, (6.132)
oa®b™)o* =o' @b, (6.13b)
oBRa+a ' @b =p®d* +a®b, (6.13¢)
o~ 'B®b+a ®@a") o =o' ®a". (6.13d)

If
L, % — A(AN)® %

is the factor action then from (6.13a,b) and (5.3) it easily follows that
L,(2)=a’®z—fa®1. (6.14)

One can also check by a direct computation that the elements L, (z), L,,(2)* satisfy
(5.4).

Next we want to discuss briefly in what sense the quantum leaf can be regarded as
a quantum dressing orbit. To this end we introduce the dual dressing transformation

L :Up(an) @ 2" — 2.
The *-Hopf algebra U, (an) is dual to L/{ﬁq(AN ), coincides with %q(SU (2)) as a
coalgebra and is opposite to % (SU(2)) as a x-algebra. Redenote the generators of
A,(SU(2)) as follows: a as F, a® as F~, \"'q73/2b* as K+, ~A7'¢'/?bas K.
Then it holds F1/2
<Fi,A>:<Fi,A*>:<q 0 >’

0 gt/
. 0 1 T %
(K ,A):(O 0) (K, A*) =0, (6.15)
=0, A= (7).
10
further,
FYK* =gK*F*, F Kt=¢'K*F~, K'K =K KT,
FYF~ - ) gKtK- =1=F F* - Xq 'K*K~, (6.16)
(K:t)* — —q:FZK:F, (Fi)* — F:F,
and finally,

AKH =KEf@Fr +FFoKkt, AFYH=FraFt+ 2KFoK*. (6.17)
Lemma 6.4. It holds

1,212
LY(KH (K @1) = (=1y+7¢" 27 72" gv97 . (6.18)
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Proof. 1dentifying U, (an) with J%q(S U(2)) as a coalgebra we have, in view of (6.14),

(LYU,...U, ®1), V2 = (U, ... U, ©1,L,(z*Y L)
= (=1Y*"*(a,U,...U ) (", U,...U, )Y
x (B,U,...U,) (e, U, ..U N

Bearing in mind that the multiplication in J%q(SU (2)) is now taken in the reversed
order one easily finds that

(,U,..U)=e" g gt

n
BU,..U)=q 2 e Mg @ehilg X~ g, g2,
=1

where H and X~ on the RHS should be replaced by their two-dimensional
representatives. As we are interested only in the values LY ((b*)b° ®1) it is enough to
compare the coefficients standing on both sides at the matrices X“!' ®. ..® X“", where
w, = £. This task reduces to some combinatorics utilizing commutation relations. We
again omit some tedious but straightforward computations and restrict ourselves only
to recalling a helpful identity

1 n(n—1) 22(1)
g > P =, (6.19)
TESH

where 2(7) designates the number of transpositions in permuation 7. Q.E.D.

Corollary 6.5. It holds 5
LYUyam)y @ W)= 7. (6.20)

Proof. By Lemma 6.4, LY (U, (an)®1) = .2". The result then follows from Proposition
6.1 and the commutative diagram

L
Up(an) @ .2 _ Z
id @ Jw  QED. 6.21)

Uy (an) ® U, (s1(2)) U, (s1(2)).
L

In the classical case, the set on the LHS in (6.20) involves in fact all differential
0 1
) O) € SU(2) and tangent
to the dressing orbit. As the orbit is real analytic and connected it is determined by
this set of differential operators unambiguously. On the other hand, the coalgebra .7’
determines the two-sided ideal .7, C kxéq(S U(2)) according to (6.10) and .7, is the
quantum counterpart to the Poisson leaf. Thus the relation (6.20) suggests a quantum
analogy to the most distinguishing property of the classical dressing transformation

according to which the dressing orbits coincide with the Poisson leaves.
We conclude this section with a short description of quantum leaves on a compact
group K, in the general case. Let us complete U, (g) by the quantum Weyl elements

operators of finite order evaluated at the point W =
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W, and Wi corresponding to the simple roots and, moreover, by the elements of the
maximal torus M C K in accordance with the rules

t,U)=t, (6.22)
At=t®t. (6.23)

To each t € M there corresponds a one-dimensional *-representation 7 of L/Zq(K ),
7(f) = (t, f). Denote by

A, :ng(K) — Jéq(K) ®...® Z,(K) (n copies)
a *-algebra morphism defined recursively,
A=id, 4, =>d®...0ide4)4,.

Then to each Weyl element with a reduced decomposition W = W; ... W, and to
each element ¢t € M there corresponds a quantum leaf

Lot :“%il ®...®%k (6.24)
with the “restriction” homomorphism
Yoy = Wy, ®...®1/)ik QT) Ay 2 (K) = Zyy (6.25)

where
Y =1y, © int (K —

(3

By the results of [11, 13], the image
YD =W, ... W, t € Uy(g) (6.26)

does not depend on the choice of reduced decomposition. The above papers also
provide communication relations between the quantum Weyl elements and the
generators of U, (g). This means, owing to Proposition 6.2, that we know the dual

coalgebra morphism ), explicitly.

7. Irreducible x-Representations for Algebras
of Quantum Functions on Compact Groups

The case of SU,(2) was originally investigated in the papers by Woronowicz [31] and
Vaksman and Soibel’man [28]. Particularly, it was found in [28] that every irreducible
x-representation of SU,_(2) is unitarily equivalent to one of the following two types
[recall the relations (5.1), (5.2)]:
(i) one-dimensional representations &,
(=, (B=0, ¢eR/2rZ. (7.1)
(ii) infinite-dimensional representations T, given in an orthonormal basis
n) = A-Ya™)"|0),
2 In) = 47110 a2
Al =01-¢)...(01—-q¢™), n=0,1,...,

by formulas
T,(@]0)=0, 7 (@n)=0-¢"" h-1), n=1,..,

. 7.3
7, ) = — "% ) 7
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Representations unitarily equivalent to those of (ii) also appeared in [9] in connection
with the Liouville model on lattice. Irreducible x-representations of SUq(S) were
investigated in [5] and generalization to the SU, ,(n) case by the Verma module
construction were given in [26]. A series of papers due to Soibel’man [22,23] and
Vaksman and Soibel’man [27] led to the following general results:

(i) Let 7 designate the representation given by (7.3) with ¢?¥ = —1 and set
m, = mo, ,. Every irreducible *-representation of a simple compact quantum group
is equivalent to

T =(7Ti1 ®®7r7’k: ®T)A]c+17 (74)

where 7 is some one-dimensional representation (all one-dimensional representations
are of the form 7:U — { with ¢ being an element of the maximal torus) and
W =W, ®...@W, is a reduced decomposition of some Weyl element.
Different reduced decompositions of the same Weyl element lead to equivalent
representations.

(ii) As it follows from the previous item and the description of symplectic leaves of
the corresponding Poisson Lie structure there is one-to-one correspondence between
symplectic leaves and irreducible *-representations.

As more times stressed by Vaksman and Soibel’man this situation is very similar
to the famous method of orbits (geometric quantization) due to Kirillov, Kostant, and
Souriau. Below we support this point of view by a impressively simple construction
utilizing differential geometry of the quantum leaf. Besides, in the next section we
present another construction, though leading to the same result, based on the so-called
Berezin’s quantization applied to the classical Poisson leaf.

We again start our description from the quantum leaf % on SU,(2) which was
introduced in Sect.5. To a complex variable 7 relate a quantum differential operator
Xn of infinite order,

[ee)
G-n 17
anzqz” T, 71.5)
poors K
and to a quantum function f € % relate a formal power series
Fy(m) = (X, f) € Clln]l. (7.6)

Provided this power series F';(7) is convergent it can be regarded as a holomorphic
function on the classical Poisson leaf X = C. In this way we get a vector space of
holomorphic functions on X. At the same time, it is a carrier space of a representation
7 of the algebra J??q(SU(Z)),

T()F; =Fy ;- 1.7

The representation 7 is well defined. Actually, the equality F'; = F, holds if and
only if
(0L, f)y = (8%, f') forallj.

But whenever this case happens then, owing to (5.14),

(04, 9,,(0) ) = (A0, b, (0 @ [)
:i —»s(s+1)( )\) Z': } —a(g—o‘)<8§807w (C)) <aj o+s f>
= (0L, ¥, f').
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Further, we introduce a scalar product,

(Fyn) | Fy(m) = (1, f*g) - (7.8)
Because of (5.15) and the relation

02, %) =", )"

we have

(Fy) | Fym) = (A0, [* @ g)
3 Tsts=3) (AT o ks
:SZ:(:)Q_ W(azf> <02,g>. 7.9

The RHS of (7.9) shows again that the result does not depend on the choice of f and
g. Let us recall that ¢ € (0,1) and so A = ¢ — ¢~ ' < 0. It follows that if the norm
|| £¢|| for a nonzero element f is finite then it is positive. Restricting the representation
7 to the Hilbert space consisting of holomorphic functions with finite norms we get
a x-representation:

(F(p) [ (@ Fym)) = (1, [, () g9) = (1, @, (") [ g)

= (m() Fpm) | Fym) - (7.10)
Set now ]
fn _ (15 n(n+l)A7_Lx(Z*)n c v
and
lvn(nqtl) —1
F.m= (X, f,)=¢ Al n=0,1,2,.... (7.11)

Then using Lemma 5.1 and the commutation relation
(1 + zz*)_l/2z* = qz*(l + zz*)_l/2

one can compute

) %rz(nH) — * _ -
(@) F, () = q* A I(Xn,z (14 2257125

n

Yo+ o " "

=" ATX L YT = (- ) E, . (T.12a)
lnn,

(@) B, ) = q2 "V AX (1 2272

n

1(71 1) — . n— n
= Al VAT G = (- @PF, ). (7.12b)
Jn(n 1)
T F, () = 2"

A (X, (1 + 227V F)m

%(TL Hn+2) , n n
=2 " A X G = R, ). (7.12¢)
Furthermore, we have
o (") = (1,25 =6 VTN ) = 6,07 AT (713)

and so (F),(17)),, is an orthonormal basis. Identifying F, with the vectors |n) in (7.2)
we get exactly the representation (7.3) with e'¥ = — 1.
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Having established the representation we can rewrite all the formulae only in
terms of holomorphic functions, i.e., without any reference to the quantum leaf. First,
introduce an operator L, depending on a positive parameter x by

L, F(n) = F(kn).

Then it is easy to verify that

m(a) = _l‘(Lq-l — Lq), (7.14a)
7

ma*) = qnL,, (7.14b)

m(b) = 7(b*) = qL,, . (7.14c)

To get a formula for the scalar product we express the reproducing kernel K (u,7)
corresponding to the basis (F,,) with the help of Euler identity (¢ € (0, 1)),

(u0)™
(1-g¢)...d-¢m

K(u,?) = Z FwF,w)* =1+ Z PECES)
n=1 n=1

(1 + ¢**up). (7.15)

s

k

I

On the other hand, an application of the Jackson’s g-integral yields the identity

S A [Ta+d =g oA - A (716
n=— oo k=n

In view of (7.9), we can write

27 oS
1
Wmaw=g/w/wmmmWHW%m (7.17)
0 0
where 1 = re’® and du(r) is a discrete measure on R*,
7'2 >
du(r)y = —— o(r —q™)dr. (7.18)
14172 it

The construction can be extended to a general quantum leaf £, in a straightfor-
ward manner. Now we set

X, =X, ®..0X, , (7.19)
where 7 = (7,, ..., n;,) are coordinates on the classical Poisson leaf X, = C*. If
f €L, ce 2,(K),1p, is replaced by ¢,,, and 7 by 7, then the relations (7.6),

(7.7), and (7.8) remain valid. Recalling the definition of the morphism 1),,, we have

th(C)Ff(’l?) = <X?71 Q... ®X,7k,(1/)“ ®... ®¢ik ® 1) Ay i(0) f)
= (71'1-1 ®...0m, ®T)Ak+1(C)Ff(77)~

This means that 7, decomposes into a direct product in accordance with (7.4).
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8. Quantization of Symplectic Leaves of the Poisson Lie Structure

Here again we can confine ourselves to the simplest case, i.e., to the leaf on the
group SU(2) which is described by a pair of complex variables (z, Z) and the Poisson
bracket (2.20). Traditionally, when a classical manifold is quantized (for a moment
we denote by f” an operator resulting from the quantization of a classical function
f) it is assumed that a relation between Poisson bracket and commutator of the form

", 9" = w{f,g}" (8.1)

is valid for functions f, g from some prefered set of functions on the classical phase
space. Here « is some nonzero real parameter playing the role of the Planck constant.
The classical limit is obtained as x — 0. In our case we assume as preferred functions
the coordinate variables z, Z and as a quantization rule we take the normal ordering.
It means that for an arbitrary monomial of the form z™z" we write

E"2MN = (™, 8.2

where we have used notation z" = ¢, 2" = (*. Having this rules in mind we get a
commutation relation for ¢ and ¢* in the form

[, ¢ =r0+(50). (8.3)

It is easy to recognize in (8.3) the commutation relation (5.4) for ¢ = (b*)'a
in which x = ¢~2 — 1. In analogy with the case of usual bosonic creation and
annihilation operators one can realize the representation space H for the irreducible

x-representation 7 (7.3) (e*? = —1) as a Hilbert space of analytic functions on the
complex plane. Expressing
w(a) = +¢CHTV, mh) =0+ (8.4)

we arrive again at the relations (7.14), (7.17). Such a realization is an analogue of
the Bargmann representation of the Fock space for usual bosonic operators [2]. Let
us stress also an analogy with Berezin’s quantization on Kahler manifolds [3, 15].

To proceed further in this analogy we recall the reproducing kernel defined by
(7.15). For F' € H we can write

F(z) = (K(z,) | F), 8.5)

where the variable z in K(Z,v) is assumed to be fixed. It can be easily seen that
the function @,(z) = K(z,7) belongs to H and from (7.17) it follows that a set
of these functions with v running over the whole complex plane constitutes an
overcomplete system of functions on H in the sense of Berezin [3]. In accordance with
basic requirements (continuity and completeness) of [12] they can be called coherent
states. It can be easily verified that these states are (unnormalized) eigenstates of the
operator ¢,

(Py(2) = 19(2) - (8.6)
In Dirac’s notation @ (z) = |v),
D+ 0™
=3 a2 2 n), 3.7)

F(z) = (2| F), (8.8)
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and the definition of inner product can be rewritten as a resolution of unity (understood
in a week sense)

o0

2
1:% /dqs/du(r)K(z,Z)“I@ (2. (8.9)
0 0

For later convenience we introduce a shorthanded notation for the inner product
(G| F) = I(G(z) F(2)). If we define according to Berezin [4] the covariant symbol
of a linear operator A on H as

Az, 5)= (2| A| 2)/{z| %), (8.10)

we get a one-to-one correspondence between the operators and their covariant symbols

(31,
(AF)(2) = I,(A(z,0) F(v) K(z, 7)), (8.11)

where A(z, 2) is defined by the analytic continuation of the covariant symbol. This
correspondence generalizes the normal ordering rule given by (8.2). If now A = A,-4,
we get for the covariant symbol of an operator A the following expression:

Az, 2) = I(A,(2,0) Ay, (v, ) K(2, D) K(v, 2) K(2,2) ). (8.12)

This formula can be used as a definition of the star product of two covariant symbols
(functions on classical phase space) and can be rewritten in the following interesting
form:

Az, 2) = (A, x Ay (2, 2)

= A1+ A+ 20007 (=14 L] 5), 2) Ay(2, D) (8.13)

v=z)

where the superscript in Lg_z refers to the variable in which the operator acts.
Expanding the right-hand side of the above equality in a Taylor series in h we see

that the correspondence principle in the form
{7} = lim /)1 (8.14)
holds. Let us remember also the formula for the trace of a bounded linear operator
TrA=1,(A(z2). (8.15)

Coherent states as introduced here can be interpreted in terms of quantum
differential operators in the following way. Let us consider a quantum differential
operator X, ; of infinite order

L O° W o
Xnézzqz [—k]—!maaé, n,0€C. (8.16)

=0

Particularly, X, given by (7.5) is simply X . Considering f € £ as an operator we
have owing to (5.10) and (8.6),
VARER?) _
o D)= T
If g € AN and g - 7 denotes the classical dressing action we can introduce thanks to
the correspondence between symbols and operators by formula

(T )Y, = (X5, 7o f) = (X gy 0o [) = Flgn, 97D (8.18)
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a mapping 7, 1% — £, Let us note that this mapping is not an algebra homomor-
phism. The reason is because the classical dressing action is not Hamiltonian.
Attempting a unified approach Berezin defined quantization of a symplectic
manifold (M,w) (w is the symplectic form on the manifold M) as an associative
algebra % with involution such that
(i) There is a family {.4, } of associative algebras with involution such that h € R,
and the algebra .Z consists of the functions

f:RT — #:h — f(h)

taking values in .7, (z?;’ = & Jégh>. The multiplication and involution in .7 are

heR*
connected with the multiplication and involution in %, in the usual way
(Frg(y=fhyxghy, () =(fB)*. (8.22)

The multiplication and involution in algebras .Z and .Z, are denoted by the same
symbols.

(ii) Correspondence principle. There exist an associative x-algebra homomorphism
o of % into the algebra C(M,C) of C' functions on M with standard operations of
addition and pointwise multiplication such that for g:h — g(h),

gh)y=h"Ufix = LB, alg) = {a(f),o(fy)} (8.23)

holds, L
a(f*y=0a(f), (8.24)

where the bar stands for complex conjugation and for any two points x, and z, in M
there is a function f(z) from o(.2) such that f(z,) # f(z,) [i.e., “f separates points
x,, T,"; there are enough classical observables in o(7) to distinguish states].
As a special quantization of (M,w) Berezin introduced a quantization with

additional properties
(iii) (1) ./, consists of C functions f(z), x € M.

(2) . consists of the functions f(h,x), where f(h,x) € ., for fixed h.

(3) Homomorphism o:.74 — C(M,C) is given by the classical limit

o(f) = lim f(h,z). (8.25)

As noticed by Berezin all known special quantizations have also following two
properties:

(iv) The algebra .Z contains a unity, which is a function f(h,z) = 1.

(v) The algebra .2, possesses a trace, which is given by

Tr f = c [ f@)du(a), (8.26)

with du(x) being some measure on M and ¢ some number factor.

Now from these definitions it is obvious that the correspondence between the
operators and their covariant symbols as described above fulfills all requirements
(1)—(v) for the special quantization of symplectic leaf X of the Poisson Lie structure
on SU(2). The situation is very similar to Berezin’s quantization for Kéhler manifolds
[3,15] where coherent states play also a prominent role as well as to the geometric
quantization on Kéhler manifolds described in [29, 25] where the representation space
is formed by polarized functions on classical phase space. In our case the dressing
transformation replaces the group of motions [3] from the former case.
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