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Abstract. In the current paper we study in more detail some properties of the
absolutely continuous invariant measures constructed in the course of the proof of
Jakobson’s Theorem. In particular, we show that the density of the invariant
measure is continuous at Misiurewicz points. From this we deduce that the
Lyapunov exponent is also continuous at these points (our considerations apply
just to the parameters constructed in the proof of Jakobson’s Theorem). Other
properties, like the positivity of the Lyapunov exponent, uniqueness of the abso-
lutely continuous invariant measure and exactness of the corresponding dynamical
system, are also proved.
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1. Introduction

In [11] one of the authors (M.R.) presented a new proof of the following result of
Jakobson [8]:

* This paper was written during the author’s stay at the IAS while supported by NSF grant
DMS-860 1978
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Theorem 1. Let f,(x) = 1 — ax?,0 < o < 2, be a one parameter family of mappings of
the unit interval. There is a positive measure set of those o that f, has an absolutely
continuous invariant measure (abbreviation: a.c.i.m.).

In the course of the proof a set A, of parameters & was constructed such that
for e A, there is an a.c.i.m. for f,.

When the present work was started, our main objective was to show the
continuity of the metric entropy, as a — 2. This naturally lead to studying continu-
ity of the invariant measures and spectrum of the Perron-Frobenius operator for
maps of class BV. In the present paper we also include a number of related results:

1. A direct, simple proof that for a e 4,, the Lyapunov exponent of f, is positive;
2. A proof that the density of the a.c.im. is an LP-function for pe[1, 2).

Throughout the paper we use the results of [11] quite extensively. Also, in the
part concerning BV class maps we refer the reader to [9] for an account of basic
facts about these maps.

Let us recall that in [11] A, was constructed through a limiting process. First,
for every nonnegative integer n we constructed a family of segments of,. The
segments of .7, . ; were constructed from the segments of o7, by making deletions.
The union of the segments of 7, was denoted by 4,. The set A, is simply the
intersection of all A,. Thus, for any «€ A, a number of objects was constructed:

1. A descending sequence of segments [ — 1,1] =1, >1; o 1I,...> {0}; these
segments depend on «;

2. A sequence of integers 1 =5y <s; <SS, < ... such that the mappings
Tow=fdI\l+1,k=0,1,2,... are uniformly expanding; the expansion con-
stants —» oo exponentially with k and uniformly in o; the numbers sq, Sy, . . ., S,
are the same for all « in the same segment J € .7,,.

The mapping T, was defined as T, ; on the domain of 7, , (i.e. on M, ; = I\I 1.
We proved that the mapping T, belongs to class BV, and therefore has an a.c.i.m.
(cf. [9]). In the sequel we will show that the invariant measure for T, is unique
among the absolutely continuous ones. Let us denote it by ¥,. Following the
original work of Jakobson, we define the a.c.i.m. v, for f, via the following formula:

© Ssp—1

Vo = Z Z (ﬂ)*(Va|1k\1k+1)~ (1)

n=0 j=0

This series defines an a.c.i.m. because the measure ¥, has a bounded density and the

series
feo)

z Sl i\ +1 | &)

k=0

converges (uniformly in «). Up to a normalizing constant, this is the only a.c.i.m. for
J= (this fact will be evident in the sequel).

In Sect. 5 we show that the density of ¥, depends continuously on « in
LP-topology for any p € [1, o0), as « converges to the so-called Misiurewicz points.
Subsequently, (in Sect. 6) we prove an analogous statement for the density of v, for
pe[1,2). Our results are, of course, limited to the points in A,
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A parameter o is called a Misiurewicz point if the set { f;'(0)},%, is at a positive
distance from the critical point 0. It is not difficult to show that Misiurewicz points
are dense in the set 4,,. They are also Lebesgue density points of the set A,.

Furthermore, we will show that the metric entropy which in this case equals the
Lyapunov exponent of the dynamical system (f,, v,) (¢ € A, ) is continuous at
Misiurewicz points. We also show that the dynamical system ( f,, v,) is exact. From
the results of Ledrappier [7] it follows that the natural extension of (f,,v,) is
Bernoulli. It shall be clear that the maps 7, have a uniformly exponential mixing
rate for all a€ A,,. An analogous statement for f, was recently proven by L.-S.
Young [12].

It is an open question whether for almost all « € 4,, the Lyapunov exponent
along the orbit of 1 is positive. Again, the answer is well known to be positive for
Misiurewicz points. Also, recently Carleson and Benedicks have shown that this is
the case for the set of parameters constructed in their version of the proof of
Jakobson’s theorem. It is also known that for all x € A.:

|(fZ) (1)] = const. 4™ )

for some A > 1, all nonnegative integers n and some positive y. We expect that
there is a nonempty set of measure 0 of these « € A,, such that the Lyapunov
exponent along the orbit of 1 is 0.

Our technique relies upon the possibility to estimate the non-peripheral spec-
trum of the Perron—Frobenius operator of piecewise expanding mappings of class
BV. Such estimates are directly connected with estimates of the rate of mixing and
continuity of the entropy, as it was explained in [10].

2. Mappings of Class BV

The class of mappings considered in [9] will be called class BV. Thus, a mapping
Tis of class BV if it maps I\S to I, where S is a closed set of measure 0; 7'is assumed
to be differentiable and the function.

1
g(X)= m, for XEI\S (4)

0, for xe S

satisfies Var(g) < oo and | g|. < 1. Let & be the measurable partition of I into the
components of I\S. By enlarging S we can achieve that T is monotonic on the
components of I\S, the iteration 7™ I\S, — I, where S, = U;.';O T79(S), is well
defined and the partitions

n—1
&=\ T7(¢) )
i=0
make sense. The function

gn=(geT"" ") ... (goT)yg (6)

plays the role of g for the iteration. As it was shown in [9], Var(g,) < oo,
lgullo = llgll% < 1. So T™ is also of class BV.
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The Perron-Frobenius operator for a BV map 7T is an operator
P: L'(m) —» L'(m) defined as usual by the following formula:

Po(x) = T;( )g(y)¢>(y) : ™

P can also be considered as an operator on the space BV of functions of bounded
variation with the norm:

¢ llsy = max([|¢|.:, Var(¢)) . ®)

It will also be useful to denote by BV, the space of those ¢ € BV which have zero
integral. The following fundamental theorem was proved in [9]:

Theorem 2. There are constants A, B, k € (0, 1) such that for any ¢ € BV:
Var(P"¢) < Ax" Var(¢) + B[ ¢ s )
forn=1,2....

From [9] it follows that the constants A4, B, k can be obtained if a finite partition
{ and an integer n are given, so that numbers A, and D, (defined below) satisfy the
following inequalities:

def
A = llgnllw + max Var,g, <1, (10)
A€l
def
D, = max Var(g,)/|A| < o . (11)
A€l

The above formulas are important to us because we will find the partition
{ independent of « such that both of the above constants are uniformly bounded for
all x € A,. As a consequence, the constants 4, B, k can also be chosen uniformly
with respect to a.

Theorem 3. There is p € (0, 1) and a constant C such that for any segment A < I and
NeZ":

Var,(g,) = C(p" + [4]) , (12)
where C and p do not depend on a.

Proof. This proof is in principle the proof of the existence of the a.cim. for T,
which was hinted at in Remark 5.1 of [11]. Therefore, we will just sketch some of
the steps, referring the reader to that paper.

Let 7 be the partition of I into segments of equal length d. Just for this proof, the
meaning of &, from [11] will be changed, to make the notation completely
analogous to the proof of Theorem 5.1 from that paper. Thus, let 7, denote the
partition £" restricted to 4 and let 7, be the partition generated by the following
inductive definition:

=T o) vEvm)=2Tl4, (13)

where £ =¢ v 7.
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() .
Let us introduce two sequences:

1
= 1 14
m= L ST (14)
m= ¥ s a i, (15)
" Jedd,, (l// )2

where ,, = T". We will derive estimates of (y,+1, #,+1) in terms of (y,, #,,) in a way
analogous to the proof of Theorem 5 in [11].

Forany Je o/,,Penand ke Z" we set J,(P) = T~ 1(J) n M, n P. We notice
that for any J € &7, we have

< sup| Ty~ Lsup [y, 7t (16)
WYneal — Ji(P)

Let ky € Z ., be such that (cf. formula (5.10) of [11])

sup

Y sup|Tgl ' =40t 17)

k2ki

Let us choose d small enough, so that for every P € = one of the two cases holds:
either 1) P < I;, or 2) P intersects not more than two of the sets M,. We obtain:

su <245t sup — (18)
;Jk(ghﬁwﬂ ° Jk(P)|‘/’n|

where J(P) =y, *(P)nJ. We notice that ,(J(P)) + P for at most two Pem,
namely the ones that satisfy *) P n dy,(J) & 0. Summing up over these P we obtain

* 1
su <44, sup (19)
AT wn
The other Ps satisfy **) ,(J,(P)) = P and allow the estimate
: cuitaswp| L. Qo)
Jk(P) |¢n| N |Wn(J(P))| Un(J(P)) I'//n " J(P) (W) ’
So, we obtain
Z** sup—1—<2A*1< |J| +sup " |J|> (1)
er s et = 0 Wy
and, finally
-1
Yn+1§4A(;17)n+2A(;1’1n+ lAl . (22)
Next we intend to estimate #,.,. We have:
’/./+1 RS l// " \ " (T ) N A " (23)
Wn)?| = |T' | | = AeTo) ¥ A0 gl
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Therefore, we can write:

M1 S Y, Ax(Tw)lJ(P) + Ag M1, . (24)

J,k, P

Because of the obvious inequality

1
[Jk(P)| < sup —— [P M| (25)
Te@ [Vl

we obtain

7’n+1 §"Yn+/10_1?ln s (26)
where
r=supmax Y, A, (Tw)| PN M. (27
n Pen k

Reasoning as in the proof of Theorem 5 of [11] we obtain the inequality:

Voe1 SPv,+¢c n=1,2,3,...), (28)
where v, = (y,, 7,) € R? and ¢ e R? is a fixed vector satisfying the inequality:
lell < const. |A]. (29)
The matrix P is defined by the formula:
4451 2451
P= 3
[ N | (30)
where
r= 3 Aul(Tw)Ju(P). (31)
J,k, P

We need the spectral radius of P to be < 1. This can be achieved by decreasing d, if
Ao > 4. Otherwise we use the same argument as in the proof of Theorem 5 in [11].

We also see from the definition and the estimates in [11] that v, is uniformly
bounded in «. M

As a corollary we obtain that if { is a sufficiently fine partition into segments
then the numbers 4, and D, are uniformly bounded for all x € 4.

3. Annihilating Segments

The purpose of this section is to introduce a condition which guarantees that the
Perron—Frobenius operator of a BV map restricted to BV, is a contraction. From
the previous work on BV maps in [9] it is clear that this condition is equivalent to
the weak mixing property for the resulting dynamical system, if the invariant
measure is the unique a.c.i.m. However, we will need more concrete conditions
which assure that the contraction is uniform for all maps T,, € A,,.

Let T be any BV map.
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Definition 1. Let ¢ > 0. A segment K, < I is called an e-annihilating segment if and
for sufficiently large 1€ Z . there are C > 0,6 > 0 such that for any segment K of
length > ¢ there is B e &' and a subsegment L = B such that:

1. TL)=Kq and L = B c K;
2. |L| = ¢

3. WP o
inf; g,

In the next section we will show that the existence of an ¢-annihilating segment
for sufficiently small ¢ implies that the operator P: BV, — BV, is a contraction.
Moreover, the contraction constant can be estimated in terms of the constants that
have already been introduced.

In this section we will concentrate on the proof of the following result:

Theorem 4. For every ¢ > 0 and for sufficiently small o > 0 the map T = T, (i.e. for
o = 2) the segment Ky = [ — o, 0] is e-annihilating.

. 2 . .
Proof. Step 1. We change the coordinates, using the map @:xr—»; arcsin(x). It is

well known that the map h = ®o f, o ® ! is actually the map h: x+ 1 — 2|x|. For
o = 2 the sequence of segments I, becomes [ — 37" 37"]. Let us consider the

sequence I, = &~ 1(I,) = l: — sin(% 3'">, sin <g 3"”>]. Let U be the map defined

def
tobe h"*!,on M, = I)\I,+,(n=0,1,2,...). It is not difficult to see that

1. U|M,, has slope + 2"+1;
2. |I,| ~ const.37" for large n;
3.U=@oTod 1,

Step 2. Let £ be the partition into the components of all the sets M;. We shall prove
that for sufficiently large n there is L = Ky, L = Be &", such that K, = U"(L).
Moreover, there is my such that for every m = m, there is a segment L < M,, and
n ~ const.m such that U"(L) = K,. Indeed, there is a sequence of preimages K; of
K under A monotonically converging to — 1, all contained in M{ (where U = h),
of length ~ K,/2' and distant from — 1by ~ 1/2. The image U(M,,) is a segment
of length ~ 2™const.3 ™™ and its distance from — 1is ~ (2/3)". It is clear now that
for sufficiently large [ there is m such that U'*1(M,,) = h'U(M,,) o K, provided
Ko =[ — 0, 0] is short enough.

To prove the first of our claims it is sufficient to choose [; and [, so that [; + 1
and [, + 1 are relatively prime and the corresponding I,,, = K, (j = 1, 2). Every
sufficiently large n admits a representation n = p,(l; + 1) + p,(l, + 1), where
P1, p2 are positive integers. Now using the representation U™ = (U" * 1)Pro (U2 *1)p2
we can easily find the desired segment L.

Step 3. Suppose that K is a segment of length > ¢. Let K' = @(K). Thereise; > 0
independent of K such that | K’| > &;. We inductively define a sequence of segments
W, by requiring that W, = K', | W,| > ¢,/4 and dist(W;, 0) = &,/4. For n > 0 we
define W, to be the longest of the segments UM; W, _;) for k=0,1,.... We
claim that for some n < const.log(1/¢,) the segment W, contains a component of
M,,, where m is sufficiently large and fixed. Indeed, if W, does not contain
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a component of M,,, then W, is either contained in I\I,,,, or in I,,. Let m be
a number so that

m+1 1 0 1

0=max<z ?,z?) (32)
k=1 k=m

is strictly less than 1. It is not difficult to prove by induction that for each n we have

| W, 1| = 07| W,]. Indeed, suppose that, on the contrary, for each k the length of

U(M;n W,) has length <60~ !|W,|. We can write the following sequence of
inequalities:

1
IM:Zf\VVnI<§m9_1|WnI (k=0,1,..)). (33)
In the case when W, < I\I,,.; we sum up these inequalities for k =0,1,..., m

and get a contradicion | W,| < |W,|. In the case when W, = I,, we sum up these
inequalities for k =m,m + 1, ... and get the same contradiction. The inductive
proof has been completed.

The inequality |W, .| = 6~ |W,| persists as long as W, does not contain
a component of M,,. Therefore, n < const.log(1/¢,) and this proves the claim.

For sufficiently large m the argument in Step 2 yields a subsegment L’ and an
iteration number [ such that UY(L') = K. Let L = ®(L'). It is easy to see that this
segment has the desired properties. Bounded distortion (condition 3 of Definition
1) follows from the fact that none of the segments ¥, can be too close to 0 and the
fact that Ty, has bounded distortion (uniformly with respect to o). W

Remark 1.

1. It is clear from the construction and the properties of T, that K, is an
e-annihilating segment for all « € 4, N [2 — w, 2] for sufficiently small w. More-
over, for fixed ¢ and sufficiently large [ the choice of the constants 6 and C can be
uniform for all parameters from [2 — w, 2].
2. The density of v, is bounded away from 0 on [ f,(1), 1] = [1 — «, 1]. To see that,
let K be an e-annihilating segment of T, and S < K be an arbitrary non-empty
subinterval. From uniqueness of a.c.i.m. for T, it follows that

) _ - ~1 m(S)

V.(8)= > m(T,"S)=2m(T,'S) = 6C~ ' ——— = const.m(S) ,

nz0 m(K)

where const. is positive and independent of S. It follows that the density of ¥, is
bounded away from 0 on K. The f, forward images of the annihilating segment
cover [ f,(1), 1] by the proof of the last theorem.

3. The condition of exactness for f (or any piecewise monotonic mappings of an
interval preserving an absolutely continuous invariant measure) is equivalent to
the following: For every non-empty interval B

lim v(f*(B))=1. (34)
It is clear that if A = [ — g, o] then f"(A) covers the set [ f(1), 1] (the support of v)
in a finite number of steps (if f = f, and o € 4,). Thus (34) is true for A. Now, the
general statement follows from Theorem 4 and Definition 1.
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Illldeed, let B be an arbitrary segment of positive length and let ¢ be such
that the segment A is |B|/2-annihilating. Then for sufficiently large [ there is
a segment B’ < B such that T"(B’) = A and T' is monotonic on B'. Also, there
exists m such that T'(B) = f™(B'). Let r be such that f"(4) = [ f(1),1]. Thus,
f™*9(B") = [ f(1), 1], which means that v(f™*"(B)) = 1.

4. Non-Peripheral Spectrum of the P-F Operator

This section is crucial for the entire paper. Its goal is to estimate the spectral radius
of the P-F operator P: BV, » BV, of a BV class mapping 7. It was known (cf.
[9, 6]) that this operator is a contraction, provided that the system possesses
mixing property. However, the work prior to this paper does not provide an
estimate for the contraction coeflicient. It is apparent from the sequel that the need
for such an estimate appears naturally in the problem of continuity of the metric
entropy. A similar, simpler method was used in [10] to show continuity of the
metric entropy for expanding mappings with respect to the unique absolutely
continuous invariant measure.

For mappings of class BV the most important assumption we had to make is
that the map has an annihilating segment (cf. Sect. 3). One can view the existence of
an e-annihilating segment as a way to quantitatively express the fact that the
system has topological mixing. It is described quantitatively as a choice of con-
stants 0, [ and C for an arbitrary ¢ > 0.

Another ingredient we need in this section is the basic inequality:

Var(P"¢) < A" Var(¢) + Bl ¢ .1 - (33)

The way to compute the constants A, B and x for any BV class map has been
described in Sect. 2.

Theorem 5. The operator P: BV, — BV, is a contraction in a suitable norm equiva-
lent to the norm of BV,. Moreover, there are constants D < 1 and € Z such that
| P!y, < D. These constants admit upper bounds depending on A, B, C, 6 computed
for some fixed ¢, which will be described later.

Proof. Let us fix le Z . as in the annihilating segment condition for some suffi-
ciently small ¢ (described later) and y > 0, R > 0. Let us consider a new norm on
BV, described by the following equation:

¢l = max(Var(¢), Rl ¢ [1) - (36)
For any ¢ € BV, let us consider the following two cases:
Case 1. Var(¢) = y| ¢]l.:. In this case the basic inequality yields
Var(P'¢) < (Ax' + Bfy)Var(¢),
R|[P'¢l < Rl < (R/y) Var(9) . (37)
So,
IP'¢| < max(Ax' + B/y, R ¢ . (38)
If B/y < 1,R/y < 1 and [ is sufficiently large, the norm of ¢ is contracted.
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Case 2. Var(¢) < y| ¢ |L:. Let Ko be an annihilating segment. We may assume
that ||¢ |1 = 1 and obviously [¢.dm = [p_dm = 1/2 (¢ € BV,).
Let 2, = {xeI: ¢ +(x) = 1/4}. We claim that m(X;) = 1/(4y). Indeed,

[ edm<im@)+im\Z).  (9)
APt 4

1
21
Hence, we can write

(40)

EAI,

1 1
ym(Zy) ZE—Z’"(I\ZH 2

This implies that m(2,) = 1/(4y).

Our next claim is that there are at least 1/(4ye) disjoint segments of length
¢ which contain a point of X;. The proof is obvious.

We also observe that there are at most 8y disjoint segments such that on each
of these segments the variation of ¢ exceeds 1/8. Suppose that ¢ < 1/(32y?).
This implies that 8y < 1/(4ye) and there is a segment K of length ¢ such that
infgp, = 1/8. Consequently, there is a subsegment L, = K, L, = Be &, such
that:

1. T(L4) = Ko;

2. supy, gi/infy, g: < C;
3.infy, ¢, 2 1/8;

4. |L,| = 0.

In a similar way we define a segment L _. It is not difficult to notice that || P*||.: < 1,
due to the fact that the segments L, and L_ meet after  iterations and some part of
the measure ¢m will be “annihilated.” A more precise estimate yields

1
|Pgls1—5C"6. (41)
Indeed, we always have | P'¢| < P'|¢| and because of cancellations, on K, we have:

1
|P'¢| < P'l¢] —2 min<infgz¢+,infgz¢~> < Pl¢l - Zmin<infgz, infgz> - (42

L. L. L, L

Integrating these inequalities we obtain:

1 .. .
IP'plls < Nl — 2 m(K o) min (mfgz, mfgz) ; (43)
L, L_
and since
. _ _ m(Li) _ 5
infg;=2C tsupg;=C1 >C! , 44
L EC PNt k)= K @
(41) follows. The basic ineqality yields
Var(P'¢) < (4x'y + B)|| ¢l < ((4x'y + B)/R) 4] , (45)
and by (41) we get:
C™'s Ax'y + B
IP'$] < max<1 - ——%—) 11 (46)
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The codclusion for Cases 1 and 2 is that if B/y < 1, R/y < 1, B/R < 1, and l is
sufficiently large then P'is a contraction with respect to the norm | *|. All other
claims follow easily, and the details are left to the reader. W

5. Continuity of the Invariant Density I

Let us recall that P, (the Perron-Frobenius operator of 7,) is a bounded operator
either in L!-topology or BV-topology. But it is not true that P, depends continu-
ously on « in either topology. The density p, of the a.c.im. in an eigenvector of
P, corresponding to the eigenvalue 1. We are going to show that p, varies
continuously in L?-topology for any p € [1, o).

Proposition 1. As o — 2, we have P, — P, in L(BV,, LP)-topology for any p € [1, o).
More precisely, if o, f € J € o, then

|Pgdp — PypllL» < const.(|S,|° | — al''P + [S},| ") Var(¢) (47)
where wq, W, are positive constants.

Proof. We can write:
Pa¢ = Z Pa,k(¢) > (48)
k=0

where

0 outside of T, (M, )

_ 49
(d)ga,k)oTa,kl on Ta,k(Ma,k) . ( )

Pa,kd):{

We have an obvious estimate
[ Poic® |, < SUp ga,i SUp || < const.Ag* Var(¢) . (50)

So the norms in L(BV,, LP)-topology decay exponentially, uniformly in « € 4. To
show continuity we need to prove that for each k “the difference” P, , — Py is
small in L(BV,, LF)-topology, when |o — B| is small and o, f € J € .o/, for suf-
ficiently large n.

Let K be a maximal subsegment of M, , contained in the domain of the map
Hy =Tg'oT, and My, for all p e[o, f]. Since Supp(|P, ¢ — Py o)) =
Tor(My ) Ty k(Mg ) for p € [1, 2) we can write:

_“Pa,k(ﬁ — Py iplf = f [P, dl” + f [Pg®|” + f [Py — Pg i@l
1 St S2 S3

+ j |Py @ — Pp i ®I”,
T.(K)

where
St = T 1Mo i \(Tp, k(M) U To(K))
Sy = Ty k(Mg )\(T5, 1 (M, 1) 0 T,(K)), and
S3 = (To, (M, 1) 0 T k(M i)\ To(K) .
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Noting that | P, s — Py x¢|? < 2P (| Py x¢|” + |Pp,x$|?) on S; and changing vari-
ables of integration, we get:

fIPykd — Py 1P < 227 tsup | 1P(I1 M, \K | + |M g\ Hyp(K)|)
+ sup [ @ |P(| Mo,k \H o (Mg, )| + | Mg i \H,p(M,, 1))

+ j |ga,k¢—(gﬂ,k¢)oHaﬂ|poTa—1
T, (K)

< 45up| QP (1M, \K| + [My,\H,p(K)])
+ [1¢ — (¢ °Hyp) Hypl?|gl"™ . (1
K

The last term of this inequality can be estimated using the following

Lemma 1. Suppose that H: [a, b] — [c,d] is a homeomorphism and ¢: R - R is
a function with bounded variation on a segment U containing both [a, b] and [c, d].
Then

| 1¢ —¢oHP < dist(id, H™")Varf(¢) . (52)

[a, b]

Proof. Just in this proof let u be a measure on U such that ¢(x) — ¢(y) = :d,u(t)
forany x,ye U, x <'y.
First, in view of the fact that p = 1 we have the following obvious inequality:

() — S(HX))I” < |¢(x) — p(H(x))| * Varf™ ' (¢)

< Varh"l(g) | du.

[x, H (x)]

Integration of this inequality over [a, b] (with respect to the Lebesgue measure and
change of variables yield the following:

[ 1¢0) — p(HX)Pdx < Varg~'(¢) | [ dpdx

[a, b] [a,b] [x, H(x)]

SVarg Y ¢) [ | dxdu

Ult,H-1(1)]

< Varf~(¢) | dist(id, H™ ")dp
U

= dist(id, H™ ') Var}(¢) .

This concludes the proof. W

Therefore the last term of the inequality (51) admits the estimate:
J1¢ = (¢° Hyup) Hogl? < 277" Var?(¢) dist(Hy,, id)
K

+ 2771 sup || dist’(H,y, 1) (53)
for pe (1, 2).
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Note that the ends of M, , are Lipschitz with respect to « and let L be
0
the Lipschitz constant. Since E(T‘;’ #)= —6(T,,) the ends of H,z(K) move

with speed not exceeding supg ey, p1|0(7p,x)l. It follows that dist(0K, OM, ;) <
(L + sup|6(Tp,))IB — al.
It is also easy to see that dist(H,s, id) < const.sup|6(Tp )| |f — «|. Moreover,

0
op

Combining these estimates with inequalities (3.18) in [11] we can easily complete
the proof. Indeed,

IPekd — Ppid e < const.|Sg[* o — BI''? Var(¢) , (55)

where wy > 0 is some constant. So, we can write:

10g|Ha/zp| = (| T1'3| ’Aﬁx(T[},k) + Axx(Tﬂ,k)a(T;i,k)I)oHaﬂ . (54)

I P, — Py llLvo,Lry < comst. o — BI'/P 3" [Sp* + comst. ) [Si|™*, (56)
k<n k>n
where w; > 0 is determined by (50), and, using the fact that |S;| £ A ®~"|S,| for
k <n and |S;| = A5™"|S,| for k > n, bring the last expression to the form in the
statement of the proposition. W

Theorem 6. If o is a Misiurewicz point then there exists w, > 0 such that for any
¢ eBVyand e A, we have:

Py — Ppp oo < const.|o — B|”* Var(¢) . (7)

Proof. From construction of 4, in [11] it follows that for a Misiurewicz
point « there is J € 4, which contains o and f for any n < const. log(1/|e — B]°?).
We can also prove that |[S,| = A", where A > 1 (for Misiurewicz points the
sequence s, grows linearly). Therefore, we can pick n in such a fashion
that |S,| < const.|a — |9 < |S,+1]. We immediately notice that |S;|=
const. |a — B|~“2. Plugging these inequalities into the inequality from the last
proposition, one can easily show the desired inequality. W

We will need the following well-known fact:

Lemma 2. The norm of P in LP-topology does not exceed | P* |~ 1.
Proof. The proof is based on Jensen’s inequality and we leave it to the reader. W

Corollary 1. If sup,|[P"l|l, < oo then the operators P" have uniformly bounded
norms in L? topology for p e [1, oo ].

Let p, be the density of ¥, (the unique a.c.i.m. for T;). We set out now to prove
the following

Theorem 7. The function A3+ p, € LP(m) is continuous at Misiurewicz points.
Moreover, for every p e[1, o) there is a constant w, > 0 such that if o€ A, is
a Misiurewicz point then:

lp — ppllLe < const.fo — B (58)
forall e A, .
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Proof. This proof incorporates the same ideas as a corresponding proofin [10]. Let
h = p, — pg, so that p, = ps + h. Rewriting the equation P,(ps + h) = p; + h, we
obtain:

(U= P)h=u= (P,— Py)py . (59)

One can easily see that u € BV, and is uniformly bounded (i.e. Var(u) is uniformly
bounded with respect to « € A, ). This follows from the uniform basic inequality

(see Sect. 2).
Therefore, we can write the von Neumann series expressing 4 in terms of u:

h= ) Pilu. (60)
We can estimat the LP-norm of & by splitting the series into a finite part and the tail:

N ©
Ihlle < 3 IPZle+ Y, [IPYLe
n=0

n=N+1
[29)
<const.Nlull,r+ Y const.A"|ulgy,
n=N+1

< const.N | ul|p» + const. AN . (61)

From the definition and the previous theorem we known that [u|p <
const.|a — B]°2. Using an optimal choice of N, we arrive at the desired inequal-
ity. H

6. Continuity of the Invariant Density TI

Let p, be the density of the invariant measure v, ( f,-invariant). It is not difficult to
show that this density admits the following representation in terms of the invariant
density p,, which has been proved to be continuous at Misiurewicz points:

M8

sn—1
Pu= Z Pa,n,j > (62)
n=0 j=0

where
Pa j -1 j
°(f/|My,n)”" on f/(M,,,)

Pamj = (fy 63
’ 0 otherwise ) 63)

The first result we intend to prove in this section was announced in [11] and is
analogous to a result proved in [1].

Proposition 2. The series (62) converges in LP-topology uniformly with respect to
ae Ay for all pe[l,2).
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Proof. We may assume that j = 1; the case j = 0 is easy. By changing coordinates
we can easily show that

(L oMy tdm = [Py
rica | (F7Y ' o YIPE

Let [ € Z be such that s, >j =2 5,-;. Let i = 5; — j. From our definitions it follows
that S, = fiofi=1 1 < n and i < s;,. Therefore the chain rule yields:

. - inf|S;| _ inf|S}] _ [Ao\
Iy = - = == .

In particular, infy. [( f7~')| = const. (we recall that f was a small constant, so that
Ao > 4%). Therefore, on M, , we have |(f7)'| = const.|x|. This implies that

m . (64)

| pal” dm 2-
—————dm =< const. —— < const. |[,|*7 7. (66)
MI Iyt M{,"IXI” !
The last number converges to 0 exponentially uniformly in o € A,,, as was shown in
[11]. Therefore, the infinite series (62) can be majorized in LP-topology by the
exponentially convergent series:

e o)

PRI A (67)

n=0
(We recall that s, < fn?/2). R

Our next objective is to show that g, is continuous at Misiurewicz points. It is
clear that in order to prove this it suffices to show that each term of the series (62) is
continuous in LP-topology for p e [1, 2).

For this part of the proof it will be convenient to fix n and j and introduce the
following notation: T, = f/|M, ,, 9, = M,_, for domain of T,, #, = T,(2,), and
H,; = Tj "o T,. Let us also denote p, , ; by o,. In this simplified notation we can
write:

Pa
O‘u = l T; I
0 otherwise

°oT,;! on %,

(68)

Our goal is to estimate || 6, — g || .» for two close parameters « and fand p € [1, 2).
This estimate is somewhat similar to the estimate of the previous section.

Let K be the maximal segment contained in all the segments 2, 2,
N H,5(2,) for every f € [a, f]. We can write

[log— aglPdm = | lo,—oplPdm+ [ |o,— opPdm . (69)
I (@0 AN\T.(K) T,(K)
We have:
lo, — op|P dm = | |G, |P dm
(@0 R\Ta(K) RNy 0 TI\(K))
+ j loglP dm + f |o, — agl?

2\ T.(K)) (R R\T . (K)



232 M. Rychlik and E. Sorets

1
- dm + sup|ps|? ———dm
ong | TulP™1 ’ gf\,(lw :

_ [pal? [pgl?
1
)] < | |T;I"“dm+ [} ——IT;I"‘ldm

2. \K 25\K

< suplp,l? |

1
< const. 2"<sup|pa|"j ———dm + sup|pg|” | _p—ldm>
a0k 1% ank | X|

< const. (sup|p, [°|Z,\K |* 7 + sup | p; "I Z\K |* 7). (70)

Meanwhile,

a OHa Halz P

— P —
5 Iaa Gﬂl - |T;lp—1

T,(K) K

. — p — pgoHyyl?
= 3p_1<j“l)Tf|p/iﬁ1l dm + | 25— bs° ol
K a

- kP

|1 — Hyl?
p ___d
+ sup | pgl [j( T m

—1f 1Pa = ppl? |Pp = ppoHapl”
1
< const.3? (1{ T dm +j P |p :

|1 — Hgpl”
+sup|p,;|";f(—lxlp—_fdm . (71)

The terms of the last formula can be estimated as follows. Let us pick positive
numbers ¢ and r such that 1/g+ 1/r =1 and (p — 1)r < 1. Then by Holder’s
inequality

1/q Lr
Ilpa—pﬁl"IXIl_"drn§<§Ipa—ppl‘”‘> <IIXI‘1‘””> , (72)
K K K

1/q 1/r
Ilpa—pﬁOHapl"MP"’dmé(fIpa—ppoHapI”"dm> <I|x|‘1“’”) , (73)
K K K

1/q 1/r
f1 —Hé;zl"IXIl_"dmé(fll—H;pl‘"‘dm> <IIXI“_”)’> , (74)
K K K
and
1/r IKIl/r—(p—l)
x| -pr < 75
(i‘ | > =T —rp— )" 3)

We notice that if p is close to 2 then r has to be close to 1 and g has to be very large.
Therefore, we need the L? estimates of the previous section with large p.
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Lemma 3.: The following inequalities are true:

§ 1pg — ppo Hopl?dm < dist(id, Hy,)| By
K

1 — Hepl? 2
e U et S S (TP (D) + A DISD) Pl — Bl
K @ B'ela, Bl
dist(id, Hg,) < sup|6(T)| | — B . (76)

It is clear now that we need estimates for 6(7), 4,.(T), and 4,,(7).
Lemma 4. For any p e [1, o) there is w > 0 such that
O(T), 45:(T), 4;x(T) < const.|S,|” . (77

Proof. The proof follows from the possibility to represent f/|M,, , for j < s, (j = 1)
as a composition:

fj'Ma,n = Tls,ao e le,aOSlx,ao(flMaz,n) P (78)

where the first s expanding maps form a f-homogeneous sequence in the terminol-
ogy of [11]. The proof of this lemma is then completely similar to the proof of
Lemma 3.1 and Theorem 3.4 of [11]. W

Combining all the estimates of this section we obtain

Theorem 8. For every p € [1, 2) there are positive constants wg, ws such that for any
Misiurewicz point o and € A,, we have

Pu.nj — Ppon,jlle < comst.|a — B[MP|S,]*, (79)
| pe — PpllLr < const.jo — B . (80)

Remark 2. Our estimates allow us to prove contmulty (but not Hoélder continuity)
of p, at the points o € A,, = A,,. Construction of A, is very similar to that of A,;

at the n'™ stage, instead of deleting only ¥, ([ — A™V", A7V"]) we also delete

arbitrarily small neighborhoods (e.g. ~ A~¥") of the endpoints of 1, . It is easy to
see that m(4,,) > 0, and continuity follows from the fact that |o — ﬁ | < ¢ implies
that«, f € J € o, for some n = n(e), which tends to co when ¢ — 0. As in the case of
A4, Misiurewicz points are dense and they are Lebesgue density points of 4.

Remark 3. The proofs presented here apply to A, built near the special
Misiurewicz point o = 2. A complete proof for other Misiurewicz points requires
additional constructions.

7. Continuity of the Lyapunov Exponent

Let us recall the Rokhlin formula for the Lyapunov exponent,

Lyapunov exponent of f, = h, = [ log|f;|dv, (81)
I



234 M. Rychlik and E. Sorets

converges uniformly. As a consequence of our estimates of the continuity of the
invariant density the Lyapunov exponent is continuous at the Misiurewicz points
o close to 2.

Theorem 9. The Lyapunov exponent of f,, as « -2 and a € A, tends to log 2.
Moreover, there is a constant w >0 such that if I', is the Lyapunov exponent
computed for the parameter o. € A,, and B is a Misiurewicz point sufficiently close to
2 then

|I'y — I'y| < const.|a — B (82)

Proof. The formula (81) yields an explicit expression for the Lyapunov exponent of
f, in terms of the invariant measure.
A simple calculation shows that

o
T,— Ty =[log|x|(p — pg)dm + logﬁ . (83)
I

By the Hdlder inequality for p = 3/2 we obtain the following inequality:

1/3
[log |x|(ps — pp)dm(x)| < <§(10g |x|)3dX> 1P = Dl - (84)
1 I

As a result, if § is a Misiurewicz point near 2 then we can apply the results of Sect.
6 to obtain the last statement of our theorem. W

8. Appendix A: The Measure of the Central Segment

The objective of this appendix is to estimate v(C), where C = ( — 9, y).

Lemma 5. The density of f{(V|M,,,,), which we called p, , j,forje {1,2,...,s, — 1}

admits the estimate

|x — i)
Iy

Proof. As we have shown already, the map f/~*|M, , has bounded distortion.

Moreover, the density of the measure f, (V| M, ,) is bounded by const.|x — 1|~ /2,
From the formula (62) for p, we know that the density p,,,, ; can be bounded by

const. |1 — f U~ D(x)|~1/2

|Prun ()] < const. (85)

[VARI0)] 9
Also, because of the bounded distortion,
1 —f79" D)~ |x = OO
This yields the desired estimate. W
Proposition 3. Let C = ( — v, y). Then:
[v(C) — #(C)| £ const. y'oesto/f 87

where B has the same meaning as in (78).
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Proof. From the definitions and the previous lemma it follows that

0 sp—1

vO) =90 =) ) { Pa.n,j Am

n=0 j=1 Cn fI(M, n)

0 sp—1 j 1/2

[Cnf(M,,n)l
< const. — o1

B ngo j; Iy (@)
It is easy to see from the definitions of [11] that for j<s,— 1 we have

fiM,,,) 0 I, = 0, where | = max,, <, k(m). Also we have

[I;| = const.|S{(1)| 7% = 4~ vdeeSt > g4~wbn (89)

Therefore, for n < (1/2zf) log(1/y) we have f/(M,,,) » C = 0. Hence, for sufficiently
small y we have the following estimate:

(88)

sn—1 j 1/2
_ |/ (a,n)l
[W(C) — #(C)| < const. A A
ng(l/ZrZﬂ)log(l/y) ji=1 I(fj 1) (1)|1/2

We have an easy estimate |f/(I, ,)| < const.|(f/~ 1) (1)||I,,,/*> Combining this
with previous inequality, we obtain:

(90)

[v(C) — ¥(C)| < const. ) Br?| Ly,

nz (1/27p)log(1/y)
< const. Aa(l/ﬁ)log(l/y)

log Ao

=const.y B . 91)

This concludes the proof. W

9. Appendix B: Positivity of the Lyapunov Exponent

There is a very short self-contained proof of the fact that for the parameters o € A4,
the Lyapunov exponent is positive for f,(x) = 1 — ax?. One has to assume that the
measure v is obtained from v, as described above.

The properties below which follow from the construction will be useful:

1. sy Sconst.k?(k=1).
2. |I| £ const.A* for some 4 € (0, 1).
3T 24> 1.

We define functions ¢(x) =log|7T'(x)] and n(x)=s,, as xel\I+,
(k=0,1,2,...). To compute the Lyapunov exponent for f, we consider:
$(x) +¢(Ix) +  + (T x)

n(x) + n(Tx) + -+ n(T" " 'x) ©2)

This number is
1
N log [(£YY (%), 93)

where N is the denominator of Eq. (92). Hence taking [ — oo in (92) yields the
Lyapunov exponent of f, for v-almost every x. We can rewrite (92) as follows:
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1 - ;
72 #(T')
T (94)
72i=0n(T'x)

The last limit exists for v-almost every x by the Ergodic Theorem, applied to (7, ).
The limit is positive, provided that the denominator does not blow up to co. This is
true if jl n(x)dv(x) < oo. But using Properties 1-3 we can see that

[n(x)dv(x) < const.<1 + ), kz/l"> < . 95)
I k=1
More precisely, Lyapunov exponent = logA/fn(x)dﬁ(x). We would like to empha-
size that this inequality holds for the Lyapunov exponent computed at v-almost
every point. It is also true for almost every point with respect to v, since the support
of v is the union of f,-forward images of the support of .

From the previous sections it follows that the measure v is unique (up to
a constant) and that the support of v is the segment [ f,(1), 1]. Each point of I or its
image belongs to this interval, so the Lyapunov exponent exists for almost every
point in I. Because v is unique, it is ergodic. This implies that the Lyapunov
exponent is a well-defined constant, depending on « € 4, only.

Acknowledgements. We would like to express our gratitude to T. Spencer for suggesting the
problem of continuity of entropy as a research topic. We would also like to thank the Institute for
Advanced Study, Courant Institute of Mathematical Sciences, and the National Science Founda-
tion for funding this research.

References

—_

. Benedicks, M., Carleson, L.: On iterations of 1-ax? on ( — 1, 1). Ann. Math. (2) 122 (1), 1-25 (1985)
2. Bowen, R.: Equilibrium States and the Ergodic Theory of Anosov Diffecomorphisms. Lecture
Notes in Mathematics, vol. 470, Berlin, Heidelberg, New York: Springer-Verlag 1975

3. Hofbauer, F., Keller, G.: Ergodic properties of invariant measures for piecewise monotonic
transformations. Math. Z. 180, 119-140 (1982)

4. Krzyzewski, K., Szlenk, W.: On invariant measures for expanding differentiable mappings.
Studia Math. 23, 83-92 (1969)

5. Krzyzewski, K.: On connection between expanding mappings and Markov chains. Bull. Acad.
Pol. Sci. Ser. Math., vol. 19, 291-293 (1971)

6. Keller, G.: On the Rate of Convergence to Equilibrium in One-Dimensional Systems.
Commun. Math. Phys. 96, 181-193 (1984)

7. Ledrappier, F.: Some properties of absolutely continuous measures on an interval. Ergodic
Theory Dyn. Syst. 1, 77-93 (1981)

8. Jakobson, M.V.: Absolutely continuous invariant measures for one-parameter families of
one-dimensional maps. Commun. Math. Phys. 81, 39-88 (1981)

9. Rychlik, M.: Bounded variation and invariant measures. Studia Math. t. 76, 69—80 (1983)
10. Rychlik, M.: Regularity of the Metric Entropy for Expanding Maps. Preprint, IAS, 1988
11. Rychlik, M.: Another proof of Jakobson’s theorem and related results. Engrdic Theory Dyn.

Syst. 8, 93-109 (1988)
12. Young, L.-S.: Decay of Correlations for Certain Quadratic Maps. Preprint, UCLA, 1991
13. Ziemian, K.: Almost sure invariance principle for some maps of an interval. Engrdic Theory
Dyn. Syst. 5, 625-640 (1985)

Communicated by J.-P. Eckmann





