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Abstract. We obtain the induced action I'[h, b] for chiral W, gravity in the c— + o0
limit from the induced action of a gauged SI(3, R) Wess-Zumino-Witten model by
imposing constraints on the currents of the latter. In the process we find a closed
gauge algebra for the gauge sector of Wj gravity in which the currents T and W
become auxiliary fields. An explicit realization of T and W in terms of the gauge
fields is given. In terms of new fields r and s, which are a generalization of
Polyakov’s f variable for ordinary gravity, the complete induced action
I'[h,b; c— + 0] becomes local.

1. Introduction

Gravity in two dimensions has been extensively studied. Surprisingly, it was found
that in the weakly coupled regime (c <1), three equivalent descriptions exist for
d =2 gravity. There is the direct approach which starts from the induced action for
d=2 gravity:

= (a2 1
F=g5ed xyg[RDR+A]. (1.1)
This action has been studied both in the conformal gauge, where it reduces to the
Liouville action, and in the light cone gauge where it becomes the Polyakov action
[1]. In both cases Eq. (1.1) becomes local.

An alternative approach relies on a discretization of the two-dimensional space
and leads to the study of matrix models. A third formulation of d =2 gravity theory
is through a topological quantum field theory.
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In two dimensions, there exist higher spin extensions of gravity. These theories
are based upon an algebra which is of W type. Reviews of the recent activity in this
field, which so far mainly focussed on the classical theory, can be found in [2]. In
this paper, we focus on quantum W; gravity in the chiral light cone gauge, with
gaugefields h_ _ and b_ _ _. Our main result, which we present in Sect. 4, will be an
all order result for the induced action of W; gravity, which is exact in the limit of
large ¢. We will derive this action by using the hidden Si(3,R) symmetry in the
theory.

Before we come to this, we will first, in this introductory section, review some
algebraic aspects of classical and quantum gravity theories and indicate how they
generalize to the case of d=2 W, gravity. In Sect. 2, we will then review the
treatment of d=2 induced gravity as a reduced SI(2,R) Wess-Zumino-Witten
(WZW) model. In Sect. 3, we discuss induced W, gravity, both for infinite and for
finite central charge c. After the presentation of our main results in Sect. 4, we will,
in Sect. 5, discuss some ideas about the geometry of W; gravity, which we base on a
“W, superspace.” We will also comment on the construction of the covariant
induced action and on the description of Wj gravity coupled to minimal W, matter
systems through matrix models and topological quantum field theories.

The results of this paper for the induced action of quantum W; gravity extend
the results of [3], where the lowest terms (through 3-loop, but without restricting c
to be large) of the induced action were computed explicitly. We will argue that the
full effective action, which includes the effects of fluctuations in the quantum fields
h__ and b___, is obtained from the action constructed in this paper, by
renormalizing some constants, which are the level k=c/24+ ... of the SI(3,R)
algebra and z-factors for the fields h__ and b___ (see [4], for a detailed
discussion).

Let us now briefly elucidate the algebraic structure underlying classical and
quantum (induced) gravity. The general starting point is the construction of a
gauge theory for some algebra, which is then supplied with constraints on the
curvatures. One uses here the observation that a general coordinate transforma-
tion on a gauge field can be written as a field dependent gauge transformation
modulo terms proportional to the Yang-Mills curvature. Indeed, consider an
infinitesimal general coordinate transformation with parameter £, on a gauge
field A:

OgetA,=¢"0,4,+0,8"A,
=0,(¢-A)+[E-A4,4]+8R,,. (1.2)

By putting certain curvature tensors to zero, general coordinate transformations
become equal to gauge transformations [5]. In gravity one puts the curvature
tensors corresponding to the translations (which are among the gauge trans-
formations) to zero. This has two implications:

i) The spin connection (the gauge field associated with local Lorentz trans-
formations) can be solved in terms of the vielbeins (the gauge fields associated
with translations).

ii) Local translations are identified with general coordinate transformations.

In the two-dimensional case one starts with the group SI(2,R) with its Lie
algebra generated by T, and T,

[To, Tj:] = iZTi s

[Ty, T_1=AT,, (13
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where 4 is a real constant. For A—0, this algebra reduces the Poincaré algebra in
two dimensions, ISO(2). The gauge fields A* and A° transform as usual

SA* =dn* +2n°A* F2n* A°,

1.4)
SA=dn°+inTA™—In A",
and one has the curvature tensors
RE=dATF24°A A%,
1.5)

R°=dA°—JA* AA™.

According to the previous discussion, one now puts R*=0 and solves this
constraint for A°. The resulting theory describes an anti-De Sitter gravity theory
with zweibeins 4*. One could wonder whether an additional constraint R°=0
(constant Riemann curvature) makes sense. This condition is dynamical and can
be viewed as the equation of motion for the effective gravity theory. Indeed,
parametrizing the zweibeins as

At =e?*(dz+h__dz), A =e*(dZ+h,.dz), (1.6)
one finds that in the chiral gauge, h, ., =0 and ¢, =¢_ =0, the constraint is
0%h_ _ = —2J and in the conformal gauge, ¢, =¢_ and h_ _=h, . =0, one gets

009 = Aexp(2¢). One sees that in the conformal gauge, one obtains the Liouville
equation, which is indeed the equation of motion for the induced action of d=2
gravity. The interpretation in the chiral gauge is not completely clear. Upon taking
an extra derivative one obtains 8h_ _ =0, which is indeed the equation of motion
of the induced gravity theory in the chiral gauge. (Use Eq. (2.24) and the on-
shell condition #=0.)

In[6, 7], it was shown that gauge fixing the symmetries generated by T, and T
by putting A2=0 and A = constant, results in the fact that 4, can be viewed as
the light-cone component h_ _ of the metric. Surprisingly, A, transforms then as
the effective energy-momentum tensor under the remaining 7_ transformation.
Two of the curvature constraints turn out to be algebraic again, while the third one
reproduces the Ward identity of induced gravity. Starting from the observation
that the curvature constraints can be seen as the Ward identities for a gauged
Wess-Zumino-Witten theory in the light-cone gauge, one can solve the gravita-
tional Ward identity (i.e. construct the induced action) using the known induced
action of the gauged Wess-Zumino-Witten model. This will be shown in the next
section. Though at first this looks rather arbitrary, a more systematic derivation
can be given along the lines of [6], by starting from an SI(2,R) Chern-Simons
theory in 2+ 1 dimensions.

Finally, let us give some comments on the situation for W; gravity [2]. The
quantum W, algebra [8] is generated by {L,, W,; m,ne Z} with commutation
relations:

[Lm’ Ln] - m(m )5m +n,0 + (m - n)Lm +n>
[Lm9 W/;l] (2m - n) Wm +n>
[Wm’ VVn] = m(m - 1)(m - 4)6m+n 0

1.7)
360
+(m—n) {:—5(m+n+3)(m+n+2)— %(m+2)(n+2)} L,

+ﬁ(m_n)Am+n’
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where
16
b=555e (18)
and
A,= Y L, ,L;: —%(m+3)(m+2)L,,,, (1.9)
neZ

and the normal ordering prescription is given by
:L,L,:=L,L, if m=-2
=L,L, if m>-2. (1.10)

As can be seen from Eq.(1.7), the novel feature of W type algebras is the
appearance of composite terms at the right-hand side of the commutators. The W;
transformations globally defined on the sphere are w={L., Lo, Wy ,, Wy, W,}.
From Eq. (1.7) it follows that, due to the presence of the non-linear terms, these
generators do not form a subalgebra. One might expect that in the c— oo (classical)
limit, the W, algebra linearizes. However, the relation

(Lo BA] = (3m—n)BApysnt —(m® —m)Lp s, (1.11)

5"
shows that simply dropping the nonlinear terms in the limit c—» oo is not a
consistent procedure. Nevertheless, the previous equation (takem= +1 and m=0)
does imply that only in the subalgebra w, the non-linear terms can consistently be
put to zero. The resulting algebra, which can be seen as the on-shell version of the
projective subalgebra, is isomorphic to su(2,1). Indeed identifying

1 1 1

1~ -
= Wot5Lo, T=—;WotsL,
1 _ 1 -
Tiy=+ =Wz +Lzy), T =F —=We—Lgy), (1.12)
8 /8
1.~
Tis= Wz,

where
W=1/—10W, (1.13)

one finds that {T}, T5, Ty, Ty, T3} satisfy the SI(3,R) commutation rules.
Taking into account the factors i in Eq. (1.13), one has that over R, the algebra
{Li,Lo, Wy ,, Wyy, Wy} is isomorphic to SU(2, 1).

The previous analysis suggests a natural generalization of the Poincaré algebra
to the W, case. For pure gravity, {L_,,L_,, Ly— L,} (the unbarred generators are
left movers while the barred generators are right movers, left and right movers
mutually commute) generate the Poincaré algebra, which, as we mentioned above,
is a contraction of SI(2, R). For W, it is natural to define as a Poincaré-like algebra,
the algebra generated by {L,— Ly, Wo— Wy, L_,L_,W_,,W_,W_,, W_,}. This
algebra is precisely the contraction of the Si(3,R) algebra used by Li in [9].
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As such, it is to be expected that Si(3, R) will play a role in W;-gravity, similar to
the role played by SI(2, R) in d =2 gravity. This connection will be made precise in
Sect. 4, where we will show how the W, gravity Ward identities (in the chiral gauge)
arise from the SI(3, R) structure. The covariant formulation of induced W; gravity
will be treated elsewhere [10].

2. Gauged Wess-Zumino-Witten Models

In this section we review some basic results on WZW models [11, 12]. As an
application we shall rederive the effective action for induced gravity from an
SI(2,R) theory (see also [13, 14]).

An affine Lie algebra is determined by the following OPE!,

k - - (4
JX)(y)=— Egab(x—y) 2Hx=» RO+ - 2.1)
The generating functional for current correlation functions I'[A] is defined by
e Tl <exp — %—cjdzx tr {J(x)A(x)}> 22)
and transforms as
k 2
or[A]=— %Id xtr{ndA} (2.3)
under
A=0n+[n,A]. 24

The relation (2.3) states that the anomaly comes only from the lowest order
(2-point) diagram.
From (2.3) and (2.4) we derive the following Ward identity

ou—[A,u] =04, 2.5)
where
_2n oI'[A]
u,,(x)-- - ? m . (26)

This Ward identity can be solved for I'T A] yielding

! We normalize such that if [T, T,]1=f5T. then f2f$= —hg,,, where f is the dual Coxeter
number. In a representation R we have tr(T,T,) = — xg,,, Where x is the index of the representation
(x =k for the adjoint representation). For Si(n, R) one has i=n and x =4 for the vector (defining)
representation. Finally, we always work in a two-dimensional Euclidean space. We will use
complex coordinates and denote them by x and x (or z and ) instead of x~ and x™
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_ ko n 9 402401,0

= 41rx[d xtr{Aa.A-i— 3A[;}_A, gA]+ }

ko, 1 1 "0

B 27txjd xtr{Ango n+2<[5—A’ :D 5_A} @7

Polyakov and Wiegemann [12] found a very elegant alternative formulation
for I'[ A]. Parametrizing A as A=0gg ™', one finds that u=dgg ™! because Eq. (2.5)
states that the curvature for the Yang-Mills fields {4,u} vanishes. In this
parametrization one has

___k_ 2 -1 -1
O =—5 —[d’xtr{0(0gg"oge™ "}, 2.8

where (exp1)g = g + dg, which is recognized as the equation of motion for the Wess-
Zumino-Witten action

— k 2 -1 _ k 3008y -1 -1 -1
I'gl= 47rx5d xtr{dg~'0g} 12nxjd xe'tr{g .27 '8 58" '2,,87'},(29)

with d®x=dx3dx*dx~ and ¢**~ = —1 and where =0, and 0=0,.
It is also easy to find the covariant action. Indeed

I'(4, A)=I(A)+T(4)— % fd2x tr{ A(x)A(x)} (2.10)

is invariant under Eq. (2.4) and
0A=dn+1[n,A]. (2.11)
The covariant action (2.10) can be viewed as the induced action of a gauged

Wess-Zumino-Witten model. Indeed, let us consider a WZW action I'[h], which is
invariant under ~

h(x, X) > P(X)h(x, X)y(x). (2.12)

The currents associated with these symmetries are (use Eq. (2.8))
- k
Jo)=—Sntan, =g, @13

and J(x) satisfies the OPE Eg. (2.1) with the same OPE for J(x). We now consider
the action I'(h, A, A]:

I'[h, A, A]=TTh] - nl—xjdzx tr [JA+.TZ—- §AZ+ gZhAh‘l] . (214
Parametrizing A and 4 as A=0gg ! and A=0g'g’ ' one finds using the identity
I'Thgl=ITh]+TITgl+ % [d2xtr[Ogg~'h~10h], (2.15)

which is obtained through direct computation, that
I'lh A, A]=ITg' 'hg]—TI'lg'""g]. (2.16)
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From this we immediately read off that the action has a vectorial gauge invariance

h—yhy™',  g'->yg', g-vg (2.17)

while the axial transformations

h—>y~ '™t gy, g (2.18)
are not symmetries. In [15], it was shown that after integrating out matter i.e., the
fields h(x), the induced action of the gauge WZW model is indeed given by Eq.
(2.10). Upon choosing a chiral gauge A =0, we retrieve our point of departure
Eq.(2.2).

We now restrict our discussion to SI(2,R). We choose as basis

10 0 1 00
T°=[o —1]’ T+=[o 0]’ T‘=[1 o] 219)

with metric —4 0 0
Gap= 0 0 -2 (2.20)
0 -2 0

We impose the following constraints on the currents u
0 u*
u= [a 0 ], (2:21)

where a is a real constant. The reason for these constraints will become clear. Using
(2.21) and (2.5) we can eliminate A* and A° as independent variables, giving

1. _ 11, _ 4 -
A= { , (2.22)
A ~ % 04
and the Ward identities reduce to a single equation:
2. 1t N, 1 4
(5 aaA aA 6>u =~ 0°A”. (2.23)
Compare this now with the Ward identity for induced gravity [1]:
(0—20h—hdyu=0h, (2.24)
where 1om SI[H]
n
and 1
e T — < exp — ;j dsz(x)h(x)> . (2.26)
We note that upon identifying
1 _
h= EA ,

2.27)
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Eqgs. (2.23) and (2.24) coincide. This observation implies that one can obtain I'[h]
from I'[A] as follows.
On the one hand, u* is defined by

u+=%%‘il— at A°=A%A"), A*=A4%(4"). (2.28)

On the other hand, the object u(x) in pure gravity is obtained by varying an
effective action I'[h]. This suggests that I'[h] is related to I'CA] in which the
constraints have already been imposed on A. Therefore, we reverse the order in
which we differentiate with respect to A~ and impose constraints, and find from
the chain rule

5 o ek,
M—_{F[A ANAT)AAT] =[x A } (2.29)

T
ut=-
k

where we used

0A* 5A4° o
2 o el (VST JER 2 + 4
fd x(tur 5A- +u05A_> 25A_jd xutA”. (2.30)
From (2.27) and (2.25) we have
e__ 1, 6u oK
W'=—gu=— (2.31)
Combining Egs. (2.29) and (2.31) yields
I'Th]=— 6—Ck{F[A‘,A+(A‘),A°(A‘)] ~ %jdzxiﬁA‘} . (2.32)

The leading or classical term in the KPZ-formula [16, 17, 14], is k=c/6.
Before deriving a more manageable form for I'[A] we first reduce the
transformation rules. From du=0dn+ [#,u] and the constraints, one obtains

1 11
—on~ —2—%m —utn-
2a%" a(2aan un)

n= ! (2.33)
n ~ 5591
From 6A4=0n+ [, A] one finds then that
Oh=0c+edh— deh, (2.34)
where e=#"/a. The stress tensor transforms according to
Su=03e+edu+20¢eu. (2.35)

A local expression for I'[h] is obtained by using a Gaussian parametrization for

SI2,R)
(1 @\ (A" 0\(1 O
g‘(O 1><o 1><¢ 1)‘ 236)
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The constraints in (2.21) can now be solved explicitly, giving

__ 12

2009 (2.37)

2_ 4

P= ;

and
u=(0¢)~2 <a3¢a¢ ~ %az¢62¢) ,
2.38
. ) (2.38)
=36

where we used that A=0gg ™' and u=dgg~* and Eq. (2.27).
Substituting the Gaussian decomposition into the action in (2.32) one obtains

rh]= <T’2€7§) § d3xe™] — 6A0,00,¢0,1]

P <62¢)25¢_62¢65¢}
14 "{ CH®  @dP

" 24n
_c 5 00,
by fd*x 36 0*(lnd¢) (2.39)
with k=c/6, which is indeed the action for induced gravity in the light-cone gauge.
It is amusing to note that the correction term in Eq. (2.32) precisely cancels the
kinetic term of the WZW-action. As such the action for induced gravity arises from
the WZW-term.

Note that the previous construction provides us with a Lax pair [20, 19] for the
Virasoro Ward identity. Indeed consider (0 —u)p =0 and (6 — A)p =0, these have
the WZW Ward identity as integrability condition. Upon imposing the con-
straints, these equations reduce to

<82+%u>1p=0, (5—h6+%6h>w=0, (2.40)
which indeed have the Virasoro Ward identity as integrability condition. Consider
the two independent solutions to the Lax pair, y, and y,. From the second
equation in Eq. (2.40) it follows that we can identify ¢ =1,/y, since it yields
h=0¢/0¢ and from the first equation in (2.40) one immediately gets the explicit
form for v, and y, in terms of ¢ while it also gives u as the Schwarzian derivative,
Eq. (2.38).

If we compare this analysis to the work of Bershadsky and Ooguri [14] we see
that the main difference lies in the constraint imposed on u. While in the present
work we impose the constraints u~ =constant and u®=0, in [14], one imposed
u~ =constant and ¢ =0. It is interesting to note that while our constraints identify
¢ with the coordinate transformation f, the choice of [14] (see also [13]) resulted
in the identification of ¢ with the inverse transformation F defined through

F(f(x, %), %)=x. (2.41)
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In the work of [14], the induced action for gravity in terms of the F variable arose
completely from the kinetic term of the Wess-Zumino-Witten action, while here it
arises from the Wess-Zumino term.

Finally, the previous construction explains the residual SI(2,R) symmetry of
effective gravity theories [1]. The A fields are the Noether currents associated
with this symmetry. As can be seen by combining Eq. (2.33) with 6I'[h]
=c¢/12n [d*xd%¢h and ¢=7"/a, the induced action has indeed a residual affine
SI(2, R) symmetry.

3. Induced W; Gravity

Before we study the relation between SI(3,R) WZW models and induced W;
gravity, we first review some properties of the latter. We restrict ourselves
throughout this article to “pure W, gravity” as given by its abstract algebra. For an
alternative approach based on a realization of the currents in terms of n scalar
matter fields ¢, see [3].

The W;-algebra is generated by currents T(x) and W(x) satisfying the operator
product expansions

Te)T(y)= g(x—y)“‘+2(x—y)’2T(y)+(x—y)'laT(J'),
T)W(y)=3(x—y) W) +(x—y) " oW(y), (3.1)

Wx)W(y)= g(x—y)'6+2(x—y)‘4T(y)+(x—y)"sﬁT(Y)

+=)?| 2040+ 35T |

+mn) | poa0)+ 2T .

where

A(x)=(TT)(x)— %62T(x) (3.2)

and f was defined in Eq. (1.8). These OPE’s are equivalent to the commutation
relations Eq. (1.7).
We again consider the generating functional for current correlation functions

e TRl <exp _ % § d2x[h(x)T(x)+ b(x)W(x)]> . (3.3)

Under the variations
O6h=0¢+¢edh—0Och,

34
0b=¢c0b—20¢b,
the induced action I'[h,b] transforms as
8, h,b] = — —— [d*xed%h, 3.5)

127
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while under
- _1_ 3p_ © 81A2h 4 A2 3
oh= lslab 106/16 b+ Blwb 6lb,
O0b=0A+2A0h—0dh,

(3.6)

one has that

8,I'Th,b]=— xA0%h— jdle(x)(26b+ bO)A (%) 3.7)

360

Here
)= 5650 L YTHOITO) BN o~
= lim <(T(Y)T(x)— %(y—x)“‘—z(y—x)-zT(x)

—(y—x)"10T(x)— %62T(x)> exp(— %j [hT+bW]>>/e‘”""’]

2 oo [0 32
= ) — { Sy~ 7 —)
Oy
-2 7 8(x — y)u(x)— i S(x— y)@u(x)} 20 0%u(x), (3.8)
where u(x) = % %ﬁ% = % T.¢c. We have used the identity ox ~ ! = né?(x). The

explicit form for 8,k in (3.6) follows by requiring that all f-independent T*f terms
cancel in the right-hand side of the Ward identity. In a different context we found
this same 4 rule in [ 3]. Part of these results were also found in [18], though there
the incorrect assumption was made that the non-linear terms decouple in the large
¢ limit.
.. . 1
In the llmlt c—+o00 one obtams €™ ?Aye=—u?, and Eq.(3.7) becomes

144
oIr'[h,b]=— 3 60 XxA0°b— 5 jdzx/l(20b+b6)uu. In this limit we can also
reduce the A-anomaly to the minimal one by adding an extra term to the h
transformation rule Eq. (3.6):

= %(Aab —boAu. (3.9)

However, it turns out to be more advantageous to make a different choice for
5extrah:

Seurah = (wb boAyu. (3.10)



526 H. Ooguri, K. Schoutens, A. Sevrin, and P. van Nieuwenhuizen

Indeed, for this choice we have that u and v transform according to the operator
product expansion in the limit ¢c— + oo,

1 1
=03 — —
ou=0"ec+edu+20eu+ 152811+ 10610, a1
Sv =00+ 30ev + 0°A+ (240> +9040% + 158240 + 100> A)u '
+ 16(0Auu + Audu),
where 360n oI'h,b] 360
7 ,b] _ 360
= T e Weee(x) . (3.12)
The algebra becomes then
[6(e1), 6(e5)] = 6(e3 = 2,08, —&,08,),
[6(e1), 6(A2)] = 6(A3 =24,0¢; —&,04,), (3.13)

[5(21), 5(12)] = 6 (83 = 31—0(2632.1),2 - 36211812 + 3611622«2 - 2116312)

+ %(lzall _llalz)u) .

As we will see later on, it is precisely this choice for 6h which will emerge from a
constrained SI(3, R) theory. The drawback of this choice is that the -anomaly is
not the minimal one:

8, Thb]=—

360n

A useful check of this result is the analysis of the Wess-Zumino conditions for
consistent anomalies, which are indeed satisfied (compare with our analysis in [3]).
Using the chain rule for 6I" and Egs. (3.4)+3.6), (3.10), and (3.14) we find the final
form of the Ward identities in the ¢— =+ co limit:

[d2xA0%b + ﬁ {d2xA(20b + bdjuu. (3.14)

1 1 s
(0—20h—hdu— (E6b+ 1—5—b6> v=20 hE3 5
(5—30h— hd)w—(1003b + 1502bd + 900> + 2b0°yu — 8(20b + bdyuu=0%b.”

In fact, Eq. (3.15) and the consistency of the anomalies hold whether or not we
impose Eq. (3.10).

Finally, let us briefly comment upon the situation for finite c. For this purpose,

we first define a reference functional, denoted by I;[h, b], which is defined by the

property that

_ 8L, . 0L
u= +7I—5-’;-, U=+307T'5—b— (316)
satisfy Eqs. (3.15). Similarly, we define W;[u,v] by the property that
_ W, . W,
h=—1['g, b=-30n 50 (317)

satisfy the same Egs. (3.15). Obviously, I', and W, are related by a simple Legendre
transformation. We now consider the generating functional W[, w] of connected
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Green’s functions of quantum h and b fields, defined by

¢ [ DhDpe T FIH . (3.18)
The above results for the ¢c— oo limit of the induced action I'[h,b] can now be
stated as follows

c=o C

¢ C 12360
W[t, W] = EWL[?t’Tw] .

If we now look at finite ¢, we should consider 1/c corrections to the formulas (3.19).
Such corrections were first obtained in [3]. Recently, we found strong evidence
that the full result for W[t,w] can be written as

WLt w]=2k W, [2{t, z0"W], (3.20)

where k,, z¥, and z{ are c-dependent factors. The leading 1/c corrections are given

by
c 122 1)?
o G ()]
2
0= 1—3(1 + % +0<<%) )) (3.21)
2
zgw>=ﬂ<1+ﬁ+o((1) ))
c 5¢ c

The result for k., which has the interpretation of the renormalized level of a SI(3, R)
current algebra, is consistent with the all order formula first proposed in [14, 18],

—48(k+3)=50—c+1/(c—2)(c—99), (3.22)

which is the conjectured outcome of a KPZ-type analysis of constraints in a
covariant formulation of W; gravity. We finally remark that the validity of
Eq. (3.20) crucially depends on the cancellation of certain non-local terms in the
Ward identity, coming from i) the induced action itself, ii) the determinant factors
for taking into account fluctuations around the saddle point of the path integral
Eq. (3.18). This clearly shows that it is W[t, w] or, equivalently, the full effective
action and not the induced action Eq. (3.3) which can be directly related to the
constrained SI(3, R) WZW model. Details of these new results for finite ¢ will be
published elsewhere [4].

(3.19)

4. From SI(3,R) to W,

We now extend the analysis of Si(2, R), which reproduced pure gravity, to the case
of SI(3,R). Some earlier work in this direction was presented in [7, 19, 20]. Our
purpose is to reproduce the Ward identities, transformation laws and action of W,
gravity, and then to express all objects (h, b as well as u, v) as local expressions in
terms of new variables r and s.
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We choose the following basis for Si(3,R):

TIi=e  —ey,, T,=e;,—es3,
T.1=ey;, T.,=ey3, Ti3=ey3, 4.1)
T_y=ey, T_,=es,, T_3=e54,

where ¢;; are 3 x 3 matrices, (¢;;),; = 030 ;. The metric g, is givenby g ,; _;= —2for
i=1,2 or 3 while g,,=g,,=—4 and g,,=+2. We impose the following

constraints?:
u +3

0 u+1
u=|10 0 |. 4.2)
0 1 0

Again the Ward identities du—[A,u]=0A can be reduced to two independent
equations. First the fields A', 42, A*2 A", and A*> are expressed in terms of
A1, A73 and their conjugates u™!, u*3

A™2=—0473+A 1,
A1=—§(02A-3—36A-1—u+1,4-3),

A2=_g(aZA—3_§aA-1_u+1A-3>
3 2 ’
) 4.3)
A+1=5(63A_3—302A_1——6(u+1A'3))+u“A_1+u+3A'3,

At = §<53A-3— %62A’1—6(u“A‘3)> +ut3473,
A+3=§(84A‘3— %63A'1—62(u“A”3)> +HOIATY)+ut3AT,

and then these results are used to obtain the two Ward identities

2PA =204 1= A9t — (24730 + 304" ¥)*?, s

%65A_3= 11—2(2A‘363+9(3A‘362+1562A‘36+1063A_3)1frl
_ _:l_a(u+1u+1)A—3__ gu+1u+laA—3
3 3

+(0—A710—30A Va3,

where

1"1=A’1—%6A“3; ﬁ+3=u+3—%6u“. 4.5)

2 Instead of u™!=u"2=1, one can choose arbitrary real constants without changing any of the
final results
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Comparing Eq. (4.4) with the W, Ward identities in Eq. (3.15), one finds that they
are the same if one identifies

1
u=—§u+1,

v=—15yi*3,
b=y~'A73,

~

h=A"1,

4.6)

where y?= —2/5.

From éu=0n+ [, u], we can express ', 7%, n*2,n**,and n* 3 in terms of n %,
n~3,u*!, and u™3. The result can, of course, immediately be read off from the fact
that du—[A4,u]=0A4 and du—[n,u]=0n have a similar structure,

ni=—on T 47,
n= = 3@ 30 ),
n*=— %(6211‘3— %6rl“—u“n‘3),
47
n“=%(6311‘3—302'1“—6(u“n’3))+u“f1‘1+u”f7‘3, !

'7+2= %(a:&n—?’_ %azn—l_a(u+1n—-3)> +u+3’1_3’

n+3: §<a4n—3_ 35371_1—52(”“’7_3)) +a(u+3’1—3)+u+3’7—1 .

For the transformation rules of u and v we find

1 1
— 73
ou=0¢+e0u+20eu+ 15/100+ 106/11),

4.8
Sv=2e0v+ 30ev+ 051+ (240 + 99402 + 150240 + 1002 A)u (*8)

+8(20A+ A0)uu,
where 1
=p~1__ -3
e=n" =507,
myin3, 4.9)
which again agrees with W, gravity, Egs.(3.11). Combining this with
0A=0n+[n, A] and Egs. (4.6) we obtain

Sh=0¢+edh— deh+ 31—0 (2403 —3040% + 30220 —2032)b

8
+ 15 (40b—boAu,

4.10
0b=¢e0b—20eb+0A+2A0h—0Ah, @10

in agreement with (3.6) and (3.10).
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The action I'[h, b] for induced W, gravity can now be obtained from the Si(3,R)
action in exactly the same way as we obtained the action I'[h] for induced pure
gravity from SI(2,R). We find

I[h,b]= —Fyzw[A~ 1, 4731+ %jdzx(u“A'l +2ut3473),  (441)

where we should put

£

247
The latter identification is made such as to agree with the leading term of a W,
KPZ formula (this indeed agrees with conjectured formulae in [14, 18] and can

also directly be checked using the results of the preceding section).
Let us now choose a Gaussian parametrization for Si(3,R):

1 o1 o3 ATt 0 0 1 0 0
g=(0 1 o, 0 it 0 ¢, 1 0. 4.13)
0 0 1 0 0 i) \¢5 ¢, 1

The constraints express all variables in terms of two independent variables. The
mere fact that in general only two nonlocal expressions occur, guarantees that one
can introduce two new coordinates, in terms of which all results become local. It
turns out that r=¢, and s= ¢ are such a set of coordinates. The solution of the
constraints, Eq. (4.2), reads

Js
¢2=5’

—_LYoan-152_ 2(5(%s '125_5)
Q= 3(87') o°r 3(6(&)) 0 o)’

_ 1 03sor — 0s0°r
$2= 73 %sor— o507’

k 4.12)

4.14)
03=00,+0¢3,
ds\\ 2
3_ bl -1
i-(o(2) o
0Os
3_a[98 -1
A a( ar)(ar) .
From A=dgg~! and Eq. (4.6) we obtain
(o
he o) v 63s6r—6363rb_ ? ab
B <8s> 3 0%sor—0oso*r 2
ol &
or
__y (dsor —oros) 4.15)

b=y (0*s0r —0*rds)
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The effective currents u and v are
==loC5 )+ () - G G
ot 3(2) (5 2(2)
() (2]

Combining the solution of the constraints with the fact that (gg~!)=1# yields

(4.16)

Sr=e0r +yAd%r— = azar - = Aara In[(82s0r — 0*rds)],
) @17)
S5 =eds+pAd%s — % 0205 — ?y 2050 In[(0%s0r — 0%rds)] .

A different parametrization, which stays closer to the Polyakov parametri-
zation, is given by

r=/ 4.18)
_1 2
—§f +g.

In linearized form, this parametrization was already found in [3]. In these
variables one has that

=i+ (- + -2 )

— LoUn[(@/)*(1+g))b— 1 b,

< 5f > 4.19)
bt o)
y @f)*(1+7%)°
where
d=(of)"1o. (4.20)
The ¢ and A transformations of these variables read
of =50 ~1A5*f — Syanaf - 3y1 L
4.21)
0g=¢e0g +yM0f)* +yAd?g— 3 yalag
2 2
- %yla <36a—ff + 1%2) .

In these variables, the reduction from W, gravity to W, gravity becomes
transparent; it is simply given by putting g=0.
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We can now substitute the Gaussian decomposition into the action in (4.11).
There is now no cancellation between the kinetic term of the WZW model and the
uA correction term and one finds the following surprisingly simple expression for

the induced action:
5(65)
or) . (0A,\ O (04, 0,
NEE a<11)+6ra<21 t
or

, 0sir—Grds 6,126<%) (ula((mz)
0%sor—0%ros| A, \ A4 Ay

< » ><%> @i * 67&)] | @2)

By using the expressions in Eq. (4.14), this can be further reduced to an expression
in terms of r and s only. An expression of I' in terms of h and b seems hard to
obtain, as it is not clear to us how the relations (4.15) or (4.19) can be inverted
explicitly.

We finally draw the reader’s attention to the following variables

w;=In(0f), w,=In(1+9%g), (4.23)

which play the role of “connections” in the theory. They obey the following
differential equations,

k 2
I"-—ﬂj"dx

3w, = 0h— %62b+6w1h— %Xawlab

2 2
(%0, +(0,) )b~ %(62602 +00,00,)b— -31 d,0b,

- (4.24)
0w, =70%b+ 3y0w,0b+ 2y((0w,)* + 0*w,)b
1
+how, + 37? 0w,0b+7y <§ (0cw,)? +20w,0w, + 0*w,)b .
Using
oy 2 o, 1
T 0w, 3 0w, and 5 3 ow, (4.25)

and Eq. (4.16), one expresses the effective currents u and v in terms of the
w-variables. The relations (4.24) then reduce to the fundamental Ward identities
(3.15). Under ¢ and A transformations w, and w,, like u and v, transform (non-
linearly) into themselves, but with inhomogeneous terms proportional to d¢ and
0%/ rather than to 03¢ and 0°4 asin (3.11). These observations suggest that (w,, ®,),
rather than (u,v) should be considered as the fundamental W, multiplet at the
quantum level.
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Finally, the previous construction provides us with a Lax pair for the W; Ward
identities. Indeed a similar reasoning as in the S/(2, R) case yields the following Lax
pair:

(a3_u+la_u+3)w=0,

-1 -1 -312 -3 2 24-3 2 +14-3 (4.26)

and one can easily check that Egs.(4.4) are reproduced as its integrability
condition.

5. Concluding Remarks

It is clear that one of the major open problems in the study of Wj gravity is the
understanding of its geometry. We expect that it will be possible to understand this
geometry in a “W; superspace,” which will be similar to the chiral superspace used
for d=2 supergravity. For this reason, we first take a closer look at induced N =1
supergravity (in the chiral gauge). In [21] and [19], the Ward identities for induced
N =1 supergravity in x-space were derived from a reduction of an OSp(1|2) WZW
model. However, in this formulation the geometry of supergravity is obscure. A
natural framework to study supergravity is in superspace. Indeed the Neveu-
Schwarz algebra has a natural realization as analytic reparametrizations of the
superplane. In the following we will show that the reduction of OSp(1|2) in x-space
already suggests the structure of chiral N =1 superspace.

The derivation of the supergravity Ward identities in x-space goes very similar
as before. Consider the superalgebra OSp(1]2). It is defined by the following vector
representation

1t 00 [0 1 0 000
Th=10 —1 0|, T.=|0 0 0|, T-=(1 0 Of, 5.1
0 00 10 0 0 0 00
0 0 1] 000
T,=10 0 0|, T-=|0 0 1 (5.2
0 —1 0] 100
From this we immediately deduce the abstract commutation rules:
[T, T 1= +2Ts, [To, T-]=—-2T-,
[T, T, ]=+T,, [T, T-]1=—T_,
[T, Ty, =-2T,, [T, T-],=+2T., (5.3)
[T—5T¢]=—T+’ [T+,T=]=—T_,

[T, T-1=Tg, [T, T_1,=T;.
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We consider again Lie algebra valued gauge fields A and effective currents u which
satisfy the Ward identity Eq. (2.5) and we impose the constraints

u=|1 0 0 |. (5.4)

We can proceed in exactly the same way as before and use the Ward identity,
Eq. (2.5), to express A¥, A%, and A" in terms of A=, A~, u*, and u*. We are then
left with two independent Ward identities:

0*h=(0—20h—hdu— <%0tp+ %w@)v,

3 | (5.5
2, A__ = _ __
61p—<0 20h h@)v T
where
h=A~, w=2iA",
(5.6)
u=—2u*, v=2iu",

and these are precisely the Ward identities for induced supergravity [21]. We can
view the constraints as a gauge fixing of the subalgebra of OSp(1|2) generated by
{T., To, T, }. From éu=0n+[n,u] and Eq. (5.4) one finds that ¥, n% and n* are
given as functions of #~=, #~, u*, and u™. The fields h, y, u, and v transform as

5h=58+80h—58h+%mp,

dp=0k+ %xah—axh+86w— %asw,
(5.7)
Su=0%+¢edu+20eu+ %6m)+ %K@U,
ov=elv+ %6sv+ %Ku,
where
e=n~, k=2in”. (5.8)

The induced supergravity action can now be obtained starting from an OSp(2|1)
WZW-model and using the same techniques as in Sects. 2 and 3.

This reduction procedure suggests a natural coset in which to formulate the
supergravity theory. Indeed consider ¥ =0Sp(1|2) and its subgroup # generated
by {Ts, Ty, T+ }. The reduction procedure looks somewhat like a modding out
of #. We parametrize the elements of the non-reductive coset 4/# by

k=exp(zT- +0T.). (5.9
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Using standard methods (for a review, see [22]), we can construct the isometries of
this coset space [i.e. the action of OSp(1|2) on the coset]:

T.=—2z20—-0zD, T-=0,
T,=zD, T_=D, (5.10)
TO=226+0D,

where 0 =0/0z and D = 0/00 + 00/3z. Compare this now with the algebra of regular
Neveu-Schwarz transformations:

[Ln Ln] =(m— MLyt 5
(£ G1= (3m=7) G, 1)

[Gra Gs] = 2Lr+s P

where m,neZ, m,n< +1, r,seZ+1/2, and r,s<+1/2. One sees that upon
identifying L, ,=T_, Ly=12T,, L_,=—T,, G,,,=T_,and G_,,=T,, one
obtains a realization of the projective subalgebra on the cosetspace. In order to
recover the whole of Eq.(5.11), one takes the group % of Neveu-Schwarz
transformations regular at the origin, generated by {L,,, G,/m< +1,r< +1/2} and
its subgroup # generated by {L,,, G,|m<0,r < —1/2}. We consider the coset space
%/# with representant k:

k=eL+1+0G+12, (5.12)
Again, using coset space techniques, we obtain the Killing vectors:

1
L,=z""*19+ 5(1 —m)z"™0D,

G,=zr 12D, (5.13)

From this, one sees that the super conformal transformations can be rewritten
through the introduction of a superfield E(z, 0):

E(z, 0)=¢(z) +20k(z), (5.14)
where
gz)= Y ezt k(@)= Y Kz, (5.15)
m< +1 r<¥1/2
and we have that
1
: (5.16)
The finite transformations are then given by
z—-27'(z,0), 0-0(z0), (5.17)

where
Dz =0'D¢’ . (5.18)
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A further application of the theory of induced representations leads immediately
to the definition of N =1 primary fields @(Z) which transform as

o&(Z) = Ed®(Z) + %DED¢(Z)+h6E¢(Z). (5.19)

Now that we constructed the superplane, the question arises whether we can derive
the Ward identities for induced supergravity in superspace.

Consider a chiral superspace, i.e. the left-movers are parametrized by the
coordinates z and 6 while the right-movers are parametrized with the coordinate Z.
The corresponding gauge fields are Hy, ={A4,,u,, uy}, the Yang-Mills curvatures
R,;, Rys, Ry,, and Ry, are defined

RMN=DMHN_(_)MNDNHM_HMHN+(—)MNHNHM_ TA‘;NHP . (5'20)
The torsions Ty are defined by
DMDN_(_)MNDNDM= T}\I;NDP P (5.21)

where only the torsion component Ty=2 is non-vanishing. We impose the
following constraints on the two lowest dimensional curvatures

Rog = RGZ = 0 . (5.22)

The Bianchi identities imply then that also Ry, =R,,=0. The constraint Ry =0 is
easily solved and yields

Hz=D9H0—H9H0. (5.23)

We now take the gauge group to be the supergroup OSp(1]2) and we partially fix
the gauge by

0 ut 0
w=10 0 1. (5.24)
1 0 0

In much the same way as before we can solve the constraint Ry, =0 such that 45,
A2, A}, and A4; are expressed in terms of A7 and u; . One of the components of
Ry, =0 remains and expresses u, as a function of A7 :

0*DH = (5 - %BH— %DHD —H@) U, (5.25)

where H= — A; and U =2u, . Equation (5.25) is recognized as the Ward identity
forinduced N =1 supergravity [23, 24]. Indeed consider the generating functional:

e TIHI <exp - % jdzdeHQ> (5:26)

with x-space expansions H =h + 0y, where h is the graviton and y the gravitino in
the lightcone gauge, and Q = G + 0T, where T is the energy-momentum tensor and
G the dimension 3/2 supercurrent. Under the transformation

6H=0JE+EoH + %DEDH—@EH (5.27)
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one has that
ST[H]=— ﬁ {d?xd0E3*DH . (5.28)

Defining U through
ST[H]= é [d?xdOUSH, (5.29)

one finds Eq. (5.25) back by combining Egs. (5.27) and (5.28). In components,
Eq. (5.25) reduces to Egs. (5.5).

From previous remarks, one expects that starting from an N=1 OSp(1]2)
WZW model in a chiral superspace [25], one can construct the action for in-
duced supergravity.

From the reduction procedure in Sect. 4 and the remarks above, one again
expects a cosetspace structure for a “W, plane.” The groups involved are
% =S8I(3,R) and # generated by {T}, T,, T 1, T+ 5, T, 3}. The local structure of the
W, plane should be given by the coset ¥/#. We choose to represent an element k of
Y/ H by

k=e*T-1eT-3, (5.30)

It is not hard to find the Killing vectors:
T_,=0,, T.,=-x0,, T_3=0,
T,=2x0,+y0,, T,=y0,—x0,, (5.31)
Ty =—x*0,—xy0,, Tiy=—y0,, Ti3=—y"0,—xy0,.

“Superfields” in this space will in general be SI(2) multiplets as # consists of an
SI(2) algebra and a vector representation of it. However, if we want to recover the
whole conformal structure, it looks more natural to consider a 3-dimensional
space.

Indeed, consider the group ¥ of regular W, transformations in the ¢— co limit.
This group is generated by {L,,, W,/m< +1, n< + 2} with commutation relations

[Lm’ Ln] = (m - n)Lm +n>s

[Lma u/n] =(2m_n)Wm+n s
1 1 (5.32)
[W,, W,,]=(m—n)|:T§(m+n+3)(m+n+2)— g(m+2)(n+2)]

16
X Lm+n+ %(m_n)(LL)m-t-n .

As was explained in the first section, one cannot drop the non-linear terms. This
can easily be seen from the [LW W] Jacobi identity. Working in the limit ¢c— oo has
the advantage that the non-linear terms do not need to be regularized. Precisely
because of the presence of the non-linear terms, the algebra given above is not a
subalgebra of the W; algebra as the Jacobi identities require that the sum in
A,= Y L,_,L,runsover the whole of Z. However, the algebra realized on fields,

neZ
given by Eq. (3.13) with the restriction that &(z) and A(z) are analytic, is closed
provided we introduce field dependent structure functions, which depend on
auxiliary fields u(z) and v(z) (which themselves are also analytic), defined by their
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transformation rules Eq. (3.11)3. Explicit realizations of these auxiliary fields as
W, Schwarzian derivatives can be found in Egs. (4.16). Starting from the algebra
Eq. (3.13),it is not hard to see that its maximal subalgebra is generated by analytic
parameters &(z) and A(z) with &0)= A(0)=04(0)=0. Given these observations, it is
natural to anticipate that the full W, conformal structure can be most easily
formulated in the 3-dimensional coset ¥/, where ¥ is the algebra Eq. (3.13) and
H is its maximal subalgebra. A further analysis of this requires a generalization of
the theory of induced representations to algebras with field dependent structure
functions. Work in this direction is in progress.

In [6], Verlinde gave a beautiful account of induced gravity in an SI(2,R)
Chern-Simons formulation. Starting from an SI(2, R) Chern-Simons theoryin 2+ 1
dimensions in the temporal gauge, an Si(2, R) breaking polarization was chosen.
The coordinates are A;, A, , and A?, while the conjugate momenta are the
remaining gauge fields. Parametrizing the gauge fields as A~ = e®(dz + hdz), A°=w
and imposing the Gauss law on a state Y[w, ¢, h]: R*¥ =R°¥ =0 results in

Y[, e,h]

=exp{— %j[%6¢5(p+w5(p—h<<%aqo+w>2— %é’zfp—aw)] +F[h]}
(5.33)

where I'[h] is the induced action for gravity in the light-cone gauge. The norm of
this state,

Ejdz(Zw&) +e® * &(1 —hh))

1#L0, 9. K| = § [dp][dh] [dw]e * ¥, 0. H]?
= S [dg] [dh]e™ (534

is such that S[h, h, ¢, @] precisely gives the covariant induced action. Presently, we
are investigating whether this approach can be generalized to the case of W,
gravity [10] such as to give both the covariant action for induced W, gravity as
well as the full set of W, gauge transformations.

Finally, one wonders whether in the weakly coupled regime, ¢ <2, there exist
equivalent formulations of W, gravity in terms of topological quantum field
theories or matrix models. The former question seems to be readily accessible
through the study of twisted N =2 supersymmetric W, conformal field theories.
Recently, the N=2 W, algebra has been constructed [27] (it consists of a
dimension 2 and a dimension 1 N =2 superfield) and in view of the previous
motivation, it would be very interesting to work out its representation theory. At
present it is not clear how to construct a matrix model formulation of W gravity. It
might happen that the final answer to this question will only come after the
construction of “W, Riemann surfaces.” However, one might speculate that, as the
matrix chains presently studied have incidence relations determined by the weight
lattice of affine SI(2), the W, matrix models could be based on incidence relations
determined by the weight lattice of affine SI(3).

Acknowledgements. We thank Michael Bershadsky, Jim McCarthy, and especially Herman
Verlinde for interesting discussions.

3 This situation is very similar to the one encountered in [26], where a gauge theory of the regular
W, transformations was constructed
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