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Abstract. We' describe a family of differential operators parametrized by the
transversal vector potentials of a Riemannian foliation relative to the Clifford
algebra of the foliation. This family is non-elliptic but in certain ways behaves like
a standard Dirac family in the absolute case as a result of its elliptic-like regularity
properties. The analytic and topological indices of this family are defined as
elements of K-theory in the parameter space. We indicate how the cohomology
of the parameter space is described via suitable maps to Fredholm operators. We
outline the proof of a theorem of Vafa—Witten type on uniform bounds for the
eigenvalues of this family using a spectral flow argument. A determinant operator
is also defined with the appropriate zeta function regularization dependent on the
codimension of the foliation. With respect to a generalized coupled Dirac—
Yang-Mills system, we indicate how chiral anomalies are located relative to the
foliation.

1. Introduction

This paper provides a setting for the study of a coupled Dirac—Yang-Mills theory
in the presence of a Riemannian foliation %. The latter may be regarded in essence
as a generalized dynamical system in which a one-dimensional foliation is simply
called a flow. Among a number of possible applications suggested in this paper,
we mention at this stage a particular example which is well known and which may
serve as a partial motivation for what follows: The pure Yang—Mills equations on R*
may be dimensionally reduced by requiring translation invariance in one direction,
thus arriving at a Higgs system in R? yielding magnetic monopole equations
[A-H][J-T]. One may see the generalization of translation invariance in the
above example as invariance under the flows in the leaf direction of a foliation
Z . In the context of vector potentials this leads to the notion of a basic connection
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form with respect to &. It is clear that the choice of vector potentials must in
some way reflect the invariance under these flows. On the other hand, the leaf
space of the foliation is in general highly singular, but still has some interesting
structure (Molino theory [Mo]). In the case where this happens to be an orbifold,
the study of anomalies relative to the heterotic string has been described by a
number of authors (see e.g. [F-V]). From an analytic stance, the resulting spectral
analysis on the singular leaf space is a deep topic which is now receiving much
attention and new index type theorems are expected (see e.g. the survey article by
Briining [Br]). It would be reasonable then to suggest a fruitful interaction with
gauge and string theories within the context of foliation theory.

Modulo the technical details, the overall theme of the paper is to consider a
new class of anomalies relative to a non-elliptic family of geometric Dirac operators
defined by the transversal structure of the foliation and parametrized by an orbit
space of basic vector potentials. One interesting offshoot of our work is a
generalization of some results of Vafa—Witten [V-W ] on fermion inequalities,
although our approach is fundamentally topological. For the best part, the
anomalies we consider are chiral and our results may have a number of applications
to quantum chromodynamics besides the aforesaid Yang—Mills—Higgs system.
These may be seen as our motivating examples.

One commences with a principal G-bundle P — M, where M is a (compact)
manifold carrying a Riemannian foliation # of codimension g which lifts to a
foliated structure of P. Basic connections on P have been studied by a number of
authors [Bo], [K-T1], [Mo] and they figure prominently in the theory of
characteristic classes of foliations as well as in equivariant cohomology theory
[A-B2]. The relevant spin structures are inherent to the transversal geometry of
the foliation and not necessarily to M itself. We introduce a basic Dirac operator
P, operating on the holonomy invariant (fermionic) sections of a twisted foliated
spin bundle on M. Generalized Dirac operators, in the absolute case (i.e. ¢ = dim M)
were considered in the work of Gromov-Lawson [G-L 1,2] and more recently
by J. Roe [Ro02,3]. These operators, in our case, are non-elliptic for general
codimension, but as a consequence of their restriction to holonomy invariant
sections, their spectral properties are fairly well tempered and remarkably, each
operator does exhibit elliptic-like regularity. Thus we can apply K-theoretic
methods to study their null-spaces (zero-frequency modes). For g even, we find
chiral anomalies with corresponding determinants regularized by the basic
zeta-function technique. Now the significant difference here with the absolute case
is that the zeta function regularity genuinely reflects the structure of the foliation.
In the absolute case, with M an even dimensional spin manifold, the situation
described by Atiyah-Singer [A-S4] and Singer [Si] is recovered (the basic Dirac
family now coincides with the standard elliptic one).

Our results in part are derived in an analogous fashion, but a number of
non-trivial modifications are required. On the cohomological level, our relative
anomalies have the analogous interpretation as in e.g. [B—-C-R-S]. However, the
choice of taking basic connections on the principal bundle P will lead to further
characteristic classes determined by the foliation [K-T1]. We will report on this
aspect in a follow up to this paper [G1-K2].

Before outlining the content of the paper, we will establish the relevant
definitions in the context of foliation theory. We will assume that the reader has
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some acquaintance with the theory of Riemannian foliations; suitable references are
e.g. [K-T,1,4], [Mo], [Rel], [Re2]. The discussion immediately following is based
on recent work of the second named author and J. Briining [B-K1], [B-K2].
Let M be an oriented compact Riemannian manifold of dimension m and
(M, #,g,) an oriented Riemannian foliation on M of codimension g with
bundle-like metric g,,.
We recall the exact sequence

0 L(F)>TM - Q -0, (1.1)

determined by the tangent bundle and the normal bundle of #. Let E be a complex
Hermitian foliated bundle over M which is a Clifford module over CI(Q), the
transversal Clifford algebra of & and let cl==C*(Q® E)— C*(E) denote
multiplication. Taking # to denote the projection
#:C*°(T*M®E)>C*(Q*®E)=C*(Q®E) (1.2)
we define the transversal Dirac operator P, as a generalized Dirac operator in the
sense of [G-L1,2], [Rol,2,3] by
P, =cloftoV¥, (1.3)

where V =V~ denotes covariant differentiation with respect to the metric con-
nection on E. If {E,},—; ., is taken to be a local orthonormal projectable frame
in Q, then

w=2Es Vi . (1.4)

Taking xs to denote the characteristic volume form along the foliation, then
modulo % -trivial forms, Rummler’s formula [Ru] states that

dis + Kk A xs =0, (1.5)

where keC*(Q*) denotes the mean curvature of (M, #,g,,). In [B-K2] it was
shown that the formal adjoint (P; )* is given by (P )* = P;, — k- and that therefore

D,=D,—3x (1.6)

is a symmetric, transversally elliptic differential operator, with symbol ¢ satisfying
o(x, &) =& for £eQ¥ and o(x, £) =0 for £eL¥. Perhaps we should remark that the
mean curvature term seems to appear already in Witten’s paper [W]. We define
the subspace I',(E) of basic or holonomy invariant sections of E by

[L(E)={seC®(E):Vxs=0, XeC*(L(¥))}; (1.7)
observing that for the forms E = AQ* ® € on the normal bundle we have
I (E) = Q(F), (1.8)

where (%) are the usual (C-valued) basic forms of (M, #). From (1.6) we see
that P, leaves I',(E) invariant if and only if the foliation (M, F, g,,) is isoparametric,
ie. ke, (), in which case x is closed [K-T5]. Let

Py = Dy | I (E):T,(E) > I, (E); (1.9)
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we refer to this operator P, as the basic Dirac operator on (smooth) basic sections
T (E).

In [B-K2] certain vanishing theorems and index formulae were established
for the operators D,,, D, and their powers. Indeed these operators are essentially
self-adjoint with ), and P} each possessing a discrete spectrum. The special case
of the basic Laplace operator was studied in [K-T3] (compare also [A1], [Co],
[EK], [EK-H]).

We now outline the rest of the paper. In Sect.2 we discuss some properties of
D, with a view to the Bochner—Lichnerowicz technique. Then in Sect.3 we
introduce the basic vector potentials relative to the notion of infinitesimal flow
(Lie derivative) in the leaf directions. We allow these to vary in a moduli space Y
which is a quotient by the gauge group of the foliation. Elaborating on our earlier
remark, we briefly describe a reduced YM system relative to a Killing vector field
flow on a 4-manifold. The topological and analytic indices are defined in the
K-theory of Y. Since our operators possess elliptic-like regularity, but are not
elliptic themselves, a certain amount of reworking drawn from [A—S2] is necessary.
This is dealt with in Sects.4 and 5. Maps from Yto Fredholm operators (for both
parities of the codimension) are treated in Sect. 6 leading to the notion of & -relative
anomalies. Here the foliated bundle appears as a functorial variable. Section 7 is
devoted to a generalization of the results of Vafa and Witten [V-W] by means
of a spectral flow approach. We state the analogous fermion inequalities in the
transversal direction. We exemplify matters by indicating that for codimension
q = 4, the analogue of the absence of a mass gap occurs under the appropriate
conditions. In Sect. 8 we introduce the basic zeta function which (for g even) allows
us to regularize determinants as in the absolute case. Anomalies can then be located
and are interpreted as an obstruction to a gauge-invariant determinant for the
basic Dirac family.

2. Properties of the Basic Dirac Operator
The following properties of the operators P, and P, were established in [B-K2]:
(i) On C*(E), we have the Bochner—Weitzenbock type formula
E=ViV,+Ry+ Ay, (2.1)

where
V= Z(E,) VLS,

and
Ry(s)=Z,<sEy Ep Ry(Ey Eg)(s), Hy=3%{—0k+3lxl*}, 2.2)
with #y, Ay pointwise symmetric.
(i) On I,(E), we have
Py =A|TLL(E), 23

where A=V*V + R, + Ay is a strongly elliptic, symmetric operator of Laplace
type.
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The restriction property (2.3) may be used to prove vanishing theorems for
ker(P,), provided one is able to control the divergence term Jx in the above
expression for o "y. The easiest condition to impose is that dx = 0, i.e. that x, being
already closed, is a harmonic 1-form. We then have #'g = 1|«|? and the resulting
local equation

9e(Dys,8) = 3AlsI> + |Vs|? + ge(Ry(s), 5) + gl k|| s]? (2.4)

implies transversal vanishing theorems for ker(P,) by the usual Bochner—
Lichnerowicz argument, provided %y = 0 and %y is positive at least at one point
xoeM [G-L1,2], [Li]. From our point of veiw, however, the main consequence
of the restriction property (2.3) is given below.

(iii) The operators P,,, P, and their powers are essentially self-adjoint on L*(E),
respectively L*(I,(E)), with P, and P? having discrete spectrum (ie.
Spec..(P,) = P). The absolute growth of the eigenvalues of P, is regulated by D;.
The eigenspace decompositions of A and P} are compatible under the following
inclusions and projections

LXC™(E)) = LIE;(4) > C*(E)

A

) el es

LXT,(E)) = ];IEi(lDf) > I,(E)

where IT denotes orthogonal projection, and (2.5) is compatible with all Sobolev
space completions H(E) (respectively H (I, (E)).
From the above considerations we can deduce the elliptic-like regularity for P, :

Lemma 2.1. Let D,v=s with sel,(E), veH/(I,(E)), then vel,(E).

In fact, P? satisfies full elliptic regularity as a consequence of (iii) above and
therefore D7 v = P,sel,(E) implies ve I, (E).
In the case where g is even, the operator P, splits as

_[o m;] P zz[wm; 0 ] 26
D, [M 0 an pb 0 D:Db_ > (2.6)

ie. E=E*@E ", P :[L(ET) > L(E™), P, :TL(E7) > IL,(E™),with P =(D,)*
The following Lemma is immediate from Lemma 2.1.
Lemma 22. LetDfu=v with vel,(E™), ueH(I,(E")), then uel,(E").

Theorem 2.3. [B-K2].

(i) The basic heat-operator e~Plisa smoothing operator of trace class and kernel
Ky eL(E*XE & x F), for t=0;

(i) (e~"s)u— I1(u) in the C> -topology for tt oo and ueL?*(I,(E)), where
IT:L* (T, (E)) — ker (P?) is the orthogonal projection;

(iii) Try(e~"P) is independent of t >0, where Tr, denotes supertrace;

(iv) The index of P, is given by the following formula:

Ind(D,") =ker(P;') —ker(D;) = lilrg Tr, (e~ P%).



222 J. F. Glazebrook and F. W. Kamber

Indeed, this follows as in [A—B-P], using the previous results. We have
ker(D,)=ker(D, P;), ker(P, )=ker(P, P,) and P} induce inverse isomor-
phisms of the eigenspaces E; (P, P,") and E; (P, P, ) for A>0.

Remarks 2.4.

(i) It follows from Lemma 2.2 that ;" has closed range in L*(I,(E)) and that
therefore the operators of the type P, are Fredholm in the unbounded sense. But
then, these operators may be turned into bounded Fredholm operators by
appropriately altering norms in the Sobolev spaces.

(ii) Alternatively, the smoothness of the projection in (2.5) implies that the
resolvent R(PZ, () =Pz — )", (¢Spec(P?), { #0, is the restriction of the cor-
responding resolvent of the strongly elliptic operator A to L?(I,(E)). Hence it is
compact, symmetric and ¥, =1+ (R(P},{) is a bounded symmetric Fredholm
operator having the same kernel and range as D, and whose spectrum is
given by

Spec(¥;) = {=A/2 — {:2€Spec(D?)}.

We tacitly assume that I;(E) is infinite dimensional, hence L2(I(E)) is
isomorphic to a separable complex Hilbert space.

3. Indexing a Family of the Operators D,

In what follows we shall assume that Q is endowed with a Spin(q) structure
Z, - Fin(Q)— F50(Q) and take

E=S®YV, (3.1)

where S = Fgpi,(Q) X spinq 45 denotes the spin bundle associated to Q, A, the spin
representation and Vis a complex coefficient bundle. Indeed, we view V as the
vector bundle associated to a foliated principal G-bundle P— M [K-T1]. For
instance, we could take the corresponding G-bundle of a Riemannian G-foliation,
where P is the G-reduction of the principal frame bundle Fg,(Q).

Throughout this paper we assume that G denotes a compact, connected Lie
group. Let p:G — SU(r) be a representation of G on € and let V=P x ,C" be the
resulting complex vector bundle endowed with a Hermitian structure. We call the
resulting bundle E in (3.1) a foliated twisted spin bundle.

Let o/ denote the convex space of connections in P. We consider the restricted
gauge group ¥ =9, cker(C*(Aut P)-Diff(M)) of gauge transformations
which fix a point uoeP and denote the (free) action of 4 on &/ by ¢-A [A-T],
[A-S4], [Si]. We observe that ¢¥ is determined by a smooth mapping : P—G
via ¢ (u) = Ry, (u) = uy (u), satisfying y (ug) =g~ Ly (u)g, ue P,geG [A-B1]. Hence
the differential y,: TP — g satisfies Y, R, = Ad(g) ™! -y,.. We have

¢ (X) =Ry (X)+ ¥, (X)*, XeT,P, (3.2)

where £* is the vertical vectorfield determined by £eg. It follows immediately that
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the action of 4 on &/ can be expressed by the formula
(¢-A),=(9*(A4)),
= (R:;(u)A)u + l//a;e,u
=AdW(w) A, + ¥, ., ueP. (3.3)

Now the foliated structure on P determines a canonical lift of vectorfields
X eL(#) to G-invariant projectable vectorfields X e () (i.e. R, (X )= X for geG),
where & denotes the G-invariant foliation on P [K-T1]. A connectlon Aedd is
called adapted to & if ixA =0 and basic if, in addition, Ly A =igdA =0 for all
vectorfields of the form X e (%) (these are the transversally projectable connections
of [Mo], cf. also [Bo]). We denote by </, .o/, the convex subset of basic
connections in P. As % induces the identity on M and the lifts X are unique, it
follows from (3.2) that the group. G(F)=%nAut(P,%) of gauge transformations
preservmg Z (ie. Oy (X)=X)is given exactly by those ¢pe%, for which gb*IL(J) 0,
i.e. Y is constant on the leaves of Z. We call 4 (%) the basic gauge group of (P, %).
The G-invariance of the vectorfields X implies that the G-action R} and the Lie
derivatives Ly commute on &/; (3.2) and (3.3) then imply that d,, is invariant

under ¢ €% (% ). We summarize this in the following proposition.

Proposition 3.1

(1) 4 (? ) consists of those gauge transformations in 9 for which |L(.?' )=0 for
all XeL(%);

(ii) The convex subspace of basic connections <, = < is invariant under the
action of (%) and % (%) acts freely on of,.

Remark 3.2. For a basic connection A, the curvature from F , is a basic form, that
isigFy=0and LgF,=0.

Let ¢e€9(97 ) and take @ to denote its extension via p, as a basic element
$eC>(Aut(V)). Then the covariant derivative V” (A) associated to Aes,
transforms as

VV(p-A)=¢ V" (4).

Now
VEA)=VSRI+1QV"(A) 3.4)
and letting ¢ = ® ¢, we see that VE(A4) transforms as
VE(9-4)=$ 71 VH(4)4, (3:5)

sinceﬁ acts only on the second factor. For the same reason, the representation
¢ — ¢ is compatible with the decomposition E = E* @ E ~ for even q. For a choice
of connection Ae.«/,, we have then a basic Dirac operator (P,), depending on 4,
which for A — ¢- A transforms as

P)pa=¢ " 1Dy)ad. (3.6)

We refer to the property in (3.6) as the covariance of (D,),. We also remark that
throughout, the basic connection Ae.s/, is varied with all metrics in question
remaining fixed.
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The difference form 6, , = ¢-A — A is a form on M with values in the adjoint
bundle Ad(P) and from (3.3) we deduce that it is determined by

84,0(X) =y, (X), (3.7)

where X is the horizontal lift of a vectorfield X relative to the connection 4. As
Clifford multiplication and ¢ act on different parts of E, namely S and V, (D,),
and ¢ commute up to a multiplication operator, i.e. the difference of the cor-
responding Dirac operators may be written as

Po)pa—Pp)a=d  [Dy)as 1= Ey g, (3.8)

where Z , is a basic hermitian endomorphism of E, locally given by the formula
Epos®0) =Y (E, ) ® py ¥4 (E) ). (39)

We proceed by defining a principal bundle
(4 X P,Y(F), sty X 43P =P), (3.10)
where g(,/) acts on &/, x P by (4,u)—(¢-A,¢ ~(u)). Now with our choice of
G(F), P is itself a principal G-bundle
Go>Poof,|9F)x M. (3.11)

With regards to defining a connection & on P and a formula for the curvature
Q; pointwise at ([4], u), one may follow the details in [A-S4] practically verbatim;
their space of connections and gauge group are replaced by our 7, and 4(%)
respectively. Recalling the Atiyah sequence of vector bundles on M

0->Ad(P)»TP/G->TM -0, (3.12)
it is a straightforward matter to deduce that pointwise
T(of, x P)= Q! (F,Ad(P))® TP- (3.13)

Using the fact that (%) commutes with G and applying iz to the components
of type (2,0), (1,1) and (0,2) relative to M x .oZ,, one sees that iz€; =0. This
together with (3.13) shows that & is itself basic (cf. [G1-K2]).

A particular motivation for introducing basic connections in gauge theory is
provided by the following and is closely connected to the notion of dimension
reduction of the pure Yang-Mills equations on IR* in the absolute case (see e.g.
[A-H], [J-T]). We take m =4 and g = 3 and select Aeof such that LXA 0, i.e.
A is invariant under the leaf flow. Let XeL(%), be a unit Killing vector field,
|X| =1, so that the characteristic 1-form y 4 satisfies yz(X)=1. Setting ¢ =iz A,
we have

Lzp= Ljij/a = — i,?nga =0.
Now by definition we have peEnd(V), and thus may regard ¢ as a basic Higgs
field. If we now write
A=A—9 Axg, (3.14)
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we have Ly A= —Lz¢ A x5 —@Lgxs =0. From iz x5 = 1, we also have
igA=igA—pigys =0,
hence showing that A is basic, i.e. Ae.o,. Thus associated to A is a basic vector

potential 4 together with a basic Higgs field ¢ related by (3.14). As for the curvature,
we may write

Fi=F,+ ¥, (3.15)
where F ,€Q}(#,Ad(P)) and ¥ is an Ad(P)-valued 2-form. In keeping with the
analogous situation of [A-H] and noting that in this case the mean curvature
x = 0, one readily deduces from F;=dA + 1[4, A], (1.5) and (3.14) that

Y=do+[4,0]) A s (3.16)
and
ig¥=—do+[A4,0])=—D,o. (3.17)

Assuming self-duality *F;=F; we may proceed further. Let * denote the
transversal star operator, *:Q (#)— £} ~"(#), where * = % A x 5. Thus observing
that *F,=%F , A x4, we deduce from (3.15), (3.17) and (1.5)

*Fi=%F A 17 +*(D40) (3.18)

Applying the self-duality condition, we now equate terms in (3.15) and (3.18) to
derive a generalized Bogomolny equation (cf. [A-H]):

F,=%D,0. (3.19)

The other equations characterizing the YMH system obtained by the above
leaf-flow invariance of the self-dual YM equations on a 4-manifold, are easily
deduced to be

(i) D, F,= 0
(ii) D *F = —[¢,D 0],
(ii) D,#D, p=0. (3.20)

With regards to the sequence in (1.1), we see that if the second Stiefel-Whitney
class w,(M) =0, then automatically w,(Q)=0, since L(¥) is trivial in this case
and hence the above system may be equipped with a basic Dirac operator P,. Since
q is odd, the analytic nature of the P, family is directly related to the notion of
spectral flow (following [A—P-S]). This point will be taken up in Sect. 7.

As regards the heterotic string mentioned in the introduction, it is worthwhile
to note that when (M, &, g),) has compact leaves, the leaf space M /& is endowed
with the structure of a g-dimensional orbifold [Mo]. This means that M/ is locally
identifiable with M/I", where yI denotes a g-dimensional oriented manifold and
I'is a finite group acting on M. As in [A-B2], one may pass to the equivariant
quotient

M =ET x ;M. (3.21)

With the assumption w,(Q) =0, we have a basic Dirac family which extends
to M  when the latter is viewed as a simplicial manifold. In the case corresponding



226 J. F. Glazebrook and F. W. Kamber

to g =10 as described in [F — V] (with G =S0(32) or Eg x Eg), the condition
w,(M ) =0 partially accounts for anomaly cancellation relative to the space
Map(X, M ;), where X denotes a closed Riemann surface. Extending the ], family
to the equivariant quotient in our setting, may be similarly interpreted.

4. The Basic Topological Families Index

In Sects. 4 and 5 we assume that the codimension q of & is even. As we mentioned
previously, each (P,"), for a choice of A€o, is non-elliptic; however, we recall that
its extension (P,7) 4 is transversally elliptic. Moreover, the symbols of the operators
(P))4 and (D), are equal and independent of A, namely given by Clifford
multiplication ¢- for £eQ,. The operator (P,!),, being transversally elliptic, thus
possesses a well defined symbol class 6,€K(Q*) = K(B(Q*), S(Q*)) such that
04| 5@+ 15 an isomorphism (here Q* denotes the complexified dual normal bundle
of #, ie. 0* =Hom(Q,T)). We will use complex K-theory as completion over
compact sets (as apparent in [A—S4]). The maps appearing below are the usual
maps in K-theory, as defined e.g. in [A-S1] [A-S2], although our notation is
slightly different.

We now establish some notation. We elect to denote o,/%(F) by Y and
o,/%(F) x M by Z. With regards to the representation p, we define an “auxiliary”
vector bundle

8°=Px ,C (4.1)
over Z with projections
zZ--y
] 42)
M

Now taking the complex spin bundle S associated to Q as a vector bundle over
M, we define

E=T*SRE° 4.3)

and extend the family {(D,),} to & as a family of operators {(Dy)4} on I,(&). For
q even, we s1m11arly extend the family {(P;f),} to &% as a family of operators
{(pb Ja}: Tp(6 )= T(& ) over Z.

It will also be useful later to view the family {( ID,, )4} as an operator lDb , acting
along the fibers of the Hilbert bundle

H =y X 45 LA(TH(E ) Y. 4.4)

Setting 0* = 7* Q*, the element o,, may be lifted to an element &, in K(Q*),
and via the Thom isomorphism

9:K (Z)—— K (%) 4.5)

defines an element g, ' (G,) in K(Z). The equality of the symbols of (P, ), and
(P.r), motivates the following definition.
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Definition4.1. The symbol class of the basic Dirac family {(P,"),} is the element

[0, =9, ' (G,)eK(2). (4.6)

Now that we have a well-defined symbol class, the definition of the basic
topological families index is straightforward. We consider the homomorphism

iK(Z)-» K(Yx CN) @4.7)
along with the periodicity isomorphism
jiK(Y)— K(Yx C¥).

Definition4.2. The basic topological families index of {(ID;),} is the element

Ind,., (B, ) = (j)) " (h[oTs)eK (Y). (4.8)

This provides a homomorphism K (Z)— K(Y) and analogous to [A-S2], we deduce
the formula

ch(Ind,,(B; ) = + b, (ch([o1,) A TA(F*) A 15) (4.9)

where ch() denotes the Chern character, Td(Q*) the Todd class of 0* and Dy 18
integration along the fibers of p in (4.2). Noting that Q* inherits a Spin(g)-structure,
we obtain from (4.3),

ch(9,(&)) = g, (ch(&) A Td(8*)) = g, (ch(£°) A A(Q*)), (4.10)
where A denotes the (reduced) Atiyah—Hirzebruch class and

g4 H*(Z,Q)— H*(0*,Q) (4.11)

is the Thom isomorphism in rational cohomology. Together with (4.9), this yields
the following formula for the Chern character of the topological families index

ch(Ind,,, (B, )) = + b, (ch(8°) A A(0*) A 1) 4.12)

5. The Basic Analytic Families Index

Let 2,(Z;&",& ) denote the space of pseudodifferential operators of order d on
Z from C®(€*) to C*(€7) and let 2,(Z;6*,6) denote its Sobolev space
completion with respect to H,(C®(&* )). Then in a standard way PZ;E,67)is
a fiber bundle over Z with fiber 2,(M;&%,&7). Regarding a section of
9,,(2 &*,&7) as a family (in the sense of [A- S2] ), we see that the family {P.}),},
is given locally in the neighborhood of Ajes/, by a continuous map
oy —P,(M;E™,E ™). Passing to Sobolev spaces, this induces, locally, a continuous
map

By )i, > Fred(H(I,(E™)), H— (I, (E 7)), (5.1

where Fred denotes bounded Fredholm operators with the norm topology. Let
W=XKer(P, ). Then the map

¢(A):H (I (ET)@W—H,_(I,(E7)) (5.2)
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defined by c,(4)(u@v) = (P, )*(u) + v is surjective for A close to A,. Now from
the regularity property of the P,/ and Lemma (2.2), we see that W< I, (E ~) and
for A close to Ay, the map c(4):I,(E*)® W— I,(E ") is surjective. The global
argument in [A-S2, p. 126] now applies over ¢, and we can define a surjective map

(pb )A3rb(‘°@ )A@‘Dk"rb(fg)_),: (5.3)
given by

(P41, ) = (B)4) + T visi(4) (54)

for a finite number of sections (sy,...,s;) of I,(6 7). The vector spaces Ker (P, ),
then comprise a vector bundle ker P, over </, and we note that the element
[Ker P, 1—[«/, xC*] is a well defined element in K(«/,) and depends
only on P, and not on the choice of sections v;. As in [A-S4], the covariance
property (3.6) implies Ker (P, )., = ¢ ~ ' (Ker(P, ),) and permits us to define the
above element as an element in K(Y):

Proposition 5.1. The element
[Ker P;f]1—-[Yx C*] (5.5)
is a well defined element of K(Y).
As Yis connected, we obtain by evaluation at [4]eY:
Corollary 5.2. The index of the operators (P,}) , is independent of A€o y:
Ind((P, ),) = c€eZ. (5.6)

We refer to (5.5) as the basic analytic families index of the family { D)4} and
denote this by Ind (pb ). It remains to investigate the difference between (5.5) and
(4.8), a measure of how the family {(P, ),} deviates from ellipticity for g <m.

Remark 5.3. As stated before, the transversal Bochner—Weitzenbock formulas (2.2)
and (2.4) for (P,)3, provide examples of operators with ker(P,) , = 0 under suitable
curvature conditions. In the present context (E=S®V), we find as in
[G-L1,2], that Zy,, = 0 ®id, + ids ® Z 4, where g denotes the transversal scalar
curvature of the Levi—Civita connection in Q and # , depends only on the curvature
in the coefficient bundle V associated to the foliated bundle P. If we assume now that

Ryay=30Qidy +ids @ %, 20, 5.7

and strictly positive at a point xe M, we find that Ker(P;*), =0 and therefore by
(3.6)

Ind (D, g4 =0 (5.8)

along the orbit of Ae./,. It follows from (5.6) that Ind(P, ), =0 for all Aes,.
This result is essentially due to Lichnerowicz [Li] in the absolute case.

6. Maps from Y to Fredholm Operators

The analytic families index parametrized by Jz{,,/g(/)— Y in the last section,
essentially relates to the Hilbert bundles 4 * over Y in (4.4). Intuitively, the
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covariance condition in (3.6) implies that the family {(D;"),.4}, for 4 fixed, gives
an operator (). 4 On an orbit class mapping the fiber 'y 5, , to Ky z) 4.

We first recall a few well-known facts from functional analysis and homotopy
theory (see [F-1]1[P]). Given a separable complex Hilbert space H, let GL= (g/)*
be the group of units in the Banach algebra 4/ =4/(H) of bounded
linear operators on H and £ < ¢/ the ideal of compact operators. The inclusion
U =U(w)cGL, = (I + £)* of the weak limit U (o0) of the unitary groupsﬂU(N),
is a homotopy equivalence and GL/GL,,, =(g¢//£). The projection gf — gf/£
to the Calkin algebra induces a homotopy equivalence between the space
F = Fred(H) = n"'(4¢/4)* of Fredholm operators and the group of units (g£/£)*.
Using the fact that GL is contractible (Kuiper’s theorem), one obtains canonical
homotopy equivalences BU = GL/U ~ BGL,, = GL/GL., ~F,, where F, is the
connected component of index 0 of F.

For g even, the construction of the analytic families index in Proposition 5.1
yields now a unique homotopy class of maps ‘I’(‘;, = [P,

¥+ Y=/,/9(#)—>BU x LZ~GL/GL,, x Z~F, (6.1)

mapping Y to the fixed component of index ¢ =Ind((P,’) ;) in (5.6) (cf. [A-J] [A-S4]
(Si]).

A mapping in the class ¥}, 3, may be realized as follows. As GL is contractible,
the Hilbert bundle " * over Y has a trivialization (unique up to homotopy), given
by an equivariant mapping s*:.e/, - GL* = GL(L*(I,(E *))) satisfying

cpt

s(g-A)=(§*) tost(A). (62)
The covariance condition (3.6) and formula (6.2) imply that the mapping
P (A)=5"(A)" (D, )57 (A) (6.3)
is constant on %(& )-orbits and thus defines
Y. Y=o, /%(F ) Fred(H,(I,(E*)), L*(I,(E"))). ~F, 6.4)
which evidently realizes the class ¥, z,.

We have a diagram of principal bundles with total spaces contractible:

o, GL
T 65
Ay /9(F)— GL/GL,,

Passing to loop spaces [P-S], we observe that yb/g(g«z )~ B%(%) and
G~QBG for any topological group. Thus we obtain a homotopy class
Q¥ 5, =[Q2¥"] of maps

QY 9(F)~QBY(F)=QY > QF, ~ QBGL,, ~GL,,, (6.6)

which, as in [Si], may be realized along a fixed orbit for which (D,"), is invertible
by the mapping

QY (@) =B, ); D) )y
=D () DN s d] +1
=DV B+, (6.7)
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where the bundle map £} , is determined by (3.8), (3.9) in an obvious sense. We
summarize these constructxons in the following theorems.

Theorem 6.1. There exist well-defined homotopy classes of maps ¥, z, from BY (%)
to BU ~F,_ and .Q‘I"; ) from {4(,/') to U ~ GL,, realized by (6 3), (6.7) such that
the mduced homomorphlsms

¥ ¥, H*(BU,Z)~ H*(BY(¥),Z) (6.8)

and
Q¥ ¥ H*(U,Z)» H*(9(F),Z) (6.9)
are related by transgression in the respective universal bundles. We have moreover,
P 53,(6) = ¢;(Ind, (D, ), (6.10)

where ¢&; denotes the universal Chern class.

Theorem 6.2. In the category of foliated G-bundles (P, ¥ ) over (M, F) of fixed even
codimension q, the homomorphisms (6.8) are compatible with pullbacks along
C*-mappings f: M' —» M transversal to & ; i.e. the pullback diagram

M f*F) —— (M)
n’ n 6.11)
(f*P,[*F) —— (P.F)
induces a canonical homomorphism f-9(F ) —G(f* F) satisfying

¥s =B Pk 1 g 6.12)
Remarks6.3.

(i) In Sect.8 we will see how to interpret the characteristic class correspondmg
to ¥ 5,(c.)eH 2(BY(F ), Z), respectively its suspension in H!(%(% ), Z), via the

determinant map on %(%), i.e. as an obstruction to defining a gauge invariant
determinant for the family {(P,"),}. In analogy with the absolute case, one might
therefore call these classes & -relative chiral anomalies.

(i) We remark that for the absolute case (g = m) the transversality condition
implies that f must be a submersion. In this case L(f*% )= T(f), the tangent
bundle along the fibers of f, and f*Z is given by the (connected components) of
the fibers of f.

For odd codimension ¢, the spin representation A, is irreducible, but the family
{(P,)4} may be used to construct a map from Y to bounded self-adjoint Fredholm
operators. We trivialize the Hilbert bundle

H =ty X g3, L2 (I (E) > Y (6.13)
by an equivariant map s: .o/, - GL= GL(L*(I,(E))) and then set
P(A) = s(4) ™" o(Py) 4°5(A4)- (6.14)

This defines as before a canonical map
¥ Y~ B%(F)—F, c Fred,(H, (I, (E)), L*(I;,(E))), (6.15)
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which, at least under some mild restrictions on &, takes values in the non-trivial
component F* ~QF ~QBU ~U of self—adjomt Fredholm operators [A-S3]; we
denote its homotopy class by ¥ ‘p.5)- Lhis is in accordance with the index class
of a self-adjoint family being an element of K '(Y)[A-P-S, 1], [A-S3].
Passing again to loop spaces, one obtains a homotopy class 2 ‘I’( p.5,0fmaps

QV.Y(F)~QBY(F )~ QY- QF, ~Q*F~F~BU xZ (6.16)

by Bott periodicity. Thus in the odd case, the situation is exactly reversed and one
obtains cohomology homomorphisms (cf. [Si])

¥t 5 H* (U,Z)~ H*(BY(F ), Z), (6.17)

and
Q¥ 5 H*(BU,Z)~>H*(4(%),Z). 6.18)
In the next section, we give an explicit realization of a map in the class .Q‘I’( P.7)

by suspending a gauge transformation to obtain a periodic family of self-adjoint
basic Dirac operators. The homomorphism

P :mo(@(F)) 2 n, (Y) >y (F) = no(F) = Z (6.19)
may then be interpreted as the spectral flow of the periodic family [A-P-S, III].

Remark 6.4. The homotopy class 'I’f}, #, corresponding to the family (P,); may
be realized by the map

P2(A) = s(A) " Lo ¥, (A)es(A), (6.20)

where ¥, (A)=1+{R((D,)3,0), {=—1, is the bounded self-adjoint Fredholm
operator defined by the resolvent in remark 2.4(ii). As these operators are
non-negative, %2 takes values in the contractible component F* of essentially
positive operators.

7. Spectral Flow of the Basic Dirac Family

In this section we generalize part of the results of Vafa and Witten in [V-W]
concerning uniform bounds on the eigenvalues y; of Dirac operators coupled to
vector potentials, to the foliation context. The description by Atiyah jn [A2,
Theorem 1*] and the essential geometric framework suit our basic Dirac operators
quite appropriately.

Let E=S® Vbe a foliated twisted Spin bundle as in (3.1). We recall that (D,),
has a discrete spectrum and assume that the eigenvalues p;(A4) are ordered by
increasing values, counting multiplicities, i.e. Spec((Py)4) = {p;eR, p; < pj1 4,
JeZ}.

Given a gauge transformation ¢e%(% ), we suspend the automorphism ¢ by
considering the mapping torus

E=R x,E->S'xM, (7.1)
i.e. by identifying (t + n, s) ~ (¢, $"(s)), s€E, teR, neZ. Sections of E are given by
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those sections of R x E—IR x M which satisfy the identities
s(t +n,%x)= ¢ "s(t, x). (7.2)

It is clear that E-S' x M is a foliated twisted Spin bundle with respect to the
foliation & on S' x M of codimension (g + 1), given by L(#)=0 x L(¥). We
define a 1-parameter family {D, } _g of basic Dirac operators for a given A€/, by

D, =(DPy)4,> (7.3)
where
A=(1—@—n)p"A+(t—n¢"" - A=9"A4,_, (7.4)

for te[n,n 4 1], neZ. The covariance condition (3.6) is now expressed by the
following periodicity condition for the family {D,} g:

D,.;=¢ 'oD,ep for teR. (1.5)
This defines therefore an operator D, acting along the fibers of the Hilbert bundle
Hy=R x 4L*(I(E))~S". (1.6)

In fact, A7y, D and E are exactly the pull back of the “universal” quantities J¢,

1),, and é” in (4.3), (6.13) via the mapping A:S'xM—Yx M defined by

A(t,x) = ([A,], x) (notice that [4,], t[0, 1] defines a loop in Y= oL |G(F)).
Using (3.8), (3.9), we may rewrite the periodic family {D,},.r as

D,=Py)s+tE,, for te[0,1], 7.7
or via (7.5),
D, =@ "o ((Py)a+(t~1)Ey 4)° 0" (1.8)

for te[n,n+ 1], neZ.

Further, as the representation ¢ — d) of (%) in GL= GL(L*(I'y(E))) is unitary
[A-B1], [M-R], it follows from the periodicity condition (7.5) that D, and D,,
are unitarily equivalent for teR and so

Spec(D, )= Spec(D,), for teR. (1.9

This construction, assigning to a gauge transformation ¢ a loop in Yand a
periodic family in F*, realizes a map in the homotopy class 2 ‘I’( p, in (6.16). The
induced homomorphism

1 (SH2Z o, (Y)»n,(F) =1, (F)=Z (7.10)

determines an integer, which we define as the basic spectral flow sf,(D) of the
periodic family D = {D,}, .. This notion of spectral flow, as introduced in
[A-P-S,III], can be developed in the present context just as in the absolute case.
Intuitively, it may be thought of as a monodromy invariant in the Hilbert bundle
(7.6), as the solutions of the eigenvalue equations move around S, thereby inducing
a shift on Spec((P,),)- The operator 2, = D, + 0/0t, with adjoint 2} = D, — 0/0¢,
is well defined on the (basic) sections of E by (7.2) and (7.5). The fundamental
relationship of the spectral flow of D with the index of &, remains valid. If the
codimension of & is odd, then one has the following formula for the basic spectral
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flow of the family D (cf. [A-P-S,1I1]):
st,(D,) = Ind, (Z,). (7.11)

We use this construction, as in [A2], to prove the following theorem (cf.
[V-W1).

Theorem 7.1. Assume that (M, %) is of odd codimension q =21+ 1 and admits a
foliated C®-mapping (constant on the leaves of & )f: M — S? inducing an oriented
isomorphism

f*HI(SLR) — HI(Q,(F)), (1.12)

ie. f*(u) = cv,c > 0, where pdenotes the orientation class of S? and v the cohomology
class defined by the transversal Riemannian volume form in H4(Q,(F)). Then there
exists a constant C, >0, independent of A and V, such that any interval
[a—Ci,a+ Cy], aeR, contains at least one eigenvalue of (P,), for all Aest,, ie.

Spec((Py)4)nla—Cya+Ci1#0. (7.13)

Proof. Tt is clearly sufficient to prove the theorem for VQ €Y~ NV,N > 1, and
connections of the form N A4 on NV, as the eigenvalues of (D,)y, are evidently
those of (P,), with N times their multiplicity.

The following argument is based on the outline in [A2], adapted to our present
context. Choose y: §— U(N), representing a generator of 7,(U) (N in the stable
range). Then ¢ = yof:M — U(N) defines a gauge transformation in M x C" and
hence in V® C" = N V. We denote by ¢ = I ® ¢ the resulting gauge transformation
in NE=EQ®C" =S®(V® C") (observing that we may as well take G = U(r) and
for p the representation of U(r) by diagonal blocks in U(rN)). We have that
QpeY(F) by Proposition 3.1(1) and (7.12). Setting A, =A®I =N A4, we obtain
therefore by the previous construction (7.3), (7.4) a 1-parameter family D= {D,}, g
of basic Dirac operators satisfying the periodicity condition (7.5). From (3.8), (3 9)
and (7.7), we find now that

[(Py) 40, @1 =P E,, (7.14)
where the hermitian multiplication operator = ,:TM —u(N) is given by
E,500)=Y(E;5)®¢ ' (E,0) (), (7.15)
and !
D,=(Dy) 4o +tE,, for tel0,1]. (7.16)
In contrast to the general situation in (7.7), the endomorphism =, is now

independent of A and V. This important fact is the source for the uniformity in the
estimate (7.13).

If ker((P;), — al) #0, then the assertion of the theorem is trivially true and
thus we may assume that a¢Spec((D,),)-
_ Using the explicit construction of the gauge transformation ¢ and the family
D, one checks directly that it has spectral flow sf, (D) #0. Thus an eigenvalue
must cross the gap at a as t:0— 1 and there exists t,€(0, 1) such that aeSpec(D,,),
ie. ker(D,, —al) #0. We claim that the desired constant C, > 0 is now given by
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C,=|Z,|. In fact, using the variational characterization of the eigenvalue u(A4,)
of Dy = (D) 4, closest to a by

(W(Ao) —a)* = " i"n=fl (Do —al)’s,s) = " i|P—f1 1Dy — al)si?, (7.17)

we find for seker (D,, —al), ||s|| =1 by (7.16):
[u(Ao) —al = |(Dg —al)s|| = [|(Do — Dy)sl S 15, |- (7.18)
The result follows. [

Theorem 7.2. Assume that (M, %) satisfies condition (7.12). Then there exists a
constant Cy > 0, independent of A and V, such that the absolutely smallest eigenvalue

11(A) of (Py) 4 satisfies
|1 (A)] = Co.

Proof. For g even and Ind(P," ), #0, the theorem is immediate as noted before.
In fact, we must then have ker((P,),) # 0 and 0eSpec((D,),).

For g odd, the assertion of the theorem is a direct consequence of Theorem 7.1.
For g even, the foliation # on S! x M, given by L(%#) = 0 x L(¥ ) satisfies condition
(7.12) and the assertion of the theorem follows from Theorem 7.1 applied to the
basic Dirac operators (P,), —id/dt on S* x E—S' x M, whose eigenvalues are
*(uF+m*)2, meZ. O

Remarks7.3.

(i) We observe that condition (7.12) above implies that HY(2,(#))=R
and hence that (M, %, g,) is minimalizable or taut, i.e. k ~ 0(cf. [K-T2,3,4]).

(i) A condition like (7.12) in Theorem 7.1 is clearly required. It excludes cases
like Lie G-foliations with dense leaves [Mo], where 0,(%)= Ag* is finite
dimensional and therefore Theorem 7.1 cannot hold. It is not clear whether such
a condition is required for the statement in Theorem 7.2 to be valid.

Let go denote the holonomy invariant metric on Q, recalling that g, is
bundle-like [Re2]. Rescaling g, as gy —t> gy, the transversal volume | v| rescales
as [[v|]| »t?||v|] with the eigenvalues of P, in turn rescaling as

Ll =t gl =Ll vl 9. (7.19)
Then from the above inequality in Theorem 7.2 we deduce that
Iyl < Collvll =M. (7.20)

As an application, let us take g=4 analogous to [V-W ]. Recalling the
representation p: G — SU (r). Consider (configuration) variables x,,...,x;, k even,
k<r. Let yy,...,1, be local sections of E=S® V, i.e. transversal fermions with
coefficients in V transforming with respect to p. We now define the integral, for
Aesd,,

14(k)= i+ vl =* §d4x1 ~~d4xk<¢71 ‘//2(x1)~~-‘/7k‘//1(xk)>A
=*|v]| 7 fd*xy ... d*%, TrEA (x4, x;). .. E* (X, X4)

= Il Tr((iPy) "), (7.21)
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where E*(x;, x;) are propagators for P,. Consider the eigenvalue problem

(P =y, (7.22)

where we use the ordering || <|u,| = .... Then (7.21) is expressible as
Lily=vIl7" Y m*
i=1

whence we obtain

Ly(k) Z vl (g (A1 (7.23)
Now applying (7.20) with g =4, we have
L)z Cokv||*mr (7.24)

which for k >4, diverges as ||v]| > co. When the coefficient bundle V is trivial
(corresponding to the massless case), we obtain on averaging

[(k) = Co Iy (K). (7.25)

In [V-W ], the analogue of (7.25) has the QCD interpretation of absence of mass
gap implying that under appropriate conditions I(k) has the same infrared
divergence as I, (k).

8. Defining the Determinant and the Zeta Function Regularity

Let
N,(0) = #{2 < t:Aespec (D2)} ®.1)
be the counting function of spec(P?) and N(z) the corresponding counting function
for spec(4). By using (2.5), the a priori elliptic estimates and the Sobolev lemma (cf.
e.g. [Gi]) we have that N(f) and N,(t) are polynomially bounded and that in fact
[B-H1,2]
Ny(t) £ N(t) ~ ct™?, for t1o0. 8.2)
More precisely, there exists ¢, 0 < g’ <g¢, determined by the structure of the
foliation, such that [B-K2]:
Ny(t) ~ cpt?!?, for t1 0. (8.3)
Let h,,=Tr (e"P%) < oo, for t > 0, where
Tr(e )=y e . (8.4)
j
Observe that h, , is finite by (8.2). It follows from (8.3) by an abelian argument
(cf. [B-H1,2]), that
hy(t) ~ayt 92, for t]0, 8.5
ie.
t2h(t)—>a,, for t]0.
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In the following, we assume that ker (P7?) =0 (e.g. by adding a positive multiple
of the identity). We define the basic {-function by

L(s)=Tr((P5) ) =24, (8.6)

It follows from (8.2), respectively (8.3), that (8.6) is finite and that {,(s) is holomorphic
for Re(s) > q'/2. We recall e.g. from [A-B-P], [Gi] that h, , and {,(s) are related by
the Mellin transform

(o) (s) = | t°hy dlogt. (8.7)
0

In general one would have to take into account the possibility of multiple poles
arising from logarithmic terms in an asymptotic expansion of {,(s) for ¢ |0, as in
the case of orbit spaces for compact group actions [B-H2]. However, in certain
instances these terms do not arise (see [B—Sc]). Whether or not they actually do
arise in other cases, remains an open question. Assuming that h, , has an asymptotic
expansion without logarithmic terms for t]0 it follows from (8.3), (8.5) that the

expansion must be of the form

hy o~ Y ay, Y%, as t]]0, (8.8)

k2 —gq

i.e. the singular exponent is —q'/2. From (8.6), (8.7) one obtains then by a standard
estimate for Re(s) > q'/2,

L) (s) = | t°hy, dlogt = lilm | t°hy dlogt
0 €l0
N ¢ ©
= Y [ad?rdlogt+ | t°h, dlogt + o(es**N?)
k=z-q'0 &
N gS k2 0 N
———+ [ t°h, dlogt + o(es***N?), o >0.
’@Z_q, aks+ k)2 _[ sedlogt +o(e ), «a
(8.9)
Hence {,(s)I(s) is meromorphic with simple poles at s, = —k/2, k= —q' and
residues a,. In particular, {,(s) is then holomorphic at s,, = —n, with a,, = {,(—n),
n=0 [Sel.
For q odd, we may now consider, formally
d d
2(0)=— = - A7 5= —) logi; 8.10
6(0) dSFOCb(S) dss:O; ; Zj:og j (8.10)
which may be computed, assuming (8.8), as in [Si] by
G50) = [L()I7(s) — £p(0)/sT 5= 0 — L5(0)9(0), @&.11)
where g(s) = I'(s) — 1/s. Thus
det ((Py)7) = exp (—{; 4(0)) (8.12)

is a gauge-invariant definition of a determinant for (D,)%, Ae</,, since
Cy,4(5) = (5.4 4(s) by covariance (3.6).
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In the case where q is even, we deduce from Theorem 2.3(iv) and (8.8) that
Ind (D )a) = ag —ag =, 4(0) =, ,(0), (8.13)

where {; ,(s) is the {-function of (P, ) ;o(P;") , [A-B-P], [Se]. In general, it is not
possible to define a gauge-invariant determinant for the basic Dirac operators
(Dy) 4, except when G is abelian. To proceed, we choose an operator (D,),,,
satisfying ker (D) ,,=0, and then identity I',(E~) as a subspace of I',(E ™) of finite
codimension via the fixed operator (D; ) 4,.

We intend defining the determinant DET:%4(%)—C* along the fixed orbit
{(Dy). A0}¢eg( #) as an obstruction to a gauge-invariant determinant for (D, )4. 4,
Setting 4, = A, we define the operator

Ty =0;)4°P; )ya =D ) ) (D) )ad*:THE) > T(E*)  (8.14)

as a function on g(f) As in [A-S4], [Si], we require log DET to be a local function
of ¢-A. Again, there is the question of deﬁnablhty of logdet Ty which leads to
det T giving rise to a non -trivial element in H'(%(%),Z).

By (3.8), T, =(D, )4 &} ¢+(12)b )a (l)b )4 and hence Ty is a (non-symmetric)
transversally elliptic operator on I'y(E ™) having the same symbol as (D, ) (D) 4.
Outside a positive cone in €, there are only finitely many non-zero eigenvalues
Ay,..., 4. Let I-P denote the orthogonal projection onto the finite dimensional
vector space spanned by eigenfunctions corresponding to the eigenvalues 4,,..., 4,
plus those in ker( (Db )¢-4) (in the case where Ind((D, ),) #0). Observmg that

ker((D, )o- A)-(d) )~ l(ker((lbb )¢-4))» one may then define
logdet(P°Ty) = i Tr((P-Ty)™%), (8.15)
dS s=0

by using a cut along the negative real axis in €. In the general case, the definition

det T, = exp(logdet(P-T,)) H A (8.16)

gives a non-vanishing determinant. The assignment ¢ —det T, determines a
smooth, complex valued function on %(%) and we define DET: ¥(%)— C* by

DET(¢) = det Ty = det {(D; )a(d ™)' (D} )4$" }. (8.17)

An element of H'(%(%),Z) is now obtained by pulling back the generator
(2ni)~'dz/z of H'(C*,Z) by the DET map. The image of the latter in H' (%(%),
R) can be represented by the differential form

o = (2ni)~'d, DET/DET. (8.18)

Let feLie(%(%)),ie. fis an infinitesima] gauge transformation. Then the closed
form w, can be expressed, for (P,"), invertible, by

wa(f)=Tr{(T,) -sup; P 0/ AR TN i T
=Tr{(D;);40((Dy)y.4)/3f} (8.19)

On the other hand, for any Aesz/b and (P, ), non-singular, we define

D4(f)= —det {Py)aPy) s 4} /det{(Dy )4 Py ) ois 4} =0 (8.20)
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The above form in (8.20) is not closed, but is invariant and the restriction of @, to
an orbit and hence to ¢ (%), agrees with w ,(f) (closed), at the identity and gives
a 1-form ¢, on %(%). It can be shown that

=(2ni)"'d(det T,)/det T, + df = w +df, (8.21)
ie.
[t:]=[w]eH' &(F)R).
We summarize this in the following theorem, using Theorem 6.1.
Theorem 8.1.

(@) The cohomology class DET*((2ni)~'(dz/z) in H'(%(% ), Z) transgresses to
the class ¢, (Ind, (1/),, )= Y% 3,(6)eH*(BY(F),Z).

(i) In HY(%(F),R), the cohomology class [DET*((2mi)~'dz/z)]=[w]
coincides with the class [t,] defined above.

The study of the cohomology classes in H®'(BY (#),Z), in Theorem 6.1 and
their suspensions in H°%(%(%),Z) together with certain characteristic classes
associated to %, will be discussed in a separate paper (cf. e.g. [G1-K2]). In
concluding, we remark that for the basic analytic families index we have

¢,(Ind P ) = ¢, (detInd P, ) = ¢, (&), (8.22)

where ¥ = det(kerﬂ)b )* ®det (ker pb ) is the determinant line bundle defined by
10; In the case where M is Hermitian, a generalized Quillen metric can be
constructed on £ [Gl-K1] following along the lines of [B-G-S], [F-2], [Q].
Again, does the difference ch(Ind, lZ)b ) — ch(Ind,,, lZ)b ) have any interpretation?
In the absolute case, this is zero as a result of the families index theorem.
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