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Abstract. The advection-diffusion of a passive scalar by incompressible velocity
fields which admit a statistical description and involve a continuous range of
excited spatial and/or temporal scales is very important in applications
ranging from fully developed turbulence to the diffusion of tracers in
heterogeneous porous media. A variety of renormalization theories which
typically utilize partial resummation of divergent perturbation series accord-
ing to various recipes have been applied to this problem in various contexts. In
this paper, a simple model problem for the advection-diffusion of a passive
scalar is introduced and the complete renormalization theory is developed with
full mathematical rigor. Explicit formulas for the anomalous time scaling in
various regimes as well as the Green’s function for the large-scale, long-time,
ensemble average are developed here. Formulas for the renormalized higher
order statistics are also developed. The simple form of the model problem is
deceptive; the renormalization theory for this problem exhibits a remarkable
range of different renormalization phenomena as parameters in the velocity
statistics are varied. These phenomena include the existence of several distinct
anomalous scaling regimes as the spectral parameter £ is varied as well as
explicit regimes in £ where the effective equation for the ensemble average is not
a simple diffusion equation but instead involves an explicit random nonlocal
eddy diffusivity. We use Fourier analysis and the Feynman-Kac formula as
main tools in the explicit exact renormalization theory developed here.
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1. Introduction

The advection-diffusion of a passive scalar by an incompressible velocity field is
given by the equation

oT 1
3{ +(U V)T= EVOAT,

1.1)
T),=0="To(x),

where the incompressible velocity field, v(x, t) satisfies divo=0 and v,>0 is the
diffusion coefficient. The problem in (1.1) is especially important and difficult when
the velocity, v, involves a continuous range of excited space and/or time scales and
admits a statistical description. Practical applications where these are the
circumstances include predicting temperature profiles in high Reynolds number
turbulence ([4]), the tracking of pollutants in the atmosphere ([7]), and the
diffusion of tracers in heterogeneous porous media ([13]). The problem in (1.1)
with velocity fields having a continuous range of excited scales has been attacked
through a wide variety of physical space and/or Fourier space renormalization
theories ([15, 25, 8, 24, 14, 27]) which typically utilize partial summation of
divergent perturbation series according to various recipes.

An extremely important practical problem where such renormalization
theories have been applied involves the computation of turbulent diffusivities, i.e.
“eddy-viscosities,” in fully developed turbulence ([25,16]). With L,, the integral
length scale and U, the typical velocity of the energy containing but non-universal
fluid motions, the Reynolds number is given by Re =L /v with v, the kinematic
viscosity; the universal inertial range scales for the velocity statistics occur on
length scales smaller than L, The objective of theories of “eddy-viscosity”
modelling in the context of (1.1) is to determine an effective equation of motion for
T(x, t) varying only on length scales larger than L, for times at least comparable to
the large scale by turnover time, t=L,/U. Assuming Kolmogoroff statistics for a
steady velocity field vy(x), the problem in (1.1) becomes

oT? s 1 5
F +vs- VT°= EVOAT s
s (1.2)
T~ o= To(0x),
where vy(x) is an incompressible velocity field with energy spectrum
Y vz KPR s<kl <1
Ielll"> = {0 otherwise (1-3)

with d=3 the space dimension. Here § =(Re)™** and since we are interested in
fully developed turbulence, Re /' oo or equivalently 6 }0. [ The reformulation in (1.3)
is discussed completely in Sect. 2 of this paper.] If ' = ()t is a suitable scaling of
time, T(x’,t') is defined by

e X v
T, 1) <T6<6’92<5)>>’
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where {-> denotes the ensemble average over velocity statistics. The goal of “eddy
diffusivity” theories for (1.2) is to predict the appropriate scaling function of time,
0%(9), and a simplified dynamic equation for T(x’, t') which remains uniformly valid
as Re ~ o0, i.e. 6|0. The subtle difficulty with the problem in (1.2), (1.3) is that there
is an infrared (low wave number) divergence of the energy spectrum in (1.3) as 60
and there is no separation of scales between the low wave numbers, k| < §, and the
regimes with significant amplitude in the velocity spectrum (see Sect. 2 for further
discussion).

The main objective of this paper is to study a model problem which is an
extremely special case of (1.1) and is strongly motivated by the problem of
determining “eddy diffusivities” with infrared divergence which we describe in the
preceding paragraph. The simple form of the model problem is deceptive; this
problem exhibits a remarkable range of different renormalization phenomena for
the scaling laws, the effective equations, and higher moments as parameters in the
velocity statistics are varied. Furthermore, we solve this problem with complete
mathematical rigor and find explicit formulas for both the time scaling function
0(0) and the Green’s function for the large scale long-time ensemble average, <T).
We also determine the statistics of higher moments with complete rigor. Thus, this
simple model problem provides a nontrivial but unambiguous test problem for
renormalization theories of eddy diffusivity. Elsewhere, the authors (see [2]) use
the exact results presented here to study the variety of approximate renormaliza-
tion theories listed earlier.

The model problem which we study here is the special case of (1.1) given by

oT? T 1
7 +U‘§(x, t)_ﬁ = EVOATJ,

_— (1.4)
T°li= 0= To(0x, 0y).

The incompressible velocity field in (1.4) is a simple shearing motion along the
y-axis. Motivation for the velocity statistics which we assume for the model
problem is provided, for example, by the problem of computing scalings and
equations for eddy diffusivity for the problem described in (1.2) and (1.3) above. In
the case of steady velocity fields v,(x), we assume that v,(x) is a stationary Gaussian
field with energy spectrum

Ikl

63001*> = (2m)' 2 [k|* ~*pq (—(;)%(lkl)- 1.5

Here £ with — 0o < € < o0 is a parameter characterizing the velocity spectrum and is

familiar from renormalization theory ([17, 8, 27]). The functions v, <'5ﬁ> and

w(k|) are infrared and ultraviolet cut-offs respectively and correspond to the
restrictions, 0 < k| <1,1in (1.3). For the time dependent case in (1.4), we assume that
v4(x, t) has stationary Gaussian statistics with energy-power spectrum given by

b5k, )| *> =165(k)*(al k) ~*¢ (a|c12|2> (1.6)
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with ¢(s)=n"1(1+s%)~!. Here z is a parameter satisfying 0 <’z < co. The precise
assumptions on the velocity statistics in (1.5) and (1.6) are given in Sect. 2 after the
motivation of a general discussion of the problem of developing theories for eddy
viscosity for incompressible velocity fields with a continuous range of excited space
and time scales — the brief discussion in (1.2) and (1.3) is a special case.

In the model problem from (1.4), we seek unique space-time rescalings

x'=6x, y=06y, t=0%0) 1.7

with @(6)}0 as 4]0 so that the ensemble average over velocity statistics in the
rescaled variables satisfies an appropriate eddy equation, i.e. after dropping the
primes in (1.7), the quantity defined by

Tty =tim (1(%, 2!
=l (5527 9

satisfies an appropriate “homogenized” effective equation. The model problem in
(1.4) with the stationary Gaussian statistics in (1.5) and (1.6) has a special structure
which enables us to develop exact representation formulas for the solution 7° of
(1.4) through Fourier analysis and the Feynman-Kac formula. In Sect. 3, we
develop general representation and renormalization formulas which enable us to
compute rigorous formulas for both the scaling function ¢(8) in (1.7) and {T?) as
the parameters £ and z in (1.5) and (1.6) vary. In Sect. 4, we develop the
renormalization theory for the steady case with Gaussian velocity statistics and
power spectrum from (1.5). The unsteady case with Gaussian velocity statistics and
spectrum from (1.6) is discussed in Sect. 5. The limits of higher order statistics are
developed in Sect. 6. Several facts regarding the mean field regime are presented in
the appendix; in particular, our results on the time-dependent case are not
available elsewhere in the literature. Next we summarize the remarkable
phenomena that occur in the renormalization theory for (1.4) including explicit
random nonlocal eddy diffusivity equations for (T?) in some regimes of & for
appropriate values of z, as well as several distinct anomalous scaling regimes as £ is
varied for fixed z.

In developing the rigorous renormalization theory for the steady case in (1.4),
(1.5), we find three distinct scaling regimes for the model problem. The first regime
is defined by the parameter range, £<0. This regime is a region of mean field
theory. In the region & <0, the energy containing length scales associated with the
velocity spectrum in (1.5) are sufficiently separated from the large scales defined by
d so that the classical formulas of homogenization theory apply (see [20, 23, 3]); the
time scaling law is the expected diffusive scaling, g(d)=9; the coefficients for the
effective diffusion equation are determined by standard formulas and depend on
the bare viscosity v, as well as the ultraviolet cut-off v (|k|).

The second regime of parameters is determined by £§>2 and corresponds to an
anomalous scaling regime dominated by inviscid dynamics. The time scaling

function is given b
g y 0(8)=56""%*, 2<i<4 (1.9A)

and the effective equation for (T?) is a simple diffusion equation

or _ D(&)T,

= (1.9)B)

y >
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where D(&) depends on the ultraviolet cut off y(]k|) but is independent of the bare
diffusivity. We remark that the scaling g(8)=6'/? corresponds to the expected
convective scaling for the “inviscid” problem in (1.4) with v, =0 and the time scales
in (1.9) A) are “hyperconvective,” i.e. faster than the convective scale. In Sect. 4 we
show that the renormalization theory for (1.4) for > 2 in the steady case coincides
with the renormalization theory for the “inviscid” problem.

The third regime of renormalization for the steady case is defined by the
inequality, 0<&<2. In Sect. 4, we derive the renormalized scaling law

1
00)=0T+2,  0<i<2. (1.10)

The function ¢(d) in (1.10) agrees with the diffusive scaling at §=0 but is an
anomalous scaling intermediate between the diffusive scaling and the purely
convective scaling, 6'/2, which occurs at £=2. Thus, from (1.9) A) and (1.10), we
observe that there are two distinct anomalous scaling regimes for the model
problem with steady velocity fields. With the effective equation in (1.9) B) for £>2
and the scaling law in (1.10), naively one might guess that the effective equation
for (T?®) is a simple local diffusion equation with the form,

oT _ &\ 2207
E—(l'{“z‘)t @a'I;,y,

where 9 = (vo)¥?~!(4n) ! and « has some prescribed value, say d(#), depending on
£; the equation in (1.11) has the same form as the equation in (1.9) B) for §=2 and
also has the correct scaling with ¢ at £=0. This naive guess is wrong!! Let K(y, t, ®)
denote the explicit Green’s function for (1.11) for a fixed value of a. Then, for each
value of € with 0 <& <2, there is a distribution function of random diffusivities, v;(«),
so that the Green’s function for the effective equation is given by

1.11)

Ky, 0)= | K(y,t,0)dvy(a) (1.12) A)
0+
with
T(x7 Y, t)=IKE(y—f, t)TO(X, f’)df7 (112) B)

and Ty(x, y), the (rescaled) initial data. In particular, since dv,(x) is not a point mass,
the Green’s function for (1.12) does not have a spatial Gaussian profile for 0 <& <2
and the effective equation for the eddy viscosity theory is not a simple local
diffusion equation. The formulas for the distribution function v,(«) for random
diffusivity exhibit remarkable changes in complexity as the parameter £ is varied
with 0 <& <2 and the interested reader should consult Sect. 4 for the details. Some
approximate renormalization theories for eddy diffusivity anticipate non-local
effective equations ([ 14, 16]) but our work on the model problem in Sect. 4 appears
to be the first time that explicit formulas for the Green’s function have been found
without any approximation.

In Sect. 5, we discuss rigorous renormalization for the model problem in (1.4)
for time dependent velocity fields with statistics described in (1.6). Figure 1 and
Table 1 highlight the remarkable range of different phenomena in renormalization
that occur as the spectral parameters & and z vary. To gain some intuition into
these phenomena, we see from (1.6) (see Sect. 5) that alk|* measures the correlation
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Fig. 1. The five regions in the (&, z) upper half plane with different behavior for the renormalization
theory

time of the velocity statistics at wave number k while only wave numbers with
|k| <1 are the significant range for computing effective equations for {T?). Thus,
the parameter z has the following significance: when z is small there is rapid
decorrelation in time at the reelvant wave numbers while stronger correlations in
time develop at a fixed low wave number as z increases. This intuition summarizes
the trends depicted in Fig. 1 and Table 1. There is an abrupt transition in behavior
at z=2 in the hyperscaling regimes where 6/¢()}0. For z <2, there is sufficiently
rapid decorrelation in time at low wave numbers so that the renormalization
theory for (1.4) coincides in hyperscaling regimes exactly with the renormalization
theory for the “inviscid” problem,

o1’ oT?

_6?‘ +v,,(x, t)a—y— =0,

. (1.13)
T°l,= o= To(dx, 6y)



Table 1. Summary of the exact renormalization theory for the five regions

Region

1

I

11T

v

v

Eulerian
scaling law

0,(8)=0
(Meanfield
theory)

4-8—z

0(0)=0 2
(Anomalous)

03(9)=0"""*
(Anomalous)

z 1
04(0)= 5?((2— 1)+§/2)
(Anomalous)

1
04(0)=0T+7
(Anomalous)

Lagrangian
scaling law

X*~T

1
X2~ T1-%4

-2
+

X>~T" =

X2 ~ Tl +2

Is effective
equation
local
diffusion
equation?

Is effective
equation
nonlocal
with
random
diffusivity?

Is effective
equation
dependent
on vy?

Is effective
diffusion
dependent

on ultraviolet

cut-off?

Is effective
diffusion
dependent
on infrared
cut-off?

Yes

Yes

Yes

Yes

Yes

Yes

Yes

Yes

Yes
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and the bare diffusivity v,, is completely irrelevant. Nevertheless, as indicated in
Fig. 1 and Table 1, the exact renormalization for (1.4) with z<?2 has very rich
behavior with three distinct anomalous scaling regimes for z with 1 <z<2 as §
varies and an abrupt transition to two anomalous scaling regimes for z with
0<z=1. For z>2, there is strong enough temporal correlation at low wave
numbers so that in hyperscaling regimes the renormalization theory coincides
exactly with renormalization theory for the steady case discussed completely in
Sect. 4. For the transition value, z =2, the scaling functions for the renormalization
theory coincide at the same value of & with those for steady velocity fields from
Sect. 4 but the formulas for the random diffusivity for 0 <é<?2 are different and
reflect the temporal statistics. The Eulerian scaling functions é + g(d), which gives
rise to the non-trivial limiting equation for {T°®) can be directly related to the
scaling law for the mean-square displacement of a particle undergoing the motion

X(t)=)/voBi(t),  It)=vsx(t))+]/voB,(2),

where B(t), i=1.2 are independent Brownian motions. In fact, for particle
displacements on the order of the ratio between the integral length scale and the
dissipation length scale, the corresponding Lagrangian scaling law is,

1 .1

—=0*(=). 1.14

T=¢ ( X) (1.14)
Accordingly, for time-independent statistics, in the regime of mean-field theory,

£§<0, we have g(6)=96 and the mean-square particle displacements satisfy the
scaling law

X2~T,

while for > 2, the anomalous Eulerian scaling function g(8)= 6" ~¥* corresponds to
1

XZ ~T1-84
In the intermediate region 0 <&<2, where o(8)= 46 *¥? we have the scaling
X2 ~ Tl +&/2 .

The same type of results are valid in the time-dependent situation.

We conclude the introduction with several comments. The model problem in
(1.4) with simple shearing has been used in mean field regimes quite often (see
[26,28]) to illustrate the additional diffusivity in turbulent flows. In the case of
steady velocities for (1.4), Matheron and de Marsily ([18]) have already observed
anomalous scaling in their calculations of mean-square particle displacement but
they did not attempt to derive effective equations for the first moment, T. The
examples with hyperscaling and renormalization from this paper provide
examples for homogenization theory ([S]) with arbitrarily many length scales and
without separation of scales. Of course, the model problem in (1.4) is the simplest
special case of (1.1); nevertheless, the renormalization theory for this model is quite
complex and provides some very interesting test problems for eddy viscosity
theories for turbulence based on renormalization ideas. This aspect of the model
problem is developed in another paper of the authors ([2]).
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2. Velocity Statistics for the Model and Infrared Divergence
for Turbulent Transport

We begin this section by describing the problem of computing effective large scale
transport equations for advection-diffusion by velocity fields with Kolmogoroff
statistics in the inertial range. We show that this problem can be rescaled naturally
to involve infrared divergence of the energy spectrum because there is no
separation of scales and a continuous range of significantly excited modes between
the largest scale motions and the smallest scale motions. We include this brief
discussion because this reformulation with infrared divergence may not be known
to the reader, although such divergence are implicit in some of the recent work on
renormalization methods in turbulence ([8, 17,27]). This discussion also motivates
the statistical structure for the velocity fields which we study in the model problem.

Kolmogoroff Statistics and Infrared Divergence. With L, the integral length scale
and U, the typical velocity of the energy containing but non-universal fluid

. . UL . . .
motions, we introduce the Reynolds number, Re= 9 with v the kinematic
v

viscosity of the fluid. Our interest focuses on turbulent flows with Re ~ co. The
Kolmogorov hypothesis in d-space dimensions asserts (see [4]) that there is a
dissipation length scale, L,, so that as Re— oo the velocity energy spectrum has a
universal form for wave numbers, k, in the range L, <|k|<L;! given by

<IBk)* = Cof* k| 717303, 2.1)

Here A denotes Fourier transform, ¢ is the mean-dissipation rate, and C, is a
universal constant. The energy spectrum is assumed to vanish for |k|>L;! or
decay very rapidly while the velocity is not universal for variations on length scales
larger than L. For simplicity in exposition, we have assumed that the velocity field
in (2.1) is time-independent besides being incompressible. We consider the problem
of advection diffusion of a quantity, T, by an incompressible steady velocity field
with the Kolmogoroff velocity statistics from (2.1) and divo=0, i.e.

oT

E_HJ' VI=xAT, Tl|-q=Tyx). 2.2)
Here x is the molecular diffusion coefficient. We assume that initially at time t =0,
Ty(x) varies substantially only on length scales larger than L,; the objective of
theories of “eddy-viscosity” modelling in this context is to determine an effective
equation of motion involving variations of T(x, t) on length scales larger than L,
and for times at least comparable to the large scale eddy turnover time, ¢ = Lo/U.
We non-dimensionalize the equation in (2.2) by utilizing the dissipation length
scale L;=(v3/)'/* and dissipation time scale t,=(v/€)'/?; first, using the relation

773

U
£~ —, one finds that
Ly

Ly=Re)"**L,, t;=(Re)" V. (2.3)A)
With this non-dimensionalization and the identification

5=(Re)~ 34, (2.3)B)
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the equation in (2.2) assumes the form

oT 1
Here $v,=v/k is the Prandtl number; for most fluids v, is quantity comparable to
unity. The rescaled velocity field vy(x) has the energy spectrum

Colk|* 74753, s<k|<1
eanry={ oM .

0, otherwise. 23)

With the formulation in (2.4) and (2.5), the goal for “eddy viscosity” theories for
high Reynolds number flows is to “homogenize” the problem in (2.4) and replace
the dynamics in (2.4), (2.5) by an effective equation involving only the large scale
motions in a fashion which is uniform as Re—oo or equivalently, as 6—0.
Furthermore for such an approximation to be useful, it must remain uniformly
valid for time scales comparable to the eddy turnover time, ¢; from (2.3) A) we see
that the time for validity of these equations should be a long time at least
comparable to 6~ 2/3 as §—0.

To continue the discussion and to point out some subtle aspects of this
problem, we generalize the model problem in (2.4) and (2.5) by considering the

parametrized family of incompressible velocity fields with energy spectrum given
by

Colkl>™47%, o6<lk|<1
0, otherwise

IBs(k)12y = { (2.6)
where &, — o0 <€< o0 is a parameter. The rescaled Kolmogoroff spectrum is given
by £=8/3. The reader can regard ¢ as the relevant expansion parameter in the
g-expansion of renormalization group theory ([17, 8, 27]).

Basic work of Papanicoulaou, Varadhan and co-workers ([23, 20]) establishes
that the standard formulas of homogenization theory yield an effective diffusivity
for (2.4) provided that there is sufficient separation of scales between the velocity
statistics and Ti(dx). This work has been generalized under minimal hypotheses
recently by the authors ([3]). Provided that the velocity spectrum satisfies

i <A

sio ke |k

dk< o, @.7)

then the classical effective diffusion equation from homogenization theory remains
valid with the expected long time diffusive scaling, 6°t. For the incompressible
velocity field with spectrum given in (2.6) the condition in (2.7) is satisfied if and
only if €<0. The examples in this paper show that when the condition in (2.7) is
violated, new effective equations with different anomalous shorter time scalings
5%0t, 0 <1 arise; in some regimes these effective diffusion equations are non-local in
space-time. For incompressible velocity fields with the Kolmogoroff spectrum in
(2.5), we have §=8/3, so there is infrared divergence as 6|0 and the integral in (2.7)
diverges. In fact,

§ Ibsk)>>dk—c0 as -0 for &>2
Rd
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so there is even an infrared divergence of energy for £> 2. We remark that this fact
is not inconsistent with the standard derivation of the Kolmogoroff spectrum
which imposes finite energy at the outset. The choice of dissipation space and time
scales from (2.3) A) and the fact that we require (2.4) to remain uniformly valid in
the limit as Re # co results in the infrared divergence of the spectrum after this
rescaling.

For a time dependent random incompressible velocity field, v(x,f), the
Kolmogoroff hypothesis yields the rescaled energy spectrum, ([4]),

colkll““s“(|k|‘2/3¢(lkliz,3)), <k <1

sk, w)|*> = 0 (2.8)

, otherwise,
with A the space-time Fourier transform. Here ¢ >0 is some structure function
satisfying | ¢(s)ds=1. The combination w/|k|*® arises as the only combination of
time and space frequencies independent of Re, consistent with the scaling in
(2.3) A), and also with the energy spectrum, E(k)= {|,(k, w)|*dw, given in (2.5) by
the Kolmogoroff law although other space-time velocity statistics are possible.
With this discussion, a natural generalization of the transport diffusion problem in
(2.4), (2.5) to the time dependent case involves incompressible velocity fields v(x, t)
with

C0|k|2“‘"|k["¢< 2 ) s<lk|<1

Aol =} | ol

, otherwise 29)

where & and z with 0 <z < oo are parameters. From the preceding discussion, the
Kolmogoroff spectrum corresponds to the values §=8/3 and z=2/3 for d=3.

Velocity Statistics for the Model Problem. With the above discussion as motivation,
we consider advection-diffusion for the model equation,

oT oT 1
E + v‘;(x, t)a = —2-VOAT, T|t=0 = To(éx, 5y) . (2.10)

First, we discuss the time-independent case. With (2.6) for d=1 as motivation, we
assume that the steady velocity field v3(x) has stationary Gaussian statistics with
the spectral representation

1-¢
)= (2m) 12 f ekl 7 ('?) VLK) WIdK), @11)
where W(dk) is Gaussian white noise satisfying
W(dk)W(dK')y = o(k + k')dk .

The function y/?(k) is the ultraviolet cut-off and is a rapdily decreasing function
with

1/2 1/2
pi2=0, Y

[Py (K)dk<C,, a>0. (2.12)B)

continuous at zero, and p/?3(0)=1, (212)A)
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The function p§/?(|k|/8) is the infrared cut-off and satisfies p3/%(k) =0 and also, for
some constants k,, k, with k, >k,,

wo(k)=1 for |k|>ky, wo(k)=0 for [k|<k,. (2.13)
The velocity field v(x) in (2.11) has the energy spectrum
- - k
IB3(k)>> = (2m) ™ 12 k| ~Pyg (lé—l> Vol (2.14)

with the same general form as that in (2.6) with d=1. In (2.6) p, (@> and vy (k|

correspond to the characteristic functions of |k|>¢ and [k|<1. 0

For the time dependent velocity fields, vy(x, t), in (2.10) we assume stationary
Gaussian statistics with our motivation from (2.9) with d=1. We assume that
vs(x,t) has Gaussian statistics with the spectral 6 representation

(3

1 —
vy, £)=(2m) " 1/2 [ f KT Oyl (@) W 2(kf) Ikl 2
7120 2|k 2 (i 4 alk|?) L W(dk)W(dw) (2.15)

with W(dk) and W(dw) independent Gaussian white noise measures. Note that
they satisfy

(W(dk)W(do)W(@R)W(de')y = < W(dk)W(@K)>  W(dw)Widw))

=d(k+k")o(w+ w')dkdw .
The energy-power spectrum of the unsteady velocity field in (2.15) is given by
~ k g - -
IBsk, 0)*) =10 <%’> V(KD Ik ¥~ alkl(@? +a®k*5) 71, (2.16)

With the energy spectrum for the steady case from (2.14), we see that the energy-
power spectrum for ¥4k, w) has the form

ik, )25 = |05(k)X(alk)) ~*p (ﬁ) 2.17)

where ¢(s) is the time frequency structure function,
d(s)=n""(1+5%)7". (2.18)

We make the same assumptions on y, and p, as we used earlier in the steady case
and impose the restriction, 0 < z < co on the fixed parameter z. Looking back at the
formulae in (2.8) and (2.9), we observe that the velocity spectrum for the model
problem as given in (2.16), (2.17) has the same form as the general time-dependent
case described earlier; the parameter values §=8/3 and z=2/3 in the model
problem correspond to the Kolmogoroff spectrum. Of course, turbulent velocity
fields obey only approximate Gaussian statistics and this is one simplification for
the model problem which we use throughout this paper.
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3. Representation Formulas and Identities
for Renormalization for the Model Problem

Here we develop representation formulas for the solution of the model advection-
diffusion equation

aT aT 1

_b? +U‘;(x, t)_@ = EVOAT5 T|t=0=TO(5x)5y)> (31)
where the velocity v,(x, t) has the stationary Gaussian statistics described in (2.11)
for the steady case and in (2.15) for the general dependent case.

First, we use Fourier analysis and the Feynman-Kac formula to develop a

representation for the solution of (3.1) for each fixed realization of the velocity field,
v4(x,t). The initial function Ty(dx, dy) is given by the Fourier integral

Ty(8x, 8y)=(2m) 1 | [ 'O+ ¥ (y, E)dédy, (3.2)

thus, we only need to find a representation for the problem in (3.1) with initial data
&N+ With 5’ = o5, & =8¢, we seek the solution of (3.1) with this initial data in
the form,

ep(x, 1, &),

where p satisfies the equation

op . , Vo o, v i
a‘klva(x,t)éﬁ:—?o 2ﬁ+ joﬁxx’ ﬁ|,=0=e” . (33)
We represent the solution of (3.3) for each fixed realization of the velocity, vy(x, t) by
the Feynman-Kac formula ([19]),

A ) in'x —xg(é,)zt

plx,1,En)=€""e 2 (3.4)

x E l:eirl'vé/zﬁ(e)eig/gv&(x * v{,/2ﬂ(s),t—s)dsjl .

Here and in the remainder of this paper E[-] denotes the integral over Weiner
measure in the space of continuous functions. With the identification, & =§¢,
7' =6n, and (3.2)—(3.4), we have the solution of (3.1) for each fixed realization of v,
as the function space integral,
ERRGR

T(x,y,t)=(Q2m)~! [] 1+ Ton, &)

- i&éi valx+ v(}/zﬁ(s),t—s):l

(3.5)

xE [ei"”vé/zﬂ(‘)e dédy.

The Representation Formula. Formula (3.5) gives the solution of the initial-value
problem for every realization of the random velocity field v,; i.e. (3.5) is not yet
averaged over the velocity statistics given by the models (2.11) and (2.15) in the
steady and time-dependent cases, respectively. Our objective here is to find an
effective equation describing the large scale long-time dynamics of (3.1); thus, we
seek suitable space-time rescalings

xX'=0x, y=08y, t=0*o)\ (3.6)
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with ¢%(8)—0 as 6—0. The scaling function ¢*(5) will be determined for fixed values
of & and z by the nature of the statistics in (2.11) and (2.15). (Classical diffusive
scaling occurs when g(6)=4.) With this suitable choice of scaling functions, our
next goal is to compute an effective representation for

T, v, ¢)=tim (T %, 2, 5
T(x,yst)—%’lﬁ)l <T<57 5,Q2(6)>>. (3'7)

The equation satisfied by T(x', y', t') is the effective “turbulent viscosity” equation.
Here and below, {-) denotes ensemble average over velocity statistics. With
(3.5)—(3.7) we have

xy t - —(x’ 4 —Yﬂﬁgzt'
<T<3’%’m>> @) ffemroe” T e e )
% [eiaﬂvalzp ;_’2 <e-i5§"/(’;ez u.s(%’+v(}/2ﬂ(s),;—2-s)ds ):I déd}’, (38)

To simplify the expression in (3.8) further, we use the well-known fact that
Brownian motion rescales ([19]) so that

1 .
B(t'/o*) = . B(t) in law (3.9)
for any positive number g. We also make crucial use of the assumption of Gaussian
statistics given in (2.11) and (2.15). We recall the following general fact ([9]):

If u(x, t) is a mean-zero stationary Gaussian process, and f(s)is a
fixed continuous function, then

—ieTutx+ Bs), ds ) =17 (86 -5 =5),uc0, 0)) asas
Pl —e 28 (3.10)

With the stationary Gaussian statistics from (2.11) and (2.15) and (3.10), we obtain
for fixed g that

< ~ise"f va( +ve,/2ﬁ<s>——s)ds>
e

2x2
- 'f £ (0sVl/2(B(5) ~ Bs'N), s — w0, 0)dsds’

(02 s ) .0 i
'—-(ﬁ(s)‘ﬂ(s ), =5 (s—5) | v5(0,0) ) dsds
gg( ( @ ’ . (3.11)

In the last identity from (3.11), we applied the fact in (3.9) after changing variables.
The double integral appearing in the last exponent in (3.11) can be written
explicitly in terms of the velocity statistics; from (2.11) and (2.15) we have the
identity,

(o, Dos0, 0> = Ry, F) = (2m)* J ke ey ("") Pk 17k (3.12)

(the formula for the steady case is (3.12) with a=0 as the reader can easily verify).
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With the formulas in (3.8)—(3.12), we obtain the Representation Formula,

’ ’ ’ _Yo 52
T(x’,y’,t’)=<T(%,%,%)> =)~ lﬁe‘(""”'f)e 2" To(i,ﬂ)

2
2 n(vor)128(1) —%39‘4 ;in‘s((“"” B~ BN 25— s))dsds

xE|e dédn. (3.13)

For the remainder of this paper including Sects.4 and 5, for notational
convenience, we will drop the ' as superscripts in most identities referring to the
formula in (3.13).

Identities for Renormalization. As we have mentioned earlier, whenever ¢=6 we
have standard diffusive scaling and mean field theory occurs. On the other hand, in
Sects. 4 and 5 we show that when renormalization occurs, there is a scaling law g(9)
satisfying 9/0(9)|0 as 6—0. In this regime we have

gnvoﬂﬂ(rwo
(3.14)

e
Thus, with Yy(f,t) given by

2,211 1/2
=G | Rl 2

vg &
2 o2

‘51 provided §/0—0.

(B(s)— (s, QLz (s— s’)) dsds’, (3.15)

our strategy in Sects. 4 and 5 below will always involve finding functions of f,
Y(B,t), Y(B,t), and a suitable scaling law with §/0—0 so that

A) 1Y(B,01=Y(8,0),

B) E[j(B,0)] <o,

(@] ‘ljirr(l) Y5(B, ) Y(B, 1) =% 0, pointwise in . (3.16)
With (3.14)—(3.16), it follows from applying the dominated convergence theorem

to (3.13) that with a suitable choice of the scaling function g(é) with 6/0(6)]0, the
solution for the effective equation is given by

T(x,y,0)=2n) " [[ " 7OE e SV PINTY(E, n)dEdn . (3.17)

An appropriate way to guess the scaling function () is to require E(Yy(f,t))
<Cy< oo as 6]0. To achieve the behavior in (3.16), (3.17) in the hyperscaling
regime where 6/0(9)]0, it will be useful to substitute the identity in (3.12) into the
definition for Yy(B,t) in (3.15) and then to rescale the frequency variable by the
scaling function, k' =k/g(5). The result is the identity

g((S)2 52 12 z’—’Q(vor)mw(s) Bk, ~ @) lki=ls =5

Y, 0)="—5—50n" I I fe

(g(‘” |k|>ww(g(5)k)|k|l "k{* ~tdkdsds . (3.18)
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We will make a variety of choices of g¢(6) and g(d) in the renormalization
calculations in Sects.4 and 5 and the following comments provide useful
guidelines:

A) If g(6)|0 as 4]0, as a consequence of (2.12) B), p, (g(d)k)—1
and the ultraviolet cut-off is negligible in the limit.

B) If g(6)/0 » oo as 4]0, the infrared cut-off is negligible because

Yo <§(5§!k|> —1 as 4]0. (3.19)
C) If g(9)/0(0)]0 as 60, the effects of Brownian motion are
negligible in the limit for Yy, t).

Of course all of the comments in (3.19) are true only under the tacit assumption
that the integrand in (3.18) is uniformly integrable as 6|0 so that the dominated
convergence theorem applies.

4. Renormalization with Steady Velocity Fields
Here we study renormalization for the model problem,

oT T 1
GG = 3v0d T, Tlioo=Ti6x,3), @)

where v4(x) has the stationary Gaussian statistics in (2.11). For the problem in (4.1),
the representation formula in (3.13) for the averaged solution becomes

_vo o2

x E [ei%"‘“""‘“‘“”e‘ #1000 dzay 42)
with
52 211 1/2
T6.0= 5 (R, (‘”"t (B(s)— (S ))) ds'ds
52 2 11 (vot)1 o — B(s’
t (27'5)— Ijj. 2 (B(s)—B(s'Nk
X ('?)wwqm);k]* *dkds'ds 4.3)A)
and
Ra(x)=(2n>‘wef*kwo(' ‘)wwuknskrl “dk. (43)B)

As mentioned in the introduction, here we prove that there are three different
scaling regimes with completely different behavior for this problem as & varies: the
regime with §<0 where mean-field theory applies; the anomalous scaling regime
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with 2<&<4, where the bare viscosity v, is irrelevant and inviscid dynamics
dominates; the anomalous scaling regime 0 <&<2, where the effective diffusion
equation is non-local with a random diffusivity given by a rich variety of explicit
formulas which depend on the bare diffusivity, v,. We systematically apply the
representation formula in (4.2) and all of the systematic ideas for renormalization
described in (3.12)—(3.19). After a brief discussion of the other regimes in & we
mostly emphasize the rather subtle behavior that occurs for 0<&<2.

A) The Regime §<0— Mean Field Theory. The regime with §<0 is precisely the
region where the limit as |0 of the integral in (2.7) is finite for the steady velocity
statistics from (2.11) that we assume in this section. Thus, from the general theory
of homogenization described briefly above (2.7) (see [23, 20, 3]), it follows that the
conventional diffusive scaling, g(6)=4J, is appropriate and the effective averaged
equation valid at large scales and long times for (4.1) for £<0 is given by

oT 1 _

5 =7 vodT+v D@T,y, Tli=o=To(x,), (4.4)A)
where

D@ =(m)"" [ Ik ™' Py (IK)dk . (4.4)B)

We observe that the integral in (4.5) converges for small wave numbers only when &
satisfies £ < 0. A simple self-contained proof of the mean field theory results in (4.4),
(4.5) which utilizes the explicit representation in (4.2) is presented in the appendix
to this paper.

B) The Regime 2 <&<4 — the Inviscid Hyperscaling Region. The integral
[wollkl) [k|* ~*dk (4.5)

is convergent for £§>2. This fact suggests the frequency scaling factor g(§)=4 in
(3.18). With this choice,

Y,(8,6)= %‘: 522_ Q2n)~! i (}) feig(mt)”z(ﬁ(S)—ﬁ(S’))k
X Wo(lkDw (01k|) |k|* ~*dkds'ds . (4.6)
The facts in (4.5) and (4.6) suggest the scaling function g(d) so that 6* *=p%, ie.
od)=61"%, 2<i<4. 4.7)

We require that & satisfies £<4 so that ¢(6)—0 as 0]0. Since 6/0()]0, the
contribution from the Brownian motion is negligible in the limit as 60 and

. I .
lim Yy(B, 1)= —-(2m) ! fpo(Ik) k| ~*dk. (4.8)
Thus, from (3.14)—(3.20), the dominated convergence theorem, and (4.8), we

conclude that the effective averaged diffusion equation at the large spatial scales
with the long-time scale defined by g(8)=46! %4 is given by

oT — -
¥ tD@T,,, Tl-o=Tox,y) (4.9)
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with the effective diffusion coefficient given by
D@ =(2m)"* fwollk)) 1k|' ~*dk, (4.10)

for £> 2. Suppose now that §=2. Then the integral in (4.6) diverges logarithmically
as 0. We see from (4.6) with =2 that the correct choice of scaling function g(d)
must be such that

. 1 A
ZFIOgE =1, or g(6)= <log3) o2, 4.10)
With this choice of scaling function we have, again from (4.6),
t2
}Siltg YB 0=

Thus, the effective equation for T when =2 is
oT 't -
ot 4m 7

We remark that the scaling function o(d) satisfies o(5)=6'/2 up to logarithmic
factors at §=2. This value corresponds to the natural convective scaling,

T <§, -g, %), associated with (4.1) with v, =0. For £> 2, the scale g(5) = 6 ~¥* defines

(4.10")

a shorter time scale than the natural inviscid time scale — a regime of hyperscaling
dominated by inviscid transport. To emphasize this point, we briefly consider the
problem of determining the large spatial scale and long-time averaged equation for
the inviscid problem

oT oT

a5t U"(x)_ﬁ =0,  Tl|=o=To(dx,dy) (4.11)
with the same velocity statistics from (2.11) as we used in discussing (4.1). The
representation formula from (4.2) applies to the rescaled solution by setting v, =0
with R; given in (4.3) A). For the finite energy regime, §<2, with

S 1K1 "Fy oo (kDdk < 00,

it follows from (3.13) that the appropriate time scaling for (4.11) is given by the
standard convective scale
0=06Y%, for &<2

with corresponding averaged equation for the inviscid problem given by

%:tf =tDo(@®)T;y, Do) =2m) " fIkI' Py (lkI)dk.
On the other hand, for £= 2, the regime with infinite kinetic energy, hyperscaling
occurs for the problem in (4.11) with the same scaling law and effective equation
from (4.7), (4.9), and (4.10) as occurs in the renormalization of (4.1) for €= 2. This
justifies our terminology for calling the regime with £=2, the region of
hyperscaling for (4.1) dominated by renormalization for the inviscid problem.
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C) The Regime 0<&<2— The Region with Random Nonlocal Diffusivity. As in the
case just described, we seek a frequency scaling factor k' = g(8)k which renormalizes
Y;(, t) defined in (4.3). The simple choices g(d) =1 and g(6) =0 both fail for 0 <& <2
because both

[IKI* " *po(k)dk and  [Ik| ™" Py, (k)dk

are divergent integrals. Instead for fixed ¢, we make the intermediate choice, g(d)
=0(8) (vot)~ '/? and anticipate that o()is a hyperdiffusive scaling so that 6/¢(5)—0;
with this choice of g(d) in (3.18), the path integral Yy(, t) from (4.3) A) has the form,

TN S12§ § B~ BV ]
Y;i(ﬁat)=Q2+g(v0) —— @ {j{@n) (I) (I) e dsds
t -1/2
(1o (22 et D k. @12)

We pick the time rescaling g(d) so that % =o? *? and anticipate that the integral on
the right-hand side of (4.12) has a finite limit as §]0. Thus, the scaling law is given
by .

9(0)=061%42 for 0<&<2. 4.13)
We remark that ¢(6)=06 at =0 while g(8)=35? at =2 so the scalings in the
regime 0 < & < 2 are diffusive/convective and intermediate between purely diffusive
scaling and inviscid convective scaling.

We concentrate on investigating the limiting behavior for the integral in
parentheses on the right-hand side of (4.12). We define

Fil9 =, (%(votrWuki)wm(g(vot>—”2|k|> KTt @14

and remark that as 60,
Fy(l)—|k|* ifﬁ(k) (4.14)B)

pointwise. The continuous map from the unit square to the real line given by
(s,8") — P(s’)— B(s) pushes forward Lebesgue measure on the square to a finite
Borel measure, ug, on the real line via the formula

ey = [ (B(9)— B )ds'ds @19)

for every continuous function g(x) which vanishes at infinity. The function F(k)
belongs to L' n L™ for fixed § and therefore has an inverse Fourier transform F%(x)
=(2m)~ Y2 > *F¥(k)dk which is a continuous function vanishing at infinity. By
Plancherel’s theorem with (4.14) and (4.15) the integral on the right-hand side of
(4.12) is given by

J AR )k = Fix)dy . (4.16)

Below, we will show that as 6|0, the expression in (4.16) has a finite explicit limit for
B a.e. with respect to Weiner measure.
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First, from (4.14)B), we note that as 6—0, in the sense of tempered
distributions,
CE|xF 2, 0<E&<2,&+1

C1)o(x), &=t @17

F3(x)- F(x)= {
with C(®)= —2(2m)~ 12 sin((1 5)”) r2—:2 and C(1)=(Qn)~'2. In (417) we

utilize the fact that the inverse Fourier transform of |k|! ~2is C(&) |x[*~2([10]). From
(4.17) we see that for every ¢ e CP(R?)

hm [ Fi(x)p(x)dx = (FE, §) (4.18)

with (F%, ¢) given by

(FE ¢)__ {C(é)jd)(x)lx,g—zdx; 1<é<?2

’ CE) [ (P(x)— pO) [xf~2dx, 0<E<1.

In order to treat the limit in (4.16) we need to enlarge the limiting formula in (4.18)
to a broader class of test functions, ¢. To do this, we recall that the Sobolev space

HS(R") consists of functions ¢ so that |¢|(1 +|k|>)*>e>(R') while Fe ™ }(L) denotes
the space of functions ¢ so that ¢ is continuous and ¢ € L*. We have the following

(4.19)

Lemma 4.1. Assume that the function ¢ belongs to H¥*~YnFe™Y(L*) for all y>0,
then
hm j oFY(x)dx=(F%,¢) for 0<&<2. (4.20)0A)

Furthermore, there exists y(§)>0 so that for 6=0,

I(Ffsa o) =Clllollgs2-»+ 1@ “L"°(|k| < 1)) (4.20) B)
with C independent of 6.

The proof of Lemma 4.1 is easy. First, (4.18) and the estimate in (4.20) B)
combined with a standard approximation argument implies (4.20) A). Thus it is
sufficient to establish (4.20) B) for ¢ € C$(R!). By Planchel’s theorem, for §=0,

[(F5(x), @)l =f Fk)@(K)dk| < || § | .- I; ‘lkl"idk

+ | @llgsz-v (lklj k=1~ 2(e-v)>1/2 '
By setting y=2&/2 and using the fact that & satisfies 0 <&<2, we see that both
integrals on the right-hand side of the above estimate are finite and the estimate in
(4.20) B) is established. We remark that every function ¢ which belongs to H*?~?
for all y>0 also belongs to the Holder space C*(R*) for any a<1. This fact is
proved in Lemma 4.2 at the end of this section. In particular, if ¢ € H3/> "7 for all ,
as expected from Lemma 4.1,

(F, g)= cm"’—(’ilz—"i@dx

is an absolutely convergent integral for 0 << 1.
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In order to renormalize (4.12) with the scaling in (4.13), what remains is to
determine the limit from (4.16) given by

lim [ Fy(x)du, as 4]0

with the measure p; defined in (4.15). The following lemma combined with
Lemma 4.1 enables us to achieve this.

Lemma 4.2. For f a.e. with respect to Wiener measure, the Borel measure p; defined
in (4.15) is abolutely continuous with respect to Lebesgue measure, i.e. djiz= @ g(x)dx.
Furthermore, the function ¢ ,(x) belongs to H*>~’nFe™'(L®) for any y>0 and we
have the estimates

A) |pgk) = (2m)~ 112,
B) E[ll¢sl32-,1<C, for any y>0.

In particular, for B a.e. with respect to Wiener measure, ¢, belongs to CYR") for any
a<l.

4.21)

The estimate in (4.21) A) is obvious from the definition of y, in (4.15); the proof
of B) is more difficult and we postpone this until the end of this section.

Lemma 4.2 combined with Lemma 4.1 and the dominated convergence
theorem enables us to determine the limit of Yy(f,t). We summarize the result we
have proved in the following

1
Proposition 4.1. With the scaling, 9(6)=06*¥2 for 0 <&<2, the function Yp,t) has
the following limit as 6—0, B a.e. with respect to Wiener measure:

A) For 1<é<2,

1+%/2
tim 1(8,0)= (00~ —5— (2~ 2C(®)] 180)— s s

B) For 0<é<1,

2= 940)

‘ “_ltna/z i
lim Yi(6,1) = (o™ —5— Q)™ 12C@ (7 s

C) For §=1
; ~12t . -1
lim Yi(6,0)=(00) ™"~ (2m) " 40).
where @g(x) is the a-Holder continuous function for any « <1 determined from the
definition

D)

Fee)o0d= | | g(6(5)— B )dsds

for all continuous functions g.
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Explicit Averaged Equations for 0<&<2 with Random Diffusivity. By utilizing
Proposition 4.1 together with the general strategy sketched in (3.14)—(3.17), we
obtain the following limiting representation formula as 6|0 for the ensemble

1~
averaged, (T'), in (4.2) with the time scaling g(0)=J51+¢/2:

T —lim (2% 2L
Tlsr. 0= <T <a’5’92(6>>>
=(2m) "L [ [N IOT(E, n)E[e™ ' THRIF P ddy . (4.22)

The function F¥(f) is the random variable given by

FY(B)=(F*, pp) (4.23)

with F? the explicit distribution in (4.17) for 0<€<2 and ¢, the test function
depending on B defined in (4.15) and D) of Proposition 4.1. Here 9(v,) is the
coefficient

Do, &) =(vo)*~*(8m)~ /2. 4.24)

Our objective here is to interpret the solution formula in (4.22) as an effective
equation involving appropriate ensemble averages over a random viscosity. To
achieve this, we let vy(«), the random diffusivity, be the distribution function of the
random variable, F¥(p), i.e.

v()=E[F{f)<a]. 4.25)
At the end of this section after the proof of Lemma 4.2, we verify
Lemma 4.3.
vi(a) vanishes for « <0.

With (4.25), the formula in (4.22) becomes

T(x, y,t)= | T(x,,t,0)dvy(e) (4.26)
0+
with
T(x,y,t,0)=(2m) " [ [ CTOT(E, ple ™4 "2 9%ddy (4.27)
For fixed a>0, T(x, y,t,®) satisfies the diffusion equation
oT g
&= (1 + 5) RDuT,,,  Thoo=Ty(x) (428)
so that
T(x,y,t,0)=f K(y—y',t,0) To(x, y')dy’ (429)A)

with kernel given by

12
Ky, t,0)=(4m)~ Y2t~ Y2784 Q)= 112 exp {——TIL} . (4.29)B)
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With (4.26) and (4.29), the large-scale and long-time ensemble averaged solution is
given by

T(x,y,t)=[ K(y—y' - ) To(x, y')dy’ (4.30)A)
with the explicit Green’s function,
K(y,t)= OL K(y,t,0)dv(). (4.30)B)

The formulas in (4.26), (4.28), and (4.30) give the effective equation as an
ensemble average over solutions of the simple local diffusion equations in (4.28)
with a distribution of viscosities determined by the distribution function, vy(x).
Naively, one might have anticipated an effective local diffusion equation with the
form in (4.28) for the regime 0 < & < 2 with a fixed value of «, say &(€), determined by

1

£. Both the scaling law, 9(6) = 61 +%/2 and the local diffusion equation in (4.28) scale
appropriately in £in the limiting regimes |0 and £12 to match the scaling behavior
and dependence on bare diffusivity, v,, in (4.4) and (4.9) for §<0 and §>2
respectively. This guess is completely wrong!! Instead, for a fixed value of &, the
averaged solution involves an ensemble of such solutions with a random diffusivity
determined by the distribution function, v,(«), defined through (4.23) and (4.25).
The issue of whether the solution of the local diffusion in (4.28) with an appropriate
value d(&) is a good approximation to the solution in (4.30) depends on the variance
of the distribution function, dv,(x). As § #2, the formulas in A) of Proposition 4.1
yield the fact that dvy(«) ~d,,, a local Dirac mass so for & near 2 the appropriate
local diffusion equation in (4.28) with a=v,, yields a good approximation to the
ensemble averaged equation. However, for general & with 0 <&<2, we conjecture
that dv, has a rather large variance, increasing as & decreases to zero so the local
diffusion equation in (4.28) yields a poor approximation to the large-scale, long-
time dynamics. At least for 1 <§<2, the distribution function in (4.25) can be
readily computed numerically through Chorin’s algorithms for accurate evalu-
ation of Wiener integrals ([6, 12]). The authors report on a detailed comparison of
such approximations in [2].

Proof of Lemma 4.2. Since dy, is a probability measure, it follows that ||| - <1.
We note that

2

1 Ly
[ e 9| .
0

11
fig(k) = —= [ [ e*POBENGsds =

1
)/2n 00 )/2n

Thus,

1 4
”“ﬁ“?ﬁlz—v:Ej(l+k2)3/2‘v dk,

1
| %9 s
0

and, taking the expectation value,

E(|l pgliare-»)= 21_7: fA+k?327E ) dk. (4.31)

1
[ e ds
0
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1 4
We claim that E || e*#®)ds| decays like k~*, for large k. To see this, we use Ito’s
0

formula [19] and write

. 1 k*t
e —1 =ik [ e*POdP(s) — — [ s,
0 20
whereby

t 2 . 20t .
[ €*P9ds| < — |e™*FO — 1]+ =|[ e*POdp(s)
0 k k 0

Using the inequality (a+ b)* < 8(a*+ b*), this implies that

¢ C C
G

4
b

1
[ €O ds
0

§ e0p(s)
0

and thus

4 C C
1 2
<._8+FE

E <2

1 4 C
| e*F)ds < & k>1,
)

[ 40 dR()
0

where C is a numerical constant. This bound can be used to estimate the right-
hand side of (4.31). We have for all y>0,

© (142327

E(lgli3on-) S1+2C [ g dk <o,

and hence
lugllgsz-v<oo, B almost surely.

This implies that 4 has a density in C* for all a €(0, 1), by virtue of the embedding
theorem ([1])

H3?"'R)CCYR), O<a<1-2y, O0<y<1/2.
Proof of Lemma 4.3. Since

1
F(B)=2m)~ /2 [|k|' % | €™ Pds|*dk,
0

(where the integral converges for almost all f), F%f) is non-negative with
probability one and, for all « <0, v,(a) =0. We claim that v,(0)=0 as well. In fact, if

1
F¥(f)=0, then [ e*"#9ds=0 for almost all keR and hence for all k. In particular
0

1 d* 1
1 BP(shds= = o (sl =0.
Therefore,

v(0)=Pr{F(f)<0} = {OSUP 1B(s)| = 0} =0,

<s=1

and the claim is proved.
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5. Renormalization with Time Dependent Velocity Fields
Here we study renormalization for the model problem,

QI+ ( t)gz_
Usl X, 6y_

1
ot V04T,  Tl=o=Ty(0x,6y), (5.1

2

where v(x, ) is the unsteady velocity field with stationary Gaussian statistics
described in (2.15). This problem exhibits a remarkable range of different
phenomena in renormalization when the positive parameter z is varied. From the
identity in (3.12), alk|”, measures the correlation time of the velocity statistitics at
wave number k. In computing averaged equations for the large scale and long-time
behavior of the solutions of (5.1), wave numbers with |k| <1 are the significant
range of values. If z is a small positive number there is more rapid decorrelation in
time at low wave numbers while stronger correlations in time develop at a fixed
low wave number as z increases. This intuitive fact underlies the trends for the
results which we present in this section. There is an abrupt transition in the
behavior at z=2 in the hyperscaling renormalized regimes where the time scaling
function ¢(d) satisfies 6/0(6)|0 as 6/0. For z<2, there is sufficiently rapid
decorrelation in time at low wave numbers so that the renormalization theory for (4.1)
coincides with the renormalization for the inviscid problem

a_T
ot

in hyperscaling regimes. Nevertheless, the exact renormalization of (5.1) for z<2
exhibits some very rich behavior with three distinct anomalous scaling regimes for
zwith 1 <z <2 and an abrupt transition to only two anomalous scaling regimes for
0<z=Z1. For z>2, in hyperscaling regimes there is strong enough temporal
correlation at low wave numbers so that the exact renormalization theory for (5.1)
coincides with the renormalization theory for steady velocity fields, vy(x), which we
discussed completely in Sect. 4. For the transition value, z =2, the scaling functions
for the renormalization theory coincide with those for steady velocity fields from
Sect. 4 but the formulas for the random diffusivity in the regime 0 <&<2 are
different and reflect the temporal statistics.

In the case of (5.1), the general representation fromula for the ensemble average
over velocity statistics is given by

oT
+vg(x, t)ﬁ =0, Tl=o=To(dx,9y) (52)

V05

T =1 s(XY O\ _ 1 piten+ye), "2 28t
T(x, y,t) %1{1(’)1 <T (5’5’92(5)>> =Q2n) "' ffe e 2¢

X (& m)E [eign(vo)t/zﬂ(l)e—gzns(ti,r)] dédn (5.3)
with
§2 211 1/2
1g.0= 02 1R (P p-pon oo Jasts 59

and

Raoe,t‘)=<2n)"fei*"e‘“"‘"'*'wo(' l)wm(lkl)lkl‘ k. (55)
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We remark that the representation formula for the inviscid case is obtained by
setting v, =0 in (5.3), (5.4), and (5.5).

The Regime of Mean Field Theory. Mean field behavior occurs when the standard
long-time diffusive scaling ¢(6)=0 and a local diffusion equation describe the
large-scale and long-time behavior of the ensemble average. For the model
problem in (5.1) the region of mean field theory is described by the two sets of
inequalities, <0 for z>2 and §<2—z for 0 <z<2. To motivate the formulas in
this regime, we recall that the particle displacement along the y-axis of a Brownian
particle initially located at the origin with the velocity v(x, t) from (5.1) is given in
the rescaled space and time by

Z(B,w,t)= 5v},/2/3< ) +5 j v5(B(s), s)ds . (5.6)

We set ¢ =6 for standard diffusive scaling and calculate the mean-square particle
displacement,

E[<Z3(B.,0)]= "2+ E[Y(B.5]. (57)

With ¢=46, we compute that

ti B.00= (W k) GROK . 68)

The integral in (5.8) is finite for <0 with z>2 and for §<2—z with z satisfying
0<z<2.

With the scaling for the particle displacement along the y-axis from (5.7) and
(5.8), we anticipate that the effective averaged equation in the mean-field regime is
given by

T 1
= 2v0AT+D(§) (5.9)A)
with
-1
D@E=n"" j(%’ Ikl? +a|k|’) veo(IKl) kI ~*dk . (5.9)B)

An elementary proof of this fact is presented in the appendix of this paper.

5A4) Regions with Renormalization where the Effects of Brownian Motion are
Negligible. There are three distinct regions of anomalous hyperscaling, regions II,
IT1, and IV depicted in Fig. 1, where Brownian motion is negligible. It is useful to
begin with some general remarks which indicate that all of the computations
presented here are based on systematic principles.

We recall that under the general frequency rescaling, k'=k/g(d), Y;(B,t) from
(5.4) is given by

g(5)2 352

v(8.1= B2 am) Ha(k,ﬁ)wo(g( )lkl>ww(g(5)k)lk|‘ *dk  (5.10)
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with

lg(——)(VOt)‘/Z(ﬁ(S) B ——2(g(6»=|k| Is—s'|

Hy(k, B)= } } dsds’. (5.11)

Formally, in the regime where Brownian motion is negligible, the nonlinear scaling
functions g(d), o(9) satisfy

8(9)
e(0)
The function H 4k, f) from (5.11) satisfies the bound

=——10 as 4]0. (5.12)

__ 11 g s—s 9))°
Holk pI<H =] ] e A (at]kl’(g( ))> (5.13)

with G(s)=5"1—s"%(1 —e™*). The function G(s) has the elementary properties
A) G(s)»1 as s|0,
B) GBI =C(1+]s)™ 1, (5.14)
C) |G(s)—s~Y|ZCls|”% for |[s|=1.

We define Y(t) as given by

g()zzz

0= 82 0 oo (B2 M)yt k. (519

The representation formula for the inviscid problem in (5.2) is given by
(2m) ™1 [t 3= YO (n, E)dnde . (5.16)

Summarizing (5.10)—(5.16), as well as (3.14)—(3.19), we see that Brownian motion is
negligible and the renormalization theory for (5.1) coincides with the renormaliza-
tion theory for the inviscid problem in (5.2) provided that

A) 6/0(0)|0 as 40,
B) Y,)~Y() as 60, (5.17)
C) Y ()= Yy(B,)=0 as 4]0 for fixed B.

By Taylor’s theorem applied to e, we see that
_ o _
Hulk )~ B 001252 (0000 s, LK) (519
From (5.17) and (5.18), in any regime where g(d)/0—0, we have
Hkp—Am < (B ¢ Hyk) for [kl<(o/a6)!?
8 8 0 gl or |k|=(o/g())"'*. (519
Below we will always pick the nonlinear rescaling functions, g(d), ¢(d) so that Y,(t)
given in (5.15) satisfies the hypothesis of the dominated convergence theorem with

limit Y(¢) as g(6)/el0; from (5.13), (5.18), and (5.19), we see that Yy(B, t) will always
satisfy the same hypotheses for the dominated convergence theorem and
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furthermore,
(lsi_x'ré Y,(B, t)=1im Yy(t) = Y(¢). (5.20)
The distinct anomalous scaling regions, II, III, and IV depicted in Fig. 1 are
distinguished by the behavior of g(d)?/¢%. In particular,
A) g(6)*/o* 700 as 4]0 in region II,
B) g(6)?/0%l0 as 4]0 in region III, (5.21)
C) g(6)°/o*=1 in region IV.

Renormalization in Region II. RegionIl is defined by the inequalities,
2—z<E<4—2z with z<2. In this region we set g(d)=9J in (5.15), then

61
(1 _e—at?|k|=>

A% 64—3“Zt t -1 1-8—z
Yi(0)= 7 2 G0 oIk (0lk) Ikl - dk.
t— |kI?
at z K (5.22)
The formula in (5.22) suggests the scaling function,
4-¢—z
9@0)=0 2 . (5.23)
We compute that
/o> 700 as 6/0 ifand onlyif §<4-—2z (5.24)A)
while
fwollkl) k' "3 *dk< oo if and only if &>2—z. (5.24)B)

With (5.22)—(5.24), the general principle presented above (5.20), and the dominated
4—-—z
convergence theorem, in region II with the anomalous scaling ¢(6)=6" 2 , the
ensemble averaged effective diffusion equation for (5.1) is given by
oT -
—-=D(,2)T,

= Tli-o=Tolx.) (525)A)

y 2
with

D(¢,z)=(4na) ™" [wo(kl) Ik|' ~*~*dk (525 B)
for 2—z<é<4—-2zand z<2.
Renormalization in Region I1I. Region III is defined by the inequalities,
4—-2z<E<4forz<2and 2<&<4for z=2. In this region the scaling function for

time and the effective diffusion equation are given by (4.7) and (4.9) from the steady
case already discussed in Sect. 4. With g(6)=4 in (5.15), we have

4-2

2 z
7= ot 26 ke 5wk RO Kk, (520

Q4



Exact Renormalization for Turbulent Transport 409

With the scaling g =61 "%4,
5/0-0 ifand only if &>4—2z, (527)A)
so that

G(at|k|22—2> -1 as 60

while
fwolk) [kI* fdk<oo for &>2. (5.27)B)

With (5.22)—(5.24), the general principle presented above (5.20), and the dominated
convergence theorem, in region III the effective diffusion equation is given by

o _D@T,, Th-o=Tixy) (528)A)
with
D©=(2)"* [polIkD Kl k. (529)B)

Remark. An interesting facet of the renormalization theory for regions II and II1 is
the fact that the scaling functions in (5.23) and (4.7) for regions II and ITI both agree
at the common boundary §=4— 2z for z <1 with g(d) = 62 but the coefficients for
effective diffusivity are discontinuous across this boundary. To display the source
of this discontinuity, we give the large-scale, long-time averaged diffusion equation
at these boundary values. With time scaling function, g(§)=6%? we have the
effective diffusion equation

oT _
5 =D&2T, (5:29)
for §=4—2z and z<1 with
(1 _e—at|k|1)
D(t,z)=(4na)~ ' [wo(lkl) k|* 2= [1 - TIICI’—] dk. (5.30)

We see that D(t, z) satisfies D(t, z) = tD(8) + 0(t*) with D(£) given in (5.28) for small
renormalized times while D(t,z)=D(E, z)+0 % as t 700 with D(g z) given in

(5-25); thus at this critical value with §=4— 2z, solutions of the effective equation
behave like those in Region III at short renormalized times and like those in
Region II at large renormalized times with the time rescaling ¢ = 6°2.

Renormalization in Region IV. Region IV is defined by the inequalities 4 —2z
<g<2 for 1<z<2. In this region, we utilize the scaling function g(d) with g(d)
=0?/*(at)~ /7 so that at(g(d))*e(6) ~* = 1. Since g(6)/0(8) = 0*/*~ *(at) ~*/?, we see that
2(0)/0(6)10 as 6|0 provided that z <2 so that the effects of Brownian motion are
negligible for z <2. We use this choice for g(d) in (5.15) and obtain

4-28 _ -2 -2
V)= * 0%4mlaz it

z

§ G(IkI*ypo (ggﬁ Ikl> Voo(8O)K) k| k.
(5.31)



410 M. Avellaneda and A. J. Majda

We choose g(d) so that the first term on the right-hand side of (5.31) has value one,
ie.

1
o(8) = 5712 (52_ _— /2> , (5.32)
We compute that

%5)/' oo as 0J0 ifand onlyif &>4-2z (5.33)

so that the infrared cut-off is negligible provided that £ >4 —2z. From (5.22)—(5.24),
the general principle presented above (5.20) and the dominated convergence
theorem, the averaged diffusion equation with the hyperscaling in (5.32) is given by

oT 1+t
o=t 7 DEIT, (5.34)

with
N 5 2 . Iklz
D, 2)=(4m) ! <2+ E=2) B2 g 1= U= D e (s5.39)
z 2 [k|®
Of course, this derivation relies on the fact that the integral on the right-hand side
of (5.35) is finite. The required integral converges provided that
§<2 for the local singularity near zero
and
&§>2—z for the behavior as |k|— 0. (5.36)

The requirements in (5.33) and (5.36) lead to the restrictions 4 —2z <& <2 used in
defining region IV besides z <2.

5B) The Regime 0 <&<2and z>2— The Region with Random Nonlocal Diffusivity.
In this regime, we have similar behavior as we described in Sect. 4C) for steady
velocity fields. In fact, where the effects of Brownian motion are not negligible for
z>2 and 0<é&<2, the scaling law and ensemble averaged Green’s function
coincide exactly with those for the steady case in (4.13) and (4.30) respectively. For
z=2, the same scaling law from (4.13) applies in the renormalization but the
formulas for the random diffusivity are different. We will be terse in our discussion
since most of the arguments parallel those in Sect. 4C).

The Case with z=2 and 0<&<2. With the same time scaling law from (4.13),
1
0(6)=01+#2, we calculate as in (4.12) that Yy(B,¢) from (5.4) is given by,

1422

T(B,0)=(v0)"* ™1 S 2m)™ 2 [ B0 Py (537)

with F%(k) already defined in (4.14) and

k2|s—s’|

N 11 =2
Pyl t)y=(2m) 12 [ [ POTEEDke vor dsds’ . (5.38)
00
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Let (pﬂ(x t) be the function with Fourier transform given by (pﬂ(k t). The function
(p,,(k t) is obviously continuous in k. We claim that for fixed ¢, ¢4(x, t) belongs to
Fe™Y(L®)nH3?~*(R) for any y>0. We have the estimate,

164k, 0)| < (2m)” 1/ZG<( )k"') <@2m)~ 12 (1 + —k2> 1 (5.39)
0

with G(s), the explicit function in (5.14). The estimates in (5.39) guarantee that
Gylk,t)eFe™(L*)nH*?>7'(R); Lemma 4.1 and Plancherel’s theorem guarantee
that

hm j (pﬁ(k)F (k)dk = (F, {) (5.40)

with F? the distribution already defined in (4.17), (4.19). From (5.37) and (5.40), we

obtain that
1+%/2

tim Y,(8,)= (vof2 =5~ @2m)” (P, ). (541)

It should be clear to the reader that we can repeat a similar discussion as given
earlier in (4.23)—(4.30) to obtain a rigorous formula for the Green’s function for the
effective equation as an average of Green’s functions for the simple diffusion
problem in (4.28) with respect to the distribution function of the random variable,
(F%, ;). We omit the details. However, we do mention here that there is a simple
explicit formula for ¢, with Fourier transform from (5.38). In fact

1/21 1

B5(x) = (4m)~ 112 (v%) ] Jls—s|712

x exp< — %ls—-s’l Ix+(B(s) — ﬁ(s’)|2> dsds’ . (5.42)

We record the formula in (5.42) because it is potentially useful for the numerical
evaluation of the distribution function for (F?, ¢;) (see [6,12]). We discuss the
analogue of Lemma 4.3 for this problem at the end of this section.

The Case with z>?2 and 0 <&<2. Once again with the scaling law from (4.13), ()
1
=J1+#2, we calculate that Yy(f,¢) from (5.4) is given by

1+%/2

VB, 0= (002 S )2 [ 0K (5.43)
with F(k) from (4.14) and
11
B, oK)= (2m) =112 [ [ 6O ~B6Mep=Ae*~2lkl=ls=5' g (5.44)
00

with A= at(vyt) 2. Since z satisfies z>2, we have
e A= 11 a5 §10 (5:45)
and therefore,

11
lim ¢y, 5(k) = h4k) =(2m) ™ 112 | [ 6O ~BEMedsgy (5.46)
-0 00
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pointwise in k. Thus, we anticipate from (5.46) that
!,ig)lf Bp. sF 3Kk =(F%, ). (5.47)

If (5.47) is valid, then it follows by taking the limit as 6}0 in (5.43) that
Proposition 4.1 is also valid for z>2. Thus, for z>2 and & with 0<&<?2, the
discussion in (4.23)—(4.30) remains valid and the large-scale, long-time ensemble
averaged solution coincides with that derived for the steady case in Sect. 4.

It remains to prove the identity in (5.47). The following lemma contains the
technical ingredients needed to justify the formula in (5.47). The idea of the proofiis
similar to the one used in Lemma 4.3. However, the proof is more technical due to
the need to obtain estimates uniform in 6 on the H32~” norm of ¢ ,(x, ) defined in
(5.44). This is needed in order to pass to the limit as —0 for each path f(-) on a set
of full Weiner measure.

Lemma 5.1. For each z22, consider the family of auxiliary functions ¢4 s(x,1),
defined through their Fourier transform in x, by

- 1 11 U . ,
§0p,a(k,t)=—2 g(j;e"‘(ﬂ(’) BN~ A k) Is=s'| g ds ,
T

where
1-z/2
Az, k) =v5 "> (%) Ikf*
and
_r
0(0)=561+47
Then

(i) For each ye(0,%], there exists a constant C(y) such that

E{oggl H("ﬁ,&("t)”%ﬂn—v} =Cy)<oo.
In particular, for almost all B,

oSup, leg,o(- Dllgar2-»< 0.
@) If z>2,
Li?g g, o(x, )= p(x),
where @ is the density of the measure du, of Sect. 4. Moreover
Hm (5, 9y, -, 0) = (F%, o) = F'(B).

(iii) For z=2,
Prob{f:(F?, $5)=<0}=0.
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Proof. (i) Clearly, |@g sk, t)| < for all k. For |k| =1, set

l/_

D(z,k,t)=(QA(z, k, )k~ %)}/,

so that
11
@5k, t)=(2m)~ U2 [ [ gik(Bls) =B~ 1/2D%s=s'lk? Jg i
00

We introduce an auxiliary Brownian motion f*(s), 0 <s=<1, independent of f(s),
and write
-1

(/33 a(k t) (27t) 2 Eﬂ* J'etk(ﬂ(S) Dﬂ*(s»ds .

By Jensen’s inequality,

1 4
95,406 O S @r) B[ el 0PI s

4
=(21t)—1E’9* }eikﬁ(s)l/1+D2dS ,
0

where f(s)= M

which is again a Brownian motion. The arguments of

Lemma 4.2 imply for any Brownian motion J(s) the estimate

¢
<
= ea+0d* T +D2)2

1 N 4
j‘ elk[}(s)l/ 1+ Dzds j‘ elkﬂ(S)V 1 +D2ds ,
0

(5.50)

where C, and C, are numerical constants and D = D(k, d, t) is given explicitly. Thus,
we have

B M 2 3/2-y
E (‘Ssglz log(-,t,0) 5 )
é Eﬂ {Sup I (1 + k2)3/2 - y'(/’jﬂ(k, L, 5))|2dk}
651

<Efj(1 +k2)3/2‘y<sup |glk, ¢, 5)12) dk
=1

dk

2
|ax

<C; + I (1 +k2)*2-7EP [sup [ PV 1+D2gg

<EPff(1+Kk?>3* "sup EF
=1

4
} eikﬁ(s)]/l + D2ds
0

sfa+ k2)3/2 -vEP |:sup Jl- eikﬁ(s)m ds

<10

e

14 k2P pp—
st | B o/ T
<110

k21 k*

4
:]dk
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where (5.48) was used and C; and C, are numerical constants. We focus on the
expectation value

. 1 .
E=F* l:sup [ e*PeV1+D dﬂ(s)l“] ,
5<1|0
and argue that it is bounded by a constant depending on y but not § or k. The
estimate (5.48) and its consequence (5.49) follow immediately from this fact. To
bound E, we make a new change of variables:
]

1 K2(1+D?)
E=E [sup ———— [ P9dp(s)

sst|lkll/1+D* 0
|

1 T(0)
=E [sup ——— [ a(s)dp(s)
o051 ]/ T(5) !)
where T(6)=k?*(1+ D?) and a(s)=e"". For simplicity, we assume in the following
argument that o(s) denotes either the real or the imaginary part of e’*®, Consider
the natural time-scale

M(t)= (}) o2(s)ds

t

of the martingale [ a(s)df(s). It is well-known ([19]) that there exists a Wiener
0

process W(-) such that

[o(9p = WIMGD], >0,

Hence,
4
E= E{i bt WIM(TO)] }
_ E{ “u (M(T(é))> (W(M(T(5)))>4}
“ELE ) M(T(5)"*
WIM(T(9))]
=E {“ M(TO)” }
Wi
=E{ <T0 t1§? }a
where

T,=sup T(0)=k>+2avy 2t 2|k[,
651
and where we used that M(t)<t, since | 0| .~ < 1. But, by the scaling property of

Brownian motion,
w(t) “}

(172

40)

4
}=E{sup
t<1 t

1/2

E{sup

t<To
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a constant independent of k or §. This concludes the proof of item (i).

z
—t——>1 _Elklz converges to zero as 0—0. Thus,
(%)
yfg P, 5k, 1)=Pyl(k),

(i) For z>2, A(z,k,t)=avy */* (

the Fourier transform of ¢, defined in Sect. 4 with the convergence uniform on
any interval, |k|<R with R>0. From (i), we know that on a set of full Wiener
measure, the family {@; ,(x,)};<, is bounded in H¥?>~’nFe™!(L*) for all y>0.
Therefore, ¢;, converges to ¢, in H¥?>™” for y'>y and any y>0, ie.
ll9p,6— @pllger2-+—0. Thus, applying the estimate in (4.20) from Lemma 4.1, we
conclude that

!silff)l (F5 05,5 =(F%, ¢p).

Finally, the proof of (iii) is done using the argument from Lemma (4.3).

6. Renormalization for Higher-Order Moments

In the previous sections, we focused on the asymptotic behavior of

t . . .
<T (g—, —g, % 5)>> as 0—0 and specifically on the crossovers in the scaling laws and
effective equations obtained by varying the spectral parameters & and z. While the
first moment of T; is a natural quantity describing macroscopic properties of

Eq. (1.1), it is also important to investigate the limits of higher order moments of

solutions,
xy t "
Z7 = 6.1
<<T<5,5,Q2(5)>> > n=2,34, (6.1)

in cases of infrared-divergent velocity fields. In this section we compute explicitly
the limits (6.1) for model problem (4.1) using function space integrals and scaling
arguments involving the exact form of the energy spectrum. Similar formulas are
true in the case of time-dependent velocity fields but for simplicity in exposition, we
do not describe those results here. We find a sharp contrast at the level of
convergence of moments, between the mean field regimes and the anomalous
regimes in which long range convective effects are dominant. In fact, in the latter

cases we have
lim I 4 . Y _t_) l”> +(T(x, p,t))", for n=2 (6.2)
l 5, 5) Q 2( 5) ) b = b .

Xy t
6’9" 0*(9)
(%, , 1) to T(x, y, t), for almost all realizations (see the appendix) so that there is an
identity in (6.2).

For simplicity we restrict the calculations to the time independent case,
focusing on the anomalous regimes 0 <£<2 and 2 £&<4. Recall that the scaling

while, in the mean field regime the functions T( > converge uniformly in
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function g satisfies .

oLtez for 0<é<2
1/4
o0)= 5”2(10g%> , for &=2 (6.3)
S17H4, for 2<&<4,

and, in particular 6/o(6) <1, so that the solution of (4.1) satisfies, as 6|0,
T(i; ;’ zt( 5)> Hé” [x, &, v, B, {1 T YOT(E n)dEdn +o(1), (6.4)
where

6%, v 1] =E {exp [ié& o, <§~ + ﬁ(s)> ds]} . 6.5)

Let n be a positive integer, n> 2. In order to compute the n'® order moment of T,
we introduce n independent Brownian motions 1), 1 <j<n. Using (6.4), we can

write 1
n n i x):n,+y2 j
[T@%ﬁiﬂ B (E> I, 8°0x: 8,05, t]e( )

x TEE, Wd&dn +o(1), (6.6)
where §=(£1a "ﬂfn)’ 1'|=(111, EE) rln), ﬂ=(ﬂl’ [EEH) Bn)s

[ ifre? § j;z'il(c,-va)xmﬂj(s»ds]

&M, &, v5 B, t]=E|e ) 6.7)

and

e =1 Tulcon). 68)

Taking ensemble average over the Gaussian velocity statistics (2.11) and using
(3.10), we obtain an asymptotic formula for the averaged n'®* moment as 6—0:

<[T<%’§Qi2>]n> =<i)n {, (EPx, 8,05 B,11>

e (55 72 e, mdedn -+ o(1). 69)

It is therefore necessary to evaluate the limit

lim (&[x, &, vs B, 1])
310

=1im**° <E [ef o foa S d]>

=limE{exp[ 3 e ST R - »dsds]}
510 2 0

/2t1/2

(BAs)—Bus’ ))] dsds’ ]}
(6.10)

=£ig)1E{exp[ Z &% -l HRa[
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To proceed with this evaluation, we consider separately the regimes 2 <&<4 and
0<&<2.

A) The Hyperscaling Regime 2<§<4. From the results in Sect. 4B), we chose the

scaling function as
1\1/4
612 (log3> if §=2

00)= g1-us if 2<i<d. (611)

With such a choice, it is easily seen that, for all §,

11
limd%e™*{ (R, [‘“°" (Bis) - Buts ))] dsds=D@, 1<jksn, (612
00
where
1 S
E: lf 8=2
DE=1" (6.13)
—2—7;j1p0(|k|)|k|1‘édk, 2<é<4.
Applying this result to (6.10), we conclude that
_2 2.\
lim (&97x &, 05 B 11> =e v £,e) (6.14)
and hence that
. xy t\]|"
ﬁ‘f’&<[T(3’3’?>] )
LS e
=(—2;)n75n§ne Tl P Tx, &)1, (6.15)
where
1 teo
TO(x, &)= 7—2; B e To(x, y)dy (6.16)

is the Fourier transform of the initial data T;, in the variable y. It is not hard to
derive an evolution equation for

Toe v oztim (T(52 L)Y
Tix.y.0=lim <T ( z, W)) > 6.17)

from the integral equation (6.15). In fact, since

; eV TOx, é})_,( Y 5,) H P TINx, &) (6.18)
Y i=1
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it follows that for n=1,2, ..., T, satisfies the same diffusion equation

oT, 0?
ot 'tD(g)a z I

t>0, (6.19)

with initial conditions T,(t=0)=(Ty(x, y))". We remark that this fact immediately
implies a stronger result, namely that, for all @ e Cy(R), and all Ty(x,y)e CZ(R),
setting

== 1 xy t
T)(x,y, t)=gxlrg <¢ <§, 5 5)>> (6.20)

we have

3&(T)

AL — D) 2 BT, BTy 0= 0T5), (621)

Remark. This result can be readily reinterpreted in the language of weak
convergence involving Young measures ([29, 30]). We develop this remark in detail
elsewhere but mention here that the density of the Young measure at value A is
given by

dji 1 + lzy --P)I2
(6 p )= === [ dje 2PO"§(1—Ty(x,})),
da 2D = °
where 8( - ) is the Dirac delta function. In particular, since the Young measure is not
a Dirac mass, genuine weak convergence occurs and there is no equality in (6.2) in
general. The fact that the limits of all moments T(x,y,f) and the functions
(] (T (%;-, %, Q—2>> satisfy the same effective equation as —0 is intuitively obvious if
one draws the parallel with inviscid dynamics (cf. Sect. 4) replacing the diffusion
equation by

aT aT
- +va(x)5—y— =0

We obtain, multiplying both sides of the equation by 7"~ 1,

oT" oT"
_67 +v,,(x)E =0

so that the limit functions T, should satisfy, heuristically, the same limiting
equation. Thus, (6.21) is a manifestation of the analogy of the model problem with
the corresponding “inviscid” problem with v;=0 in the regime 2<e<4 as we
developed in Sect. 4.

B) The Hyperscaling Regime, 0 < &< 2. The calculation of T,(x, y, t) for 0<&<2 is
more subtle due to the nontrivial role played by the Brownian motions
B1, B, ..., B, in (6.10). For n>2, it is convenient to define the random measures

pifdx) =mes {(s,5) € [0,1]%: x < B(s) — B{s) S x +dx} (6.22)
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for 1 £i,j <n.In particular, the measures y;;(dx) 1 <i<ncoincide with the measure
ug(dx) defined in Sect. 4 to study the limit as 6—0 of the rescaled first moment of T.
Returning to Eq. (6.10), we observe that for each j, I, 1 <j, [<n, we have

[

so that the Wiener integral on the right-hand side of (6.10) can be rewritten as

t2 +w /2 1/2
E{eXPl: Z ¢i&i0%0 _4" .‘ Ra[ Qt :'ﬂﬂ(dx)}}, (6.24)

with the scaling function ¢=g(d) given by

/2t1/2 1/2t1/2

(Bis)—Bis’ ))] dsds = I Ra[ ]ﬂ,{dx), (6.23)

1

o(6)=017¥2  0<é<2. (6.25)

We wish to take the limit as 6 >0 of the multiple Wiener integral (6.24). The terms
i /2 1/2

{ Ra[ Qt :|,uﬂ(dx) are functionals of the paths f {5), Bis), 1<), I<n, and the

strategy outlined in Sect. 4, Lemmas (4.1) and (4.2) applies provided that the
conditions

%GHW"%F(‘(L‘”), y>0, 1<), 1<n, (6.26)

on the densities of the off-diagonal measures p, j + [ hold. We have already proved
that (6.26) is valid for j=I, for a measure involving a single path. To check
condition (6.26) for j=1 it suffices to take j=1, /=2 and to consider the identity:

B =0n) 2 f s ) f e ). 627)
In particular, |2, ~@ <1. Using the inequality |ab|<%(la|* + [b|?), we have
ISR 2 [ eds LSS jeous ’
=1011(k) + 1 (k). (6.29)

We conclude that, for fixed B, B,,

A+ (R dk S 5§+ (K122 7|0y, (k) dk
+3TA+ K2 (k) Pdk,  (6.29)
so that, by Lemma (4.2),

_dﬂlz(x) 3/2—y —1/T00
€012(x)6;f Ix eH NnFe™(L®), Bae., (6.30)

as desired.
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Using the arguments of Lemma (4.1), we obtain
182,82 1n 12 [ gz Wit
X dﬂﬂ(dx)=t Vo (277:) F ,'Ex—

= (1 H2H2 -1 (o)11262 (B) (6.31)

1/241/2

. 252 —4 Yo
lim 5% IR6<

where
C(*)y—ﬂ(x)l——#@dx 0<i<1,
a7 (B)= C(1)@;(0), E=1, (6.32)
CE| “’lﬂ(l’z‘)‘ix L 1<E<2,
with

]l( )_ dﬂﬂ(x)

and with C(é) as in (4.17). Thus, Eq. (6.10) becomes,

(6.33)

(1+82

}sifg<é°§”’[x,§,va§,t]>=E{CXP[ g éék Vo2l @m) 1 2(5)]}- (6.34)

Substitution of this formula in (6.9) and passage to the limit yields the final
expression

— 11 4 d i
L(x.y,)=lim <[ <6 'S 92(5)> ] >

- e -0 3 o]}
R® jk=1
xe' 1 I T3(x, € )d&. (6.35)

As in the case of the first moment, for the regime 0 <&<2, the equation satisfied by
T, is not local, due to the randomness of the “diffusivities” af,,(ﬂ), 1<), k<n. We
note finally that the expression (6.35) can be recast as a multiple convolution
integral

T,(x, y’ t)=llj [I Y(dg)K(tl +g/2, y—.vl’ [ERE] y—j}-m Q.Z)] ‘Hl ’E)(x’ )—’,)d?, (636)
n l:

where

2y—1/2
R e i 2 2| S 1

with ¢?>=(0?,) and
D@E=12"12m)" 12, (6.38)
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The measure y(dg) is the appropriate generalization of the distribution function
involving random diffusivities as described in Sect. 4.

Appendix: The Mean-Field Theory

For velocity statistics of type I, i.e. £ <max {0, 2— z}, the behavior is diffusive. The
corresponding averaging theorems for the partial differential equations satisfied

by the scalar T? ( in the long-time/large-scale limit, can be derived using

56%
a method for homogenizing equations with random coefficients developed by
Papanicolaou and Varadhan ([14, 26, 27]). For completeness’ sake we include the
proofs of these results for our model problem. To the authors’ knowledge, our
results on the time-dependent case are new. The above-mentioned references
should be consulted for further details on homogenization.
a) Time-independent velocity statistics with §<0.

From (3.5) the computation of the effective Green’s function reduces to finding

the value of
mE|e ooz, (A1)
810

where

Z(t)=nv* B(t)— 6! 0s(vo'2(s))ds . (A2)

The strategy for computing this limit is to decompose 6Z ( 52) as

6Z < 52) o1, ( 52) +Ry(0),

where I -) is a suitable stochastic integral and R,(f) is a remainder that converges
to zero in probability as 0. The evaluation of these limits in (A.2) will follow
from an application of the ergodic theorem.

Step 1. We construct an auxiliary function, or corrector, X 4(x) defined by

1kx 1

Xy(x)=2 f —dusk),

where

1-% k\\1/?
== <w<5>) (9ol 2AWY).

This function has the following properties:
(@)
2 1kx 1 2 k
X3y =215 i - Ewo( )ww(k)dk< ,
O
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50 X 4(x) is a well-defined Gaussian process, with the estimate

X0 >< I Ikl ™" "*y (k)dk < Cx?. (A3)
(ii) The derivative

, 2 a
Xy(x)=—[ ek "dpy(k)
Yo

is a stationary Gaussian process with variance

k
oy = I B e (S otk a9

v2 k? nvi
and
(iid)

2
X5(x)=—— Ua(x)‘ (A5)
Applying Itd’s formula [19] to X 4v /2(,6(5))), we obtain
f v5(vo*B(s))ds = vg"? f X5(ve *(B(s))AB(s) — [X 5(v5/ 2 p(t) — X 5(0)]

and hence, from (A.5),

oZ (;;) —Vo/25 5 [ —EX (v B(s))]dB(s) + Ry(t) =1 ( >+Ra(t), (A.6)
where

I)=v ’21[11 EX3(vo/ B(s)1dB(s)

and
Ra(t)E(SX‘;[v})/Zﬁ <§f)] —6X,0). (A7)

Equation (A.6) is the desired decomposition of the exponent 6Z ( 52) We now
estimate the remainder R(t).

Step 2. We claim that
%grol R4t)=0

in probability. To see this, note that

kx
N\ 462 [eR 1P (duy 452 ST <25)
<52X3<3>>=T2f| IR o g

0
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where
dmg(k)= ! |k|=17® k (k)dk
() - 2 - Yo 5 Yo .
Hence,

sin? <kx>
2
> <207\ pmieny ik

g

()

and, since |k| ! "*y (k) e L'(R),

2 fa2
lim sup <52X§ (%» <M i (S0 vy, gak=0.  (AS)

510 |x|EM = v s-0 (k/9)?

Next we show that the decay of §2X?2 <B< >> can be established, using the

52
estimate in (A.8) and the fact that Brownian motion has exponentially small tails.
In fact,

b)) <o)
_1/;._7:2 tyw <52X,, (; >e'5dx |
élflgl<5zxg <§>> * [/% |x|£sze-E?dx’

where (A.3) was used. Hence, for all M

T 2y2 t C 2 ‘%
%‘f%‘E"<<‘5 X3 (/’(5—))» = Vmt il ™ ¢ T

We conclude from this that for M sufficiently large,

gl 4] e .

where C, is a numerical constant. Letting M tend to zero,

lim X, <B (52—)) —0 in probability.

éi0

Step 3. We have shown that 6Z(t/6%) and 6I,(t/6%) have the same limiting
distributions. This common limiting distribution can be evaluated using the fact
that {I,(-/6%)} for <1 is a family of continuous-time martingales with quadratic
variations:

/62

Qa(S)—57 [ voln—E2Xv?p(x))?dr, 0=s<t,
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which satisfy
) 1 /82 , )
Q4(t)>*= 57 (I) vol[n—EX50)]*ds
=tvo[n*+ 52<IX3(0)12>]

<tvo['1 +— I k|~ 1~ gwuo(k)dk]

. t
By a standard martingale theory argument [11] 61, ( 52) converges weakly to a
martingale with quadratic variation

0(s)=1im Qy(s), O0=s=t.
To compute this limit, we first remove the infrared cutoff yp, (g) by defining

1 eikx

!

5/62

04(s)=1 I voln—cXolvo o2 px)]*dr.

Xo(x)= Ikl‘1 D k)dW (k)

and

It can easily be checked that
lim E¢|Q,(1)~ G0)> =0,

so the infrared cutoff y, (g) is negligible in this regime. To compute lim 05(1), we

note that the real-valued process X(t)= X(va/2B(¢)) has an invariant probablhty
measure g(dx)=Pr{X{ edx} and is ergodic relative to time translations. This last
fact follows from the fact that f(t) visits all points and that X(x) is ergodic under
spatial translations. From the ergodic theorem, we conclude that

Q(S)=gilrg 0s)=sv<In—EX 01>
=VS [?1 Tz § Ikl =~ 21/)00(k)dk]
Thus, 01 /_62) converges weakly to a continuous-time martingale with quadratic

variation Q(s), i.e. a Wiener process. In particular, 6I,t/6%) converges in
distribution to a normal random variable with variance

o(t)= Vot['? +— I Ikl ™1 "‘ww(k)dk]
Equivalently, the enhanced effective d1ffus1v1ty in the y direction is given by

2
* -1-%
Vi=vot o] Ikl ™"~ po(k)dk
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b) Time-dependent statistics with 0<z <2 and §<max(0,2—z).

In the time-dependent case, diffusive behavior can be shown using a similar
technique. We outline the main parts of the corresponding three-step argument,
focussing on the treatment of the singularity of the spectrum in the infrared (Jk| < 1)
region. The basic result is that the solution of the initial-value problem

oT? 1 (x t\oT° 1
sl g | = =4 T?
Fra 5”"(5’52> Gy ~2vAT >0
T6|t=0 = Tl)(x, y)
converges in probability as 6—0 to the solution of the (deterministic) equation

oT 1 T 1 0*T -
—_— = — —_— —y¥ =
at 2v0 axz + 2V ayz > T|t=0 TO(x)

with

2 Kty (k)dk
*_ @
Vi=vot IS e 2ai

From the arguments of Sect. 3, involving the Feynman-Kac formula, this result
reduces to the calculation of
t
lim E [ (_2)] ,

él0

where

Zy()=v8np(e)—¢ (st;v.s(vé“ﬂ(s),t—s)ds. (A9)

Following the procedure of the previous section, we set

duol, o) = —— K 7 "2<k> v @ik (0(-22)) " awik, o)
Ho\K, "l/—‘ K |k|z t] s

and
dm (e, )= —— k' % <k (k) (alk]?)~ '@ dkdo
oV 27'C 0 0 lk‘z s
with @(s)=n"'(1+s?)"1; we define the corrector X; by
( 1kx+iwt__ )
Xs(x,0)=2]] dus(k, ). (A.10)

2iw +vk?
It can be readily checked that X,(x,t) is well-defined. Moreover,

aXa(x t) elkx zwtk
0x 21§ 2iw +vok?

du(k, w)
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is a stationary process, with variance

X5 o ol _ 2  Kodmik,
< 0.0 > %%(—?
k kz kz-l
1+
alk|?

vok?2
=%5|k|1-fwo(§)ww(k>dk; (g ey

- k
5 Ik, (g)woo(k)dk

=Rf volkP+2alk]F (A1)

Note that this integral converges independently of whether the infrared cutoff
kY. . . o ;
Vo <5> is present or not since the strength of the singularity is [k|! ~*~™{*-2) and we

are in the regime §<max(2,2—z). This corrector satisfies the equation

o 2 ox?
Applying It6’s formula to X ,(vi/?B(t),t —s), we obtain

(a Y & )X,,(x 1) =0y(x, 1). (A12)

jv,,(v L2B(s),t —s)ds=v ’zj ( oI2B(s), t —s)ds
-X a(Vé’ 2ﬁ(t), 0)+X,(0,1),
and thus, from the definition of Z(t), in (A.9),
62 ( 5’2) =525 | [n—é%( §2B(s) 5 —s)] dps)+R1),  (A13)

where

Ry(t)= 5X5[v},/2,8<52>,] 85X 0,t/62). (A14)

The second step of the proof consists in showing that Ry(f) converges to zero in

probability. To determine the behavior of 6X, (vé’zﬂ ((%), O), we make the
preliminary estimate

sm <kx) sm (kx)
<52X2< >> < LY 26) KPduk,0) _ x| 26) [kI' Py (k)dk
6’
(&

kx> Aw? vok? ——5 < >2 " Vok®+2alklF
26
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Since |k|* "®p (k) [volk|*> + 2alk|*] ! is integrable, by the dominated convergence
theorem,

. M2 sin?(k/5) k|' Py (k)dk
] 2x2(X o)) <2 = 0.
220 5 <5 5(6’°>> = v o S o vk 2l 0

. t
&1{1& 80X, [v},/ 28 (5—2>, 0:| =0

in probability, by an argument similar to the one used in the time-independent
case, see (A.6). The second summand in (A.14) satisfies

This fact implies that

<52X§ (o i)> _ag AR o)
52 4?4kt T
leimt/éz__“
do? +vik*
<Cit lsin(01/26%)| o]
= v | w26 || +k*

<88%(f dmy(k, w)

dmy(k, o), (A.15)

where C, is a suitable numerical constant. We now check that the density of the
measure

w
—C_L)T'-I——l?i dm,;(k, Q))

is dominated by an integrable function, thus guaranteeing the convergence of

oufes)

to zero. In fact, the above-mentioned density is dominated by

1 o alk]r)~? _
e IR
- (Gi)

alk|?

and we have

1 i || (alkl)~*
7' w4+ k* 1+ <_co_)
alk|?

1 lolk? 1 (@kl)~*

-z 1
—nHkl woo(k)dk§1+<£ 2 )2 <1+_co__ 2
k? alk|?

7 [kl P oo (K)dkdoo

do. (A.16)
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Setting
f(t) = j lst d

we note that f(t) e [*(R). By Plancherel’s theorem the integral in (A.16) is estimated

as follows:
le/k4 (alkl)~*

Ikt o 2 (A0
% 14 (2)

dw

< I (K S ()~

< ;1;; IkI" " o (K)K(] f (> )dlt) /(] €~ 2 a2

SC Ik Py k) [k~ k|~ 2dk < o0,
since the singularity strength is [k| "2~ %* and £ <max {0, 2—z}. Having established
that 6Z,(t/6%) and the stochastic integral

5 f v;/z[ f%iﬁ("é’zﬁ(s)’gtf _S)] dp(s) (A.17)

have the same limiting distribution as §—0, the final step consists in computing
this distribution. As in the time-independent case, this can be done using a
martingale-theory argument and the ergodic theorem. Note that (A.17)is the value
at s=t of the martingale

5s§2v”2|: 2o <v(‘,’2ﬁ(r),5tgt>] ap(x)

which has quadratic variation
s/s2 2
005 -2 () o

As in the previous section, by the ergodic theorem

2/ |k|“gww(k)dk}
Vo jv0|k|2+2alklz

!silng 045)=",S [112 + (A.18)

in probability. Thus the stochastic integral (A.18) converges in distribution to a
normal random variable with variance

2y k|t~ (k)dk
2 )
”°t[” e Vol + 2alkF |’

This proves our claim; the enhanced diffusivity in the y-direction being

k' "y o (k)dk

= Vot 2m s dalk
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