Instructions to Authors
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Mathematical
Physics

The instructions should be read carefully before preparing the manuscript.

A. General

Papers submitted for publication should pre-
ferably be written in English.

A summary for Zentralblatt fiir Mathematik
should be attached. Manuscripts (in duplicate)
must be in their final form and typed on one side of
the paper only in double-line spacing with wide
margins. The author should also keep a copy of
the manuscript. An abstract must be included.
Normally, only printer’s errors should be cor-
rected in the proofs. A charge is made for exten-
sive changes not due to typesetting errors, intro-
duced at the proof stage.

Formulae should be typewritten whenever possi-
ble.

Special markings should be explained in a “Note
to the printer” (see suggestions in section B). Cop-
ies produced by matrix printer are not accepted
unless clearly legible.

Mlustrations and diagrams should be submitted
on separate sheets and not included in the text.
They should either be good-quality glossy prints
in the desired final size (inscriptions 2 mm high
are recommended) or be drawn about twice the
final size in India ink using clean uniform lines.
In the latter case, letters and numbers should be
about 4mm high to allow for 50% reduction.
The publisher reserves the right to reduce or
enlarge illustrations and diagrams. The author
should indicate in the margin of the manuscript
where illustrations and diagrams are to be in-
serted.

Footnotes, other than those referring to the title
of the paper, should be avoided. If absolutely
necessary, they should be numbered consecutively
and placed at the foot of the page on which they
occur (not at the end of the article).

On the first page of the manuscript a short run-
ning title should be provided (not to exceed 70
typewriter strokes, including spaces).

The list of references at the end of the paper
should always be in alphabetical order and in-
clude the names and initials of all authors (see
examples below). Names of journals and book
series should be abbreviated in accordance with
Zentralblatt fir Mathematik. Whenever possible,
please replace all references to papers accepted
for publication, preprints or technical reports by

the exact name of the journal, as well as the
volume, first and last page numbers and year, if
the article has already been published or accepted
for publication.

When styling the references, the following ex-
amples should be observed:

Journal article:

1. or [B-G] Tomboulis, E., Yaffe, L.: Finite
temperature SU(2) lattice gauge
theory. Commun. Math. Phys. 100,
313-341 (1985)

Complete book:

2. or [M] Bratelli, O., Robinson, D.W.: Op-
erator algebras and quantum sta-
tistical mechanics, Vol II. Berlin,
Heidelberg, New York: Springer
1981

Single contribution in a book:

3.0or[G] Gromov, M.: Large Riemannian
manifolds. In: Shiohama, K., Sakai,
T., Sunada, T. (eds.) Curvature and
topology of Riemannian manifolds.
Proceedings, Katata 1985. Lecture
Notes Mathematics, Vol. 1201, pp.
108-121. Berlin, Heidelberg, New
York: Springer 1986

Citations in the text should be either (a) by
numbers in square brackets, . g., [1], or Bombieri
and Giusti [1], referring to an alphabetically
ordered and numbered list, or (b) by the author’s
initials in square brackets, e. g., [B-G], or (c) by
author and year in parentheses, e. g., Bombieri and
Giusti (1971). Any one of these styles is acceptable
if used consistently throughout the paper. In the
third system, if there are two authors, both should
be named, e.g., Agar and Douglas (1959); if a
work with more than two authors is cited, only
the first author’s name plus “et al.”” need be given;
e. g., Komor et al. (1979); if there is more than one
reference by the same author or team of authors in
the same year, then a, b, c, etc. should be added
after the year both in the text and in the list of
references.

One hundred (100) offprints of each paper will be
supplied free of charge. Additional offprints are
available in lots of 100, provided the order form is
received with the corrected proof.
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B. Color coding

Manuscripts must be marked according to the
following rules unless produced on a golfball/
daisy typewriter or on a good-quality printer
and the desired fonts (Greek, script, special
roman, boldface, etc.) are clearly recognizable.
Special letters or symbols should be explained
in a “Note to the printer”. Unmarked manu-
scripts may have to be returned to the au-
thors, which may cause a delay in publication.

1. Text

Manuscripts produced by computer typesetting
with a daisy wheel or laser printer, or by manual
typing with special fonts require marking only of
special symbols, and distinguishing between 0 and
O, 0 and o, and 1 and 1. Special letters or symbols
should be explained in a “Note to the Printer.” In
other cases the following instructions should be
followed.

The words “Theorem”, “Lemma”, “Corollary”,
“Proposition” etc. are normally printed in bold-
face, followed by the formulation in italics (to be
underlined in the manuscript), the end of which
should be clearly indicated. The words ““Proof™,
“Remark”, ““Example”, ““Note” etc. are printed in
italics with the formulation in ordinary (roman)
typeface, and Definition in boldface. The text of
the definition itself should be in roman except for
the concept defined, which should be in italics.
Words or sentences to be set in italics should
be marked by single underlining. If the material
underlined in the manuscript is to be typeset with
underlining (and not set in italics), this must be
explained to the printer.

2. Formulae

Letters in formulae are printed in italics and figures
in roman, if not marked otherwise. It will help the
printer if in doubtful cases the position of indices
and exponents is marked thus: A, aV. Spacing of
indices and exponents must be specially indicated
(4,,",™) otherwise they will be set (4nm).
Underlining for special alphabets and typefaces
should be done according to the following code:

Violet:  Letters in formulae (I, O, o) to be
distinguished from numerals (1, 0)

Brown: boldface (headings, boldface letters in
formulae)

Yellow: roman (abbreviations e. g. Re, Im, log,
sin, ord, id, lim, sup, etc.)

Red: Greek

Green:  script

Orange: special roman

Blue: Gothic

Encircled: sanserif
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The following are frequently confused and should
be made unambiguous:

u, U, J, U »0 0,0 xx,X,x,x;

9@¢%¢Q¢ v, ¥ oeE
a, a'; the symbol a and the indefinite article a;

vV, 0,9

also the handwritten letters:

¢, CelL I,J;kK;00;p,P;s, 8 u,Uyv, V;
w, W, x,X; z, Z

Please take care to distinguish these capital letters
by double underlining.

C. Examples

1. Special alphabets or typefaces

Boldface A,B,C,D,EF,GH,ILJK,
L’ M’ N’ O, P’ Q’ R, S’ T’ U’

LW, X, Y, Z

A, 0,4, 5, 11,2, &, ¥, Q
,B,7,0,6(,n,0,8,1, K A u,
,6,0,7,0,0,7,0, 0,0, 1, 9, ®

B,6.9,6,F,9, 4,9, 5, X,
MNO0,P. 2RSS T UV,
XY, Z

@, 5, 0’42’/ e’/; &> é’ %j, £, {3 Wy 7y

o, ﬁ, 222 f, Uy Uy Uy Ty Yy %
Specialroman A, B, C, D, E,FF, G, H, I, J, K,
L MNOUPQRST,TU,
VWXYZ1
Gothic QI, %, c, D, (g % 6 59 > S’ s

g2 , R, S, T, U,

~ <

Greek

= R

Script oA,
2,
W

iL,LLmmn,
350,3

Sanserif A,B,C,DEFGHIJ KL,

o
il
cx\._-,-‘ C‘

i,k I, mn,
y W, X, ¥, Z

00
<

Final check:

o All formula characters unambiguous?

o Information on title page complete (title,
name(s) of author(s), institute(s), complete
address(es)?

@ All figures enclosed?

® References complete and cross-checked?

® Text and end of theorems, lemmas etc.
marked?

@ Short running title given?

o Summary for Zentralblatt fiir Mathematik
enclosed?
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written as
(DR9) ()=~ 3 G(L1(52)— T (L, (:2) [ ™" 9le2). (36)
If we define the linear operator Q by
_ 9@
Qo) ()= 7@ 3.7
then
ODR=TQ, T=QDZQ~*. (3.8)

The domains of these operators will be chosen to be certain spaces of functions
holomorphic in complex neighborhoods of [0,1] in such a way that these
equations make sense. The spectrum of DZ will then be the same as that of T.

It is natural to expect (and true) that T will preserve the class of functions
holomorphic in the same domain as f. Indeed recall that U is holomorphic in (1)
which it maps bijectively onto a certain bounded open subset 4 of C, on which f is
holomorphic. By (2.7), 74 C A. The identity (2.15) shows that L, o 7 is analytic on 4
and maps it into itself. But L(z4)= U(— A2(4)) is not relatively compact in 4 since
their non-real points are the same. We will therefore use a sub-domain of 4 to make
T analyticity-improving. A convenient choice is given by

A1=U<{z:|z|< %}), Ao=U({z:|z] <u(—1)}). (39
Note that 4,€ 4, since
1=u(—A)<u(—1)<u(—1/A)=xy/A.

Lemma 3.1. If visareal function on [0, 1] which extends to a holomorphic function
on A, then Tv extends to a holomorphic function on A,. For every A’ €4, one has

) -supv(y)|-

yedo

<

sup (Tv) (2)| = sup(l + [— .0 ( 2
Proof. We shall use the following simple fact: if a Herglotz or anti-Herglotz
function is holomorphic on a real segment (a, b) and maps it into the real segment
(@', b'), then it maps the disk with diameter (a, b) into the disk with diameter (a’, b’).
(See e.g. [E2].)

We claim now that 74, C4, and L,(z4,)C4,. Indeed, let z=U({), for some
|l <1/A. Then tz= U(u(— A{)), and u(— A{) is contained in the disk with diameter
(0, u(—1)); hence 1z € 4,. On the other hand, by (2.15), we have L, (zz)=U(—A{)
and this is also in 4,. The derivative of L, o7 tends to zero near y,/z. But its
reciprocal is bounded in modulus in any 4’ € 4. This completes the proof of the
lemma.

We denote by % the Banach space of holomorphic, bounded functions on 4,
which are real on [0, 1], equipped with the “sup” norm. It follows from Lemma 3.1
that T4 C4% and T is a compact linear operator on % whose eigenvalues form an
exponentially decaying sequence.
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We use the following lemma to take advantage of the simple form of T:

Lemma 3.2. The function L, is convex on [0, y,], and the function L_ is convex on
[y 0> 1]

Proof. By our general assumptions, the function U is holomorphic and anti-
Herglotzian in the cut plane (1), described by (2.3). As such it has positive
Schwarzian derivative on the interval (—A™1,172),ie. ¢ =U"/U’ satisfies 2¢'/$?
—12=0. Integrating this inequality gives

" 2
2% _U'D) _ 2

T 1+Az T U@ T 1-2%2 (310)
By (2.14),
10 _ 1 [ U"(z)] : .
— = |r—1— th z= -+, 3.11
L0/l T T M e G40
We now use the lower bound for r obtained in [E1]:
1+A%
For z={'">0 we find:
S0 1 1+12_1+Azz
—s;(c)>r§[1—/12 1—2%2 | (3-13)
This is positive for z<1. For z= — {1 <0, we get:
S” Q) 1[1+A2 1-Az
SO >rc[1—/12 1+4z ] (3-14)
This is positive for —1<z<0. Thus:
%) S~(0)
— >0 V{e[0,1], —— >0 V{e[0,7]. 3.15
5.0 >0 Vel 1], — 75 >0 Welo,d] (315)

To see that the inequalities (3.15) remain strict even in the limit r— oo, we rewrite r
in (3.11) as log(1/7)/log(1/4) and, using again the bounds (3.10), and log(1/4)
<1/A—1, we find:

BT RS B
S’+(C)>C1 M1+ D)log(1/7) V(e(0,1], (3.16)

and exactly the same inequality for S” /S"_ on (0, ]. This proves that L, and L_ are
convex on [0, y,] and [y,, 1] respectively. This completes the proof of Lemma 3.2.

Corollary 3.3. For all ze[0,1], we have L, (tz)>71z and L (tz)< —1.

Proof. By the monotonicity and convexity of L, it suffices to prove this for z=1.
Applying the functional equation (2.11) and its derivative at z=0 gives

L)=—1, I(1)=-1. (3.17)
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Reapplying them at z=1 gives
L(Lx))=1*>, L(L(x)L(x)=1. (3.18)

It follows that L(t) < y,, and also L(t) > . Otherwise L(L(t)/7) would be in [ — 1, 1],
contradicting

L{L()/1)= — L(z*)/t < — L(ty,)/t=—yo/r< —1. (3.19)

The convexity of L, implies — L(t)> — L(L(r)) and hence — L(z)>1 by (3.18).

From the convexity of L, we can now derive, following an idea of [CE], the
existence of invariant cones for the operator T. However, the cones we define here
do not coincide with the cones defined there because of the use of v=45f/f" instead
of 6g. (The cones of [CE] could not be shown to be invariant under the tangent
map for r much above 2 because of the lack of concavity of g on (x,,1].)

Definition. Define I as the set of real ¢ functions v on [0, 1] for which
i) v(z)=0 for all ze[0,1],
ii) v'(z) <0 for all ze[0,1].
We also define I'=I7n4%. I' is a closed cone with non-empty interior in %.

Lemma 3.4. The tangent map T maps I into itself. Furthermore, T* maps any non-
zero vector in I into the interior of T.

Proof. Suppose veI;. Then, since (by Corollary 3.3) for any z€[0, 1], L (t2z) >z,
and since v is decreasing,

(Tv)(z) 2 v(tz) [1 +1/L, (z2)]. (3.20)
This is non-negative since L, (tz) < —1 by Corollary 3.3. Furthermore
oL (1z) L (z2) |

(Tv) (z)=v'(L,(t2))— +0'(t2). (3.21)

L, (zz)?
The point is now that all three terms of this formula are non-positive, so that Tv is
indeed in I7. The interior of I' is clearly composed of those v for which the
inequalities defining I are all strict. Suppose v € I is not 0. If v(z) vanished for some
z€[0,1),it would have to vanish on [z, 1], hence everywhere by analyticity, i.e. 1 is
the only place in [0, 1] where v can vanish. But Tv cannot vanish even at 1 by (3.20).
Furthermore the middle term in (3.21) cannot vanish in (0, 1], and can vanish at 0
only if v(1)=0. Hence T?v is in the interior of I as claimed.

4. Inequalities and Numerical Bounds

Suppose v,eI'\{0} and Tv,= gv,. Then v, is in the interior of I by Lemma 3.4, and

o) | vd0)

1
L) . >1,(0) l:% + %(O)jl >1,(0) <; — %) 4.1)

The last inequality uses —tL(0)> 1 due to the convexity of L,. The middle
inequality is strict because v, is in the interior of I, so that v (1) <v,(0). Finally,

ov(0)=
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since v,(1)>0, we get the inequality announced in the Introduction:

to1 1, 1 3
1o Z 4.
257 o) < “2

Applying the theorem of Krein and Rutman [KR] we obtain from Lemma 3.4:

Lemma 4.1. As an operator on B, T possesses an eigenvalue of largest modulus o
which is real and positive. The spectral subspace corresponding to this eigenvalue is
one-dimensional and generated by an element of the interior of I which is (up to
rescaling ) the only eigenvector of T in I'. This eigenvalue satisfies the bounds (4.2).
The adjoint T* of T has a unique eigenvector ¢, in the cone I'* dualto I (i.e., the set
of continuous linear functionals on % which take positive values on all elements of T")
and the corresponding eigenvalue is J.

At r=o00, we can use the rigorous numerical bounds obtained in [EW 1],
written here just as ordinary numbers, not as intervals:

¥0=0.391132999351022542, t=0.033381055, L, (0)= — 67.42069 .
This gives

1 =29.957112, 1 1 =28.957112,1 1+ —,1— =29.5128,
T T T L(0)

to be compared with the following numerical estimate of §:

0=29.5763.
This shows that the bounds (4.2) become rather satisfactory at r=oo. They are
poorer at, e.g. r=2, where

0=4.669201609, while % =6.26454783121704,% — % =3.7616,

1
L(0)
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