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Localization in the Ground-State of the One Dimensional
X — Y Model with a Random Transverse Field

Abel Klein* and J. Fernando Perez** ***
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Abstract. We consider the ground-state of the quantum spin model H =
—JX, s[0()0.(j) + 0,(i)0,(j)] + Z;h;0,(i) in one-dimension, where {h;, icZ}
are independent identically distributed random variables. By means of a
Jordan—Wigner transformation the model is mapped into a free Fermi gas in
the presence of a random external potential. We then use exponential
localization of the one particle states to prove exponential decay for the
spin—spin correlation functions.

1. Introduction

The Hamiltonian for the quantum x —y model in the presence of a random
transverse field is given by

H=—-JX . [01(x)0,(y) + 0,(x)0,(y)] + Z h(x)o3(x),

where 0,,0,, 03, are the usual Pauli spin matrices, xeZ?, {x, y) denotes a pair of
nearest neighbors in Z¢, and the h(x), xe Z%, are independent identically distributed
random variables whose common probability distribution we will denote by u.

The quantum x — y model in the presence of a random transverse field was
shown by Ma, Halperin and Lee [1] to be relevant when studying the effect of
disorder upon superfluidity. It was argued there that at high disorder localization
should take place destroying the longrange order of the x — y components of the
spin system.

In this paper we consider the ground state of the one-dimensional model and
show that, for any non-zero disorder, the elementary excitations of the system are
localized and the correlation functions decay exponentially. This is to be compared
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with the polynomial decay obtained by Lieb, Schultz and Mattis [2] for zero
transverse field.

As in [2] we “solve” the model by means of a Jordan—Wigner transformation
[3] which maps the system into a free Fermi gas in the presence of a random
external potential. In one dimensional the one particle states are localized [4-7, 10]
for any non-zero disorder and this entails exponential decay for the one-particle
Green’s function with probability one.

Since the spin operators are non-local functions of the Fermi creation and
annihilation operators, the study of the spin—spin correlations is much subtler than
determining the ground state energy and the excitation spectrum [2, 8,9]. However,
using Wick’s Theorem and convenient resummations we are able to show that the
exponential fall-off of the one-particle Green’s function yields exponential decay
of the spin—spin correlation functions.

Given a positive integer L, we denote by H; the model Hamiltonian restricted
to the box A =Zn[—L,L], with free boundary conditions. The corresponding
ground state, which we will show to be unique with probability one, will by denoted
by W.. > =, ¥ is the ground state expectation. We will also use o, =
3(0; tio,).

Our result is

Theorem. Let d = 1. Suppose the support of u is not concentrated on a single-point
and Ilhl”du(h) < oo for some n > 0. Then for any J there exists m; > 0 such that for
almost every choice of the random transverse field h we have

Sup (o4 (o -(1))1] S Cre™ ™!

for some C, < oo and all x, yeZ.

Notice that we allow u to have a delta function at zero, e.g., we can have h(x)
taking only the values 0 and 1 with nonzero probability.

This paper is organized as follows. In Sect. 2 we describe the model and review
the Jordan—Wigner transformation. In Sect. 3 we discuss the properties of the
one-particle Green’s function and prove a folk theorem showing that exponential
localization of states around the Fermi level implies exponential decay of correlation
functions. In Sect. 4 we prove the theorem.

2. The Model and its Ground State

At each lattice site xeZ we have a two dimensional space C? = #, and the Pauli
spin matrices

1 00 1 0
0'+(X)=<g O)’ 6—(X)=<1 0>’ 03(x)=<0 _1>'

For LeZ, L > 0, we consider the finite systemin A, = Zn[— L, + L]. In the Hilbert
space # | = (X) #,, the Pauli space operators defined in the usual way satisfy

xelNy
the commutation rules

[o3(x),0:(»)] = £20,(x)d,,
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[a+(x), G—(y)] = GS(X)éxy'
We shall also make use of the operator

_l+o;5(x)
=— =

The Hamiltonian in A ; with free boundary conditions is given (up to an energy
shift) by:

H, =XL _, h(x)n(x)—JZLZ [o,(x)o_(x+ 1)+ o_(x)o,(x+1)].

The external transverse fields {h(x), xeZ} are independent identically distributed
random variables with common distribution du(h), which we will always assume
to satisfy the hypotheses of the Theorem.

Following [2] we introduce fermion creation and annihilation operators by
the Jordan—-Wigner [3] transformation. For —L <x < L, let

o, (x)o_(x).

n(x)

a*(x)=exp[inX_ <, <.n(y)]o.(x),
a(x)=exp[inX_p <, <.n(y)]o_(x)
and,
a*(—L)=o0.(-L),
a(—L)y=0_(—L).
The new operators satisfy canonical anticommutation relations (CAR):
{a*(x),a(y)} = 6,
{a*(x),a*(y)} = {a(x),a(y)} = 0
Vx, ye A .. Here {4, B} = AB + BA.
The Hamiltonian H, can now be rewritten as:
H =X_| i< h(x)a*(x)a(x) — JZLZL [a*(x)a(x + 1) + a*(x + 1)a(x)]

which is the Hamiltonian for a gas of non-interacting spinless fermions in the
presence of a random external potential A(x).
We are thus led to consider the one-particle random Schrédinger operator

HY = —JA, +h
in the Hilbert space [?(A ), where
(AL(p)(x) = 2y;|y—x|=1,ye/\ L‘P(y)
and h is the multiplication operator
(he)(x) = h(x)o(x)

with @el?(A ;). The operator —A,, apart from a trivial additive constant, is the
usual lattice Laplacian with Dirichlet boundary conditions.

Let now ¢/(x)and ¢, =1,...,2L + 1 denote the normalized eigenfunctions and
respective eigenvalues of the Schrodinger operator. Notice that without loss of
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generality ¢,(x) can be assumed to be real. We then introduce
af =2, 0(x)a*x), a=2.,, ¢(x)a(x)

for I=1,...,2L + 1, which also satisfy the CAR. The operator H, can now be
written as:

__ y2L+1 *
H,=X;27 " ¢afa
so that its eigenvectors are

lpl:Hal*'Q

lel

with eigenvalues
Ej =28
where I = {1,2,...,2L + 1} and 2 is the Fock (bare) vacuum:
a(x)2=0, VxeA,.
In particular the ground state is given by

Vo=V, =[] are2, (2.1)

lelo
where I, = {l:¢, < 0}, with energy
Eq= 2,8

More precisely, ¥, , given by (2.1) is the ground state of H, for all L large
enough, with probability one. For uniqueness of the ground state (and (2.1)) is
equivalent to ¢, #0 I=1,...,2L + 1. It follows from Theorem 2.1 in [10], by an
application of the Borel Cantelli lemma, that, with probability one, zero is not in
the spectrum of H{" for all L large enough.

More symmetrical expressions are obtained by introducing the usual “particle-
hole” operators;

by=at if lel,, by=a, if I¢],

which also satisfy CAR. For the new operators, the ground state is defined by the
equations

blllfo=0, l=1,...,2L+1.

3. Exponential Decay of The Fermi Two-Point Function

The two point function of the Fermi operators in the ground state can be computed
to give

(Yo, a*(x)a(yWo) = X} m@i(X)@m(y) Yo, aff amip )
= L1, 01(X)@i(y) = P,o(x, V)

where P, is the operator, in I>(A ), projecting into the subspace generated by
{@),lel,}, and P (x,y) its kernel.
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Let now S denote the support of the single site probability distribution du(h).
The spectrum o(H{V) of the operator H{" is contained in the set

(S+2J}U{S—2J} = {EeR:dist(E,S) < 2J},

since — A, is a bounded operator with || — A4, | = 2.
Let us now assume that |h(x)| > 2J + a for some a>0. In this situation the
spectrum o(H{") is contained in the set

[-M,, —alula,M,]

for some M, < oo, so that there is a gap of width 2a around zero.
Under these assumptions the operator P,  is given by the contour integral

1
S A
Pry=5 R (2)dz, (3.1)
where
R(=[(-JA,+h)—2]""
and C is a contour in the complex plane enclosing [ — M, —a] while leaving

[a, M;] on the complement of its interior.
Let 0 < J, < a/2J be chosen, we will take the contour (we write z = u + iv):

C={0+iv; —J(14+dp) Sv=2J(1 +0)}
Uf{u+i2J(1+6,),us0yu{u—i2J(1+46,),u=<0},

where 6, = J,(1 + u?). Notice that if z + iveC we have |z — h(x)| = 2J(1 + 6,).
For zeC, the expansion

Ry2)=(z—h) 2 o[(=JA)z—h)'T" (32)

is convergent in the operator norm. In particular (3.2) implies that for the Green’s
function

Gi(x,y;2) = <x|Ry(2)]y)
we have the absolute convergent expansion
Iw| 1

. = IWI
GUx,y;2) =2\ xanyd LIOZ — h(w;)’

(3.3)

where the summation is taken over all walks won A | going from x to y,i.e. w(n)e A
for 0 < n < |w|, w0) = x, w(]w|) = y, where |w| is any non-negative integer.

From (3.3), estimating the number of walks w with a fixed length |w| by 2!/*!
we have

G 1 1 |x—y|+1

-2)| <
16, 352 < (2 J5“)<1 ! 5“) . (4
From (3.1) and (3.4) it then follows that

1 (8] 1 %=l
P, (x5, ) =—¢|G(x,y;2)| |dz] £
| Py J’)|_2n£| (%, y;2)| |dz| 2J60<1+50>



104 A. Klein and J. F. Perez

for some constant /(C) < oo. Therefore
| Py, y)| < coe™melx 7 3.5)

with constants ¢, = I(C)/2Jd,, my =log(1 + d,) independent of L.

We are now going to drop the assumption of a gap. In this situation we have
to make use of the localization results for one dimensional random Schrédinger
operators.

If the probability distribution p is absolutely continuous with a bounded density,
it follows [4] that, with probability one, P, (x, y) is exponentially decaying for all
L large enough. For more general u as in the Theorem, it follows from the results
of [10] by using [5, 6, 7] that the exists m > 0, such that with probability one, given
g >0,

sup |Gy (x, y; E + ig)| < c(h, eo)e™™* !

lel Seo
for all L large enough and all x,yeZ, with some constant c(h,&,) < co. We can
then use (3.1) with the same contour C, where we take d, given by m =log(1 + d,)
and choose ¢, =2J(1 + §,). As before, we obtain (3.5) with probability one for all
L large enough, with a different constant c, = ¢y (h).

Thus, under the hypotheses of the Theorem, there exists m; > 0 such that, with
probability one,

[<a*(x)a(y))L| < Cpe~m 17! (3.6)

for all L large enough and all x, yeZ, with some constant C, < co.

4. Correlation Functions

In this section we discuss the asymptotic behavior of the correlation function
(Wo,0+(x)a_(y)W,). We first write the non-local expressions for products of spin
operators in terms of fermion operators: for x < y,

o (x)o-(y)=a*(x) ] exp{in(2)}a(y),

x<z<y

o-(x)o. ()= —ax) [] exp{in(2)}a*().

x<z<y
If yest A, is an eigenvector of the “total particle number” operator, i.e.
(Zeen HX)Y = Ny
for some integer N =0, then

(l//, O'+(X)O'_(y)l//) — ein(N— U(l//, . eXp {inn(Z)}a*(x)a(y) <Lexp {iTL’n(Z’)}!//)

<z<x y<z'g=

so that, for x <y
W, 0.+ () _(YW) = — ™V, a*(x)a(yW;) 4.1)
and

W, 0- (o (W) = ™"V L, ax)a* (), 4.2)



One Dimensional X — Y Model Localization 105

where

Vo= [] exp{imn()}y

—L=z<
and

v =[] exp{inn(z)}y.

y<z=L
Next, following [2] we introduce the operators:

A(z) = a*(z) + a(z), 4.3)
B(x) = a*(z) — a(z), 4.4)

which satisfy the anticommutation relations:
{A(x), A(y)} = 20,
{B(x), B(y)} = —20,,,
{A(x), B(y)} = 0.
Moreover
exp [inn(z)] = A(z)B(2).
Using (4.1), (4.2), (4.3) and (4.4) we get
W, 0+ (o (W) =™ "Dy 7, Ax)a(,)
=™ VDY, AX)BOYW) + VT, AX)a*(yy )
= — ™M, A)BOW,) — 0 (x)a (W),
and so, for x <y

W, [0+ (x)o-(y) + 0_(x)o.(y) 1Y)
=e'™ (!ﬁ, [l (A@B@)AXBG) ] (A(Z’)B(Z'))¢> (4.5)

—L=<z<x y<z’'sL

and

W, [0+ () _(y) — 0-(x)o () ]¥)
=e™ (l//, [1 (A@B@)Bx)AY) [] (A(Z')B(Z’))lﬁ)- (4.6)

—L=<z<x y<z'sSL
A crucial fact now is that in both expressions (4.5) and (4.6) all operators involved
anti-commute.
If we now take ¥ to be the ground state , given by (2.1). We are in a position
to apply Wick’s Theorem. Indeed, if the operators C,, ..., C,, satisfy {C;,C;} =0,
i #j, then

(0, C,C5 - Czn'/’o)—ZPG(P)(lmeu ,Jpo) ¢07C1n J,J//o)

where the summation is done over all permutations P =(i;,j;,iz,jz,---»injn) Of
{1,2,...,2n}, o(P) being the corresponding signature.
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We then notice that
Vo, AX)AYW o) = 0.y,
(o, BX)B(Y)Wo) = — 05,
(Yo, BX)AW o) = — (Yo, A()B(x)o) = gu(x, y)s

where
gu(x, y) = Wo, a*(x)a(yWo) + W o, a*(v)alx)o)
= Plo(xa ,V) - Pllg(x’ Y)

The operator P;,— Py, is unitary in I*(A ), since (P;, — Pj,)*> =1, and therefore
the kernel g,(x, y) satisfies

Z:eA,_gL(xs Z)gL(Zs ,V) = 5xy' (47)

Now P,lo(x, y) clearly satisfy the same bound (3.6) with possibly different constants,
so that there are constants c(h) and m > 0 such that

lg.(x, )| < c(hje™™1x =1, (4.8)
To simplify the notation let us rewrite (4.5) in the form
Wo, [0+ (x)a-(y) + 0_(x)a.(y)]¥o)
=™, C2Ca -1+ C1CoDoDy - Doytho) 4.9)
with
Co=A(x),C,=B(x—1),C,=A(x—1),...,Cyy = A(— L),
and
Dy=B(y),D,=A(y+1),D,=B(y+1),...,D,, = B(—L).

A similar expression holds for (4.6).

Since both the number of C’s and D’s are odd in every term contributing to
(4.9) through Wick’s theorem, there is a number m = 1 of pairings of C's with D's.
We therefore write

(QPO'CZI'” CODO "'DZR.IIO)

min{2k+ 1,21+ 1}

'(‘//Oai#in . Ci‘ﬁO)(‘po’ﬁjn ; Wo)} (4.10)

where o,
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Formula (4.10) is proved using Wick’s Theorem and resumming all contractions
not involving i,,...,i, and j,...,j., again with Wick’s Theorem.
To estimate (4.10) we first notice that

<~//0,HC,-wo> <1 @.11)
iel
and

|<wo,l_]D,-¢o> <1 4.12)

for any collection of indeces I and J. This follows from the fact that both the
right-hand side of (4.11) and (4.12) can be written as

* (Yo, A(x1)B(y,) -+ A(X,)B(ya)o)

which by Wick’s Theorem is given by the determinant
(Yo, A(x1)B(y1) -+ A(x,)B(yn )Y o) = Zpa(P) 1:11 g(xi, ypi)s

where the summation is taken over all permutations (1,...,n)—(P1,..., Pn).
Using Hadamard’s Theorem

|det C)? < 1_'[1 Zn_.C}

and (4.7) we get (4.11) and (4.12).
Therefore (4.10) can be estimated, by

|(‘/’0, Cz:"'CoDo"'Dzk‘l/o)]
min(2k+1,21+1)

B ,,,;1 0<iy<i <Z <=2l (Yo, Ci,Dj¥0) (o, €, D;, ¥0)).
0% j1<j2<--<nS 2k

This implies
[0, [0+(x)a_(y) + 0 _(x)0 +(y)]¥o)]

min{x+L,L—y}
= Z Z 2ell9u(z1,2p1)l 1902 ms 25,15
m=1 —LSz)<zp<-<Zp<X

y§z'1<z'2<-~z;,,§L

the same estimate holding for y < x.
The number of pairs (z;,z}) such that |z; —zj| =y — x|+ R for some R=0
equals R + 1. Using (4.8) we get the simple estimate

|Wo, [o+(x)o-(y) + 6 -(X)0 () ]¥o)l
S I [ZR-oc(h)e™ ™ RR + 1)JF
=2 e "R Z R ge " NR + 1)
For |x — y| sufficiently large the right-hand side can be estimated yielding,
o, [0+ ()0 -() + 0 -(x)0 1 () IWo)| < K(h)e ™™~
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with
1
(h)e—MIx-yI ?

K(h)=dc(h)
(h) = dc( N de
for a given constant d < oo, thus concluding the proof.
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