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Abstract. We show that a class of 2 D statistical mechanics models known as IRF
models can be viewed as a subalgebra of the operator algebra of vertex models.
Extending the Wigner calculus to quantum groups, we obtain an explicit
intertwiner between two representations of this subalgebra.

Two major progresses have recently been made in the understanding of two
dimensional lattice models. The first is the classification of rational and trigo-
nometric solutions of the Yang-Baxter equations for a class of models known as
vertex models [1-5]. The second is the discovery of many representatives of another
class known as IRF (interacting round a face) models and their study in connection
with conformal field theories [6—11]. In the appendix of [11]it was shown that both
classes correspond to different representations of the same algebra, and it is the aim
of this letter to complete the identification by building an explicit intertwiner
between them. The method we use is an application to the quantum group case of
Ocneanu’s cell technique [12].

Quantum Wigner Calculus. Consider the associative algebra USUQ)) [4.5]
generated by the symbols ¢"2, ./, J_ under the following relations:

qh/zq—h/zzq—h/zqh/z:] . qh/2J+q--—l1/2:qJ+ i qh/z./\ q—h/zzqﬂjv ,
h —h
q"—q
ViJ ="+ . (1)
! qg—q "

We denote by 4™ the coproduct homomorphism 4™ U—- U ®Y (N fold tensor
product)

A (N>(qh/2) - qh/2 ®qh/2 ®qh/2 ,

N
AU )=Y " ®.. . ®¢* Ry ®¢ ... ¢ . 2)

v=1
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In what followsA, unless we specify it, ¢ is not a root of unity. For je 4V, denotes
anirreducible U module of spinjand |jm) its canonical bases. Let V;, V,, V; be three
such modules, an intertwiner between V; ® V;, and V; is given by the (¢) Wigner
coefficients

il my

LULh)IMjymy jymyy = Uy) (my) - 3)

J M

Following the arrows from the upper left to the down right corner, we describe the
two states |(j, j,)JM ) and |}, m, ) ®|j,m,». The Wigner coefficients can be deduced
{from the recursion relations:

(J =M+ 1) (J+M)'PIM =11y my jymy )
=g~ "((jy —my) (y +my + 1)V IMjymy 4+ 1,my )
+q" (( —my) (o +my + 1))1/2 IMjymyjymy+1)

where
qn _q~ n
m=L=9" )
q—q
We list them for j,=1,1 Table 1.
Table 1. Wigner Coefficients®
(mljym; s 10)
= p=x H=-%
ji 3 gm B <(]1 +m ﬁﬂ)l : gt <(jl _m+%)>1/2
2/ +1) 2h+1
i _% _q(m+ ji+ 12 <Ql;nl+_%)>l/z q(m—h -1)2 <(/1 +m +%)>1/2
2j,+1) 2j+1)
(jm|jym; 1)
j=  u=1 p=0 p=—1

Jit1 qm_h_1<

@+ 121 +2) @i+ 1D +2)

G +mGi+m+D\2 Q)G —m+ DG +m+ D\ (il—m)(/l—m+2>"2
1 Q2 +1)(2j,+2)

Ji

Ly ((2)(1‘1 +m)(jy —m+1)>“2 q T G tm) =g T Gy —m) m<(2)(1'1 —m)(jy +m+1)

22/ +2) (@j@j +2)'"* 2 (2j +2)

)1/2

1 g <(j, —m)(j, —m+ 1))1/2 L <(2)(j1 -m)(j; +m))1/2 " <(/'1 +m+1)(j, +m)

Z)Eh+1 i)+ 1) @2 +1)

)1/2

* The exponents of g are ordinary [not (¢)] numbers
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LetV;V, V,, be U-modules and Ta homomorphism of V, ®V, n V,®V, such
that 4 m(X) T=TA%(X)forall Xe U. Matrix elements of T'can be described in the

bases (g, ®<{g; Bl.1g:2> ®|g, ">

(g0 ®< g, BITN9,2) ®g, B> = <> =0,4,0'p" - )
B g

Alternatively, we can recouple angular momentums:
VeV, = Vi®V,=9 Vi s
Vi®Vy=3Vis Vi®V,=7V, .
and describe matrix elements of T as:

G971 91 IMIT|(g))j1 g J M :5JJ'5MM‘<ng)jlgl‘]”TH Gg)Jjig2d> .
(6)

Jx 11’

The reduced matrix element being denoted

)
(g,) (g,)
(JJ) n
Tt = h <> o
(g,) (g,)
J

The two representations are related by Wigner coefficients through the following

cquations:
J m ) j m
a a'
RS e Py
Jim pooou X
PN NIV

Y. o\ Gimylimgyoly (IMLjimiga By

Jjimy

= Z O-aﬂ,arﬁ’<.j1mll/.m92a> IMjymyg By . (7

apmi

We call them respectively vertex and path representations of 7.

Path Representation of the R Matrix. Let V, be a U module. In End (V,®V,), the
vertex R matrix obeying the Yang Baxter cquatlon [3-5] is characterlzed by the
following equations:

[R(x), 4®(X)]=0 VYXeU,
R(X) (xjw ®qh/2+q—h/2 ®J—):(]— ®qh/2 _‘_xq‘h/Z ®j_)R(x) )

The first equation expresses that R(x) is in the commutant of 4 (U). Hence it can
be written

(8)

R(x)=} ¢;(x)P" . ©)
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With P projectors onto irreducible components V; of V,®V,. The second
equation determines ¢;(x) and we quote the result from [4]:

910 _ ¢’ (10)

Qj(x) 1 “X(IZJ

The vertex matrix elements of PY are by definition

Tapap = <> =2 {gagPlim) jmlga'gp"> (11)
B B

due to the charge conservations, ¢ breaks into block matrices according to the total
charge Q=0+ f=0o'+ ' The path representation of P(Y) follows from (7).

Examples. (All matrices are symmetric)

g=1%:(6 vertex model)

<

There are two projectors PO PM=1— PO the matrix elements of P© are:
a) Vertex:
g=1, oo=0,
O/ - Cin-1p. - 1 —1
0=0, 12-1/2,12-12 12-1/2, 1/21/2>= ( q ) ) ‘

oy 1
O_1p212,172-1/2 O —1721)2, -1/21)2 @ \-1 ¢

= <°’j—%,j—; O-J_iij‘*%):___l____ < 25 * >
ST Gy Oagges) (2JHDQ) V@j)(27+2) (2j+2)
R(x)=(1—xg> )PV +(x —¢*)P© . (12)

Both expressions of P© are known representations of the Temperley and Lieb-
Jones algebra [13-14].

g=1.

There are 3 projectors PO, P PP =1 _pO _ pM The matrix elements of P©
and P are:
a) Vertex:

PO
0=12, o¢=0,

\
Or-1,1-1 O1-1,00 O1-1,-11
=0, 000,11 000,00 00, -11 | =777 |4 1 —q

€)

2
O-11,1-1 O—q100 O-11,-11 1 —q q
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0=1 <U1o,10 010,01> (2) < -2 _1>

001,10 001,01 (4) q
0=—1 <Uo~1,0—1 Oop-1, —10) (2) <‘1 >

' 0-10,0~-1 -10.-10 (4)

O1-1,1-1 O1-1,00 O1-1,-11
0=0, 000,1-1 300,00 900, ~11

O-11,1-1 O0-11,00 O0-11,-11

1
(2)

=—1q'—¢q (q 1—q)2 q—q‘1
@\ N
- q9—q 1

359
PW:;

j=1-1 Tj-1,j Tj-1,j+1
i1 0j.j Ojj+1
Oir1.j-1 OTj+1,j Oj+1,j+1
(2j-1) * *
1
= (/@ + D)1 2j+1 *
BYern) (J' )({ ) .(J ). |
V@2j+3)2j=1) }@2/+3)2j+1) (2j+3)

PO

J=]'+1< Jsd Ojj+1 ):JL__( (2)) * >
l Tivr Operast) D2 \)/2j)2j+4) @+H)’

J:jﬁ1<6-1 0jj-1 ): @) ( (2j+2) * )

Gi1; Oi-1j-1) BCH \—)/2j+2)2j—2) (2j-2))°
Oj=1,j-1 Oj-1,j Tj-1,j+1

7=l o,

ji—1 0jj Oj,j+1

Oj+1,j-1 Oj+1.j Oj+1,j+1

<1 (2) > * *
@)H@Ej+1)
(2) (2]—]) 172 q21+1+q—2j-—1 2+q4j+2+q—4j—2 .
o) _<(21+1>> ) 2/)2j+2)
(@2 -D@j+3) ((2j+3)>”2 ¢ g (1__ @) >
2j+1) ’ 2j+1) 2j+2) ’ 2j+1)(2j+2) |
R(x)=(1-x¢"(1 =x¢*) P? +(x —¢") (1 =x¢*) PV + (x —¢*) (x —¢*) P
(13)




360 V. Pasquier

Path Algebra. Let us fix V, an irreducible U module. We define paths
(Ngy=Uo=0,/y,...,jx) by a sequence j, 3 A" such that V; <V, ®V, We
consider the matrix algebra generated by matrix units ((f),,, (/")) Jx =/ under the

following multiplication law:

((])a (//)) ((k)v (k/)) = 5(j’),(k)((i)a (k/)) . (14)
In a similar way, we define a base of matrix units of End (V ®M) by (), (1));
(W=(ugs tas - y) €{ —g, —g+1,....g}. The first algebra is isomorphic to the
commutant AN (T)" of 4AM(T) in End (V, ®") and the inclusion (i) in End (V, ®")
can be described with Wigner coefficients:

i(GGN= 3 CEENw, (W)

(), (1))

with . ,
0 H my H2 my —--my---m'y K2 m'y " 0
(), (1)) — I
Cham = DIREY ’
(m)(m’)
0 Ji P N y 0
where
m j
r o) =(jmgu|(jg)IM) . (15)
M J

The fact that (i) defines a homomorphism requires the orthogonality relations:

j i

Y. (M mgu) (mgnld ' M) =3, 8y0p = Y % - 19
m, i1 m,

M M’

A trace on A™M(U)' is defined [14,15] by

N
tr((:u')a (iu/))zé(u),(u’) l_[ q_zuk s
k=1

. . 17)
tr((j), (j)= 5(,‘),(;')(2.]1\/ +1) .
Both expressions define the same trace due to the identity
m m'
Q1) Y (IMUmgp) ('m'gulIM)g = Qj+1) Y <>”<>
M.u M, u
J J
=Q2J+1)0;; O - (18)

The proofs can easily be done using the graphical representations.
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Restricted Algebras. We define the (¢) dimension of V; by dim V;=(2j+1). When
g=e"'", Le /" we restrict to values of j such that (dim ¥;)>0. This imposes

L . ! . .
jgjmaX=5~1. In this case we define paths by the connection matrices A%,

0=7,7', 9 ZJmax determined by the recursion relations:
A9 =1 |
(1/2): f Y 1
A4 0 if [j—j'l#2 . (19)
it ==
A9 D4 40 = 49D 4B

A path (j), is admissible if 0<j, <j.,, and 4, =1. The path algebra is a in
(14) with admissible paths. Then it can be shown that (i) defines an isomorphism
between the path algebra and the quotient of the algebra generated by the projec-
tors P (expressed in the vertex representation) by the ideal of operators the
product of which with any operator of the algebra is traceless. In particular, the
matrix elements of P are obtained by taking the generic expression (12), (13)

(setting g =¢'™¥) and restricting them to admissible paths.

GL(n). What precedes can be extended to an arbitrary Lie group [9, 11]; let us
consider U(gl(n)) defined in [3, 5]. Irreducible U modules are characterised by a
Young pattern [m]=(m,;,2m,,...=2m,,=0). The Gelfand Zetlin bases of [m]

consists of states (m) which are highest weights [m], of U(gl(k)) for the natural
inclusion g/(1)= ... = gl(n). They are denoted by the symbol [16]

My Moy e Myy [m]
(m): ml,n—l mn‘l,n~1 = [m]n—l >
my, [m],
MGZ MG 5o My (20)

Using similar notations as for U(SU(2)), we denote the Wigner coefficients for
Viay = Vi ® Vigy by

m] [mlpy --- [m],
((Im] gD M ][M ] |lm] [m] (9119l = tany a1y @y . (21

[M]n [M)n-l === [M]y

They factorize into the product of reduced coefficients

[m]y (Ml
(] g1 IM L M N - (N[l [my gk [g)i— ) = 1o, @,, . (22)
IM],, M)

If [g]=(1,0,0,...) is the fundamental representation, [g],=(u,0,...)=yp, with
U,=1=u, ;...2pu;20. The corresponding reduced coefficients are listed in
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Table 2. Reduced Wigner Coefficients of U(gl(n))*

mh, ',
1 p
ml,  Iml,
m; = mj ,+0,
My, = M, if u=0

=mj,_+6;, if u=1

1"
n n-1 n—1
12(2 =) 1,,,.,1+nv1> 1 Uy —l—1) |12
O =1 j=1 ji=1
q 1% n
IT Gu—1)
j=1
JjF1
n—1 ’ n ’ 1/2
- . Uy =1 o1+ 1) U~ o+ DTV
1 1/2(Lin lk,n71+1)S k—l in J,n jn /,n !
‘ ( )[}1 Uors~b) I @10
J¥k j*
Lij=my;—i

S(i)=sign of i

* The exponents of ¢ are ordinary [not (g)] numbers

Table 2. Since 10+ @ p1:0:-) = .00 @ p/1-1.0-) "We can build two projec-
tors P:1:0:) p@2.0-) =1 p(.1.0.0 T et ys denote by « the state =1k =n—a,
t4 =0 k <n—o. Then, the vertex matrix elements of P> are denoted by 0,5 , 5.
Due to the charge conservations, g,, ., =0 unless {2, f} ={o', f'}, and we have

for a>f:
<O-1ﬂ'1ﬁ O.aB,Ba> :—1— ( q - 1 ) . (23)
Opuva Tppe) () \—1 ¢7*

From the gl(n) generalisation of (7) we deduce the path matrix elements

[m]
, 2
Opm1ypmry = [m'] <> ('] =0 f g - (24)
(m2]

We set
iy =[m'] =(my,+0y,) »

il/:[}nly]z(mkn*_&kii) s
(i»j):[n12]:(n7kn+5kz+5kj) > (25)
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then iy, i{e{i,j} and:
i=J, 0;;=0
j=i+l, my =m0 ;=1

[<J, My, >m,:

<O’u O’i,’> 1 ( {; 1+]) > 26)
o5 o) QUL )G =1+ 1)l —1,—1) (1—1—1)

with /;=m;, —I.
Both expressions correspond to known representations of the Hecke algebra
[5,17]. The R matrix:

R(X)=(1 —*X(]Z)P(Z’O"")“{—(X—qz)P(l’l’O"") (27)

is obtained in [18] in the vertex representation and studied in [8, 11] in the path
representation. For ! an irreducible U module, the path algebra is defined as for
SU(2). The Wigner coefficients intertwine the path algebra and A™(U)" in
End (V) ®". The expression of the trace in the path algebra is:

( i [1+ )
tr ([ ), (Im'1) = Oy, gy I} 0 — .
where
(ImD=(lml,,...,[mly) denotes a path . (28)
When g=¢"", we must restrict [m] to values such that
: (]i _ZH— )
dim V[mlzg —(]_)—’>O . (29)

This imposes m, ,, —h,, < L —n and the connection matrices defining admissible
paths are determined by the recursion relations:

AO=1

the matrix of the generic model restricted to [m][m']

such that dim V,,;, dim V,,;>0 , (30)

(1.0,...) _

Alm][m’] -

[g] 411,0,..., 0] [1,0,...7 419’1

A4 —[Z] Atgig A .
g

Discrete Groups. We consider the limit ¢ =1, where the R matrix degenerates to its
rational limit. Let I be a discrete group, ¥, a I' module and 4 the homomorphism
of I'in End(V, ®V,). Assume that [R(x), A*(y)]=0 for all yeI'. The preceding
method yields a path representation of R with intertwiner given by the I' Wigner
coefficients. The case where I' is a discrete subgroup of SU(2) and V, its two
dimensional module is considered in [19-21]. The connection matrix of the path
algebra: A9 is the incidence matrix of an extended Coxeter diagram and the
components of its Perron-Frobenius vector are the dimensions of the representa-
tions of I" [22]. Other models associated with ordinary Coxeter diagrams have been
discussed [10]. It is natural to ask whether they correspond to a Hopf algebra [3].
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Then each vertex of the Coxeter diagram should be associated to a U module V' of
(¢)dimension S* with S“ the component of the Perron-Frobenius vector normalised
so that its smallest component S°=1. One must therefore define commuting
matrices 4* with positive integer coefficients characterising the paths built on 1
and determined by the identities (expressing the associativity of the tensor product):

A9 =1,

A™ =the incidence matrix of the Coxeter diagram

5

A(a)A(l):Z Ac(zlb)A(b) ) 31
(b)

Remarkably, this is only possible for 4,, D,,, Eq, Eg as in Ocneanu’s classification
of subfactors [12]. We hope to be able to discuss this point further separately.
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