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Abstract. We extend the methods of Pressley and Segal for constructing
cocycle representations of the restricted general linear group in infinite-
dimensions to the case of a larger linear group modeled by Schatten classes of
rank 1 £ p < c0. An essential ingredient is the generalization of the determinant
line bundle over an infinite-dimensional Grassmannian to the case of an
arbitrary Schatten rank, p = 1. The results are used to obtain highest weight
representations of current algebras (with the operator Schwinger terms) in
d + 1-dimensions when the space dimension d is any odd number.

1. Introduction

In this paper we generalize some results of Pressley and Segal [PS] on the
determinant line bundle over infinite-dimensional Grassmannians and on central
extensions of infinite-dimensional linear groups. The ultimate aim is to obtain
linear representations of current algebras arising in quantum field theory in
3 + 1-dimensions. In particular, we want to construct a generalization of the
fermionic Fock representation of current algebras in 1 + 1-dimensions (including
the Schwinger term), adapted to the 3 + 1-dimensional case. We have a partial
resolution to this problem.

We are able to construct a highest weight representation for the 3+ 1-
dimensional current algebra, including an explicit realization of the highest weight
vector (= vacuum) as a section of the dual Det# of the determinant bundle, Det,
over a Grassmannian Gr,, which contains the Grassmannian Gr, studied in [PS]
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as a dense subset. In fact, this construction can be generalized without difficulties
to current algebra in any odd-dimension. (The even-dimensional case seems to be
different and we shall comment briefly on it in Sect. I1.)

However, we have not been able to prove the unitarizability of our represent-
ation.

Current algebras were introduced in particle physics [A] in the study of strong
interactions. The observables of a strongly interacting system (such as the proton)
can be thought of as the currents that couple to other forces such as electro-
magnetism or weak interactions. The hope was that the algebra of these current
operators and their representations would provide a theory of strong interactions.
But this rather abstract approach fell out of favor when it was realized that
Quantum Chromodynamics (QCD) provided a field theoretic description of strong
interactions [ MP]. However, the current algebra point of view has seen a revival
in recent years since it has proved to be too difficult to describe low energy
properties of hadrons in terms of QCD. In fact, understanding the meson and
baryon physics in terms of QCD is one of the outstanding challenges of particle
theory. Meanwhile, current-algebras and effective Lagrangians provide a more
direct description of hadrons [B, Tr]. [t is also hoped that studying current-algebras
and their anomalies (Schwinger terms) as predicted by QCD will provide a way
of unraveling the low energy properties of QCD [R].

Consider a Dirac field in d 4+ 1-dimensions coupled to an external Yang—Mills
field A. We can choose space to be a compact d-dimensional spin manifold (such
as S%), and A is then locally a Lie algebra valued one-form. At the first quantized
level, where the Dirac field i is thought of as a Grassmann number (and not an
operator), the currents satisfy the algebra

(T, S (0)} = iCLT*(x)o(x — p), (1.1)

the bracket is the fermionic analogue of a Poisson-bracket (pseudo-Poisson bracket)
following from

(W), (1)) = 0,50 (x — y), (1.2)
and Ji(x) =" (x) is the charge density (the time component of the current-
density).

If we define
J(f) = dxfi(x) T (x), (1.3)
where f :S"—»g are functions valued in the Lie algebra,
LI, @)1= J(LS, 9D (L.4)

So the current algebra in this case is just the infinite-dimensional Lie algebra
Map(S% g).

Actually, we have a unitary representation of Map(S%g) on the Hilbert space
of square integrable spinors [“first quantized” representations], given by

LI, ()] = 2L fA o (), (1.5)

/4! being the representation matrices of g.
However, this is not the representation of interest in quantum field theory.
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There is no vacuum state (highest weight-vector) in this representation. The Dirac
Hamiltonian is not bounded below.

So, one constructs the fermionic Fock space, following Dirac [second quanti-
zation]. The Dirac field y(x) is an operator on this space, providing a representation
of the infinite-dimensional Clifford algebra. One then looks for a representation
of Map(5%g) on this Fock space with the Dirac vacuum state as the highest
weight-vector. But it is well-known that the operator product J'(x) = /' Aly/(x) is
not well-defined due to the ultraviolet divergences of quantum field theory.

If d = 1, we can define this product by normal ordering. This involves subtracting
the vacuum expectation value from J[ f]. After this subtraction, it is well defined.
But the price we pay for this is that we do not obtain a representation of Map(S?, g),
but a central extension of it. N

Even this will not work for d > 1. Even after subtracting, the vacuum expectation
value of the squares J[ f]? are not well-defined. In the language of renormalization
theory, J[f] requires a multiplicative renormalization for d = 3. This means that
there is no meaning to J{ f] within the fermionic Fock space. Since this point does
not seem to have been appreciated in the literature, we shall show this explicitly
in the next section.

What happens is that (even after normal ordering) the operator J[ f] creates
states of infinite-norm out of the vacuum. One might try to redefine the inner
product so that the fermionic states do not form a complete set. Then, we can add
to the Fock space new states created out of the vacuum by J[ f]. There might be
a unitary representation on this larger Hilbert space. Note that these new states
we have to add are bosonic; they have the same quantum numbers as a two fermion
state. However, they have no meaning as a linear combination of two-fermion
states. In this sense they are “condensates” of fermion pairs.

We have constructed a linear representation with a highest weight vector,
essentially including these bosonic states. But we have not been able to find an
invariant inner product.

Instead of a central extension for d > 1, we find the representation of an Abelian
extension of Map(S%¢),

(), J @1 =J(LS.g]) + c(f.9: A). (1.6)

Here, ¢ is the Schwinger term which, for d > 1, is a function of the gauge field A.
¢ is to be thought of as a linear operator in some Hilbert space [M1, F].

There is a group corresponding to this current algebra, [M2] which is an
Abelian extension of G = Map(S% G) by the group Map(.«, C*), where .« is the
space of gauge potentials.

The action of gauge transformations in Dirac field, (1.5), defines an embedding
of $§7G into the infinite-dimensional general linear group GL, modeled on Schatten
classes of type I,,(2p = d + 1) which will be described in Sect. II. Our strategy will
be to find a representation of an Abelian extension of GL,,, which will automatically
give a representation of an Abelian extension of S?G. The representation we look
for will be a generalization of the wedge representation of GL, constructed in [PS].
This was just the representation of fermion bilinears on the fermionic Fock space,
as discussed in detail in [BR], for example.
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The fermionic Fock space is an infinite-dimensional generalization of the
exterior algebra of the one particle Hilbert space H. It is well-known [W] that in
the finite-dimensional case, the exterior algebra of a vector space can be thought
of as the space of holomorphic sections of a line bundle over the Grassmannian
associated to the vector space. This point of view was generalized by [PS] to the
infinite-dimensional case. They defined a determinant line bundle over the infinite-
dimensional Grassmannian Gr,;, modeled on the Schatten class I,. This was
possible because the determinant involved was that of an operator of type 1 + 1.

We will instead have to deal with Grassmannian Gr, modeled on I,,. The
Grassmannian Gr, of [PS] is a dense subset. However, it will not be possible to
define the determinant line bundle as they did, because the operators will be of
type 1 +1,. There is a modified (“renormalized”) definition of a determinant for
such operators [S] which we use to define a holomorphic line bundle Det, on Gr,,.
We describe this modified determinant in Sect. I11. It satisfies most of the properties
of the ordinary determinant, except that

det, AB # det, A det, B.

The group GL, acts holomorphically o/n\Grp. But this action does not lift to Det,,.
Instead, there is an Abelian extension GL, by the group Map(Gr,; C*) which does
act on Det,. The pull-back of this extension under the embedding $‘G = GL,
defines an extension ¢ of $YG which is the one we want.

Thus, any linear representation of GL, automatically gives one for 4. In
finite-dimensional (as well as for p =1, in the infinite-dimensional case) the space
of holomorphic sections of the dual line bundle Det* provides a representation of
the general linear group. The line bundle Det has no (non-constant) holomorphic
sections, but Det* does. This is just the antisymmetric tensor representation
(fermionic Fock representation in the infinite- dlmensxonal case with p=1).

We might try to find a representation of GL on the space of holomorphic
section of Det. Here an important new phenomenon appears for p > 1 (and hence
for d>1). The holomorphic structure of Det* is not invariant under the action of
GL This is related to the failure of the usual method of finding a representation
of the current algebra on the fermionic Fock space. We can still think of the
fermionic Fock space as the holomorphic sections of Det*. But the action by an
element in ¥ c@p will take us out of this space, becausc it produces a
non-holomorphic section out of a holomorphic one.

To see this, recall that 6L\p is an extension of GL, by Map(Gr,; C™). The only
holomorphic functions on the Grassmannian are constants. So the action of an
element of Map(Gr,;C"), on a holomorphic section will in general give a
non-holomorphic section.

For the case d = p =1, we do not need to worry about this, since already the
smaller extension of GL; by C* (the constant functions on 6}1) acts on Det;.

For d,p > 1, we can therefore find a representation of GL, on the space of all
sections (not just holomorphic ones) of Det. There will be a holomorphic section
which is a highest weight vector, which represents the vacuum state.

There are similarities between our construction of the action of @ on Det,
and the renormalization theory of quantum fields. In the case p = 1, the Lie algebra
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extension g/, of the Lie algebra gl, of 6L\1, corresponding to the group extension
6]>1 can be described as follows. The Lie algebra gl, consists of operators of

the type
a b
X:
(£ )

acting in a Hilbert H=H,®H_ such that H_—>H, and ¢c:H, >H_ are
Hilbert—Schmidt. The central extension is gl,=gl/,®C and the commutators
in gl, are defined by the Kac-Peterson cocycle

’11(X, Y)—“—%t['[[&,X],[C, Y]:IS’ (17)

1
h =
wnere ¢ <0 1

). By a simple computation,

N (X, Y) =tr(b(X)c(Y) — b(Y)c(X)). (1.8)

Note that the product be is a trace-class operator, since b and ¢ are Hilbert—Schmidt.
In the case p = 2(d = 3) (1.8) does not make sense, because b,cel, and bcel, is
not of trace-class. The points on Gr, can be parametrized by idempotent operators
F such that the diagonal blocks of F —e¢ are in I,. In particular, the diagonal
blocks of F — ¢ are Hilbert—Schmidt operators for p = 2 and the following formula
makes sense in that case:

ny=str[{e, X1, (e Y11(e — F). (1.9)

To check the cocycle property of 1, one has to take into account that the group
GL, acts on F; infinitesimally, this is given by the commutator [X, F] for
Xegl, (Strictly speaking, this is true only for the unitary subgroup U, = GL,.
However, one can define a complexified Grassmannian C Gr), such that the action
of X eg, is still given by the commutator. The real Grassmannian Gr, = CGr, is
parametrized by Hermitian operators F.) Restricting to the dense subalgebra
gl gl,(and FeGr,) the difference 1, —#, becomes a trivial two-cocycle. It is a
coboundary of the one-cocycle « = — {5 tr[X,¢][F,¢]. The form « diverges in the
case p = 2. Formally, #, is a sum of #, and of —tr[[e, X1, [e, Y]]F, but the point
is that separately these two terms become infinite for p = 2 and only the sum makes
sense. The latter term can be understood as an infinite charge renormalization in
the field theory terminology (the elements of gl, correspond to local charges in
3 4 1-dimensional QFT). There is also another renormalization which we shall
meet. There is a natural embedding Gr, = Gr, as a dense subspace. A section of
Det% defines thus a section of Det¥; the structure of Det¥ obtained by a restriction
from Det% differs from the canonical Det¥ (of [PS]) in such a way that the sections
of Det¥ are obtained from sections of Det¥ by multiplying by certain function.
When approaching points in Gr,\ Gr, both the section of Det; and the multiplier
become infinite but the product converges. We call this the wave function
renormalization since the sections of Det¥ can be thought of as wave functions in
the Schrodinger picture of the quantized Dirac field coupled to external Yang—Mills
field.
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Instead of defining a representation of GL on non- holomorphlc sections of
Det¥, we could try to find some line bundle on which GL acts preserving the
holomorphlc structure. Then we could find a representa11on of 61\ on the
holomorphic sections of that line bundle.

We can do this by considering as base space C Gr,,, which is roughly speaking
“twice as big” as Gr,(ie. it is modeled on I,,@1I,, rather than I,,). Unlike
Gr,, this space does have non-constant holomorphic functions. In fact, C Gr, can:
be thought of as a complexification of Gr,, (thought of as a real analytic manifold).
Holomorphic functions on C Gr,, are then analytic continuations of real analytic
functions of Gr,. There is a holomorphic line bundle C Det} over CGr, and it
does admit an action of @ preserving the holomorphic structure.

C Gr,, can be thought of as a holomorphic bundle over Gr, with fiber I,,. Then
we can find a holomorphic vector bundle over Gr, with fiber Hol(1,,; C) on which
GL, acts preserving the holomorphic structure. This point of view is analogous to
the “Bargmann” picture for the bosonic fields, while considering non-holomorphic
functions on Gr, is like the “Schrodinger” picture.

II. Embedding of the Current Group in GL,

We assume space to be a compact Riemann manifold, X. If periodic boundary
conditions at infinity in R? are chosen, X = T% (We will assume this is the case
for the moment.) The group of interest to us is the group Map(X;G) of smooth
maps {g:X -G}, G being a compact Lie group. This may be thought of as the
group associated to the current algebra

(N J@]=J(LS gD 2.1)

where feMap(X —g) is a function valued in the Lie algebra g. We are interested
in finding representations of this group Map(X; G).

One representation (the “first quantized” representation) is easy to construct.
Consider a free fermion field y carrying a unitary representation p of G. The set
of such y’s form the “first quantized Hilbert space” H. More precisely, H = [?(X; V)
is the space of square integrable functions on X valued in a finite-dimensional
complex vector space V. V is the tensor product of the space of spinors on X with
the representation space of p. Now define a representation

MW 1(x) = p(f () (x) (2.2)

by pointwise multiplication. If f:X — G is smooth, M(f):H— H is a continuous
unitary operator.

Using the Dirac operator D on X, we can in fact refine this statement somewhat.
The Dirac operator is a self-adjoint operator with discrete spectrum. Let H, be
the space spanned by eigenstates of non-negative eigenvalues and H_ that by
eigenstates of negative eigenvalue. Since the set of eigenstates of D is complete, we
have an orthogonal decomposition

L@®H_.

We can now decompose matrices in the general linear group of H into 2 x 2
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blocks,
a: H,—-H,
a bl b: H_—-H,
g_[c d} c: H,—-H_ 23)
d: H_—-H_

It is clear that if f:X — G is a constant function, it will commute with the Dirac
operator D. So it will map H, to H, and H_ to H _:

M(f)=[g 2]

More generally, if f is a smooth function, we expect that the off-diagonal elements
b and ¢ are not “too large.” What we need to make this notion precise is a norm
on the space of operators in a Hilbert space. If dim X = 1, (i.e. X = S') it is known
that trb*h and trc*c are finite for smooth functions / [PS]. More generally, we
will show that tr(b*b)” and tr(c*¢)” are finite for 2p > d. The proof was already
given in [PS] for the case X = T and sketched for the general case; for the sake
of completeness we shall explain the full proof here. This, and some results in
Sect. 4 also appear in Conne’s non-commutative geometry [C]. But since we don’t
need his full machinery we have chosen to develop the theory from scratch.
The Banach space of operators on a Hilbert space with norm

[All,,=[tr(A" AP

is called the Schatten ideal I,, [S]. An equivalent norm that is easier to compute

in practice is
1/2p
!A“Zp |:ZHA€1H2P} >

e, being vectors in H forming an orthonormal basis.

Proposition 2.1. Let H=H, @ H_ be the space of Dirac spinors on T* carrying a
finite-dimensional representation p of G. Let M(f) be the operator on H representing
feMap(T?,G), a smooth function on T* as in (2.2) and b, ¢ as in (2.3). Then || b]l,,
and || c|l,, exist for 2p >d. The only functions f for which these exist for 2p < d are
constant.

1 0
Proof. Define 8=< > on H,®H _. ¢ may be thought of as the sign of

0 —1
/
[s,M<f)J=2<_f )

the Dirac operator. Then,
0

and it is sufficient to consider
1Le, M()TI35 =227 (1Ib 1135 + [l 35).
Let ¢, (keZ?) denote the Fourier components of ¢:[*(T% V). Then
D¢ =Koy,
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d

where k= ) o;k; and the os are the Dirac matrices acting on the spinor
i=1

components of ¢. Clearly

ey =%¢k, k#0
=¢. k=0
Also,
(M(f)cb)k:;thcbq,
where

=Je " *dxp(f(x))

is the Fourier coefficient. Then

(@MUWM=ZQQ ﬁ&nq%,

2 k_dy ka1
0 MU Zt{ﬂ”<mltm>Qm lm)nq}.

The trace inside the summation is just a finite-dimensional trace in V. Now, by
properties of the Dirac matrices .

2 .
(-8 )
Ikl lql Ikl lql
Redefining k — k + ¢, the right-hand side is equal to

gnufﬁVXZ<P“&+@ﬁ>i

7 lk+qllq]

and

Consider first, S,(k) =Y (1 —(k + q)-q/lk + q||q|)*". We are interested in this sum

p
as ¢ — oo as any finite number of terms will produce a convergent sum in k. Now

(k+4q)q (g ky?  k? ( 1 >
- ~ - S qol ).
ktallal~  1a* 2ar T O\igP

Thus the sum on g behaves as |¢|— oo, like

1 r
k|27 ~ k2 {dig( —
~ I Z[IFJ (kP quP)

~ k1?7 [ diql1ql*~ " [q1~ 2.

Here, ~ means modulo a finite constant factor. This is convergent if 2p > d. In this
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case

Ile. M(g)11135 ~ 2 tr(K2fy fi)".
G

The sum on k is convergent because, for smooth functions, | f(k)| decreases faster
than any power of |k| as |k|— co.

If 2p £ d, the sum on g diverges unless k = 0. But this happens only for constant
functions f(x), and these are the only ones of finite-norm in that case. [J

Let H=H , ® H_ be an orthogonal decomposition of a Hilbert space into two
infinite-dimensional subspaces. We are led to consider invertible operators g: H - H

(2 )

such that tr(b* b)? < o0 and tr(c *¢)? < oo (equivalently, such that [¢,g]€l,,). These
form a group which we will denote by GL,. The dependence on the splitting
H . @ H_ will be suppressed, since it will be obvious from the context which one
we mean. As an abstract-group, GL, is, of course, well-defined independent of these
choices. That GL, is a group (i.e., closed under multiplication and inverse) follows
from the fact that I, is a two-sided ideal in the algebra of bounded operators [S].
In Sect. IV, a brief discussion of the main properties of GL, is given. GL,, is a
Banach Lie group, with topology given by the norm

fall +1bllap+ iz, +Hdi,
where
lall = sup [lay]l.
=1
We can now restate Proposition 2.1 as follows

Proposition 2.2. There is a continuous injective homomorphism

M:Map(T*;G)-GL,
for 2p >d.

Let us now see how far we can generalize this situation. We would like to replace
T¢ by an arbitrary compact Riemannian manifold X. In order to have spinors, X
must be a spin manifold. The Hilbert space H is now well-defined, once
a spin structure on X is chosen. A representation of Map(X;G) on H can
be defined. Given a choice of connection on the spin bundle, we have the Dirac
operator on H. This is a self-adjoint operator with finite-dimensional kernel, so
the orthogonal decomposition H = H_, @ H _ into non-negative (H . ) and negative
(H _)eigenspaces goes through as before. The operator ¢ is now a pseudo-differential
operator [T] on X, and we can investigate whether [¢, M(f)] belongs to I,,(H)
as before. We know that only the asymptotic behavior of ¢ and M(f) as the
momenta go to infinity is relevant. So we are interested in the short-distance
behavior of the integral kernel associated to [¢, M(f)]. Since X is a smooth
manifold, locally it resembles T and we expect that the results such as 2.1 to
continue to be valid. The calculus of pseudo-differential operators provides us with
a precise language to prove this.



374 J. Mickelsson and S. G. Rajeev

Before doing that, let us imagine an even more general situation. Let E be a
Hermitian vector bundle over X with structure group G. The earlier case
corresponds to the trivial case

E=XxV.

To this is related the bundle of automorphism of E, Aut E. Aut E is a fiber bundle
with fiber G, but is not necessarily the principal fiber bundle associated to E [FU].
The principal bundle may not admit smooth global sections, Aut E does. Smooth
sections of Aut E form an infinite-dimensional group C*(Aut E), the group of gauge
transformations of E. These are the bundle maps of E that reduce to the identity
on the base space X. In the trivial case C*(Aut E) = Map(X; G).

Let H be the Hilbert space of squares integrable sections of the bundle E® S.
(S is the spin bundle over X.) Pointwise action gives a representation of C* (Aut E)
on H.

Given a connection on E, we can define the Dirac operator on H, and hence
the decomposition H=H , @ H _. We may then ask if there is a homomorphism

M:C*(AutE) =, GL,.

We now establish that this exists.

Let us begin by recalling a few definitions [T]. Let £2< R be an open subset
and C*(£;R") the space of smooth functions. S”(£2; R") is the set of smooth
functions.

©:02 x R End(R")

such that for multi-indices «, feN and any compact subset K £, there exist
constants Cy , , with

|Din;(P(x, l])i é CK,a,/}(l + lq{)m— ug"
for xeK. Given ¢, define an operator ¢ on C*(£, R"), by

AL _ dq 7 ig-x
(0f)(x)= 2n) (X, q) f(g)e ™,

f(q) being the Fourier transform. ¢ extends to a continuous operator on L?(£2, R").
¢ is called a pseudo-differential operator of order m and ¢ is its symbol. The space
of such operators is called PS™(£2;R"). What is mostly of interest is the “most
singular” part of ¢. The principal symbol of ¢ is defined as the equivalence class
of ¢ in §”/S™~'. We denote some representative of this class by o¢ and call it the
principal symbol also by a slight abuse of language.

Now let E be a vector bundle over a compact manifold X (of dimension d)
with fibers of dimension n. An operator ¢ on C*(E)is in PS™(E) if for any coordinate
neighborhood U in X with chart (and trivialization) y:E|, — Q2 x R", the operator
yepey ' on C*(£2;R") is in PS™(Q2;R"). This definition is then invariant under
change of coordinates.

Note that the principal symbol of a pseudo-differential opcrator on E, is a
function on the cotangent bundle T*(X) valued in End(R").
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For the massive Dirac operator on X,
D,=0V+mp=D+mp.
The principal symbol is,
aD,(x,k)=o-k.
(x,k)e T* X and o;(x) are the Dirac matrices with the given metric tensor on X.
In an orthonormal basis
[Bo1,=0; p>=1; [op0;], =0y

Obviously, the Dirac operator on a vector bundle with connection is of order one
D,,ePS'(E).

Let us define

=D, [D? +m?] 12,

We are considering the massive Dirac operator to avoid headaches with zero modes
of D. Since what is relevant is the behavior at short distances, this does not matter

[cl.

Clearly, ¢2 = 1. Now we note that ¢,, is also a pseudo-differential operator.

Proposition 2.3. ¢, is a pseudo-differential operator of order zero with principal symbol

ok
osm(x, k) = ii(izi-i}:;hi)ii .
Proof. If C is a contour surrounding the spectrum of D,
1
= | dz f(2)———.
Em £f7f( S

Within a trivialization, the connection on S® E is a smooth one-form. Then

~

1 ¢
D= 7a~~(~+oc~A:D0+oc'A.
i dx

Now (1/z — D)e(PS™*(E)) may be written as

1 L 1 "y 1 z¢Spec(Dy)
z—D z—Dy, z—D, z—D | z¢Spec(D)

The second term is a pseudo-differential operator of order — 2. So the principal
symbol of 1/z—D is

The result for g¢,, then follows upon multiplication by f and integrating over the
contour C. [

Proposition 2.4. Y = [e,,, M(f)] is in PS™'(E) with principal symbol
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1 1 g
Y0 0=1 )Uz[&,-—qz";",;z}aiajp(f<x>>.

Proof. Within a coordinate neighborhood, we can write

dk e ok o
—L yd
j(zn)d (kz T m2)1/2§p FONY(y)e Y,
where ~ denotes equality modulo terms of lower order and
dk ok ~
1k X k
(27-5)“6 (k2+m2)1/2 lp( )>

M(f ) (x) ~

M(f)en(x) ~ p(f(x)]

¥ being the Fourier transform, so
dk

VU~ [ e s T ) )
dk . ok
ﬁj(zn)del(k ’ (k2+m2)1/2f l//( )
ie.
dk dq Hex ok +q) aq Fon igx T
Y00~ [y i [[(k+q)2+m2]1/2-(q2+m2)1/2jf(k)e 7.
Now,
dk .. o (k+q) o g -
f(zn)"ek [[(k+q)2+m2]”2_(q2+m2)“2]f(k)
dk 0 ke 1
:jé;)?d‘kf(k)elk m
dk . o g 2q-k |72 1
+j(2) kf( )( +m2)1/2[1+q2+m2:| +@(W>
b 1 1 oq q0 L
—?cx 6p(f(x))(q2 +m2)1/2 _7(612 _,_mz)i/z (q2 +m2)”2 p(f(x))+ @<|q'2>'
Thus,

dg | 1 : ~
Yf(x)~f(2f)de‘q'xi(q2+m2)m[aa Lt Jp(f(x))l//(q)

igx
= f(zd:)d eT 7E _f(:ll)l/z[éij - qzqf;nz}aiajp(f(x))° 0
Let us now find the relation between the order of a pseudo-differential operator
and the Schatten class to which it belongs.
Proposition 2.5. If pePS™(E), then ¢el,,(I*(E)) for
d
P> o

d being the dimensionality of the base manifold of the vector bundle E.
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Proof. Let U = X be a coordinate neighborhood, mapped into 2< R. On L*(E|y)
we have the expression

= [ (e =T,

The compact manifold X can be covered by a finite number of coordinate neighbor-
hoods X = JU,. To such a covering is associated a partition of unity, ie. there

3
are functions f,:U,—» Rwith )’ f, = 1, and Supp f, is contained in a compact subset
a

of U,. If yelI?(E), the maps

Yoy, =10
are projections L?(E)— L*(E| ). Since
lﬁ = Z lpa!

we have an injection
E) > DLE]y).
o

Now we can consider the projections ¢a:L2(E|Ua)—>L2(E|U1). It is clearly sufficient
to estimate | ¢|,, on each subspace. By definition,

[@a(x, k)| < Cy(1 + [Kk|)™.
The plane wave states form a complete set on Lz(Ean) SO

dq d d'k
lo.13=1 55 )d 6. ¥ oy | X100 R~ )

_Cf d(1+|k|)2”"‘

C, being a constant depending on «. The integral over k is convergent if

d+2pm<0. [
Since YePS™!(E), we see immediately that

Corollary 2.6. [¢,, M(f)]el,,(L*(E)) for p>d/2.
By combining the above results we have,

Proposition 2.7. Let E be a Hermitian vector bundle with connection over a compact
Riemannian spin manifold X. Let H be the space I?(E®S) of square integrable
sections, were S is a spin bundle of X. Then H admits an orthogonal decomposition
H=H,®H_ into non-negative and negative eigenspaces of the Dirac operator.
There is a continuous embedding of the group of gauge transformations C*(Aut E)
into unitary operators in GL,, for p > dim X/2.

We have used Dirac spinors rather than Weyl spinors for simplicity. The
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embedding using Weyl spinors is more fundamental and will be discussed briefly
in Sect. VL.

We will be mostly interested in the case of odd d. In the even-dimensional case,
a further refinement is possible. Consider for simplicity again X = T, and define
¢ as the sign of the massless Dirac operator. (The result again, generalizes to any
Hermitian vector bundle with connection over an even-dimensional spin manifold.)
Then there is an operator I” (chirality, y5 in the case d =4) that anticommutes
with D and has square one. So,

I'?=1; Ie=—¢l.

I' acts on the spin indices alone and not on the representation indices of p.
Therefore,

[I"M(f)1=0; feMap(T*;G).

It is convenient to choose a decomposition into positive and negative chirality,

H=H,®H,,
1 0 0 1
r=<0 —1>’ 82(1 0)'
Then,
M(f) 0 ]
M(f)= .
) [ 0 My(f)
But we already know that
(dim X)

[M(f).elel,,; p>

This means simply that

M1(f)—Mz(f)€Izp-

So we are led to consider a Hilbert space H with two anticommuting orthogonal

N ) 1 0
decompositions H=H, ®H, and H=H , ®H _ given by F:<0 1> and

0 1
£= (1 0>. Define GL*” <« GL(H,) x GL(H,) by (g,,9,)eGL?" if g, — g,€l,,.
Then we have

Proposition 2.8. For even d, there is a continuous homomorphism Map(T¢, G) = GL*?
Jfor p>dj2.

GL*? is a subgroup of GL,, but it is of a different homotopy type. In fact,
consider GI*? =(1 +1,,)n GL.

Proposition 2.9. GI?P) s contractible to GL??.

Proof. GL?? can be thought of as the subgroup of GL*” of the form {(1,h)}. But
we may write

(91.92)=(91.91)(1,91 "g).
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so we have a fiber bundle
GL(H,)— GIL®P

l
GL?*

The fiber is contractible, being the general linear group of an infinite-dimensional
Hilbert space [K]. So GI{*P is contractible to GL*7. []

It is known [PS] that GL*” and GL, are related to Fredholm theory on even-
and odd-dimensional manifolds, respectively. We have a more complete realization
of this idea, but the relevant groups seem to be GL'*” and GL,. GL*” is connected,
but 7, (GL*P) = Z. Its second cohomology vanishes. It is interesting to construct
its universal covering group and representations of this extension of GL??,

Groups such as GL,,GL” and GL®" play an important role in the non-
commutative differential geometry of Connes [C].

We conclude by explaining why the standard methods of quantum field theory
fail to produce a highest weight unitary representation of U, for p > 1. (U, is the
unitary subgroup of GL,.) We can restrict to the Lie algebra u,, to see this point.

Let us recall how such a representation can be found for p = 1. (See [BR] for
example). Let H=H @ H _ be the one-particle Hilbert space and u, a basis for
H_, and v, for H_. Any element of u, can be written as

g= kzk/((pkk’uk® U+ Aoty @ v + Ao 0, @uyd + P 0, ® vy),

where

(i)k’k = — Dy, '{Ikk' = - lPk’k
and B
Ao = — A A€l

As is well-known, this representation of u,, is not a highest weight representation.
(There is no vacuum state, since the Hamiltonian is not bounded below). We now
define the Fermionic Fock space following Dirac.
Introduce operators A,, B, corresponding to u, and v, respectively.

I:AI:-’AI{’]-F = 0>

I:Bk+ aBk’] + = 61{1(’9

(A, A ls =[Bi. Be 1+ = [Ay, By ] ete. = 0.
A representation for this Clifford algebra is found by starting with a vector [0)
(“vacuum”) satisfying

A,]0>=0, B;10>=0.

This says that the annihilation operator for positive energy and the creation
operator for negative energy vanish on the vacuum state (i.e., the vacuum state
has neither “particles” nor “holes”).

Now consider the space of finite linear combinations of

AI:AI:;BMBZ;,!O>
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We can declare these to be orthonormal to get an inner product and then complete
this normed vector space to get a Hilbert space, the fermionic Fock space.
If H, were finite-dimensional,

r(g) = Z (D A Ay + Ao A By + Ay B Ay + Wiy BY By)
= iR

would produce a representation of the Lie algebra. But in the infinite-dimensional
case, this does not make sense because the infinite sum of operators does not
converge. For example <0[r(g)|0) is divergent in general: {0|r(g)|0) = tr ¥.

If p = 1, this can be avoided by the process of normal ordering. Define

Fg) = };((Dkk’Al: A+ Ao A B+ A BE Ay — W B By,

Then, <0[7(g)|0> =0. Also, [[7(g)|0>|>*=2trA* A< oo since Ael,. In fact, we
can show in this case that 7(g) acting on any state produces a vector of finite length.
7 does not provide a representation of u, but rather of its central extension. This
extension is determined by the Kac-Peterson cocycle [KP, BR].

But this will fail if p > 1. After normal ordering, the vacuum expectation value
is well-defined

<0[r(g)10> =0.

However, now ||7(g)|0)> |> =2tr A" A is not convergent in general. If we consider
the embedding of Map(X;g) in u,, for dim X > 1, the only maps for which this
converges are the constants (i.e. global transformations). There is no representation
of the algebra Map(X, g) in the fermionic Fock space. We will find a representation
of its Abelian extension on a larger vector space.

This kind of divergence has physical consequences. For example, anomalies
arise from precisely such divergences of quantum field theory. However, the
divergences we find here persist even if the anomalies cancel, and are related to the
renormalization of the composite operator ¥ A'(x).

III. Properties of Generalized Determinants

The ordinary determinants is defined only for linear operators of the type 1 + A4,

where A is a trace-class operator. However, there is a generalization det,, for ecah

integer 1 < p < oo such that det,(1 + A) exists for Ael, and shares some of the

basic properties of the ordinary determinant; an account of these properties together

with references to the original papers can be found in [S]. Here we shall give the

definition of det, and list some of its properties for the convenience of the readers.
For each bounded linear operator A4 let

R,(A)= —1+(1 +A)exp[pi1(— 1)1‘%1,—}] (3.1)

Jj=1

for any peN™. By expanding R,(A) as a Taylor series of the powers A", one sees
that the first non-vanishing term is of order p. Thus, in particular R, (4)el, if
Ael,. It follows that

det, (1 + A) = det(1 + R, (A)) (3.2)
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exists for any Ael,. Since R, is analytic and det is continuous, and det, is a
continuous function of 4 (in the I, topology).
Note that

logdet, (1 4+ A) =logdet(l + R,(4))

~trlog(1 + R, (A)) :tr[log(l Y (- 1)J‘/]‘__j}
=1

— _ pﬁ _ P*lflil_
_u(( 1) p+( 1) p+1+ > (3.3)

Thus logdet,(1 + A) can be thought of as a regularization of det(1 + A4), where the
first p — 1 terms have been subtracted in the expansion of log(1 + A4). The following
proposition has been proven in [S], p. 107.

Proposition 3.1. Let Acl,. Then
(a) 1+ A is invertible iff det (1 + A) # 0.
(b) If Ael,_,, then
Ar
det, (1 + 4) =det, (1 + A)~exp|:(— -1 tr-p-v~-].

In particular from (b) it follows that det,(1 + A)=det(1 + A)-e™ " for Ael,:
det, (1 + A) =det(1 + A) by the definition (3.1)—(3.2) above.

Proposition 3.2. For each peN" there is a symmetric polynomial y,(A, B) of two
variables A,Bel + I, such that
det, AB =det, A-det, B-e'r45),

Proof. This is clear for p = 1, since det; 4 = det 4; y;, =0. We prove the equation
by induction on p. Suppose A, Bel +1, ;. Then

det, AB =det,_, AB‘exp[(— l)p’ltr(—/—l%zll)pﬂ}
:detp_lA-detpﬂB~exp[yp-1(A,B)+(— l)p‘ltrLBp:ll)pﬁl}
——-detpA~deth~exp[7P‘1(A,B)+(— 1r1! tr%
AT BT }
Py p—1

by the induction hypothesis. Denoting the expression in the square brackets by
7»(4, B) we have proven the claim for the index p in the case 4, Bel +1,_,. Using
the continuity of det, this same relation must hold for any pair 4,Bel+1,
(I,-;<=1,is dense). [J



382 J. Mickelsson and S. G. Rajeev

In the case p =2, we have
det, AB = det, A-det, B-e A" DB, (3.4)

Proposition 3.3. Define w,(A, B)=det,B-¢’**® Then w,(A4, BC)=w,(AB,C)
w,(A, B) for all A,B,Cel +1,.

Proof. If A is invertible we may write

det, AB
det, 4’

w,(A, B) = (3.3)

and thus for invertible A and B the claim is trivially true. However, both sides of
the equation to be proven are continuous functions of the variables 4, B, C. Since
the space of invertible linear operators is dense in 1 + I, the equation holds for
all 4,B,Cel +1,. [

IV. The Determinant bundle and the Abelian Extension of GL,

Let H be a complex separable Hilbert space with an orthogonal decomposition
H=H,®H_ to a pair of closed infinite-dimensional subspaces. In this section
we shall study in more detail the properties of the group GL, acting in H, and
associated homogeneous spaces and line bundles. The index p is an arbitrary
positive integer. In addition, we define GL, to consist of invertible bounded

operators
_fa b
9= ¢ d

such that the blocks b and c¢ are finite rank operators; we define GL_ to consist
of operators with b and ¢ compact. Then we have the inclusions

GLycGL, cGLy,c---cGL,,. (4.1)

Each GL, is dense in GL, for p <p’, with respect to the topology of GL, . Let
b

9= <Z d>eGLp. Using the fact that g is invertible and b, ¢ are compact, it follows

. td\ .
that the diagonal blocks ¢ and d are Fredholm operators. Now g, = <? J ) 1s
¢

0
a Fredholm operator for all 0 £t < 1,9, =g is invertible and ¢, = <g d>' Thus,

index g =0 and therefore index a = —index d. The group GL, can be split into
disconnected components labeled by n = index a,
GL,=|JGLY.

neZ

In this and the following section we shall denote shortly by GL, the connected
component GL{”. In Sect. VI we shall make some remarks about the full group.

There is another infinite sequence of linear groups, closely related to (4.1). We
denote GIP = GL(H,)n(1 +1,), where peNu {o0}; I, = {finite rank operators}
and I, = {compact operators}. Then
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GL° = GL! = GI* < - = GL*. (4.2)

The group GL(H) is contractible (when dim H = o), [K]. However, G’ and GL,
have non-trivial topologies [P]. To understand the relation between (4.1) and (4.2)
it is useful to define the group

&,={(9,9)lgeGL,, qeGL(H.), aq '—1lel,} < GL,x GL(H.,),

b S
where g = (j d>' The group multiplication is (¢,,9;)(92.492) =(9192-9:9>). The
topology is not the product of space topology, but the topology given by the norm

g, @l =llal +1dll +1bll2p+lclp+ la—ql, (4.3)

The group GI” acts from the right on &, by (g,9) t = (¢, qt). The quotient &,/GL”
is GL,. Thus &, can be viewed as a principal GI? bundle over GL,. As shown in
[PS], the group &, is contractible. From this follows

n(GL,) ~m_(GLF) 4.4)

for the homotopy groups. The homotopy properties do not depend on the index
p: all the spaces GL, are homotopy equivalent for 0 < p < oo, [PS, P].

We denote by B, the subgroup of GL, consisting of operators of the type

b

<g d) and by Gr, the homogeneous space GL,/B,. The points on the
Grassmannian Gr, can be thought of as infinite-dimensional planes W< H.
(Gr, means here the connected component, corresponding to the block a of g
having Fredholm index zero.) To each ¢B,eGL,/B, we associate with plane
W=gH,.Let

pr..:W—-H,

be the orthogonal projections. Using the fact that the off-diagonal blocks of g are
in I,,, it follows that pr_ is in the class I, ,; because the diagonal blocks of g are
Fredholm, the projection pr, is a Fredholm operator. Using the fact that B, is
contractible and the homotopy equivalence GL,~ GL,, we see that Gr,~ Gr,,
for all p,p' 2 0. More important than the homotopy in our discussion will be the
cohomology of these spaces. In particular, the group extensions we shall construct
are related to the Chern class ¢,eH*(Gr,,Z). The Chern classes of Gr, were
recently derived in [Q]. Actually we shall not use his results; instead, one can
derive a form for ¢, (Gr,) from the group extension @p of GL, below.

We define the Stiefel manifold St, = & ,/B,,, where the action of k = <; ﬂ)GBp
7
on &, is given by
(9, 9) k = (gk, g2).

Let {e,,e,,...,} be an orthogonal basis of H , and {e,,e_;,e_,---} a basisof H_.
Let {w;,w,,...,} =w be a basis of WeGr,. We can write

118

pr+w, =
j

(W )e;
1
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We say that the basis w is admissible if w, €1 4 1,. Every WeGr, has an admissible
basis: Let W=g-H, with geGL,. Since we are working in the connected
component of the identity in GL,, index a = 0. It follows that a =g +t, where g
isinvertible and ¢ is of finite rank. Now ag " 'e1 + I ,and w; = gq ~ ' ¢;is an admissible
basis. Any two admissible bases in a given W are connected by a basis
transformation of type 1+1,. The mapping (g,¢q)r> {gq™ 'e;} defines a 1 —1
correspondence between St, and the set of all admissible basis for all W.

The space St, is a principal GL” bundle over Gr,. The bundle projection is
{w; } > the plane spanned by the vectors w;. The right action of te GL? is just the basis
transformation w;= X'w;t;;. It is sometimes convenient to write a basis w as a

W
column vector
w

), w, =pr,w. Thenw, el +1,and w_el,,. The topology of
St, is defined by the metric

dw,w) = llwy =wi |, +[lw_ = w5,

The right action of GI? on St, is written shortly as <‘wvi>H<vai i)
Next, we define a right action of GI? on St, x C by
(w, A)t = (wt, Ao, (W, 0)7 1), 4.5)
This action is clearly free and we can define
Det, = (St, x C)/GL*. (4.6)

As a quotient of two complex spaces, Det, is also a complex manifold. Furthermore,
Det, is a holomorphic line bundle over the Grassmannian Gr,. The projection is
given by [(w, 4)]+> the plane spanned by {w,w,,...}. (In general, we denote by
[x] the equivalence class represented by an element x.)

The group GL, acts on the base manifold Gr, but the action cannot be lifted
to the bundle Det, for p = 1. The obstruction comes from the non-triviality of the
bundle Det,,. In fact, already the subbundle obtained by restricting the base to
Gr, = Gr,(p 2 1) is non-trivial: If w, €1+ I, then

07w, ) = (det, ) e  (det ) 1o~ A0
e =7p(W 40 — (det t)‘ 1 e/;p(wi )f/Jp(err),

where we have used the fact that det, 4 = det A-¢’» for some polynomial 8,
A€l +1,. Thus the cocycle w,(w, ,t) is cohomologous (in the group cohomology
of Eilenberg—MacLane) to the cocycle given by the inverse of the determinant and
therefore the bundle over Gr, is equivalent to the non-trivial line bunle Det studied
in [PS].

In the case p =1 there is a central extension of GL, which acts in Det,, [PS].
Since 7, (GL,) =0, [P], the various central extensions are classified by elements
of H*(GL,,Z) = n,(GL,) = Z. The generator of H*(GL,) can be represented by a
constant coefficient two-form which corresponds to the Lie algebra extension
determined by the two-cocycle

nl(X’ Y)=—é—tr8[[£,X],[8, Y]:l
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The general two-cocycle for gl, can be thus written as
Ay (X, Y) + s[(X, Y]),

where AeC and s:gl,— C is any continuous linear form. One can check that for
4 # 0 there is no way to choose s in such a way that the sum above is finite for
all X, Yegl, when p > 1: When restricted to the diagonal blocks, s gives a linear
form on @ (H.)®gl (H_), continuous in the operator norm topology. The
diverging terms in 5, (for p > 1) are due to the off-diagonal blocks of X and Y; so
let us assume that X, Y are off-diagonal. Now [ X, Y] consists of diagonal blocks,
and therefore s([ X, Y]) is necessarily finite for any p. Thus, the divergence cannot
be removed by adding the trivial two-cocycle s. Since any central extension
of gl{p = 1) gives by restriction a central extension of gl;,, we conclude that g/,
(and thus GL,) does not have any non-trivial central extension for p > 1. However,
GL, does have non-trivial Abelian extensions, to be described below.

Lemma 4.1. There are smooth functions a(g,q; w) on &, x St,, such that

a(g, q; wt) _ w,(wy,t) )
(g, ;W) o,(gwg )4, qtqg ) -

Fop Fo,
Fyy Fy,
that Fly= +1 and F|,. = — 1, where W is the plane determined by the basis
w={w;}. A general solution of (4.7) is given by

forteGI?P. Let F = F(w) = ( > be the linear operator in H=H , @ H _ such

det,w,  det,3(¢" 'a(F +1)+q 'bFy)
det,(gwqg ') det,3(F, +1) ’

ul(g, q;w) = flg,q: W) (4.8)

where [:&, x Gr,— C" is an arbitrary smooth function.

Proof. 1f we can find one solution 2 of (4.7), then the general solution is
clearly obtained by multiplying by a function on &,x GR,. Formally,
det, w. /det,(gwg '), is a solution of (4.7). However, this function has zeroes and
singularities. We can regularize it by multiplying by a function on &, x Gr,.
Let

be an invertible operator such that W =h-H, and W" =h-H _. Denote

=Y

u v)
(10
““lo —1)

and in particular F;;=w,x—ou=2w,x—1 and F,,=w_x- fu=2w_x.

Then F = heh™ ', where
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Thus
exp[”/p(xww(qu;l)Jr)_?p(Wm%q‘l(a(Fu + 1)+ bF;))]
=exply,(xw.,(gwg ™)) —y,we,q " taw x + g7 Thw _x)]

_det, (g7 taw +xw. g thw_xw,)
 det,(q taw, +q  thw)det,(xw,)

det,w, -det, (¢ "aw, x+q " 'hw_x)

det,(g " taw,xw, +q bw_xw,)
_det,w,  det,(q 'a3(Fy; + D+q 'hiF,))
det,(gwg ™), det,3(Fy; + 1) ’

where we have used Proposition (3.2) and the symmetry det, AB = det, BA. This
shows that the ratio of the determinants in (4.8) is a regular function. []

Let n:St,— Gr, denote the canonical projection.

Proposition 4.2. The formula

(99,10 (w, 2) = (gwq ', u(m(w)) Axlg, g; w)),
where o is any fixed solution of (4.7), defines an action of &, x Map(Gr,,C") on
Det,; the multiplication in & , x Map(Gr,, C™) is defined by (91,41, 11 )(g2. 42, 12) =
(9192541425 11092, 091, 139205 1) X (g2, 42: WG 19241923 W) )

Proof. We have to show that (g, g, )-(w, ) and (g, g, ) (wt, Aw,(w, , 1)~ ') represent
the same class in Det, = (St, x C)/GLF. But
(94, )W, Aoy (w 1) 1) = (gwig *, p(m(w)) Ao, (w . 0) ™ olg, g3 wi))
=(gwg 1, (W) Ao, (W 1) o, (gwa 1) 4, gt P alg, g wi)).
This represents the class of (g, g, o) (w, 4) iff

o,((gwg™ )4, qtg™ o, (w0~ talg, g wt) = alg, g; w);

this is precisely Eq. (4.7). The triple product of « functions is really a function on
Gr,, and not on St,. To see this one has to replace the basis w by wt(te GL") and
to show that value of the product does not change; but this is an easy consequence
of a repeated use of (4.7). [

Theorem 4.3. There is an Abelian extension of GL, by Map(Gr,, C*) which acts
on Det,. There extension is

GL, = (&, x Map(Gr,, C*))/N,
where N is the normal subgroup conmsisting of elements (1,q, p,), where p,(w)=
al,q,w)" w,(wi,q™ "), geGLF, and the action on Det,, is given by Proposition 4.2.

Proof. An element (g, ¢, p)eé, x Map(Gr,, C*) belongs to the kernel of the group
action on Det, iff g = 1 and (wg ™', a(1, g; w)u(n(w))) = (w, 1)-q . The last relation
is equivalent to

OC(l,q;W)‘U(ﬂ(W))=CUp(W+,q_1)—l. L___I
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We shall study the Abelian extension in the case p =2 in more detail. This
case corresponds to the physically important problem of obtaining representations
of current algebras in 3+ 1 space-time dimensions, as we mentioned in the
Introduction. For p =2 one can adjust the function f in (4.8) in such a way that

a=exp—tr[(1—q ta)w, — )+ g 'b(EF,, —w_)]. 4.9)

For this choice of « the group N consists of elements (1,q,(det,q~ 1)~ 1),
since now o1, g;w) =exp —tr(l —g ') (w, — 1) =det, w, -det, ¢~ '/det,w, g ' =
wy(wy,q~ 1) Vdet, g7t We shall compute the local two-cycle corresponding to
the/e\xtension GL,. Near the unit element g =1 we can define the local section
I''GL,—-GL, by

I'(g)=(g,a,1)mod N. (4.10)
The two-cocycle is defined by

I(g)1(9:)=1(9:9:)(1,1,<(91,92)), (4.11)
where £(g,,9,)eMap(GL,,C™). From Proposition 4.2, we get

F(gl)r(gz):(g1gz,a1aza9‘(91,%ngwqg1)1(92>a2§’)°‘(.‘11.‘]2>“1az§')~1)~
On the other hand,

I"(919:) =(9.192.a(g192), 1)
=(g19,.a1a,,[dety(a; 'ay talg,92)] g1 92.alg,9,)way Pag talg,g,))
“0lg192,a1050) " Pll,alg19,) Payay;r)) mod N,
Therefore,

¢(gr.g,) =dety(ar 'ay talg, g,)) (g, 95, a(g1 9, ) way Pay algig,)) !

ol alg;g,) tayaiw)agy . agigaway Dalgs gy, aiassw).  (4.12)

In particular, if g, and g, are of the type

!

then &(g,,g,)= 1. In general, the expression for ¢ is rather complicated but the
corresponding cocycle for the Lie algebra commutators is much simpler. The Lie
algebra of 67},) is as a vector space equal to gl/,®Map(Gr,,C), where g/,
is the Lie algebra of GL,. The commutator in g/, can be written as

LX), (Y] =([X, Y], X v = You+n(X, Y;)), (4.13)

where # is an antisymmetric bilinear form on ¢l, taking values in Map(Gr,, C)
and the Lie derivative of a function v on Gr, to the direction of the vector field
X (defined by the GL, action on Gr,) is denoted by X -v. From the Jacobi identity,
it follows that 5 has to satisfy the equation

n([X, YL, 2)+n(lY, 2], X)+n([Z, X1, Y) = Z-n(X, V)= X-n(Y,Z) - Y -n(Z,X)=0.
(@.14)
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Let exptX and exptY be two one-parameter subgroups in GL,. Then
62
Otds

L) (eI e ™) (e )li—g=o = ([X, Y10.7(X,Y)).  (415)

We do not have a closed formula for » valid for an arbitrary p = 1. However, in
the case p =1 one gets

(X, Y)=Tr(bycy — bycy),

which is the Kac-Peterson cocycle, [KP]. For p =2 we have derived for the Lie
algebra of the unitary subgroup U, < GL, the formula

n(X,Y)=§tr[[e X1, [e, Y11(s — F), (4.16)

where X, Y are anti-Hermitian operators (the off-diagonal blocks are in I, and the
diagonal blocks are bounded operators). One can define a two-cycle for g/, by
a complex extension from (4.16); however, this does not correspond to our choice
of the group cocycle ¢ defined by our choice (4.9) for «.

Remark. Because the action of GL, on Gr, is smooth, it is easy to define different
topologies on Map(Gr,, C*) which make the extension GL, a topological group.
In fact, in the cases p = 1,2 (and probably for higher p, too) the extension can be
defined in such a way that it becomes a Banach Lie group. In the casc p=1 we
have the known central extension by C*, which is a Banach Lie group, [PS]. In
the case p = 2, we can choose « in such a way, that the extension of GL, is by the
functions Aexptr &(F — ¢), where

L I :
Ly I,

acts on Det,. The parameter space of these functions is [, x I, X I3 x I43 x C”,
which is a Banach space with a smooth U, action (the action is > gly ™', geU,).
The choice of « needed is precisely the choice leading to the affine form (4.16) of
the infinitesimal two-cocycle.

Next we shall construct a metric on the bundle Det,. Define a function
1:St,> R, by [(w)=e ! 2o,

Note that

) [detp W [ — [detp W l s 2 o) ! 2.‘_,7(“'?_“*_) _ l(W)

(det, w72 [det, w. 2| det, ' |7 ’
4.17)

where we have used the property det,,A'L =det, A of the generalized determinant,
the latter follows by induction from Proposition 3.1(b).

Proposition 4.4. Let ecDet, be represented by a pair (w, 2.), where weSt , is a unitary
basis and AeC. Then, |e| = |i|l(w) defines a metric in Det, which is invariant under
the subgroup U , = GL,, corresponding to triplets (g, q, 2) such that g and q are unitary
and

!
) —lalg, g;w) =

|A(F)] = lgwg™ 1)
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Proof. Suppose that e = [(w', /)], where w’ is another unitary basis. Then w' = wt
and A'=Zw,(w,t)""' for some unitary tel+1,. The metric is well-defined if
I(w)| '] = 1(w)[A[; this is equivalent to

det,w,

I(wt) = I(w), (4.18)

det,w, t
but the latter follows immediately form (4.17).
The condition (g, q, 4)-¢| = |e| can be written as
l(gwg ™ ")|a(g, gs W) [ A(F)| = [(w).
The proof is completed by showing that u(g, q; w) = l(w)l(gwg ™)~ *|«| ' is really
a function of F = n(w) and not of w. Again, using (4.18) we get

det,w, ¢ (g, g w)

a(g, q; wt)

_ det,(gwg ™ ).
(g, @;w) det, (gwtg™ ")
The right-hand sude is =1, by (4.7). [

g, q; wt)

det,w,

Suppose there is an invariant measure m on Gr,. Then we could define a unitary
representation of U, in the space of L,-sections of Det} as follows. A section of
Det* is a function :St,— C such that

Y(wr) =y (ww,(w.,1). (4.19)
An inner product for L,-sections is defined by
<¢1»¢’2>=j'ﬁ1¢21(w)¥2dm- (4.20)

From (4.19) and (4.20) it follows that ¥, i, 1~ % is invariant under the transformation
wi—wt, thus being really a function on Gr,. The action of U, on sections is

(T(g,q, DY) W) = (g~ ' wa)alg, q:9~ "wq)~ " Alg ' F)~ .

Using the invariance of the measure and the invariance of the metric under i, it
is easily seen that the inner product (4.20) is invariant. Quasi-invariant measures
have been recently studied by Pickrell [Pi] in the case p = 1, but we do not know
at the moment if his results can be extended to higher values of p; quasi-invariance
is really all we need, since in that case the loss of unitarity due to non-invariance
of the measure can be compensated by adding a factor \/ﬁq under the integral
sign in (4.20), where m, is the Radon—Nikodym derivative of m with respect to ge U ..
Even without the inner product, the representation of ‘GL, in the space of
sections of Det¥ has the important property that there is a vacuum vector:

Theorem 4.5. Suppose ( for the sake of simplicity) that the extension @, is defined
by the choice [ =1 in (4.8). Let }:St,—C be the section of Det} defined by
W(w)=det,w,. Then

T(g,a, )y =4

a 0) .
for any g = o d in GL,,.
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Proof. 1t follows directly from the fact that with the above choice x(g,a;w) =1
and thatdet,a”'w,a = det, w,.In the general case one must consider the subgroup
consisting of elements (g, a, u,), 1, (F) = f(g,a; F)~'. O

Remark. In the case p = 1, the vector ¥ is the highest weight vector in the Fock
representation of g/, [PS]. The vector of highest weight (in the mathematical
terminology) is the state of lowest energy (in physics language).

V. Holomorphic Bundles and Group Actions

The action of 6L\2 , on Det, constructed in Sect. IV does not preserve the
holomorphic structure of Det,,. This is because the function a:&, x St,—C™ is not
holomorphic.

However, the holomorphic action of a complex Lie group on a line bundle is
a useful notion in representation theory. The well-known Borel-Weil theory [W]
produces the antisymmetric tensor (wedge) representation of a finite-dimensional
general linear group using its actron on the Det line bundle over the Grassmannian
[PS]. This has been extended to GL by Pressley and Segal [PS].

A highest weight-vector in a representation of a Lie algebra is one that is
annihilated by the “step-down” operators. This notion makes sense only on a
complex Lie algebra. The analogous notion for a group therefore involves a
holomorphic representation of a complex Lie group. One defines a higher weight
vector as one that spans a one-dimensional representation of a parabolic subgroup.
We will be able to construct such a highest weight representation in this section.

We will show that there are no non-trivial holomorphic functions on Gr,. So
it will not be possible to choose the cocycle of & to be a holomorphic function on
Gr,. However, we will finite another coset-space C Gr,, (which is a complexification
of Gr »)» which does admit non-trivial holomorphlc functlons The action of GL,
on CGr, lifts to an action of an Abelian extension GL of GL, by Hol(CGr,) o
CDet,. ThlS action preserves the holomorphic structure on CDet

We will then also coustruct an infinite-dimensional vector bundle on Gr,
admitting an action of GL, that preserves the holomorphic structure. There is a

linear representation of (?ij on the space of holomorphic sections of this bundle.
Let us begin by recalling a similarity between Gr, and a compact complex
manifold [PS].

Proposition 5.1. Any holomorphic function on Gr, is constant on each connected
component.

Proof. Gr,isadense subset of Gr,. Any holomorphic function on Gr, will therefore
restrict to one on Gr,. However, Gr, is the inductive limit of finite-dimensional
Grassmannians. These are compact complex manifolds, and therefore holomorphic
functions are constant on each connected component on them. So any holomorphic
function on Gr, is constant on each connected component. []

This leads to the result that for p> 1, there is no interesting holomorphic
solution to the function « of Lemma 4.1. If there were, we would sce that the triple
product of function « in Proposition 4.2 is a holomorphic function on Gr,, and
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therefore constant [on the connected component which is all we are interested in
now]. So we would be constructing an extension of GL,, by the space of constant
functions, which would be a central extension. For p > 1, GL, has no non-trivial
central extensions.

Now consider the space

CGr,=GL,/GL, xGL_, (5.1
where GL, x GL_ =GL(H,) x GL(H _) is the subgroup of elements of the form

(2 9)

CGr, can be viewed as the space of infinite-dimensional planes (W,, W,) which
are transverse [ie. Wy nW,={0}]. CGr, is the complexification of Gr,. To see
this, note that

Gr,=U,/U, xU._ (5.2)

and that GL,,is the complexification of U ,. Unlike Gr,, C Gr, does admit non-trivial
holomorphic functions. Any such function can be viewed as a holomorphic function

f:GL,-»C
satisfying
-1 ) a 0
flgh™)=1lg. ifh={, g JEGL+ x GL—. (5.3)
An example is
[f{g) =det,au, (5.4)

where

a b
g=<c d>’ (5.5)

oy fx B
g —<“/ 5). (5.6)

Note that det,ax is invariant under GL, x GL_ but not under %,. So it is a

holomorphic function on CGr, and not on Gr,. We will often talk of functions

on coset spaces as functions on the groups in this fashion without further comment.
Define analogously,

as usual and

CSt,=6,/GL, xGL_, (5.7
where the action of GL, x GL_ on &, is
a 0
(g,9) h=1(gh,qa'), h= <O d/>eGL+ x GL_. (5.8)

Furthermore, consider the right action of GLf on &,

(g. )t~ (g, q). (5.9)



392 J. Mickelsson and S. G. Rajeev

It commutes with the action of GL, x GL_ and we can verify that it is well-defined
free action on CSt,,. In fact,

CGr,=CSt,/GL,. (5.10)

We denote by n:C St,— C Gr, the projection map. Note that in spite of the notation
CSt, is not a complexification of St,. Considered as a GL’-bundle, only the base
has been complexified. Let u denote a point on C St, and u> ut the action of GI?.
Define an action on CSt, x C by

(u, 2) 1 = (ut, 2o, (1)), (5.11)
where the function w,:CSt, x GIF — C can be thought of as a function
w,: 6, x GIZ->C", (g,q,t) w,(g,q,1), (5.12)
invariant under the action of
h:(él 3,)eGL+ « GL_. (5.13)
We put
0,(g,q.1) = (det, 1)~ T 7rlea 1Y, (5.14)

where as usual

_ab
g—cd'

A moment’s thought will show that this is in fact the same function as in Sect. IV.
Any function on St, can be thought of as a function on CSt,,.

w, is a one-cocycle for GL,. Therefore we can verify that the action (5.11) is
well-defined. Furthermore, the action is free. So we can define the coset space

CDet, = (CSt, x C)/GL. (5.15)

By construction, C Det,, is a holomorphic line bundle over C Gr,. We want to
lift the action on GL, on the base to action on C Det,,. As before, we will find an
Abelian extension of GL, that acts on CDet,.

Let us find an analogue of Lemma 4.1.

Lemma 5.2. There are holomorphic functions p:&, x CSt,— C” such that
plg.gut) ot
Blg.a;u)  w,((g.9)u.q1q")

forteGIP. Let us regard f as a function f:& , x & ,— C” invariant under GL, x GL _
on the second argument. Then, the general solution to (5.16) is,

(5.16)

det,ag-" det,(ad+ be)ag"
det,ds det,(ad+be)g 'q "

$(9.49:9.9) = @(9,4;§) ¥ (5.17)

a

SZRSY]
\./

where pe&,, x Gry,—C” is any holomorphic function and §~" = (
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Proof. Ttis obvious that any solution can be multiplied by a non-vanishing function
on CGr, to produce another solution. As before
det,ag—!
det,(ad +b&)G~'q !

is a formal solution. The denominator has zeros that are cancelled when this formal
solution is multiplied by

which is a function on the C Gr,,. This “regularizes” the formal solution to produce
the claimed result. In fact, we can write (5.17) in a way that shows explicitly that
it is a well-defined function on &, x St :

Blg.4:9.9) = @9, ¢: ) exp[ — 7,(aG ", 4&) +7,(q " '(ad + b&)G ', GH)]. (5.18)
1
Let Hol(C Gr,; C™) be the Abelian group of holomorphic functions on C Gr,,.

Proposition 5.3. The formula

(9, q,v) (u, 2) = ((9. Qu, v(n(w)) 2 (g, g; u)). (5.19)
where [ is any fixed solution of (5.12), defines an action of & = &, x Hol(CGr,,C")
on CDet,. The multiplication in &, x Hol(C Gr,,C") is given by

(G1:91,Vi)92:92,V2) =(9192-9192,V1((g2,92)u)
Vo291, 41592, 42)W)B(92. 42 ) B(91 92,91 d2:0) )

Proof. As before we need to show that the action (5.19) of &, x Hol(C Gr,; C”)
on CSt, x C maps point equivalent under GL, to equivalent ones. This, by an
analogous calculation, is just the condition (5.17) on . That the triple product of
f’s in (5.20) is a function on &, x C Gr, (rather than &, x C St,) also follows from
a straightforward use of (5.17). [

~
Proposition 5.4. There is an Abelian extension GL, of GL, by Hol(C Gr,, C*) which
acts on CDet,, preserving its holomorphic structure. Hence,

N/
GL,=(&, x Hol(CGr,, C™))/P,

where P is the normal subgroup of elements (1,q,v,) with v,(u) = 2(1,q,u) " 'w,(u,q~")™"
and the action on CDet, is given as in Proposition 4.2.

Proof. As before, it is enough to show that P is the kernel of the action of
&, x Hol(C Gr,,C"). This is a straightforward calculation. Since all the maps
involved are holomorphic, it is obvious that the action leaves the holomorphic
structure of C Det,, invariant. []

Let CDet¥ be the dual line bundle of C Det,. It can also be defined as
C Det} =(CSt, x C)/GL,,
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where the action of GI? is now
(u, A)-t = (ut, o, (u,1)). (5.21)

A holomorphic section ¥ of C Det* can be thought of as a holomorphic function
:&,— C satisfying

]1[/(\(79 tCY) = l//(gN’ q)(l)p(lxl, t 1)’

and
"0
W(g.q) = y(gh,ga’) for h =<g d,>eGL+ x GL_.
A canonical section is
¥o(g.q) = det,ag . (5.22)

We see that this is just the canonical section of Sect. IV, by the natural
correspondence of sections of Det} to those of CDet¥. If  is any holomorphic
function on % Gr,,

lpl (g’ (7) = detp [I'q‘ 1%(5)

is also a section of C Det¥. Let us hold y to be a fixed nowhere zero function for
the remainder of the paper and regard ¥, as a canonical section of C Det?.

Theorem 5.5. On the space of holomorphic sections Hol(C Dety) we have a linear
representation on T ofe@ given by

(T(g, 0,93 D) =B~ "9, 09 ' G.q *Dvig™ " GYlg™ " G,a7 ")
The normal subgroup P of Proposition 5.4£vel.9 all elements of Hol(C Det?) invariant
so that this is in fact a representation of GL,= (gp/P. The kernel of r, is a subgroup

oY . . _ a 0
K, of GL, isomorphic to B, = {(c d>}:

a 0
el o)
1

1(9d) o .~)detpaﬁo~tq”
2@ P et ar

where

k(@)=

Proof. We know how gp acts on CDet, from Proposition (5.3):
(9,9, v) (u, 4) = ((9, q)u, v(u) 2B (g, g; u)).

From this, we see that on CDet} =(St, x C)/GI” we have the action
(4, 4, V), 2) = ((g: @)u, v 2B~ (9, 4; w))-

A section of C Det? is a map :C St, — C satisfying the condition described earlier.
To see how sections transform, we note that

(9,9, ),y (W) = ((9, Qu, (T (g, 4, V)9, Q) u)),
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so that
(T(g, 4. VW) (93, q9) = (@B~ " (9,43, D)V (d, d)

That P leaves all sections invariant is obvious, since it acts trivially on C Det, and
hence on C Det.
If (g,49,v) 1s to be in the kernel of v, it must satisfy

¢1(QQ~,QQ)=V(Q~W g= q»g: ',b (ga
ie.
7(9g) det,(ad + bd)g ™" =v(G) S~ (g.4: . @) detdg - 1(9).

This means that we must choose b =0 and

@) = 29D g, g1,y L2014 _LD) g gy Slp 00
1@ " EPY et ag 29 T detyag

I\/ng P will obviously leave y, invariant. We can represent the elements in
GL,= & ,/P corresponding to the kernel of , with the choice g =a. (For a is
invertible if b =0.) That K, is isomorphic to B, can be verified by a simple
computation. []

So i, can be interpreted as the highest weight vector of the representation T.

For the special case p=2 (which is relevant for 3 + 1-dimensional current
algebras) we can choose the function ¢ so that the cocycle is an affine function.

Let us digress a little bit to explain what is meant by this. Define .7, to be the
affine space modelled on the vector space of operators in H, @ H_ of the form

1 I . .
( pootar > This carries an affine action of GL,:
Ilp Ip

A gAg™ ' +[g.elg "

That [g,¢]g™ 'eZ, follows from the following explicit computation:

— by —bS
A(g):[g,s]g”=< Ca/ o5 )

b
with, as usual g = ¢ and g~ ' = = b .
¢ d )
The orbit of 4 =0 is in fact just CGr,. So the map

1

g Alg)=g,elg™

gives an affine embedding of CGr, into .¢/,. (There is of course an analogous

. . .. . I, 1
embedding of Gr, into the space of skew-adjoint matrices of type < i » )

1, I,
. . o . a 0
obtained by restricting ¢ to the unitaries.) So to see this, note that g - g 0 b

leaves A(g) invariant.
An affine function (or a polynomial of degree k, more generaly), on C Gr, can
now be defined as the pull-back under this embedding of an affine function (or a



396 J. Mickelsson and S. G. Rajeev

polynomial of degree k) on .<Z,. An affine function on CGr, has the form

I, 1,
f@G =tréA@G) +nifor = (1" I" >, where g =p/p— 1,4 =2p/2p— 1 and neC.
q q

For p =2, one may verify that the choice

Blg.a:g.@) =exply,lg ‘a,aqg ') —trq 'bé(q ' —3)]
solves (5.17). Note that for g, jeGL,,
Br=exply,(q 'a,ag ") —trq='beg "]

is a solution with two-cocycle (for &) equal to 1, but this fails to be a continuous
function in the GL, topology. We “renormalize” by multiplying by ¢ "¢ " and
then [ exists even in GL, because ¢! —&el,. Note that the renormalization is
by the exponential of an affine function. This means (by a straightforward
computation) that the Lie algebra two-cocycle W(X Y) of gl, will be an affine
function. Furthermore, the group two-cocycle of &, will be the exponential of an

affine function. Therefore, we can define an extension of GL, by the multiplicative
group of functions on C Gr, of the form

v(g) =exptrlA(G) +n

I I
cfe( 2 4/3>, neC.
Lys I

Hence E}\Iizp is now a Banach Lie group modeled on the Banach space

BOLOIL,OBOL®L, ®L,;®L,®C,

B being the space of bounded operators.

We would now like to find a holomorphic vector bundle over Gr, which carries
an action of GL that preserves the holomorphic structure. Also, we would like to
interpret Hol(C Gr ») as holomorphic sections of some vector bundle on Gr,,.

As preparation, let I,, be the Abelian contractible subgroup of elemcnts in

for

1 b .
GL, of the form <0 1). For simplicity of notation we may denote this element

simply as b. (I,, may be thought of as the additive group of the vector space I,,.)
I,, carries an affine action of #4,:

al b/ -1 -1
b=abd ' —bdt. 5.23
<0 d,)b abd ' —bd (5.23)

Denote by V the space of holomorphic functions V =Hol(I,,). V carries by
pull-back a representation of %4, ,:

((g Z:>u>(b) —o(@ " 'bd +d b)), (5.24)

Define the holomorphic vector bundle over Gr,
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Vs

d
Gr,
by this action

Y =(GL, x V)/%,.

Now we note the following result:

Proposition 5.6. There is a natural isomorphism between Hol(C Gr ) and the space
of holomorphic sections of ", Hol(7")

Proof. A holomorphic function on CGr, can be thought of as a holomorphic
function
f:GL,-~C

satisfying
flgh)=f(g) for heGL, x GL_.

feHol(7") can be identified as a function

f:GLZp x1,,-C

- b -
f<g<g d/>, <a"‘rd"1 +a! b’) = T(g, 7).

V‘Ve may idellmy thCSC by

Now consider the holomorphic vector bundle on Gr,,, 7 ® Det?. Since Det?
is a line bundle, the fibers are then isomorphic to V, but this bundle is more
“twisted” topologically. By an argument analogous to that for Proposition (5.5),
we can show:

satisfying

Proposition 5.7. There is a natural isomorphism between the space Hol(C Det*) and
Hol(v" ® Det}).

Then we see that GL, has a representation on the space of holomorphic sections
of 7" ®Det} over Gr,. So one could view this as the analogue of the Det¥ line
bundle over Gr,.

VI. Extensions of the Full Group GL, and Extensions of Map(S*"*', G)

Up to this point, we have constructed the Abelian extensions only for the component
of the identity GL{” = GL,. We want now to construct the extension for the full
group GL,. We shall generalize the method described in [PS], Sect. V1.6, to our
case. Let 6eGL, be any element such that the Fredholm index of a(o) is equal to
one. Denote by Z the subgroup of GL, generated by ¢. Now

GL,~Z x GLY
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is a semi-direct product, where the action of ¢ in GL{” is given by gogo ™ ';
(n,91)n2,9,) =, +ny,9,0" g0~ ™). We extend the action to an endomorphism
of &, x Map(Gr,,C™) by

a(g.. ) =(0g0"',4,. A"h,(g,q:9 " F)), (6.1)
where 27(F) = A(c "' Fo) and h, is a function on &, x Gr, taking values in C*; the
structure of h, will be determined below. In order that ¢~ ! Fo makes sense on the
real Grassmannian Gr, we choose ¢ to be unitary; for example, o(e;) = ¢;,, VieZ.
The map g~ ¢q, in GL(H ) is chosen in such a way that (g, q)~ (cgs ™~ ',q,) as a
map &,— &, covers the action gi>ogo ™' on GL{”. For example, with the above
choice for o, one can define

_foqo™' on o(H,)
=11 on H,Oa(H,)
The map (6.1) is well-defined even in the quotient @ﬁ,o’ = (&, x Map(Gr,,C"))/N.
This follows from the fact that det,q, = det, g. Using the multiplication rule
(g1a41>)~1)(g25512’/:~z):(é/lgz>41(12,'{1(gz'FMz(F)-Qp(gp%,gz,Q2§F))

on &, x Map(Gr,,C™), where Q, is given by B{Oposition 4.2, the condition that
the map ¢ is an automorphism on the group GL{” can be written as

Qp(glsqlagZ’QZ;F) -
= ———=h,(g1;9, F)h,(g,; F)h s F)T L
Q,,(Ggla—l,qlq,agzaﬂ,q%;aFU”) 91392 F) (g2 F) Do (91925 F)

(6.2)

Equation (6.2) says that the quotient on the left should be a coboundary of a
1-chain h, of the group GL{” (with respect to the natural action on Gr,). Thus,
(6.2) has a solution h, if and only iff £, and the two-cocycle Qg” in the denominator
represent the same cohomology class. The cohomology classes of the different
group extensions are determined by the de Rham cohomology classes obtained
by evaluating the corresponding Lie algebra cocycle. We give the proof of the
invariance of the cohomology classes in the case p =2 (in the case p=1, 2,=1
and we can take h, = 1); the case p > 2 requires more computation but is essentially
straightforward. The Lie algebra cocycle #'” obtained from (4.16) through the
automorphism ¢ of GL, is

nNX,Y)=4ttu[[e,0X0 1], [6,0Y0 1 ]1(e —cFc 1)
=ttr([o67 e, X], [0 teo, Y] (e 1e —F).

Thus #@ is obtained from 7 by substituting e~ &, = ¢~ 'ea. The difference ¢ — ¢ is
of finite rank. Therefore,

B(X>F)=_11~6tr([X,8][Fa‘q_&a] + [X78_80][F580:|)+%trX(8_ 8.7)
is well-defined; by a simple computation,
n—n'"=0p.

The extension of @p for the whole group GL, can now be defined as
N
GL,=17 x GLY,
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where the action of Z on /(i‘,,‘” is defined by the action of its generator o,
Eq. (6.1).

As was explained in Sect. II, in the case of a trivial vector bundle, the
group of gauge transformation % = Map(X,G)(d=2n+1 odd, X a compact
manifold of dimension d) can be embedded in GL, for p=n+ 1. On the other
hand, we have a map ¥ — Gr, given by gr>g-H ,. Thus by pull-back, using the
map ¥ x g—>GL,,/><\Grp, we get an extension 4 of ¥ by Map(%4,C”) from the
extension GL, of GL, by Map(Gr,,C").

The Lie algebra of 4 is Map(X,g), where ¢ is the Lie algebra of G. Let us
compute explicitly the Lie algebra extension in the case X = T° =S' x ' x S*,
G = U(N) and p=2. We shall use two-cocycle (4.16) for gl,, To an element ge%
there corresponds F = geg~'eGr,, where g is thought of as a multiplication
operator in the Hilbert space H of square integrable spinor fields y: T3 — C?®@ CN.
Using the Fourier decompositions

g= 2 9,7 g =) fe"
p

peZ3

one can write the integral kernel of the operator [g,¢]

pAG p’oo’
Kp.p)=g,- <* >
RNV
where ¢,,0, and are the Pauli matrices acting in C?, 0,0, + 0,0, = 20,;. Writing
F—t=geg™ ' —e=[g,e]g ! andinserting to (4.16), we get the following expression
for n(X,Y; F):

1
n= _gztr(xpl*m YPz*m - YPI‘PZXI)Z“PK)
P

. P10 P20 \[D2’0 P30\(DP30 PgO
Gps-patpa—pi\ T T T “4‘><4—‘*>, (6.3)
parpaibeny ({P1| [P, >< (P2l Ipsl [Pl Ip4l

where the X ’s and Y,’s are the Fourier components of X, Y; T3 - ¢; the sum is
over all the momenta p;eZ>.

The non-local formula (6.3) can be compared with the local expression for the
extension of Map(X,g) by the Map(.«7,,C), where o7, is the space of ¢ valued
one-forms on X. The different cohomology classes of extensions are integral
multiplets of the two-cocycle

N(X.Y:A)= [ tr(XdY + YdX) A Py(A), (6.4)
where Aeo/,; and P, is a differential form of degree d — I which is a polynomial
of A, [M1],[F],[Si]. For example, P, = /4w and P, =(i/12n?)dA. The former
case gives the affine Kac-Moody algebra corresponding to g = u(N) and the latter
is the current algebra of the 3 + I-dimensional ficld theory. In order to compare
with (6.3), we restrict A, to the space of gauge potentials 4 =g 'dg,ge%[R].
Computing (6.4) (for X = T3) in terms of the Fourier components one sees that
n ##'. However, from the general cohomological classification (see [PS], Sect.
VI1.10) of extensions follows that # and 5" represent the same cohomology class.
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