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Abstract. We discuss supersymmetric scattering theory and employ Krein’s
theory of spectral shift functions to investigate supersymmetric scattering
systems. This is the basis for the derivation of relative index theorems on some
classes of open manifolds. As an example we discuss the de Rham complex for
obstacles in R¥ and asymptotically flat manifolds. It is shown that the absolute
or relative Euler characteristic of an obstacle in RY may be obtained from
scattering data for the Laplace operator on forms with absolute or relative
boundary conditions respectively. In the case of asymptotically flat manifolds
we obtain the Chern-Gauss-Bonnet theorem for the I?-Euler characteristic.

1. Introduction

Supersymmetry is a recent concept of quantum field theory which has also
interesting applications in mathematics. Recall that a supersymmetry theory
consists of a Hilbert space # together with a unitary involution 7 in 5 [in physics
7is usually denoted by (— 1)"] and selfadjoint operators Q,,i=1, ..., N, acting in #
and satisfying

1Q;+Q,7=0, i=1,..,N,
0,0,+0,0,=0, i%*j.

Moreover, the Hamiltonian H of the theory satisfies
H=0}

for each i. Q; is called supercharge and H a Hamiltonian with supersymmetry.
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In this paper we shall investigate supersymmetric scattering systems consisting
of two supersymmetric Hamiltonians H=Q? H,= Q3 acting in a given Hilbert
space # (the involution 7 is assumed to be the same for Q and Q) so that the
Moller operators W, (H,H,) exist, are complete and intertwine the super-
charges Q and Q,. This implies that the supercharge Q, commutes with the as-
sociated scattering operator S. This fact is of particular interest for the applica-
tions we have in mind.

Supersymmetric scattering systems arise both in mathematics and physics. For
example, in mathematics supersymmetric scattering theory is closely related to
index problems for elliptic operators on noncompact manifolds. Recall that an
elliptic differential operator D: C*(X,E*)—~C®(X,E™) on a closed Riemannian

3
manifold X gives rise to a supersymmetric Hamiltonian H = <D OD DD *> acting

I 0
in the Hilbert space L[*(X,E")@®I*X,E”) with involution T:<0 _ 1)'

Moreover, the index of D is given by
Ind D =Tr(ze™ ) (1.1)

(cf. [1]). In fact, due to supersymmetry the positive spectrum cancels out on the
right-hand side. If we are dealing with elliptic differential operators on noncom-
pact manifolds then, in general, the corresponding Hamiltonian H will have a
nonempty continuous spectrum. In particular, exp(—tH) is not of trace class.
However, many index problems on noncompact manifolds give rise to pairs
(H, Hy) of supersymmetric Hamiltonians where H,, can be considered as the free
Hamiltonian describing the continuous spectrum of H. In these cases exp(—tH)
—exp(—tH,) is of trace class and in place of (1.1) we have to investigate the
following supertrace:

Tr(t(e " — ¢~ o)), (1.2)

Again, due to supersymmetry one may expect that the positive spectrum cancels
outin (1.2). In this case we get a relative index theorem. The essential problem is to
investigate the contribution of the continuous spectrum to (1.2). This is where
supersymmetric scattering theory comes into play. Basic is the commutation
relation mentioned above for the scattering operator S and the free supercharge
Q,- In a hidden form this occurs already in the work of Barbasch and Moscovici
[8] on the I*-index of elliptic operators on locally symmetric spaces of real rank
one. They use a sort of commutation relations for the constant terms of the
Eisenstein series to treat the contribution of the continuous spectrum to the
[?-index. The constant terms of the Eisenstein series are closely related to the
scattering matrix with respect to some particular free Hamiltonian. The relations
they are using are not exactly commutation relations. This is due to the fact that
their free Hamiltonian is not supersymmetric (cf. [41]).

In physics supersymmetric scattering theory is closely connected with
supersymmetric quantum mechanics. For a special case supersymmetric scattering
theory was originally discussed in [3] (for alternative discussions of scattering
theory in supersymmetric quantum mechanics, see e.g. [11, 13, 23, 29] and the
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references quoted there). In particular, there is a close relationship to the
phenomenon of fractionally charged states and the fractional Witten index [2, 11,
13]. In [52] Witten introduced a quantity which counts the difference of the
number of bosonic and fermionic zero-energy modes of the Hamiltonian of the
theory. In the case the Hamiltonian has a non-empty continuous spectrum a
regularized Witten index has been introduced by several authors (cf. [13]). In this
context many supersymmetric quantum mechanical models have been discussed
in the literature [2, 11, 13]. A model which has been reconsidered by many authors
is
D=d/dx+ ], lirP Px)=0,,
e (1.3)
H 1 0 2 2 2 i’ i
H=< ), H;= —d*/dx*+ ®*+(—1y®', j=0,1.

0 H,
The discussion of all these models fits completely in our framework and our
approach puts the regularized Witten index in the context of relative index
theorems.

In the first section we study abstract supersymmetric scattering systems. The
main implication of supersymmetry is that the superdeterminant of the on-shell
S-matrix is equal to 1. Moreover, if the resulting phase shift functions (which are
functions of the energy) in the bosonic and fermionic sectors exist and are
continuous, then modulo the factor z their difference is shown to be an integer,
called the supersymmetric scattering index. We continue by considering pairs of
supersymmetric Hamiltonians H=Q? H,=(Q32, so that

e—tH_e—tHO and Qe—tH_Qoe~tH0

(1.9
are of the trace class for each t>0.

This assumption implies that (H,H,) is a supersymmetric scattering system.
Condition (1.4) enables us to employ Krein’s theory of spectral shift functions (see
e.g. [9]). If &E; H, H,)) denotes the spectral shift function and S(E; H, H,) the on-
shell scattering matrix associated to H and H ,, then the basic fact we shall employ
is the following equation:

detS(E; H,Hy) = ?™¢EH.Ho) - Feg, (H).

This fact, dating back to the observation of Beth and Uhlenbeck [10] that the
second virial coefficient is related to the phase shift function, has been considered
by Birman, Buslaev, Faddejev, Krein and is the basis of several trace formulas. Let
¢, (E;H,Hy) and ¢_(E; H,H,) be the bosonic and fermionic part of the spectral
shift function respectively. Under the assumption that ¢ (E; H,H,)— ¢ _(E; H,H,)
is continuous in E >0 and the zero eigenvalue of H and H, is of finite multiplicity,
we obtain our main result

Trace(t(e ™" — e~ o)) = pPoint( ) — nPonY( [ )+ n(H, H,). (1.5)

Here n*™(H)=n_,(H)—n_(H), where n_(H) [respectively n_(H)] counts the
number of bosonic (respectively fermionic) zero-energy states. n?**(H ) is defined
similarly and n‘(H, H ) is an integer determined by the continuous spectrum. If H
and H, are Hamiltonians associated to differential operators D and D, then we



478 N. V. Borisov, W. Miiller, and R. Schrader

can replace the left-hand side by integrals involving the pointwise trace of the
corresponding heat kernels. Moreover, in this case one has nPoin(H) =12 —Ind D
and n*"(H,)=I1?—1IndD,. Here

[?—Ind D =dim(ker DN L*) —dim(kerD*nL?),

and similar for D,. Based on these observations one can derive index theorems for
elliptic operators on noncompact manifolds by investigating the asymptotic
behaviour as t—0 of the left-hand side of (1.5). For example, this approach can be
used to prove an I*-index theorem for generalized Dirac operators on Q-rank one
locally symmetric spaces [41] (cf. also [8, 12, 18, 31, 41, 48, 49, 54] for related
results concerning index problems on noncompact manifolds). In general, it is
difficult to determine the number n‘(H, H,) occurring in (1.5). It is related to zero-
energy resonances.

If we apply (1.5) to the models arising in supersymmetric quantum mechanics,
we get index formulas which can be used to discuss the regularized Witten index.
We elaborate on this by discussing (1.4) explicitly.

In the rest of the paper we discuss several examples of supersymmetric
scattering systems. In Sect. 3 we consider scattering by an obstacle in R” (see e.g.
[16, 17, 33, 40]). This means that the Hamiltonian H is the Laplacian acting on
differential forms in the complement of the obstacle with absolute or relative
boundary conditions. The supersymmetric scattering index turns out to be minus
the absolute or relative Euler characteristic of the obstacle respectively. Thus the
Euler characteristic of the obstacle can be extracted out of the scattering data. We
observe that scattering on 1-forms is related to scattering of electromagnetic waves
by obstacles (see e.g. [39, 51]).

In Sect. 4 we consider manifolds which are euclidean at infinity. One may
regard this example as the scattering of plane waves by changing the topology of
IR™. Again we discuss the Laplace operator acting on differential forms. In this case
the supersymmetric scattering index turns out to be the I*-index of the Gauss-
Bonnet operator which is the alternating sum of the dimensions of the spaces of
square integrable harmonic p-forms. This is proved by converting the L*-problem
into a non-local boundary value problem similar to [7]. The same result could
be obtained by analysing the threshold behaviour of the spectral shift function.

By a simple stability argument we extend this result to asymptotically
euclidean manifolds. This gives a new proof of the Chern-Gauss-Bonnet theorem
for these manifolds which is due to Stern [48]. Our result is slightly more general,
including in particular the two-dimensional case.

Throughout this paper we employ the following notation. Q(M) denotes the
space of smooth complex forms on a smooth manifold M. The subspace of smooth
p-forms is denoted by Q?(M), whereas the space of even and odd smooth forms is
denoted by Q,(M) and Q_(M), respectively. Finally Q(M) is the subspace of
smooth forms with compact support.

2. Abstract Supersymmetric Scattering Theory

We will consider the following general set-up. Assume there is a Hilbert space #
with a selfadjoint (s.a.) and hence unitary involution 7. The eigenspaces 5, for the
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eigenvalues 7= +1 and 7= —1 are called the bosonic and fermionic subspaces
respectively. Trivially we have # =4, A _.

Definition 2.1. A selfadjoint operator Q in J# is called a supercharge with respect to
7 if 7 leaves the domain (Q) of Q invariant and if T anticommutes with Q on 2(Q).
The selfadjoint operator H=0%>0 is called the associated Hamiltonian. Any
operator H of this form for some Q and t is called a Hamiltonian with
supersymmetry.

By the anticommuting properties of Q and 7, if ¢ € 2(Q) is bosonic, then Q¢ is
fermionic and vice versa. This is the motivation for calling Q a supercharge.

The following example will be our starting point, when we construct examples
for a supersymmetric scattering theory.

Example 2.2. On a compact, oriented closed Riemannian manifold M, let Q =d + 9,
where d is the exterior derivative on forms and ¢ is the coderivative. # is the space
of square integrable forms. Then H = Q? is the Laplace operator on . Let P be the
linear operator which is p on p-forms. As a first choice for T we take (—1)?. J#, is
the subspace of even forms and s#_ is the subspace of odd forms. This form of 7 is
relevant in the context of the Rham complexes. As a second example for 7 we will
take T=x*0i"®~D*N2 in case the manifold has even dimension N. Here * is the
Hodge duality operator. This choice will lead us to the signature operator (see the
discussion after Example 2.3).

Example 2.3. Let L be a closed linear map with dense domain from one Hilbert
space #, to another Hilbert space #_. Let L*: #_ — s, be the adjoint. Since L s
closed, L* is densely defined ([37], p. 168) and closed. We form the space
H =H, DA _. Let 1 be the linear operator in # whichis +1 on #, and —1 on

. . L . L*
A _. Now let the selfadjoint operator Q in # be given in matrix form as (2 0 >

L 0
Th =Q? takes the f .
en H=0Q" takes the orm( 0 LL*)
The following decomposition of Q shows that Example 2.3 covers the general
situation. If Q is a supercharge with respect to 7, then 2(Q)

=(2Q)NH,)D (Z(Q)n A _), and there is the unique decomposition
Q=P _QP,+P, QP =0,+0_,

P, =1/2(1 £ 1) being the orthogonal projections onto #, and #_ respectively.
We have 02 =02 =0,0%*=Q_,and H=Q_.0Q_+Q_Q.. Thus in Example 2.1
with t=(—1)F, Q@ is (d+ J) on even forms and zero otherwise, while Q _ is (d + &)
on odd forms and zero otherwise. If 7 is of the second form in Example 2.1, then Q ,

is the signature operator. In Example 2.3 we have Q+=<2 8> and
0 L*
Q-= (o 0 )
Note that the s.a. operator

Q' =iP_QP, —P,QP_)=iQt=—itQ 2.1)
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is also a supercharge with respect to 7 such that
0*’=0Q?, 0Q'+QQ=0 onZ(H). 22

Thus supercharges always occur in pairs. Conversely given two s.a. operators Q
and Q' satisfying (2.2), then by a little algebra it is easy to construct complementary
subspaces #, and s#_ with a resulting unitary involution t such that Q and Q' are
supercharges with respect to this ¢ and are related by (2.1).

The following consideration was one of our motivations to look at supersym-
metric scattering theory. Assume there is a supercharge Q with respect to t. Let
H#(0) be the closed subspace of # consisting of all ¢ € Z(H = Q?) with Hp =0, i.e.
#(0) is the eigenspace for the eigenvalue 0, whenever 0 is an eigenvalue. Obviously

H(0)=(AH )N A, )D(A (ONA_)= A, (0)D H#_(0).
We recall the following lemma for the so-called Witten index [52].

Lemma 2.4. Assume exp-tH is of trace class for all t>0 ('such that #(0) has finite
dimension). Then for all t >0 the supersymmetric trace of the semigroup satisfies the
relation

Tracet(exp-tH)=dim#, (0)—dims#_(0). (2.3)

Proof. The proofis well known and a natural extension of arguments familiar from
heat equation methods. Let 0+ ¢ € #, be an eigenvector of H with eigenvalue
£¢>0. Then Q¢ is also an eigenvector of H with eigenvalue ¢ >0. But now Qg e #_.
Also since Q(Qp)=Q*¢p=Hop=cp, we have that Qp+0 and that the linear
correspondence ¢ — Q¢ is one-to-one on the set of eigenvector with eigenvalue
¢>0. Hence on the left-hand side of (2.3) all contributions from nonvanishing
eigenvalues cancel and Lemma 2.4 is proved.

Now Lemma 2.4 says in particular that under the given assumptions the
supersymmetric trace is an integer. Applying this to Example 2.3 gives the starting
point for the heat kernel proof [6] of the Atiyah-Singer index theorem (see e.g.
[30]). This index theorem is applicable to operators on compact manifolds only. In
the situation of noncompact manifold the corresponding heat kernels exp —tQ?
will in general not be of trace class.

However, we will present cases where Q is a perturbation of another
supercharge Q,, which we will call a free supercharge with free Hamiltonian H,
and such that exp-tH —exp-tH, is of trace class. The natural question is then what
the value of the corresponding supertrace is. It turns out that scattering theory
often can predict this value to be an integer independent of t. We now outline the
arguments leading to such a result and start with a definition of a supersymmetric
scattering theory.

Definition 2.5. A supersymmetric scattering theory in a Hilbert space s with a
unitary involution 7 is given by a pair (Q, Q) with the following properties:
(a) Q and Q, are supercharges with respect to .
(b) For the associated Hamiltonians H= Q? and H,= Q2 the Moller operators
W*(H,H,)= s-lim efigitHop (H ) exist, and are complete.
t—> T
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(c) W*(H, H,) are intertwining operators for Q and Q,:
QW*(H,Hy)=W*(H,Ho)Q, on DQ)NHG, ac -

P,.(H,) is the orthogonal projection onto the absolutely continuous subspace
Hy... Of H, Completeness means that the relation RanW*(H,H,)
=RanW ~(H, H,) holds such that both W™*(H, H,) and W~ (H, H,) are unitary
operators from #; ,. to #,.= P, (H)#, the absolutely continuous subspace of H.

Condition (c) is the new supersymmetric ingredient for scattering theory, which
was first introduced in [3]. This definition has an immediate extension to the two
Hilbert space scattering theory [36]. Namely consider the situation where Q is a
supercharge with respect to 7 in # and Q, a supercharge with respect to 7, in .
Let J:#,—# be an intertwining operator for 7 and 7,, i.e. J1o=1J. For a
supersymmetric scattering theory we now require the Mgller operators

W(H, Ho; J)= s-lim ¢""Je™ P, (H,)

to exist and to be complete. By construction these operators are intertwining
operators for H and H,, as well as for t and 7,. In addition we require the Moller
operators to be intertwining operators for Q and Q, on Z(Q)NH; ..

Note that the conditions of Definition 2.5 are met, if the Megller operators
W*(Q, Q,) for Q and Q, exist and are complete. Hence the following lemma, which
will be applied in the theory of obstacles and in Sect. 4, will provide us with a
sufficient condition for the existence of a supersymmetric scattering theory.

Lemma 2.6. Assume Q and Q, are supercharges in # with respect to t such that
Qexp-tQ*—Q,exp-tQ3 is of trace class for all t>0. Then Q and Q, define a
supersymmetric scattering theory.

Proof. By the Kato-Rosenblum theory (see e.g. [37]) for any t>0 the Mgller
operators W *(Q exp-tQ?, Q, exp-tQ2) exist and are complete. By the Birman-Kato
invariance principle of the wave operators (see [35]) W*(Q,Q,) exist and are
complete. By the same invariance principle, W *(H, H,) exist such that if P(Q, = 0)
is the orthogonal projection onto the absolute continuous subspace on which
00=0, then W*(H, Hy)u=W " (Q, Qo)u whenever P(Qq=0)u=uand W*(H, H,)u
=W7(Q,Q,)u whenever P(Q,=0u=0. From this the required intertwining
properties ¢) of W*(H, H,) for Q and Q, follow from the intertwining properties of

W0, Q,) for Q and Q,.

We turn to a discussion of the resulting S-Matrix, defined as
S(H,Hy)=W*(H,Hy,)*W~(H,H,), 2.4)

which by the above completeness assumption is a unitary operator on #; ,. with

the properties
tS(H, Ho)=S(H, Ho)t, (2.5)

QoS(H,Ho)=S(H,Ho)Qo on Z(Qo)NHp a- (2.6)
By (2.5) we may write
S(H,H,)=S(H,Ho)®S_(H, H,) 2.7
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with respect to the decomposition g .= sc+ ®Hy ..~ into bosonic and
fermionic parts. Q, is of course again a map from 4 ,., into 4, ,._ and vice

versa.
We now elaborate on these relations. Since S(H, H,) commutes with H, and
Q,, the spectral decomposition of H, ,. (the absolutely continuous part of H,) on

%’ac’ HO,ac z.fEdPac(E)’ (28)

defines a corresponding spectral decomposition of S and @, in the form
S(H,Ho)=[S(E;H,Ho)dP,(E),  Qoly, ..=JQo(E)AP,(E). 29

Here the so-called on-shell S-matrix S(E; H, H,) is a unitary operator on the

Hilbert space ##(E) corresponding to the energy value E=0 | formally

P,(E .
H(E)= d (;ICE( ) ,%”) Here and in what follows, we will always assume E to be in
0,.(H,), the absolutely continuous spectrum of H,. Since Q3= H,, we have

Qo(E)*= Ely g, (2.10)

such that the s.a. operator Q(E) on #(E) is bounded with bounded inverse if E >0,
i.e. as long as we stay away from the threshold E=0.

Since T commutes with H, we have a further decomposition #(E)
=#,(E)®#_(E)into bosonic and fermionic parts. With respect to this decompo-
sition we may write Qy(E) in matrix form

_( 0 q-(E)
Qo(E)—<q+(E) 0 > (2.11)

Here q . (E) is an operator from #,(E) to s#_(E) and q_(E) is an operator from
H#_(E) to #,(E). Relation (2.10) now takes the form

q-(E)q +(E)=E119f+(}3)a Q+(E)Q—(E)=E]13f_(E)~ (2.12)

From the boundedness of Q,(E) it follows that g, (E) and q_(E) are bounded.
They have bounded inverses for E >0, since from (2.10) we conclude

q+(E)"'=E"'q_(E), q_(E)"'=E 'q.(E). (2.13)

Note that due to (2.13) and the selfadjointness of Q,(E) the operator
P.(E):=E~'?q,(E) is a unitary operator from #,(E) to #_(E). Since t also
commutes with S(H, H,), we have the following on-shell decomposition:

S(E;H,Ho)=S.(E;H,Ho)®S_(E;H,H,), (2.14)

i.e. the on-shell S-matrix decomposes into a bosonic and a fermionic part. Next the
relation

Qo(E)S(E; H, Ho)=S(E; H, H,)Q(E) (2.15)
is a consequence of condition (c) in Definition 2.5. By (2.11) we rewrite this as

q+(E)S(E;H,Ho)q .(E)""' =P (E)S.(E,H,H)P (E)"'=S_(E;H,H,)

for E>0. This proves the (2.16)
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Proposition 2.7. Above threshold, for any E in the absolutely continuous spectrum of
H,, the bosonic and fermionic on-shell S-matrices are unitarily equivalent.

We turn to a discussion of the total phase shifts in the bosonic and fermionic
sectors at energy E=0. If they exist, they satisfy

exp2id(E;H,Hy)=detS (E;H,H,). (2.17)

These phase shifts are only defined modulo nZ. In applications we have in mind,
however, a unique choice can be made using the theory of the spectral shift func-
tion (see below). In particular we will make the convention that ¢ . (E, H,, H,)=0.
We therefore have the result

Proposition 2.8. The bosonic phase shift above threshold exists if and only if the
fermionic phase shift exists such that

%((L(E; H,Hy)—68_(E,H,Hy)=n(E; H,Hy)eZ. (2.18)

Also if they exist the supersymmetric determinant of the total on-shell S-matrix is
equal to 1:

_detS,(E;H,Hy)

dettS(E;H,HO)S = m =
- ) B 0

(2.19)

Relation (2.18) has interesting consequences. A first simple result is

Proposition 2.9. Assume the absolutely continuous spectrum of H, (and hence of H
also) is a connected subset of R* such that 6 .(E; H, H,) exist and their difference is
continuous in E on this set. Then there is an integer, called the supersymmetric
scattering index of H and H, and denoted by n(H, H), such that

(9 s H H )5 _(E: H, Ho))=n(H, Ho) (220

for all E in the absolutely continuous spectrum of H,,.

The very definition of n(H, H,) leads to two ways of determining this quantity
from phase shift data in case the absolute continuous spectrum of H is all of R,
the set of all nonnegative reals. One way is to look at the threshold behaviour E—0
of 6 .(E;H,H,) and 6 _(E;H, H,). The other one is to look at the high energy
behaviour E— oo, where partial results are known [33, 32, 40].

The next result is a stability statement

Proposition 2.10. Let H(A) be a one-parameter family of Hamiltonians (L€l, I an
interval ) with supersymmetry relative to a fixed t. Assume that for each /€1 the
assumptions of Proposition 2.9 are fullfilled for H=H() and that in addition
0 +(E;H(Z),Hy)—0_(E, H(A), H,) is continuous in A for fixed E. Then n(H(A), H,) is
a constant on I. In particular, if there is Ay € I such that H(A,)=H y, then n(H(A), H,)
is identically zero on I.
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We now consider situations which guarantee the existence of 6 . (E; H, H,), and
a supersymmetric scattering theory, namely we assume that (compare Lemma 2.6)

(2.21a)
(2.21b)

Note that in general none of the conditions (2.21) is a consequence of the other.
Then by the Krein theory of spectral shift functions (see e.g. [9]) there is a unique
locally integrable function &(E; H, H,) in E such that &(E; H, Hy)e 'F is integrable
in [0, 00) with

exp-tH—exptH,

f .
0 exp-tH— 0, exp-t Ho} are of trace class for all >0

Trace(exp-tH —exp-tHo)= —t | &E; H,Hy)e "®dE. (2.22)
0

Indeed, the function
ED)=n"1 lirgl+ argdet(ll+(e " —e Ho)(e o _ ) —jg)~1) (2.23)

is an integrable function with support in [0, 1] such that
1
Trace(exp-tH —exp-tH,)= [ £(A)dA. (2.24)
0

Note that the right-hand side of (2.23) is uniquely defined by the condition that it
should tend to zero for ImA— + co.

It is easy to show (compare e.g. [33, Lemma 3.1]) that the function — &,(e %) in
E >0 is independent of ¢t >0. We denote this function by &(E; H, H,) and obtain
(2.22). Furthermore the phase-shift function 6(E; H, H,) then also exists almost
everywhere on the absolute continuous spectrum of H, and may be identified with
—né(E; H, H,) there (see e.g. [9]). This leads to a unique choice of phase shifts
referred to above such that in particular 6(E; H,, H,)=0. In the applications we
have in mind, the absolute continuous spectrum g, (H,) of H, will be all of R* so
that in these cases we have

Trace(exp-tH —exp-tHo)= — [ 8(E; H,Hy)e *dE. (2.25)
0

Q| =~

Furthermore exp-tH —exp-tH, restricted to #, and to #_ respectively is also of
trace class resulting in corresponding quantities ¢, and ¢, with similar relations.
But then we have, using

1+ (1-7)
T= ) =P,—P_,

Tracet(exp-tH —exp-tHo)=— [ (6 4(E; H,Ho)— 96 _(E; H,H,))e "*dE
0

L

T

=t [ n(E; H, Ho)e "dE=n(H, H,) (2.26)
0

whenever n(E,H,H,)=0,(E,H,H,)—J_(E,H,H,) is continuous in E>0. In
general the spectral shift function will have integer valued discontinuities
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whenever H or H, have a point spectrum, making 6, and ¢ _ discontinuous. In
certain cases it is possible to control these discontinuities. More precisely, let
PPi"(H ) and P™™(H,) be the projections onto the subspaces for the point
spectrum of H and H, respectively, such that

1—PrinH)=P(H) and 11— P*"(H))=P(H,)

are the projections onto the continuous subspaces of H and H, respectively. We
now introduce the additional conditions
Proint(H)exp-tH
PPo"(H ) exp-tH,

(2.21a)
(2.27b)

Then conditions (2.21a) and (2.27) guarantee the existence of the spectral shift
functions ¢YE; H, H,) and n(E; H) and n(E, H,) such that

} are trace class for t>0.

Trace(P(H)exp-tH — P(Ho)exp-tHy) =t | ¢&(E; H,Hy)e '*dE,  (2.28)
0
Trace PP (H)exp-tH =t | n(E; H)e "*dE, (2.29)
0

Trace PP (H,)exp-tH,=t | n(E; Hy)e ‘2dE, (2.30)
0

and such that for almost all E>0,
¢(E;H,Ho)=¢(E;H,Ho)+n(E; H)—n(E, Hy). (2.31)

A routine calculation shows that n(E; H) is the number of point eigenvalues of H
less or equal to E. An analogous statement holds for n(E; H,).

The same discussion pertains to the bosonic and fermionic sector separately,
where we denote the corresponding quantities by &&.(E; H, H,), n.(E; H), and
n.(E; H,). Note that ¢, =&, if the point spectrum for H and H,, is empty.

By the same arguments, which led us to Lemma 2.4, we have

Lemma 2.11. If the conditions (2.27) are satisfied, then there are integers n*°™(H)
and n*™(H,) such that for all E>0,

ny(E;H)—n_(E;H)=n*"(H), n_(E;Ho)—n_(E;Ho)=n*"(H,).(2.32)

Note that if H has purely discrete spectrum, such that exp-tH is of trace class,
then nP°*(H) equals the quantity in (2.3). In the presence of discrete eigenvalues we
make a modified choice of the phase shift. Namely we let 09E;H,H,)
= —né{E; H, H,). Note that =~ !(§ — &) is always an integer, so both 6 and &° are
possible choices for a definition of the phase shift.

Now we are led to the following extension of Proposition 2.9.

Theorem 2.12. Let 6,,(H,)=R™. Also assume the conditions (2.21) and (2.27) hold
such that 0,(E; H, Hy)— 6°_(E, H, H,) is continuous in E > 0. Then there is an integer
n(H, H,) such that for all E>0,

L (GBS H Ho)— 0 (E: H, Ho) = (I, Hy). (2.33)
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Also
Tracet(exp-tH —exp-tH ) =n‘(H, H,) + n**™(H) — n**"(H ). (2.34)

Here the last relation follows from the bosonic and fermionic version of
(2.28)42.30) and Lemma 2.11 combined with (2.26). The condition o, (H,)=R " is
essential to obtain the t-independence of the left-hand side of (2.34) and (2.26)
(see Theorem 2.14 below).

Remarks 2.13. (i) Note that the splitting off of discrete eigenvalues was only done in
order to eliminate the discontinuities due to embedded ecigenvalues in the
continuum. Although we know of examples where ¢ still has discontinuities due to
the appearance of resonances above threshold, we expect that in many applic-
ations 0 (E) will actually become continuous. Now all that is needed in the above
arguments is the continuity of 6, — % or equivalent of 6, —d_ in E. Hence if in
fact the discontinuities of 6, are due to resonances above threshold, then we expect
them to cancel in 6, —0° by supersymmetry in the same way as is the case for
discrete eigenvalues. Therefore it would be interesting to find a general criterion
which will ensure the continuity of 6%, or their difference. When E =0 is the only
element in the point spectrum, the above procedure is not necessary. In fact, this
will be the case for the Laplace operator acting on differential forms on a
Riemannian manifold without boundary, which is euclidean at infinity and
which will be discussed in Sect. 4.

(ii) Nevertheless, the decomposition given by (2.34) is of general interest for the
following reason. Although scattering theory gives sufficient conditions for
n(H, H,) and n(H, H,) to exist and to be integers, in the cases we will discuss below,
their explicit evaluation is either based on stability arguments (Proposition 2.10)
or by methods not involving scattering states. However, we conjecture that
n‘(H, H,) is calculable in terms of what physicists call zero energy resonances. In
fact, in the cases where we have been able to check this, this conjecture held true. In
this context it is worthwhile to point out the following obvious fact. Assume H(A) is
a one parameter family of supersymmetric Hamiltonians such that n(H(Z), H,),
n(H(2), H,), and n**™(H(A)) are all well defined. Then if two of these quantities are
constant in A, then so is the third.

(iii) In several publications on supersymmetric theories a so-called fractional
Witten index has been studied (cf. [13] and references quoted there). This is
connected with supersymmetric Hamiltonians whose energy spectrum has a
continuous part. The regularized Witten index is then defined by giving a meaning
to Trace(te ") and then taking the limit t— oo. In most of the papers on fractional
indices it is implicitly assumed that the Hilbert spaces of the bosonic and fermionic
are identical. This in particular is the case for supersymmetric quantum mechanic
models. All these models can be treated by our method.

(iv) Extended solutions in the sense of [7] may be considered as a special case
of zero energy resonances. Now the dimension of extended solutions appear with a
factor 1/2 in certain index theorems [7]. It is a remarkable observation that such a
factor 1/2 also shows up in counting the contributions of resonances to the
fractional Witten index.

We now elaborate on (iii) and (iv) of the preceding remark by giving a
discussion of one model which has been considered by many authors. Let



Supersymmetric Scattering Theory 487

®e C*(R) with HIP @(x)=>* and set L=d/dx + & considered as an operator
in I*(R) with domain CP(R). Let Q be the unique selfadjoint extension of

(%)

acting in # = >(R)®I*R). We set

(3 %)

and H, (the restriction of H=Q? to the bosonic and fermionic section
respectively) are the unique selfadjoint extensions of

dZ

——— +®*T P

dx
acting on C(R). For simplicity assume that @ is constant outside a compact set.
Now we define the free supercharge Q, as follows: Let R* denote the positive and
negative half-line respectively. Let L§ be the closure of d/dx + @ * acting on L*(R ")
with Dirichlet boundary conditions. Further, put

L (0w
Q°‘<Lﬁ 0 )

Q3 is a selfadjoint operator in the Hilbert space L*(R*)® L*(IR*). Now write
A =(PROL(R7)DLART)SLA(R™).

With respect to this decomposition we may consider Q, =Qy + Qg as a selfadjoint
operator in #. Q,, is the free supercharge and H, = Q% the free Hamiltonian. Now
it is easy to see that exp-tH —exp-tH, and Q exp-tH —Q, exp-tH, are both trace
class operators for all ¢t > 0. Therefore, our results can be applied to this situation.
However, observe that the multiplicity of the continuous spectrum of H and H,,
jumps if @* @~ Therefore, the individual spectral shift functions &, (E; H, H,)
will not be continuous. But, using computations similar to those in [41], Chap. IX
one can show that &, (E; H,H,)—&_(E; H, H,) is a continuous function onIR*.
Furthermore, one has n*™(H,)=0. Now, by Theorem 2.12 we get

nPeinY(H)=Tracet(exp-tH —exp-tH,))—n(H, H,). (2.35)
By construction
nPoinY(H)=dim Ker H" —dim Ker H ™. (2.36)

(This is just n5~%—nE=% in the notation of [52].) Analyzing the spectral shift
function shows that n‘(H, H,)=0 in all cases. Thus

nP°i"(H) = Tracet(exp-tH —exp-tH,). (2.37)

This demonstrates the advantage of our method. The right-hand side of (2.37) is
independent of ¢ and gives the right answer.
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Finally the kernel of H, can be explicitly determined. We may write

o _(Hoi 0
0 0 HO,_ 5

where H,, , is given in L*(IR *) as the selfadjoint extension of —d?/dx?+ ®*2 with
Dirichlet boundary conditions and H,, _ is given on [*(R*) as the selfadjoint
extension of —d?/dx*+ ®*? with respect to the boundary conditions

d +
<‘dx+@‘>f

The kernels of exp-tH,, , and exp-tH, _ can be explicitly described (cf. [7] p. 52). In
particular exp-tH, , —exp-tH, _ is of trace class. Thus we may rewrite (2.37) as

=0.

x=0

Trace(exp-tH . —exp-tH _)=nP""(H)+ Trace(exp-tH, , —exp-tH, _).

(2.38)
It is easy to determine
A, :tllrg Trace(exp-tH, . —exp-tH, _). (2.39)
One has
12 if &7=0
—1/2 if &7 =0

Ag= .
0 0 if sign®*=sign®”

1 if sign®@* +sign®~

This coincides with the results obtained [13].

The next result relates our set-up more closely to standard index theorems. It
also explains the role of the condition ¢,(H,)=IR™ in Theorem 2.12. The
conditions in the next theorem guarantee in particular that Q and Q, are Fredholm
operators such that the quantity

t—IndexQ =dim Ker(Q | #, ) — dim Ker(Q | #_) (2.40)

is well defined. We have t-Index Q =n?°"'(H), whenever both these quantities are
defined.

Theorem 2.14. Assume conditions (2.21) and (2.27) hold such that
O-ac(H) = Gac(HO) = [80a OO) > (80 > O) (241)

and the singular continuous spectra of H, and H are empty. In addition let
O (E;H,Hy)—0°(E; H,H,) be continuous in E on [gy, ). Then for all t>0,

Tracet(exp-tH —exp-tH,)=t-Index Q —7-Index Q.+ n‘(H, Hy)e ~*". (2.42)
In particular

lim Tracet(exp-tH —exp-tH,)=1-IndexQ — t-IndexQ, +n‘(H, H,), (2.43)

t=0

lim Tracet(exp-tH —exp-tH,)=1-IndexQ —t-Index Q,, . (2.44)

t— oo
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The proof is an easy adaptation of the arguments leading to Theorem 2.12. In fact
note that & (E; H, H,) has support in [¢,, c0) due to the absence of a singular

. . . 1
continuous spectrum and may therefore be identified with — ;5;(E;H, H,).

Again n‘(H, H,) is defined by relation (2.33) now valid for E €[e¢g, o0). Thus
Tracet(exp-tH —exp-tH,)=n""(H) —n™"(H)+t | n(H,H,)e '*dE

and (2.42) follows.

In view of Lemma 2.4, the quantity (2.34) may also be viewed as a relative index
in the sense of [31]. This will become clearer when we discuss scattering theory by
obstacles and give a topological interpretation of the resulting supersymmetric
scattering index. In this context, the following chain rule is of interest. Instead of
considering the pair (H, Hy) in Theorem 2.12, we consider two supersymmetric
pairs (H,, H,) and (H,,H,) (H;=Q?, i=0,1,2) with a fixed involution.

Proposition 2.15. Assume the conditions of Theorem 2.12 hold for the pair (H,, H,)
as well as for the pair (H, H,). Then the same conditions hold for the pair (H,, H )
such that

n(H,, Hy)=n(H,, H,)+n(H,,H,). (2.45)
In particular n°(H,, H,) is skew in H, and H:
n(H,Hy)=—n(Hy, Hy).
Proof. That 6°.(E; H,, H,) is continuous in E >0 follows from the chain rule
0%(E;Hy, Ho)=0%(E; Hy, Hy)+ 0% (Es Hy, Ho),

which is a consequence of the uniqueness of the spectral shift function.
Alternatively this chain rule follows from the chain rule for Maller operators, see
e.g. [46]. Relation (2.45) is then a trivial consequence of (2.26). q.e.d.

Assume now that the condition (2.21a) is replaced by the stronger condition
that

(H+z1) “—(Hy+2z1)"! (Rez>0) (2.21a))

is trace class for some /> 0. Then under otherwise unchanged conditions we may
give an alternative representation to (2.34). Indeed, by standard Laplace trans-
formation arguments (see e.g. rel. 3.33 below)

I 2 }
(H+z1Y  (Ho+2A)Y
This formula is closely related to expressions appearing in e.g. [ 18] and [48], where
the term containing H, does not appear. In fact, in the cases we will discuss, the
local density of the term involving H, on the left-hand side of (2.34) or (2.46) has
vanishing supertrace (see Remark 2.19 below).

We now give some concrete examples for a supersymmetric scattering theory,
where the supercharge Q is a smooth perturbation of Q,. No proofs will be given,

=n°(H, o)+ n*(H)— n*™(H ). (2.46)

Tracer {
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since similar results will be derived in the next sections for more complicated
situations.

Example 2.16. Let £, be the Hilbert space of complex square integrable forms on
R (quantities with the subindex O pertain to the free theory). More precisely,
let *, be the Hodge duality operator on forms given by the flat metric. On
Q(IR¥) consider the positive definite quadratic form given as

(P )o= [ 01 %00 (247)

Then #, is obtained by completion. We write #;, = @ HE, where #¢ is the closed

subspace consisting of square integrable p-forms. We recall (see Example 2.2) that
P is the linear operator which is p on p-forms. *, extends to a unitary operator on
#, mapping Q. (R") into itself such that

xg=(—1)"V"P), (2.48)

*Oo

Let d, be the closure in #, of the exterior derivative on Q (R"). Similarly let
d,=d%, the adjoint of d,, be the closure of the coderivative on Q(R") such that

do=%godyoxgo(—1NTNITL, (2.49)

The operator Q, =d,, +J, is selfadjoint and H, = Q2 is the Laplace operator 4, on
RY. We denote by H} = 4} its restriction to #¢. For a form ¢ written as

o= Z Z qo,l x)dx" A .o Adx'P, (2.50)

p=0 i..

we have for the resulting selfadjomt contraction semigroup (¢ >0)
(eXp_tAO(p)il...ip(x)=(exp'[A8qu;‘..ip) (x). (2.51)

Obviously 4, has only absolutely continuous spectrum. We consider the following

perturbation Q of Q,,.
Let x be a (for simplicity) real valued Schwartz function and consider the closed

operator [53],
d=e*dye™*, (2.52)

and let ¢ be the adjoint d*. Then Q =d+ 4 is selfadjoint and H=Q? is a smooth
perturbation of H, having also only absolute continuous spectrum. Let H? denote
the restriction of H to J#{. It has been shown in [3] that this pair (Q, Q,) defines a
supersymmetric scattering theory. Furthermore by techniques used e.g. in [33]
and [46] it may be shown that the phase shifts 0”(E; H, H,)=J(E; H?, H) for the
scattering theory in # are Holder continuous of index v<1/2 for E>0 and that

OUE;H,H)(E+1) ‘e (R ", dE) (2.53)
whenever > N/2+ 1. Obviously
0.(E;H,Ho)= Y O"E;H,Hy),

peven

§_(E;H,Ho)= Y O%E;H, H,).

podd

(2.54)
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Also the supersymmetric scattering index vanishes such that

N
Y (—1)0%E;H,Hy)=0 for E>0. (2.55)
p=0
Example 2.17. Let g(x)={g(x)}1 <; j<y be a C* function RY with values in the
real positive definite N x N matrices such that g;(x)—d;; is in Schwartz space for
all i, j. This defines a metric on R¥, making it into an oriented Riemannian space.
Let J# denote the resulting Hilbert space of forms with the scalar product

(0, 0)=fpn*0, (2.56)

where * is the Hodge operator obtained from g. Let now d be the closure in 5# of
the exterior derivative on Q.(R")C.#. With 6 being the adjoint, the supercharge
Q is now d+ 6 such that H=Q? is the Laplace operator on this Riemannian
manifold.

The present set-up is suited for scattering theory in two spaces [36] via the
unitary intertwining operator J ~ ! : # — J#, given as follows: There is a symmetric
matrix '/?g(x) whose square is g(x) and such that '/?g;(x) —d,;is in Schwartz space
for all i,j. Then

U o))=Y Z (J L), i, (x)dx" L dx'e 257

p 1.
with )
U7 0k, =(etg ) T[] PP, s (258)
Jiseers Jp =
where !/?g Y(x) is the inverse of '/2g;(x). Then again the phase shifts 6°(E; H, H,, J)
=06%E;J 'HJ,H,) for p-forms are Holder continuous of index v<3. Relation
(2.53) holds and the supersymmetric scattering index vanishes giving (2.55) in this
case too.

Example 2.18. Consider the set-up of the preceding two examples but now with a
new involution. Assume N is even and let 7, be given as 1y =%, 0 iF& DTN (see
Example 2.2). This 7, anticommutes with Q and Q, as given in Example 2.16.
To cover Example 2.17 we note that Q defined there anticommutes with
=1%o PP~ D*NZ and that Jr,=1J as required for a two Hilbert space supersym-
metric scattering theory (see the remarks after Definition 2.5). Let now % , and
A, _ denote the closed complementary subspaces consisting of selfdual and
antlselfdual forms (with respect to 7,) in 5#,. We may apply the same analysis to the
resulting phase shifts 6, (E; H, H,). Let us look at this in more detail.

Note that 7, and t induce unitary involutions in the spaces #g'* and #N'* of
middle dimension respectively. Let 8¥*(E; H, H,) denote the resultlng phase shifts.
Then since *, maps p-forms into N —p forms

Trace*, - i*®~ D+ N2(exp-tH —exp-tH,)

N\2
=Trace %o i<7> (exp-tH —exp-tH ) (2.59)

(where in the case of Example 2.17, H has to be replaced by J ~ ' HJ). This gives the
general relation (E > 0)

O+ (E;H,Ho)—0_(E;H,Ho)=0Y*E; H,Ho)—6Y*(E;H,Hy)  (2.60)
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by the uniqueness of the Laplace transform. Next we distinguish the cases N/2 even
and N/2 odd. If N/2is odd 7, =%, o i on #{"/> and the right-hand side of (2.59) and
hence of (2.60) vanishes. In fact, let ¢, (j=1, ...) be a complete set of eigenforms of
exp-tH —exp-tH, (respectively exp-tJ ~ ' HJ —exp-tH in the case of Example 2.17)
which are selfdual with respect to t, =%, o i. Then the complex conjugate form @/,
is also an eigenform with the same eigenvalue as ¢/, . But ¢, is antiselfdual and the
claim follows.

Therefore the only nontrivial case is when N is divisible by 4. Then the
vanishing of (2.59) and (2.60) for the examples at hand, giving a vanishing
supersymmetric scattering index, follows by a stability argument of the form of
Proposition 2.10. Not surprisingly, for Example 2.17 this is just the statement that
the relative signature index of the pair (R", g) and (RY, flat metric) vanishes.

Remark 2.19. Observe that in the examples considered so far, the pointwise
supertrace of the free heat kernel vanishes identically. In this sense, the free
Hamiltonian acts only as a spectator.

3. Obstacles

Let 0, CRY be an exterior domain, in other words for, N > 1, ¢/, is an open connected
set such that @, =IR™\ (), is compact and for N =1 we require ¢, to be a compact
interval. @; will be called an obstacle. We assume @, to have a smooth boundary,
i.e. the boundary 00, is the set 0;n0,, supposed to be a smooth, compactly
embedded manifold of dimension N —1. For N >1, ¢; and hence also 00, need not
be connected. In J#,, the space of square integrable forms on RY, let #, and #,
denote the closed subspaces consisting of forms with support in ¢, and 0,
respectively. Obviously 2.(0,) and (0,) are dense in #, and J#; respectively and
Hy=H,®H,. We recall from Sect. 2 that dyand 5, =#y o d o %o —1)¥ "V L are the
exterior derivative and coderivative on #, respectively. Let d and ¢ denote the
closures in #, of d, [ 2,(0,) and §, [ 2,0, respectively. Also let d, and §, denote the
closures in #, of d, [Q.(0,) and 5, 2(0,) respectively. It is well known [28] that
these closures exist and that

d*=0,, o*=d,, d*=5, o*=d 3.1)

in the sense of adjoint operators on #,. Also d maps Z(d), its domain of definition,
into itself such that d>=0. A similar relation holds for the other operators, i.c.

d*=8*=d?=52=0. (3.2)

Among the four possible choices (see e.g. [20]) of resulting (nonnegative) Laplace
operators with local boundary conditions, the following two selfadjoint operators
(see [20]) have turned out to be of importance,

Ano=d0,+5.d=dd* +d*d, (330
Are=d.0+d,=6%5 + 56*. (3-3ge)

They correspond to the so-called absolute and relative boundary conditions, the
name being related to the fact that for compact Riemannian manifolds with

c?
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boundary the corresponding spaces of harmonic forms are isomorphic to absolute
and relative cohomology respectively. We will return to this point below.
Obviously these two Laplace operators are dual to each other under #,. The other
two possible choices are the selfadjoint operator d .0 + J.d and the non-selfadjoint
operator dd,+ dd,. First we show how the requirement of supersymmetry in a
natural way leads to the above two choices (3.3). In fact, we have the following

Theorem 3.1. The supersymmetric charges, which anticommute with (— 1),
Qavs=d+0.=d+d* with D(Qupd=2(d)NZ(d,) (34,405
and
Ora=0+d.,=0+0* with 2(Qrea)=2(0)n2(d.) (3-4ge)
are selfadjoint and their squares equal A,,, and Ag., respectively.
Remark. The same statements hold for
Qips=id—0)=i(d—d*), (3-5a0s)
O =i(0 —d,)=i(0—6%) (3-3rel)
as will become obvious from the proof.

Proof. We will prove the theorem for Q,,, and 4,,.. The proof for Qg and 4., is
similar or may be deduced from the duality under *,. We first claim that Q,, is
closed. To see this, assume there is a sequence @, in Z(Q ) such that ¢, and
QO abs®x are strongly convergent to vectors ¢ and y respectively. We have to show
that @ eg(QAbs) and y= QAbs(p' Now by deﬁnition Of 9(QAbs) QAbsq)n = d(P,, + 6c(pn'
Since d is a closed operator, its kernel kerd is a closed subspace, which by (3.1) and
(3.2) is orthogonal to the image ImJ, of é.. Hence kerd is also orthogonal to the
closure Imé, of Imd,. This gives an orthogonal decomposition of #, in the form
H,=kerd®Imo ®Remainder. Now do, ekerd and 6,.¢,eImd,.. Since Q 4., is
convergent by assumption, both d¢, e kerd and é,¢, € Imd, have to be convergent.
Call the limits ' and y? such that ' +y?=1. Since d and §, are closed, we have
@€ 9(d) and ¢ € 2(5,) with p' =d¢ and y? =J,¢. This shows that Q,,, is closed.

Next we recall the definition of the Laplace operator 4 ,y,. It is the sum of the
two operators J.d and dd, both of which are selfadjoint by von Neumanns theorem
(see e.g. [37]).

In particular (4 ,,) C2(Qavs) and P(4,,,) consists of those vectors ¢ in
2(Q avs) such that dp € 2(5,) and d,.9 € Z(d). Since also do € Z(d) and J,.¢ € D(0,) we
have that 4,,.C Q3,.. Because 4,,, is selfadjoint and Q,,, is symmetric, we have
equality 4,,,=Q3,.. The theorem is therefore proved if we can show that Q,,, is
selfadjoint. This, however, is a trivial consequence of the elementary.

Lemma 3.2. Let A be a closed, symmetric operator such that A? is selfadjoint. Then A
is selfadjoint.

Proof. It suffices to show that 4 has vanishing defect indices (which are equal since
A is symmetric). So assume there is 1 +0 such that for all ¢ € 2(A),

(p, A@)=i(y, p).
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Then for all ¢ € 2(4%) we have

(v, A%Q)=i(p, Ap)= —(y, 9).

Since A2 is selfadjoint, this implies 1 e %(A4%) and A%y = —, contradicting the
property that 42 is nonnegative.

Next we prove the absence of point eigenvalues. We expect this result on
exterior domains to be known. However, we were unable to locate a reference.

Proposition 3.3. The operators Ay, and Ay, have no point spectrum.

Proof. The proofs for 4,,, and Ay, are identical, so we consider only the case 4 44
Now assume there is an eigenvalue ¢ = 0 with eigenform ¢. The case N =1 is easy,
since A, satisfies Neumann boundary conditions on the 0-forms and Dirichlet
boundary conditions on the 1-forms. In both cases it is well known, that there are
no discrete eigenvalues. Hence we may concentrate on the case N=2.

Since 4,4, 1s elliptic, ¢ is a C* form away from 00, and each component
®;,...1,(x) satisfies

N 62
<—j; e —e) 01r..,(X)=0. (36)

Now consider a large open ball B, = {|x| <r,} with B, 2 ¢;. On the complement of
B,, we introduce polar coordinates and we may view each ¢, ; (x) there as an
element of

L¥([ro, o0), ¥ 1dN@LA(SV ™1, dQ),

where dQ is the canonical volume form on the (N —1)-sphere S¥~!. In polar
coordinates we have
N 92 0> N—-10 4

P e T ML (37)

where A is the (positive) Laplacian of the sphere S¥ !, Let {Y,(©Q)} be a complete
orthonormal basis of eigenvectors (spherical functions) of A with eigenvalues
4, 20. Thus for fixed i, ... i, we have the following expansion outside B,,.

@i, 1, (X) =2 8r) Y,(Q), (3.8)
where due to (3.6) and (3.7) each g,(r) satisfies the differential equation
> (N—-1)d 2,
<—dr2—*r—a+r—2'—8>gn(r)—0. (39)
We now set
N-1
hr)=r 2 g,r) (3.10)

such that h,(r)e [*([r,, o), dr) satisfies the Bessel differential equation

? ((N-1)(N-=3) 1, _
<_drz+z——r2———r-2—£>h,,(r)—0. (3.11)
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Now consider first the case ¢>0. Then from the explicit form of the two
fundamental solutions it follows that there is no square integrable solution h,(r).
Thus we conclude that ¢, ; (x)=0 outside B,. By the uniqueness theorem for
solutions of elliptic differential equations (see e.g. [4]) we have that ¢;, _; (x)=0in
0,, since 0, is connected by assumption.

We turn to the case ¢=0, which is more delicate. First introduce ¢, by

LAln+ 1) =2+ HN —1)(N—3) (3.12)
such that Eq. (4.11) for ¢e=0 takes the form
2ty +1)
— = A
< PP h,(r)=0. (3.13)
The two fundamental solutions to this equation are r~“»and r"»* ! whenever £, > 0.

In that case h,(r) has to be of the form ¢, ~“" to ensure square integrability with the
additional restriction £, > 1/2. In the other cases, that is for the situation where 7, is
not larger than 1/2 (such that 4, and N are small), there is no square integrable
solution. Thus (3.8) takes the form

N-1

Pni)= T o "7 Y (3.14)
nén>%

with convergence in the I*-sense. We want to prove pointwise convergence. For
this purpose note that

o i = J 01T DY@ (3.15)
By Schwarz’ inequality this gives
N—1 N-1
T (10050 DPARY Sclrors”™ T, (316)
S -1

since @;, . (ro, Q) is a continuous and hence bounded function on the compact set
sh-1 ThlS gives the a priori estimate for ¢, ; (x):

N—-1

tnt )
01K Selro) Y <7> pete)]

2tn+N—1 172 2\1/2
<o 3 (%) ) (5 AT e

>1
‘>3

where k>0 is arbitrary.

The second factor on the right-hand side equals the square root of (4 +1)"4Q, Q),
the kernel of the resolvent of A at 1 to the k-th power evaluated on the diagonal at
Q. But for k>N this is a continuous function on S¥~! by standard Sobolev
inequalities. Hence we have the a priori estimate

r 2¢n+N—1
l¢:, i, (XN*=crg) Y <—O> (A1) (3.18)
ntn>%

r
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Now the eigenvalues 7, of 4 are of the form (L+ N — 2)L with a multiplicity given by
QRL+N-=2)(N+L-3)[(N=2)'L1]"*

(see e.g. [50, pp. 459 and 507]). Also for large 4, we have 7, ~]/Z. Hence the right-
hand side of (3.18) is convergent for any r >r, such that |¢;, mip(x)lz tends to zero
when r=|x| tends to infinity. We use this result as follows. Let |p|?(x) be the
pointwise norm of the harmonic form ¢. Choose R>r, so large that

lol(x) < sup |ol*(y) (3.19)

yedl,.
for all |x| = R. Next |¢|*(x) satisfies the inequality

N 2

= o]*(x) =0 3.20
3 ol (3:20)
by Leibnitz rule since 4,,,0 =0 by assumption. Also the function |¢|*(x) satisfies
Neumann boundary conditions on 00,. To see this, let x,ed0, and introduce a
local coordinate system {%|/1 i< N} at x, such that XV is the outward normal
coordinate, i.e. locally 00, =(%")~'({0}). With respect to this coordinate system,

any @;, (%) satisfies either ?i,...1,(X0)=0 or aTN‘Pil...ip(xo)ZO' Hence again by
Leibniz rule *

0

oY

But now we arrive at a contradiction, if we assume ¢ +0 to be a square integrable
form. Indeed, for any r=R,, |p|* is a subharmonic function in the domain
D=B,n0, and therefore attains its maximum on the boundary of D. Because of
estimate (3.19), the maximum value must be attained on 0@, and the normal
derivative has to be <0 ([27], p. 55). But this contradicts (3.21) and the proof of
Proposition 3.3 is complete.

To abbreviate notation, in what follows let 4, stand for either 4,,, or Az
Similarly let Q, denote either Q ., or Qg Also let G(x, y), (x,y)e RN x R stand
for the kernel of exp-t4,@00 on 5, #, = H#,. Following Ray and Singer [45], we
write this kernel as a double form. Thus

|lp*(x0)=0. (3.21)

G 0)=Y Y Gy iy YAxTA o Adx Ayt A L Adyr,

p 1:1 eip
J1.-dp
(3.22)
such that
((exp-t4,®0)p) (x)= @J Gx, y) A *o0(y), (3.23)

where the integration applies to the variable y e @,. Here and in what follows, we
will use the convention that

[A=[A"
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if N is an n-dimensional submanifold and A4 is a form, whose component of
degree nis A". Next let G,(x, y), (x, y) e RY x RN denote the kernel of G, =exp-t4,,,
A, being as before Laplace operator on RY. Also let Q,=d,+d¥ be the as-
sociated supercharge such that 4,=0Q3.

Introducing (x—)?
k(x, y, £) = (dnt) =N/ exp-—4ty— (3.24)

by (2.43) we have
1 . . . .
Godx, y)=k(x,y, t)ZE Y dxtaLdxr dyt AL dy'r.
p . il...l'

p

The construction of the kernel G,(x, y) via a Neumann series may be taken over
from [45]. Only the situation where (x, y)e 0, x O, is relevant and then

Glx)= ¥ (~21Q"(x.1.1).

Here the Q™ are defined recursively as
0°(x, y,t)=Go(x, ) (3.27)

and for m=>0 with absolute boundary conditions

Qm+ l(xa Vs t): - (J; dt’ a(j'o ({50Qm(u, y, t— l/) A *oGot'(X, u)
+0"(u, y, t—1') A %odoGopl(x, 1)), (3.2850%)

while for relative boundary conditions

t
Qm+ l(xa ya t) = g dt, a;ﬂ (GOt’(xs U) A *odon(u, y, t— t')

+ 5OGOt’(~x> u) A *OQm(u> Vs - t,)) . (3'29Rel)

Here all operations on the right are applied to the variable u and (x,y)e 0, x 0,.
Let D(x) for x € @, denote the distance from 0¢,. Then with the above choice for
ro We have

D(x)z|x|—ro

uniformly in xe0,.
Also for any double form A(x, y) we set

[AG I =  sup A4y, (6 D)

t1eeelpsyJ1eeedp

The discussion in [45] gives the following:
Lemma 3.4. For a given obstacle there is a finite C> 0 such that for allm=1,t>0
and all (x,y)e 0, x O, the following estimates are valid.
o \" 1
”( axi> Q"(x, y, 1) <C™(I'(m/2))” "'t "*exp ( - E(DZ(XH- DZ(J/))) k(x,y,1),

n=0,1.
(3.30)
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Let M(¢) be the multiplication operator on J#;, by expe|x|. Estimate (3.30) gives
the following result.

Corollary 3.5. For any t >0 the operators in #,

1 1
M <§> (exp-t4,®0—exp-t4,)M <§E> , (3.31)
M(é) ((Q) exp-14.®0—(Qo) exp-t4o)M (é) (332)

are of trace class.
We will also need estimates on the kernels of powers (4, +z1) "(Rez >0,/ >0)
of the resolvent of 4,. We start with the familiar relation

(H+z0)/=T(/)"" [ e H+=0f~1g; (3.33)
0
valid for any s.a. H=0, Rez>0, and />0 in the strong topology. The next

estimates are derived from the above estimates on G,(x, y) by splitting the integral
over t into two parts, where the first goes from 0 to 1.

Let
_yl2 2 D2 1/2 0
Dy { I FDT DA or (61000 1o
[x—yl| otherwise.
Lemma 3.6. For given obstacle and £ >0 there is C({)< oo such that
(4 +1) @0 — (4o +1) ") (x, )| £ C(£)D(x, y) """ > exp—3D(x, ).
(3.35)
Corollary 3.7. For any 2/ > N +1 the operator on ¥,

(4, +1)‘@0—(4o+1)~* (3.36)

is trace class.
Although we actually will not need it, for completeness we also state the
Corollary 3.8. The operators Ay, and Ag,, have no singular continuous spectrum.

Proof. We follow the lines of arguments given in [24, 22, and 44]. It is sufficient to
prove that for v in a dense set of J#,, the strong limit

Y (3.38)

s-lim eit4og ~it4e
t—>t o

exists. Note that #, is a subspace of #;. A sufficient condition is that
A, +1)"'®0—(4o+1)~! (3.39)
is compact and that the function A(R) given as

hR)=((4.+1)"'@0—(4o+1)" )F(lx| >R} (3.40)
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is integrable on R*, where F(|x|> R) is the characteristic function of the set
{|x|> R}. These two properties, however, are elementary consequences of estimate
(3.35).

We now have all the ingredients to discuss the resulting scattering theory. Note
first that estimates (3.31) and (3.32) are not quite conditions (2.21). This is due to the
fact that Q, is an operator on #,C ¥, only. To remedy this, let 0=0,®0 with
respect to the decomposition #, = #,@ #,, such that by (3.32) Qe ~*¢* — Qe "% is
of trace class. Then by Lemma 2.5 the Moller operators W*(0, Q,) exist. Since Q
and Q, are identical on their absolutely continuous subspace, which is #,, the

complete (two-space) Mgller operators W*(Q,,Q0,,J)= s-lJirm e'1Q¢ Jo~i1Q0 exist as
t—= T oo

maps from #; to #,, where J is the projection of #;, onto 5#,. By the invariance
principle therefore also the Moller operators W*(4,,4,,J) exist, defining a
supersymmetric scattering theory. Now the arguments employed in [33] and [46]
combined with Proposition 3.3 and Corollaries 3.5 and 3.7 give

Theorem 3.9. The scattering shifts
OM(E, 4., 4g) (A=A pps O Agey)
for the scattering of p-forms exist, are real analytic and for any £>N/2+1
PE; A, A)(E+1)" ‘e LNR™,dE). (341)

It remains to calculate the corresponding supersymmetric scattering index. Let
7(X) denote the (absolute) Euler characteristic of a compact manifold X and
1(X, A) the (relative) Euler characteristic of the pair X D A, where 4 is a compact
submanifold (see e.g. [47, p. 205]).

Theorem 3.10. The supersymmetric scattering indices for scattering on an obstacle
O; are given as

WA pps, 40)= —1(0;, 00)), (3.4251s)
W Ager, 40)= —x(O) . (3.42%)

Proof. Fix R so that (;C B ,. Let M be a closed, compact Riemannian manifold so
that B, isisometrically imbedded in M and put Y= M\0,. Let G!(x, y) be the heat
kernel for the Laplacian acting on €(Y) with absolute or relative boundary
conditions on 0Y=200,. Following [7] on p. 54-55 we let g(a,b)(a,beR,a<b)
denote any increasing real valued C*® function of the real variable u such that =0
for u<a and =1 for u=b. Then define four C® functions by &,=9(R/2,R),
Yo=0(R,3/2R), ?, =1—0(3/2R,2R), ¥, =1— Y. As a parametrix for the funda-
mental solution for the heat equation for the operator A, we may choose

H{(x,y) =Y o(d(x, X)) GodX, y)Po(d(y, Xo)) + ¥1(d(x, X)) G{ (x, y) P, (d(y, xc))(-3 9

Here x,, is the center of the ball B; and d is the geodesic distance in R”. Starting
with the parametrix H, we obtain the fundamental solution G, for the heat
equation of 4, by the same construction asin [7, p. 55]. The fundamental solution
G, differs from the parametrix H, by an exponentially small term as t—0. Since we
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know that the supersymmetric scattering index is an integer, we may compute the
supertrace by passing to the limit t —0. Therefore we can replace the fundamental
solution G, by the parametrix H,, and we get

A, 4o)= lin& | (traceH, ,(x, x)—trace H, _(x, x))dx, (3.44)
t=0 ¢,
where H,, and H,_ denote the restrictions of H, to even and odd forms respec-

tively and trace is the pointwise trace. Now observe that trace G, ,.(x, X)
=trace Gy, _(x, x). Thus we are left with

nAa, A4,)= ling [ (trace G/, (x, x) — trace G;_ (x, x)) ¥ (d(x, xo))dx .  (3.45)
-0y

The kernel G! is constructed in [45]. It can be written as
G{(x,))=G(x,y, )+ O(x, ), 1), (3.46)

where G is the restriction of the corresponding heat kernel on M to Y and Q is the
boundary correction term. Let #(x) be the Chern-Gauss-Bonnet density on M. By
the local index theorem [6] we know that uniformly in x,

trace G . (x, x,t)—trace G _(x, x, t)=A(x)+ 0(t). (3.47)

Now £ vanishes on B3z C M by construction. Hence the expression on the right-
hand side of (3.45) is equal to

lin(} | (traceQ . (x, x, t)—trace Q _(x, x, t)) ¥ 1(d(x, xo))dx . (3.48)
t-0y

In view of formula (5.13) in [45] the asymptotic behaviour of Q(x, x,t) as t—0
depends only on x in an arbitrarily small neighborhood of the boundary 0Y.

Therefore we can delete the function ¥, in (3.48). Using the local index theorem in
[6] we see that (3.48) equals

W¥) = [ A(x) (3-49455)

for absolute boundary conditions and
WY, 0Y)— ; A(x) (3.491)
for relative boundary conditions. Since %(x) =0 on B;, we can replace the integral

over Y by the integral over M. Employing the Chern-Gauss-Bonnet theorem for M
we obtain for (3.49,,,) and (3.49%.,) the expressions

x(Y)—x(M) (3:50Abs)
and
(Y, 0Y)— (M) (3.50ge1)

respectively. Now observe that M = YU ;. Therefore we may employ the formula
(see e.g. [47, p. 205])

X )+ (X ) =x(X 0 X,)+ (X0 X). (3.51)
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Thus (3.49) finally equals
200) —1(O0) = — 10, 00) (3.5241,)
and
— () (3.52ge1)

respectively, concluding the proof of Theorem 3.10.
Using the Alexander duality (see e.g. [47, p.298]) in the form x(0,,00,)
=(=1)"(0,), we can give Theorem 3.10 an alternative formulation

Corollary 3.11. The supersymmetric scattering indexes for scattering theory by an
obstacle O; are given as

_ 1/24(00;) N odd

A 40)= {_X( 0y N evon (353500
_ —1/2x(00;) N odd

M Ager, 40)= {_X((Qi) N even. (3.53ger)

There is yet another form in which we can state Theorem 3.10.
Let 4; be the Laplace operator on (J; with absolute or relative boundary
conditions. Then again by the Hodge-de-Rham theorem for ¢, [45], we have

Corollary 3.12. The following supertrace relation holds
Trace(— 1) (epx-t(4,@D 4;) —exp-td,) = + x(O,), (3.54)

where the plus sign holds for absolute boundary conditions and the minus sign for
relative boundary conditions.

4. Manifolds Euclidean at Infinity

As another example of a supersymmetric scattering theory, in this section we will
discuss the Gauss-Bonnet operator on manifolds which are euclidean at infinity.
The extension to the asymptotically euclidean manifolds will be obtained in the
next section by stability arguments.

Definition 4.1. A Riemannian manifold (M", g) is euclidean at infinity if there is a
compact submanifold MY such that M\ MY is a finite union of disjoint connected
open sets O; (j=1... k), each of which is difftomorphic under a map ¢; to some
CBg,. On each O, the metric is the pullback by ¢; of the euclidean metric on CBg,.

Obviously manifolds which are euclidean at infinity are complete. In order not
to burden our notation, we will assume that k=1, ie. MY\ MY has only one
connected component which is isometrically isomorphic to some CBg . Hence-
forth we will simply identify this set with CBpg,. All our proofs, however, are
easily extendable to general k. Therefore all results are formulated as to pertain to
arbitrary k. By increasing R, and hence MY slightly, if necessary, we may assume
MP" to be flat in a neighborhood of CBg,. Let A4 =(d + 6)* be the selfadjoint Laplace
operator acting in the Hilbert space # of square integrable forms on (MY, g).
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Standard arguments show that d and 6 defined on Q(M™) are closable operators
with closure also denoted by d and J such that d2=5%=0 and 2(d + )= 2(d)
ND(0). As a first result we have

Theorem 4.2. If (M",g) is a Riemannian manifold without boundary which is
euclidean at infinity, A has no point spectrum except possibly at the origin.

Indeed, our proof of the absence of positive eigenvalues in the case of obstacles
may directly be carried over to our present situation.

To compare 4 with 4,, the Laplace operator on the euclidean space RY,
we introduce the Hilbert space

H=HDAH o, (4.1)

where we recall that # <Ro is the Hilbert space of square integrable forms on
Bg,CRY. Alternatively we may write

H =Ho®H,, 4.2)

where #, is the Hilbert space of square integrable forms on RY and J#; is the
Hilbert space of square integrable forms on MY. In J# and for all t >0 introduce
the operators G,=exp-tA@®0 with respect to the decomposition (4.1) and let
G,=((d + J) exp-t4)@®0. Similarly let

Gy, =exp-t4,D0 and Gy, =((dy+ 0,) exp-t4,)D0O

with respect to the decomposition (4.2). Let M(e) be the multiplication operator
expe|x| on #, and let M () be the operator on # given as M(e)@0 with respect to
the decomposition (4.2). The next result again guarantees the existence of a
supersymmetric scattering theory.

Theorem 4.3. The operators

~(1 ~(1
M <§> (Gt - GOt)M <§> (43)

(N (1]

are of trace class for all t>0.

and

Proof. The proof uses the same techniques already employed in the preceding
section. Namely we introduce both on MY and on RY absolute (say) boundary
conditions on 0By . Thus we obtain operators 4,,, in # and 4, 4y in #;. Now

AAbs=AiAbs®A;b1:0 (4.5)
with respect to the decomposition
H=HDH R, (4.6)

where s~ ®° is the Hilbert space of square integrable forms on CBg,. Similarly we

have <R >R
Ao, Abs = AAbso@AAbsO (4~7)
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with respect to the decomposition
Hoy=H “Ro@ > Ro, 4.8)

Now let M'(¢) be the multiplication operator on s# given by expe|x| - F(|x|> R,).
Here F(|]x|>R,) is the characteristic function on M" of the set CBpg, Let
dap,=d +d” R, where d' is the closure in # of the exterior derivative on Q(M?Y)
and d”® is the closure in # ~ ®° of the exterior derivative on Q(CBy,), such that
Apps=(daps +d%bs)?- do, avs is defined in a similar fashion such that 4, ,pe=(do, Avs
+d§ aps)>- By (4.5) and (4.7) it is sufficient to show that

1 (1
M’ (fft) (exp-t4 —exp-tA )M <§?) , (4.9)
1
M (g) ((d+0) exp-t4 —(dns + ) eXP-tAn )M’ @) . @10
and
1 1
M m (exp-tdy—exp-tdy, aps)M ) 4.11)

! {
M <§> ((do+ o) exp-tAg—(do, avs + b, abs) €EXP-tA0, abs)M <§> 4.12)

are of trace class for all ¢ > 0. These properties, however, may again be derived from
the Ray-Singer contruction as in Corollary 3.5.

Corollary 4.4. The operator A on # has no singular continuous spectrum.

This result is again obtained by an easy adaptation of the arguments used in the
proof of Corollary 3.8.

Let now 4* be the restriction of 4 to p-forms. Then by Theorem 4.2 and by
our by now standard arguments the spectral shift functions &P(E; 4, 4,)
:=¢(E; AP, AB) exist with the properties given by

Corollary 4.5. The spectral shift functions EP(E; A, A,) are real analytic in E >0 and
satisfy

EXE; A, A)(E+1)" ‘e L(R™,dE)
for any £>N/2+1.

The last statement on the integrability is a consequence of explicit estimates on
the kernels (4.9)+(4.12) which may be obtained analogously to the corresponding
discussion in Sect. 3.

Again we identify the scattering phase shift functions 6?(E; 4, 4,) with
—néP(E; A, A,) such that for all >0 and E >0,

Trace(—1)%(G, — Go) = % (—1)"%5”(E,A,AO)=n(A,AO)eZ. (4.13)
p=0

It remains to calculate n(4, 4,). Now unlike in the preceding section, 0 will in
general be in the point spectrum of 4 and by Theorem 2.12 it is of interest to
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calculate the contribution to (4.13) arising from the corresponding eigenforms, the

so-called harmonic I*-forms. More precisely, let H%,, be the closed subspace of #

consisting of p-forms on (M¥,g) which are in the kernel of the selfadjoint

supercharge operator d + 6. Then each element of Hf,, is in particular in the kernel

of A. Conversely, if ¢ € # is in the kernel of 4, then 0=(4¢, ¢)= ||(d+5)p|* and
N

hence pe @ HY,.
p=0
Let Z(x) be the Chern-Gauss-Bonnet form on (MY, g).

Theorem 4.6. If (M",g) is a Riemannian manifold without boundary, which is
euclidean at infinity then the supersymmetric scattering index is given as

n(d,4,)= | Z(x). 4.14)
MN
Furthermore, the space of harmonic I*-forms is finite dimensional and
N
nd,40)= Yy (—1)’dimHY,. 4.15)
p=0

In terms of the notation employed in Theorem 2.12, this result just says that
n‘(4, 4,) vanishes. In other words, the index n(4, 4,) has only contributions from
the harmonic I?-forms.

Denote the right-hand side of (4.15) by y,(M), the L*-Euler characteristic.
Then our result is the noncompact version of the Chern-Gauss-Bonnet theorem
saying that the I*-Euler characteristic is the integral over the Chern-Gauss-
Bonnet form.

Proof of the First Part of Theorem 4.6. First we construct an approximate
fundamental solution H, to the heat equation for the Laplacian 4. H, can be
obtained from the heat kernel G,, on R" and the heat kernel K, for the Laplacian
acting on the space of differential forms on a closed Riemannian manifold X
containing MY as an isometrically embedded submanifold.

Using again the construction of [7, p. 55] we glue G, to K, in a neighborhood
of oM¥. Then G,— H, is exponentially small. Hence in view of (4.13) we can replace
G, by H,. Employing the fact that

trace(—1)P G (x, x)=0, (4.16)
we obtain

n(A,A0)=lin;)1 | trace(—1)PH,(x, x)dx .
=0 MN

Now observe that by the local index theorem [6] one has
trace(— 1)P K (x, x) = %(x) + 0(t) uniformly in x € X. Combined with (4.16) this gives
the first part of Theorem 4.6.

To prove the second part of Theorem 4.6, we need some preparations. First we
note that once the finite dimensionality of the space of harmonic [*-forms is
established, it suffices to consider the case when N is even. In fact, if N is odd, then
by (4.14) n(4, A,) is zero. But now if ¢ is an even harmonic L*-form, then *¢ 40 is
an odd harmonic L?-form, so the right-hand side of (4.15) is also zero.
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Now observe that the right-hand side of (4.15) is just the L*-index of the Gauss-
Bonnet operator, namely let Dgp: Q , (M)—Q _(M) be the restriction of d + 6 to the
space of even forms. Then the right-hand side of (4.15) is equal to dim Ker D zn#°
—dim KerD¥;ns#. For the proof of relation (4.15) we shall transform this
[?-index problem into a nonlocal boundary value problem on MY in the sense of
Atiyah, Patodi, and Singer and then apply Theorem 3.10in [7]. We start by noting
that M™ can be written as MY U(0Bg, x [Ro, ©)). In other words, M" is obtained
from MY by attaching an infinite cylinder along the boundary. To study d +J on
the cylinder, i.e. as an operator on # ~ o C #, it is convenient to write d + é in polar
coordinates as done for example in [14]. For the convenience of the reader and to
establish notation, we present a quick derivation. Let ¢ be a smooth form with
compact support in CBg . Then we may write

e=@,+drn ¢,, 4.17)

where we view @; (j=1,2) as smooth maps from [R,, c0) into the space Q(SV ™).
Let d and § denote the exterior derivative and the coderivative on S¥~!. Then
obviously

dgo=3go+dr/\%i—dr/\c7¢2. (4.18)

An easy argument shows that the norm of ¢ in #~®° is given by
2
lpl?= ‘Zl RI =Pl 2ryrN " tdr, (4.19)
J= 0

where || |_is the canonical Hilbert space norm for forms on SV~ !, It is therefore
appropriate to introduce the quantities

N-1

-P+
pir)=r 2 ofr). (4.20)
Now for any Ry—e=<R <R’ the map ¢ — (p,,,) defines an isomorphism
I(R,R): Q(CBR\CBg)—CX([R, R'], QASy - 1)®ASy 1))
In particular for I=1I1(R,, o0) and I(¢)=(p,,y,) we have

2 o]
lol*= Y | lw;l%(@adr. (4.21)
Jj=1 Ro
Moreover one has
TR
-1 _
IdI _EP_N_1 +£ _1[7. 4.22)
r 2 or r

I81~ 1 is then simply the adjoint matrix. Thus we obtain the following matrix
representation for d+¢ acting on forms on dBg, x [R,, 00)C MV,

i} o 1
Id+8) ‘=0 (5 + ;A) (4.23)
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__(0 —11)

=1 o

—d+9)
N—1\]|"

Since we are interested in the situation where d + J acts on even forms, y; above is
even and y, is odd. Note also that in this representation ¢ defines on isomorphism
from the even to the odd forms in s ~Re with inverse (— ). This leads us to the
following consideration. Let # denote the Hilbert space of square integrable
forms on S¥ 1. Decompose ( € # as (; — ,, where {, is even and , is odd. With
respect to this two-component presentation (,,P,) for §, A corresponds to a
selfadjoint operator A on J# given as

A=C(P)+(d+9)

with

(4.24)

and

A (4.25)

(4.26)
where

C(P)=(—1)" <P— w) . 4.27)
With these preparations we may now formulate the nonlocal boundary value
problem appropriate for the situation at hand. Let P be the spectral projection of 4
corresponding to eigenvalues <0 and let M,C MY be the ¢-tubular neighborhood
of oMY . Given ¢ in Q ,(MY)let y, and y, be the forms associated to ¢ restricted to
M, via I(R,—e¢, R,). Let Q_ (MY; P)CQ,(MY) be the set of forms satisfying the
following boundary condition

P((p, —12) (Ro)=0. (428.)
Then
D:Q (MY, P)»Q_(MV) (4.29)
is defined to be d + 9 restricted to Q,(MV, P).
D*, the formal adjoint of D, is now an operator
D*:Q_(MN,1—P)»Q (MY, (4.30)

where Q_(MV,1—P) is defined similar to Q_ (MY, P): If _the odd form ¢
corresponds to (i, y,) via I(Ry—¢, R,) then ¢ e Q_(MY,1— P) iff

(1 =P)((p, +v2) (Ro)=0. (4.28.)
Note that near the boundary oMY =0B,, D* takes the form
0o 1
D¥*=| ——+-A4](— .31
< e )( ) (@31)

in the two-component representation (y,,y,) of ¢.
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We now have the following

Proposition 4.7. For N>2,
(i) KerD is linearly isomorphic to the space of even harmonic L*~forms on M¥,
(ii) KerD* is linearly isomorphic to the space of odd harmonic L*~forms on M".

Before we give a proof of this proposition we turn to a

Proof of the Second Part of Theorem 4.6. Proposition 4.7 states in particular that
the spaces HY,, are all finite dimensional, hence by a remark made above, it suffices
to consider the case when N is even. But again by Proposition 4.7,

N
IndexD =dim KerD —dimKerD*= Y (—1)"dimH},, (4.32)
p=0

thus it suffices to calculate the index of D. Now Index D may be written as a sum of
three contributions (see e.g. [30] or [7, Theorem 3.10]). The first term is the
integrated Chern-Gauss-Bonnet form of MY. The second term is the -invariant of
A and the third term is an integral over 0By, involving the second fundamental
form on 0By, We claim that the sum of the last two terms vanishes. Indeed, let D,
and D¥ be the operators obtained by replacing M} by By, in the definition of D and
D*. Then by the corresponding result (4.32) for D,, IndexD,=0, since R" has
no harmonic L?>-forms. But now the Chern-Gauss-Bonnet form vanishes,
leaving us with the last two terms which are the same terms as for D. Hence the
left-hand side of (4.32) is indeed equal to the integrated Chern-Gauss-Bonnet
form. In view of the already established relation (4.14), this proves Eq. (4.15)
concluding the proof of Theorem 4.6.
It remains to give a

Proof of Proposition 4.7. Let o € Q. (MY, P) satisfy Do =0. For the corresponding
—1, we have an expansion near M} of the form

(W1 —w)) ()= Zf )P (4.334)

where ¢, are normalized eigenforms of A. Since the f.(r) satisfy the equation

0
< ('3r > Jur)=0 (4.34)

they are of the form
fur)=Cr ", (4.35)

Hence for ¢ to be extendable to an even harmonic L*-form on M it suffices that
the positive eigenvalues of 4 all be >1. Conversely, an even harmonic I*-form ¢
on M" has an expansion of the form (4.33,) on 0By, X [R,, c0) because terms
involving f,(r) with 4 <0 cannot be square integrable. Hence its restriction to MY
lies in Ker D. Similarly let ¢ be an element of Ker D*. Then for the corresponding
(1, ¥,) we have

(w1 +w,y)(r)= Z o) (4.33.)
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near 0Bg,. Hence for ¢ to be extendable to an odd harmonic L*-form on M" it
suffices that all nonpositive eigenvalues of A be < —1/2. Conversely the restriction
of an odd harmonic I?-form on M* to MY is an element of Ker D*. Proposition 4.7
for N=3 is now a consequence of

Lemma 4.8. For N>3 there are no eigenvalues of A in the closed interval
[—1/2, +1/2].

Proof of Lemma 4.8. By the discussion in [14], the possible eigenvalues of 4 are of

the form
_ )+t N 2
PR i1/;~p,.+<p—7+1>, (436)

where the 4,(j=0) are the different eigenvalues of the Laplace operator A on
QP(SN~1) with nontrivial coclosed eigenforms. Also the multiplicities of the
eigenvalues of 4 are computable in terms of the multiplicities of the ,;- Now all the
eigenvalues of 4 on Q°(SV 1) are of the form [43],

JGi+N-=2) for p=0 or N-—1,j=0; 437
G+p—1)(—p+N—1) or (j+p)(j—p+N—2) for 1<p<N—1,j=1.

Inserting this into (4.36) immediately shows that A4 has no eigenvalues in
[—1/2,1/2] whenever N >4.

For N=4, (4.36) and (4.37) show that u= +1/2 are the only possible
eigenvalues in [ —1/2,1/2]. An explicit calculation excludes these cases.

For N=3, again by (4.36) and (4.37) the only possible ecigenvalues in
[—1/2, +1/2] is zero. Again an explicit calculation excludes this possibility,
completing the proof of Lemma 4.8.

Returning to the proof of Proposition 4.7, it remains to discuss the case N =2.
Let z be the complex coordinate z=x +iy for (x, y)e R2.

Lemma 4.9. For N =2, 4 has u= +1/2 as the only eigenvalues in [ —1/2, +1/2]. A
basis for the eigenforms with eigenvalue u= —1/2 are the two forms 1+id6
(0=angle variable on S ). For the eigenvalue u=1/2 a basis is given by the form
e +de' and its complex conjugate. On CB Ro—s Jor = —1/2 these eigenforms give

rise to the harmonic 1-forms d— and “ hile for p=+1/2 they lead to the even
harmonic form z~1(1—1/2dz A dz) and its complex conjugate.

The proof is an easy exercise in linear algebra. As follows from our previous
discussion, these harmonic forms on CBg, are not in I2, in fact their I2-norm is
logarithmically divergent.

Now as for the case N =3, the space of even and the space of odd harmonic
forms on M? is linearly isomorphic to a subspace of Ker D and Ker D* respectively.
Conversely let o e KerD. Then near 0By, ¢ leads to an expansion of the form
(4.33.,). Since =0 is not an eigenvalue, we may extend ¢ to CBg to a harmonic
form, which tends to zero at infinity. Hence the zero-form component ¢° of ¢ is a
harmonic function on M2, which tends to zero at infinity. But this is only possible if
©°=0[19]. Analogously the 2-form component ¢?= ¢ — ¢° vanishes. Next let ¢
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be an element of KerD*. We claim that ¢ may be extended to a harmonic
L*-form on M?. Indeed since (d +6)@ =0 in the interior of M? dp=35¢p=0. But
then by Stokes theorem
[ o= [ *¢=0 4.38)
0BRg -6 0BRrg-6

for all small > 0 and this continues to hold in the limit § »0. But this means that in
the expansion (4.33_) the eigenvalue u= —1/2 does not give a contribution.
Therefore ¢ is extendable to a harmonic [? form on M concluding the proof of
Proposition 4.7.

As a consequence of Theorem 4.6 and the preceding discussion we have the
following additional result for N=2. Let g be the genus of the k-point
compactification M? of M? such that y(M?)=2—2g.

Corollary 4.10. For N=2
dimHY,=dimH%,,)=0, dimH})=2g+2k—2. (4.39)

Remark 4.11. (i) We remark that our method is not restricted to the Gauss-Bonnet
operator. For example it applies equally well to the Dirac operator coupled to a
vector potential. (ii) Relation (4.15) states that only the second term on the right-
hand side of (2.34) is nonvanishing, that is to say we have n(H, H,) = n**"(H,)=0
for the case at hand. Our proof of this result was based on the work of Atiyah,
Patodi, and Singer, but it can also be obtained by investigating the threshold
behaviour of the phase shift. In view of the correspondence of the L*-index problem
and the nonlocal boundary value problem (which is also true for the Dirac
operator coupled to a vector potential), we may recover in this way the results of
Atiyah, Patodi, and Singer.

5. The Chern-Gauss-Bonnet Formula for Asymptotically Euclidean Manifolds

In this section we shall extend the Chern-Gauss-Bonnet formula, which we
obtained for manifolds euclidean at infinity as a consequence of Theorem 4.6, to
asymptotically euclidean manifolds. We define them as follows.

Definition 5.1. A Riemannian manifold (M", g) is called asymptotically euclidean if
there is a compact submanifold MY such that MM\ MY is a finite union of disjoint,
connected open sets O;(j=1, ..., k) each of which is diffeomorphic under a map ¢,
to some CBg . On each CBy, the pull forward g;=(¢)), g of the metric satisfies

C "M<g(x)=C, (5.1a)

a 3
l(a) (gj, uv(x) - 6;4v)

for all xe CBpg,, some C>0, some 0<d=1 and all 0= o =2.

In condition (5.1b) the requirement 0 < |o| <2 may be replaced by the seemingly
weaker condition 1 <|a|<2. In fact, by condition (5.1b) for |¢|=1 and by (5.1a)
there exists a positive definite matrix gfoo) such that |g; ,.(x)—g; ,.(o0)l
<const(1+]|x|)~°. Now replace ¢, by 4;° ¢;, where A j1s a linear isomorphism of

<c(1+|x)70 (5.1b)
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R such that A'g(c0)A4;=1. Modifying M}, 0, and R;if necessary, the conditions
of Definition 5. 1 will be satisfied. N
Such manifolds are obviously complete. Let H;)= @ H},, be the linear space
p=0

of harmonic I*-forms on (M¥,g) and let %(x) denote the Chern-Gauss-Bonnet
form on (M", g). Due to the assumptions (5.1) this form is integrable on (M¥, g). The
main result of this section is the following theorem, which for N >4 was first
obtained by Stern [48] under somewhat stronger assumptions (for another
alternative proof, see also [15]).

Theorem 5.2. Let (M™,g) be a Riemannian manifold without boundary which is
asymptotically euclidean. Then all Hf,, are finite dimensional and

Z (—=1)PdimH,) = f A(x). (5.2)

p=0
Proof. Let 0<x(x)<1 be a C* function on R" with support in |x| <2 such that
1(x)=1on|x|<1.ForR >maxR let MY x= U ¢; '(CBg). Now define gy, to be the

smooth metric on M" given as g on the complement of MY . and by the pull-back
via ¢; to O; of

gj,uv(x)=5uv+x<%> {gj, uv(x)_éuv} (53)

for xe p(0;)=CByg,.
Then the Riemannian manifold (M¥, gp) is euclidean at infinity. Let Zg(x)
denote the resulting Chern-Gauss-Bonnet form. Obviously we have

jN (Rp(x)— ,%(x))‘ <constR™?. (54

Let Hyy g= (—B HP),  be the space of harmonic L*-forms on (M", gg). Then by

Theorem (4. 6) we have
}: (=1 dimHp,, R—M[N R r(x) (5.5)

for all max R; <R < 0. Hence Theorem 5.2 will be proved, once we have shown

J
that the left-hand side of (5.5) is independent of R =2 max R; and equals the left-hand
side of (5.2). To prove this, we shall employ L*-de Rham cohomology. To
abbreviate notation, let g, =g and denote by #% (max R;<R= oo the Hilbert
J

space of square integrable forms on (M", gg) with scalar product (, ). Let dg and 6,
denote the closures in #% of the exterior derivative and coderivative on Q(M™).
Let

Er=Rangedy=closure in #; of dQ(M"),
E%=Ranged = closure in #, of §,Q.(M™)
=closure in #y of *xdQ (MY).
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Here *, is the Hodge star operator on (M¥, g.). Since (M", gg) is complete, the
space of I?-harmonic forms H,, x coincides with the space of all forms ¢ in J#;
satisfying dp =0 and dz¢ =0 in the sense of distributions. Hence by a well known
theorem of Kodaira [38], one has the following orthogonal direct sum
decomposition

'%R:ER('BE?S@H(Z),R- (5.6)

N
Now let #}{ be the closed subspace of p-forms in #5. Define H,) x= @ Hp) &
p=0

with

H?y p=kerdgn AZ/Egn AE (5.7)
to be the reduced [?-de Rham cohomology group. Employing (5.6) we obtain

Hp) r=Hp) g (5.8)
forall 0=p<N, maxR;SR= o0.
J

Now the crucial observation is that the norms on Q,(M™) given by the scalar
products (, ) are all equivalent. In particular the Banach spaces Z(dg) with the
norm

o ”dR =((p, p)r +(dro, dRQD)R)l/Z

are naturally isomorphic as topological vector spaces. Hence the spaces HY, x are
all isomorphic and coincide with HY, =H?, .. This concludes the proof of
Theorem 5.2.

Remark 5.3. Note that we actually proved a stronger result than given by
Theorem 5.2. In fact the conclusion of Theorem 5.2 holds for any metric where the
condition (5.1b) is replaced by the requirements that (i) #(x) is integrable and (ii)
the left-hand side of (5.4) tends to zero as R— oo.

So far we have not yet discussed the scattering theory with spaces which are
asymptotically euclidean. However, based on the known results for scattering in
the space of 0-forms (like absence of a singular continuous spectrum, absence of
discrete eigenvalues above threshold and unitarity of the Meller operators, see
[21]), we expect all results valid in the context of spaces which are euclidean at
infinity to carry over to this more general situation.
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