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Abstract. In this paper we introduce symplectic invariants for convex
Hamiltonian energy surfaces and their periodic trajectories and show
that these quentities satisfy several nontrivial relations. In particular we
show that they can be used to prove multiplicity results for the number of
periodic trajectories.
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420 1. Ekeland and H. Hofer

1. Introduction and Statement of the Main Results

1.1. Dynamical and Geometrical Formulation of the Problem

Denote by (-, -» the usual inner product on IR?" and let J be the standard complex
structure on R?" given by the matrix

0 1
J= " "l
[ - 1n On]
Associated to <-,-» and J is the symplectic form Q given by
Q={J-,>.

Assume H:IR*M >R is a smooth map. The so-called associated Hamiltonian
vectorfield is defined by the formula

dH=Xpyz 1Q.
The corresponding differential equations
(HS) X =Xp(x)
is called a Hamiltonian system. If x solves (HS) then
d
X = QX (), X(0) =0

so that H is constant on x. Therefore it is natural to ask for periodic solutions of
(HS) having a prescribed energy H.

Though the problem of finding a periodic solution with a prescribed energy
seems to belong to the theory of dynamical systems, it is possible to formulate it in
purely geometrical terms. This can be done in great generality (see [W 2]). Here,
however, we shall restrict ourselves to the cases we shall in fact study, namely
convex smooth hypersurfaces in R?". More precisely we say SCIR?" satisfies
condition () if the following holds:

SCIR?*"is a compact C*-manifold bounding a convex region.
Moreover S has a nonvanishing Gaussian curvature and S
encloses 0eIR?". The collection of all S satisfying (#) will be
denoted by #. ()

The condition that 0 e R?" is enclased by S is only some kind of normalisation and
has nothing to do with the results obtained.
We defined a 1-form 6 on R*" by

0x)h=4Jx, h).

Then df=€Q. Denote by / the restriction of 0 to S and put w=dA. Then kern(w)
must be nontrivial since dim(S) is odd. In fact,

kern(w,)=RJn(x),
where n(x) is the outward pointing normal vector at x€ S and moreover

AIn(x)) =3I x, In(x)y =3<x, n(x)) >0,
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since (#) holds. Therefore 4 A ®" ™! is a volume on S. Hence (S, @) is a manifold of
contact type in the sense of Weinstein, [W 2]. As a consequence of our previous
discussion we have the following

Lemma 1. Let S € #. Then o= Q|S defines a canonical line bundle ¥— S, where the
fibre over x€S consists of all those vectors v annihilating ., ie., v_1w,=0.
Moreover L possesses a canonical orientation induced by the unique vectorfield { on
S satisfying

(ai=1, (aw=0. (1)

See [W 2] for the easy proof. Since #5C T'S we have a one dimensional and
therefore integrable distribution on S.

Definition 1. Let S € 5. A periodic Hamiltonian trajectory on S is a submanifold I'
of S which is diffeomorphic to S, satisfying

Tr =% .

The collection of all Hamiltonian trajectories will be denoted by Z7(S).

If H:R*">R is now a Hamiltonian having S € # as a regular energy surface,
say H=1, then the periodic solutions of the corresponding Hamiltonian system
with energy 1 on S are just parametrisations of Hamiltonian trajectories I' € 7 (S).
In fact each x, eI is the initial data for a periodic solution x lying entirely on I'.

By results of Weinstein [W 1] and Rabinowitz [R 1] it is known that 7 (S)+0
for Se #. Knowing that 7 (S)+0 for Se # one can ask for its cardinality. Let
o;>0,i=1,...,n,so that the o;’s are independent over Z. Define S=S(«,, ...,a,) by

i=1

S= {xe]Rz”

)3 a,-<x3+xf+n)=1}.

One easily shows that # 7 (S)=n. As far as the cardinality is concerned this is the
worst known example. Hence the following conjecture.

Conjecture 1. If Se #, then # 7 (S)=n.

A few partial results are known to be true [E-L, E-La, E1, B-L-M-R], see
also [A-M, H1].

In this paper we shall associate to Se# its index interval o(S) which is a
compact interval in (0, 00). We show in particular that o(S) degenerates to a point if
#7(S)<oo. To the Hamiltonian trajectories I"€.7 (S) we shall associate two
positive numbers y(I') and 7(I") which are independent. They are called the total-
and the mean-torsion at I'. In the main result of this paper we shall prove that o(S)
and the collections {y(I')} and {j(I')} are not independent and that always certain
inequalities and equalities have to hold. The inequalities turn out to be optimal.
This new approach gives besides new results for Hamiltonian systems a much
deeper insight to the problem of periodic Hamiltonian trajectories than previous
results. Several open problems are mentioned. For instance, it is shown that if 77(S)
is finite, then

Yoz,

=0
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where 6(S)={a}. Moreover y(I')>1 for all 'e 7(S) if n=2. So in particular the
above inequality implies that # 7 (S)=2 for n=>2, thus improving the results of
[E-La], where this was proven for n=3. Further it will be shown that the above
inequality is optimal in the sense that there exists an S for which we have equality.

1.2. The Index Interval of an Energy Surface and Torsion Indices
for Its Hamiltonian Trajectories

We start with a definition
Definition 2. Denote by # the collection of all maps H:RR?" R such that
He C*(R*\{0},R)nC'(R*",R),
H(Ax)=J*H(x) for A=0 and xeR?", )
H'(x)=oyld ¥xeR*{0}, oy;>0.

Here H"(x) is the linearization of the gradient H' of H at xe R*"\{0}.
The following lemma is obvious:

Lemma 2. There is a natural bijection # —# associating to Se # the unique
Hge A# such that

Hg'()=S. 0O
Let He #. Its Fenchel conjugate is the function H* € # defined by
H*(y)= max ({x, ) — H(x)). 2

We equip # with the metric d: # x # —R™* defined as follows:
d(S,,S,)=max inf |x—y|+max inf |[x—}],

xeSy yeS> yeSy xeSy

which is the Haussdorff metric. The map H— H* induces a map # —# which is
continuous for the topology induced by d. Next we introduce a Hilbert space E by

E= {x:S1 =R/Z—IR?"|x is absolutely continuous
1
with square integrable derivative and | x(t)dtzO}. (3)
0

The inner product on E is given by

1

(x,y)= (f) CX(1), ¥(1))dt . (4)
We associate to Se # a C'!-Hilbert manifold Mg, MgCE, by
1 1
Mg= {erng"(—JX(t))dtzl and [ {(Jx(¢), x(t)>dt<0} (%)
0 0

Here C' '-Hilbert manifold means that there exists an atlas so that the overlap
maps 0,00, ' are C' with a locally Lipschitz derivative. M is actually a C'+'-
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submanifold of E. The natural S'-action on E by phase-shift denoted by
S'xE—E:(a,x)—a*x
induces an S'-action on M. Hence M belongs to the category of paracompact
S'-spaces. We define a smooth map 4 € C*(E,IR) by
1
A(x) =%j x(t), x(t))dt, (6)

and denote by Ay the restriction of A to M. For de(— o0,0) we define

Ms:=Ag (—o0,d]). (7
Note that A4 is S!-invariant. In the following we write (most of the time)
G=S', E;=S*, Bg=CP*, p:S*—>CP” projection.

Then (Eg, p, Bg) is the universal bundle for G-actions. Denote by M¢ ; the
“G-quotient” of M4, that is

Mg, ¢ =(Ms5x Eg)/G, (8)

where G acts freely in the obvious way on M¢ x E;. Hence we have principal
bundles
MéixEg—>M¢ ;. 9)

Denote by fg: Mg ¢— B the up to homotopy uniquely defined classifying map.
From the diagram

incl I
Méx E;e——Mgx Eg—>E,

l/G l/G lP (10)
Mg G e Mb G s BG
and the properties of classifying maps, see [Hu], it follows immediately that the
restriction of fg to M% ; denoted by f¢ can serve as a classifying map for
M§x Eg—>M¢ . Denote by H the Alexander-Spanier-Cohomology with coeffi-
cients @Q. One knows that

H(Bs)=Q[n], neHBu)\{0}. (11)
We define for Se # a map og:(—0,0)—»IN, N={0,1,2,...} by
a5(d)=inf{ke N|(fs) * () =0}, (12)

where (f&)*: H(Bg)— H(M¢ ;). It requires of course some proof that ag(d) < co. This
will be provided later. For specialists this is clearly the Fadell-Rabinowitz index of
M¢, see [F-R]. We define a subset o(S) of R * = [0, + o0) called the index interval of
S by
tea(S) < lirdn infog(d)|d| <t <lim sup og(d) |d] . (13)
10 dto

Denote by % the collection of all compact intervals in (0, + c0) which we equip with
the Hausdorff topology and Hausdorff metric. As we shall see later the following
holds:
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Lemma 3. For Se€ # the index interval of S, denoted by o(S) belongs to €.
A first result which will be proved later is

Theorem 1. (i) The mapping # —>%:S—0o(S) is continuous for the Hausdorff
topologies

(i1) if #7(S)<oo, then o(S)=/{point}.
We mention now an important open problem.

Problem 1. Does there exist S e # with o(S)= {point}?

A positive answer would be extremely interesting because then there exists
0>0 such that for all Re # with d(S,R)<0 we have #.7(R)=o0 in view of
Theorem 1. If there would exist a dense set X' in # with o(S) =+ {point}, then in view
of Theorem 1 we would have for an open and dense set in # (for the Hausdorff
topology) infinitely many periodic trajectories. Another problem is

Problem 2. Can o(S) be computed without the detour over equivariant
cohomology?

Sometimes it is possible to compute o(S). For example for S=S(a,, ..., a,) with
o; >0, we have

o= {5 5 . (14

as we shall see later.
Next we introduce the torsion indices for I'€ 7(S), where S€ #. Fix S € # and
denote by { the associated vectorfield defined by

(A=1 and (_i1w=0 (15)
One easily verifies that

{(x)=JH'(x), xe8S, (16)

where H'(x) is the gradient of H = Hg in IR*". The right-hand side of (16) defines a
Hamiltonian system on IR?". Let x:R—I"eR?" be a solution of x={(x) with
minimal period T>0. Then

T
(Al ={x*i={1di=T.
0

Definition 3. The volume V(I') of I'€ 7 (S) is defined by
V(r):={AI. (17)

Sometimes V(I') is also called the action of I'.

Note that by (15) and the fact that T,.I'=R{(x), A|/I" is a nonvanishing 1-form
on I' and defines therefore a volume-element. Linearizing the Hamiltonian
system (HS) around x:R—T" gives

¥(O)=H"(x(0)y(1). (LHS)
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Denote by (R(t))teR, R(0)=Id the fundamental solution of (LHS). Then
Re C*(R,Sp(n,R)). Denote by R* the adjoint of R defined by

CR@t)-, )= ,R¥t)-),
and define
B(t)=(R(t)R*(1)) " "?R(1). (18)

Then B is the “unitary part” of R, see [C-Z 1]. That is, B(t) commutes with J and
|B(t)y| =|y| for every t e R and y e R?". J defines a complex multiplication on R*"

b
’ iy:=Jy,

turning R?" into a complex vectorspace of dimension n. Denote by det : (IR?")"—»C
a non-zero complex determinant function. We find a unique continuous map
A IR->R characterized by

41(0)=0,
det o (B(t) x ... x B(t)) =exp(2nid(t)) det . (19)
Definition 4. Let Se s and I'e 7 (S). The total torsion at I' is the real number
W) =A4V(I). (20)
The mean torsion at I is the number

W) =y()/V(T). (21)
Now we formulate our main result.

Theorem 2. Let Se #. We have:
(@) If n=2 then y(I')>1 for every I'e 7 (S), or equivalently F(I')> V(I')~ ™.
(i) Given te o(S) there exists a sequence (I'(k))C. T (S) such that p(I'(k))—>t as
k—oco.
(i) Given any ¢>0 denote by a(S), the open e-ball around o(S). Then the
following inequality is valid.
W'zl

Ire7(S),3(I'ea(S)e
Theorems 1 and 2 have an obvious
Corollary 1. If Se #, n=2, then # 7 (S)=2. Moreover, if # .7 (S)< co, then, with
o(S)={I} (Theorem 1),
I=7(1})=73)
for two suitable I, T, 7 (S), I} + 1.
Proof. Since y(I")>1 for n=2 we infer by (iii) that #.7(S)=2. If now #7(S)<

then o(S)={I} by theorem 1. Then taking ¢ sufficiently small in (iii) of Theorem 1

we obtain .
'})F Z 1 )
=1

which gives the desired conclusion. []
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Let us also note that Theorem 2 (ii) implies Theorem 1 (ii). Namely if a(S) is
different from a point then the set

{HDIre 7(S)ina(S)

is dense in o(S). Therefore #.7(S)= oo in this case. So if 7(S) is finite ¢(S) consists
of a point, which proves Theorem 1 (ii).

So Corollary 1 implies conjecture 1 for the case n=2. In [E-La] this was
claimed too, however due to a faulty argument it was actually unproved (the
arguments in [E-La] hold only for n>3.) Under the general hypotheses of
Theorem 2 the inequality in (iii) is optimal. Namely let S=S(,, ..., a,) with a;>0
independent over Z. Then as we shall see later

S)={I,...LI,}, so #7(S)=n,

oS)=(1), I=5 5 %,
)=1, (22)
n ai
W= —,
i=1;
2n
ni)=-—.
oj
Hence (22) implies
> A" ‘=§< /ia,>=1. (23)
WY =1 = =1
Problem 3. Is it true if 7(S)={I},..., [}, i.c., #7(S)<oo, that

A)=7;)  for all i,j.

We mention another conjecture. Denote by 7., the topology on # which is
induced from the weak Whitney topology on C*(R?*"\ {0}, R) via #. Then we
have

Conjecture 2. For a residual subset #; of o the following holds: For S e #, the
map 7 (S)-»>R: I'—>y(I') is injective.

A simple corollary of this conjecture is that # .7 (S)= + oo for S e H;, because
7:7(S)=IR cannot be injective if #.7(S)< oo by Corollary 1. Finally we men-
tion the following.

Problem 4. How does 7 behave on periodic Hamiltonian trajectories close to a
generic elliptic one? Is it injective?
There is of course some connection between Conjecture 2 and Problem 4.
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II. Variational Set Up
I1.1. Critical Point Theory

Consider the C!'-functional Ag=A|Mg on M. As Riemannian metric on Mg
we take the one induced by (-, -). Then one verifies easily that for de(— o0, 0)

If ||grad A4(x,)| =0 and A4(x,)—>d <0, then (x,) C Mg is precom-
pact in M. (PS),

Solving the differential equation
x'= —grad A¢(x)
on My in forward time we obtain a continuous map,
R*"x Mg—>Mg:(t,x)>x*t,

which is the restriction of a not necessarily globally defined flow. The map
t— Ag4(x * t) is non-increasing for fixed x € M. A well-known consequence of (PS),
is the following

Lemma 4. Given an arbitrary neighborhood U of
Cr(d)={xe Mglgrad Ay(x)=0, A4(x)=d}

there exists £>0 such that

(M§TA\U)*1C M. 1
Define a semigroup 6 by
0=S'xN*, N*=N\{0} 2)
with multiplication
(a,k)x (b, l)=(kb+a,kl), (3)

where we take S* =IR/Z. 6 operates by isometries on E via
1
((a,ky*x)(t)= 3 x(kt+a). 4)

One easily verifies that 6 * M= M. Moreover if Cr(S) denotes the set of critical
points of Ag then 0 * Cr(S)=Cr(S). But caution, note that Ay is not (!) f-invariant.
In fact

Ad(@ R s 0= A0, 5)

Moreover 6 induces by restriction to S' ~S' x {1} the usual S'-action. Denote by
“~7” the smallest equivalence relation containing the relations
x~»(a,k)*x forall (a,k)ef and xeE.

Denote by [x] the equivalence class of x
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Lemma 5. (i) If x € Cr(S), then [x]CCr(S).

(ii) Given[x] with xe Mgthere exists aunique S*-orbit S* = y such that for every
zeS'«y we have 0« z=[x]. We call such a z a minimal representative for [x].

(ili) There is a canonical bijection ¢:Cr(S)/~T(S) which associates to
[x]1eCr(S)/ ~ the I defined as follows: Let z be a minimal representative for [x],
then there exists a unique constant ¢ € R®" such that |A4(z)|” 'z(t)+cCS forallte R.
Put

I'={Ag(z) 'z(t)+c|teR}.

Clearly I' does not depend on the choice of the minimal representative.
(iv) If [x]eCr(S)/~ and z is a minimal representative for [x], then |Ag(z)|

=W, where T = @([x]). Moreover |A4((a,]) * z)| = lVi_F)

Proof. (ii) Let ue[x] and denote by G, the isotropy group of the S'-action
G,={aeGlaxu=u}.
Pick ye[x] with
G,=min{#G,ue[x]}.

One verifies easily that S' + y has the desired properties. In fact #G,=1.
(i) If x e Cr(S) then we have for some number 6 +0,

A'x=0¥'(x),

1
where ¥(x)= [ H*(— JX(t))dt and the prime denotes the gradientin E. Let k= #G,.
0

t

Then y defined by y(t)= ky< > is a minimal representative for [x]. One computes

k
easily
A'y=ko¥P'(y).
Hence y e Cr(S). Moreover with u=(a,[)* y,
k
Au= 76 Y'(u),

so that again ue Cr(S).

(iii) Let [x]eCr(S)/~ and z a minimal representative. We have G,= {1} and
for some 00,

Az=5¥(2). (6)
Taking the inner product with z and using that A" and ¥’ are positively
1-homogeneous we infer since ¥(z)=1,

Ag(z)=0. (7

Using (6) we find that for arbitrary he E,
1

[ CI2(0), h(t)ydt = ]” CH*(— J3(1)), — Jh(t)>dt . ®)
4]

0
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Since h has mean value zero we find a constant ¢,,e R?" such that

2(t) 4+ ¢ =[0|H*(— JZ(1)). 9)
Hence by the Legendre reciprocity formula
10" 'H'(z(t) + ¢;)= —J(z{) + c,). (10)
So, defining z,(t)=z(|0|t)+ ¢, we see that
—Ji, =H(z,). (11)
Therefore the map
1~ H(z,(1))
is constant. Hence the map
t—>H(z(t)+¢c,)

is constant. Using this and taking the [*-inner product of z(t)+ ¢, with (10) given

by (7)
0]~ H(z(1) + ¢ ;) =1] .

Therefore
H(o|"(z(t)+¢y))=1 VteR,
and with z,(¢)=|5|""(z(|6]t) +¢,)
—Ji,=H'(z,), H(z,(t)=1, teR. (12)
By (7) again we conclude from this that
t—|A(z)| " z(t) +c

with ¢=|8| " 'c, parametrizes an element in 7 (S).

Now starting with some I" and doing the whole procedure backwards we end
up with a class [x] eCr(S)/~.

(iv) Using(12) and the definition of z, we see that the minimal period T of z, is
[6] " '=]A4(z)] "' and that

V(D=3 [ {—J5,(0), z5(t)>dt =5 ? 2dt

Ot N

Il

T=[6]" "' =|Asz)] ",
Moreover

1
As(a.h*2)|= l; As(z>| -5 O

Definition 5. Let S€ # and I' € 7 (S). The tower of I', denoted by tow(I), is the set
tow(IN=¢ 1.

Hence in order to show #.7(S)=n we have to show that #(Cr(S)/~)=n, or
that there are at least n towers!
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We use now the Fadell-Rabinowitz index [F-R], denoted by ind. We have
already seen that (formula 1.12)
ind(M$) =o(d). (13)

Lemma 6. (i) d—ag(d) is non-decreasing and N-valued.

(ii) 3111“51 ag(d)=os(do) .
(iii) ind(Cr(d)) = ug(d) —ag(d™) Vde(—0,0).

In particular if ag is discontinuous at d, then Cr(d)#0. Moreover if ag(d)
—og(d ™) =2, then Cr(d) contains infinitely many S'-orbits. Consequently in this case
#7(S)=0.

(iv) lim ag(d) = + 0.
dto

Since the proof is essentially contained in [F-R] we can be sketchy.
Proof. d—uag(d)is non-decreasing by the monotonicity property of ind. To sec that
ag(d) < + o0, decompose E as follows
E=E"®E*,
where xe E* is given by

1
x(t) Zo %exp(2nktJ)xk.

=k>

If de(— 0,0) one easily finds NeN such that xe Mg and Ag(x)<d implies

-1

Ykl f*#0.

k=—N
Hence the orthogonal projection Py: E—Ey, where
Ey={xeE |x,=0 for k< —N}

induces an equivariant map

ME{—E\{0}.

Hence
itg(d)=ind (M) < ind(E \{0}) < o0

by a result in [F-R]. This proves (i).
In order to see (iv) note that there is an equivariant map S, —M§™ (S, the
unit sphere in Ey) of the form

x—f(x)x,
where f: Sy —(0, 4 o0) is a continuous map. Again by a result in [F-R] it follows
ind(M{™)=ind(Sg,)-

Here d(N)—0 as N— 0. Since ind(S;,)— o0 as N— oo, (iv) follows.
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(i) By the continuity property of the F — R index we find for given d € (— c0, 0)
an open neighborhood U of M¢ such that
ind(U)=ind(M%). (14)
By a variant of Lemma 4 we find ¢>0 such that
Métex1cME*OUCU. (15)
By the properties of ind we infer from (14) and (15),
ind(M4)=ind(U)=ind (M{* ¢ = 1)
>ind(M%¢%)=ind(M?).

This proves (ii).
Assertion (iii) is standard and simple to derive from the properties of ind. []

Lemma 7. Let de(— 0,0) be a point of discontinuity for og. Define k and j by

k=og(d )+ 1=lim os(d)+1,
dtd

k+j=ogd).

Denote by ¢o >0 a number which is smaller than the distance of d to the closest point
of discontinuity d, of og with d, #d. Then we have for e€(0,¢,] and i=k, ...,k+],

26 0(ME M) #0. (16)
Moreover denote by f: Mg ¢— B¢ a classifying map and let
[t MEEBg and = ML G- By
be the restrictions. Let
a:Mig->MEE and b MEG—(MLE ML)
be inclusions. Consider the commutative diagram with exact top row
M6 M) AME) — AME)
VARS sy (17)
H(Bg) .
Then there exists a cohomology class
o€ H% DML E MY Q)
with b*(a)=(f *)*(n* ). We have moreover
(f*™Muex0 for m=0,...,j

Proof. Equation (16) follows from our second assertion. Since k=o((d )+ 1 we see

that
(/) 1 =0. (18)

By exactness of the row in (17) we find using (18) and
)

a*(f =0 )
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that for some o € H(MZ'Z, M%),

b¥(o)=(f ") ). (19)
Now for me{0,...,j} we compute

bH(f ) mwo)=(f")*(n™)wb*(o)
=(fHmof Y= .

By our hypothesis ag(d)=k+,j. Hence

(f =0,
Since m<j we infer therefore that

bX(f ) ™) we)*0, (20)

implying our assertion. [

11.2. A Finite Dimensional Reduction

Recall the definition of the Hilbert space E. For N e N* we denote by E the 4nN-
dimensional nullspace (G-invariant) defined by

EN:{erbc(t): _% %exp@ntkﬂxk}.

k+0

The orthogonal projection E—Ey is denoted by P,. Moreover we put
Qy=Id— Py. Define as before ¥ e C*'(E,IR) by

Y(x)= } H*(—Jx(t))dt.

For N e N* we define an open C!'!-submanifold of Mg={xe E[¥(x)=1} by
Mg y={xe Mg|Pyx+0}.

For d,e(— o0,0) we put moreover

MdS?N=MS,NmMgO'
Lemma 8. There exists a G-invariant C'*-map

7:Sy X (Ex)*—=(0, + o0)
such that ~
0 :S\EyN)>Ms y:a(y,z)=1(y,z) (y+2)

is a C*'-diffeomorphism onto. Here Sy is the unit sphere in Ey.
Proof. Define 1(y, z) by

(. 2)=P(y+2)" 2. (1)

Then t(y, z) >0 since y + z# 0, and moreover itisa C'*!-map since this is true for ¥
on E\{0}. Consequently ¢ is C'''. It is clear that Pya(y,z)=0, so im(0)C My y.
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Moreover if ue]\7IS,N, define y=Pyu/|| Pyu|| and z=Qyu/|| Pyu|. Then

a(y,z)=u.
Clearly the map u—(y,z) is C*! and an inverse to 0. []

Next we need
Lemma 9. Given d,e(— o0,0), there exists N,(d,)e N* such that
M C Mg v,y -
Proof. We find ¢, >0 such that
Pz cilx|? VxeE. 2)

Hence if x € M we infer

Ix|Sert. 3)

Now let xe M. Then

1
A(Pyx)= A(x)— A(Qyx) < d,+ N 1Qnx|?
1 1
Sdo+ N Ix)2<d,+ 2N <0,

1
if N> ———. So define

cildol
Nl(do)=%+1. O 4
cildo|
Denote by ¢>0 a monotonicity constant for ¥, that is
(V'(x)—P'(X),x—X)=c|[x—x[|* Vx,xeE. )

We shall express A = A| M by “local coordinates” in Sy x (Ey)*, that is we consider
the map of class C!*! given by

,z)—>Aeo(y,z).
Define
I[(z)=A-°a(y,z), oyz)=0(y,2),
T,(z)=1(y,2).

We equip the vectorbundle Sy x (Ey)*— Sy with the metric [ -, -] induced from the
inner product on E

(6)

[(y,2),(3,2)]:=(2,2).

Lemma 10. The fibrewise gradient I(z) with respect to [-,-] is given by

[(2)=1,(2)Qn[A'(0,(2)) — [(2) ¥'(0,(2))] - ()
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Proof. We compute

L5(2). (v, )] = DI(z) (h)
=(A(0,(2)), y +2) (1,(2), ) +(A'(0 (2)), 7,(2)h) (&)

2
= (5 DOEEN 5 E) Ao,

Moreover
(t(2), W)= —3P(y+2) (P (y+2).h)
= —3t,(2) "Wy +2) 7 ) (P (y+ ), h) 9)
= —3¥(0,(2))’1,(2)(¥'(0,(2)), h)
—37,(2)*(¥'(0,(2)). h).

Il

Hence
Ty(2) = —37,(2)°Qy ¥'(0,(2)). (10)
Combining (8) and (10) yields
[(2)= (v, 1,(2)Qx[A'(0,(2) = [(2) ¥'(0,(2))]) . (11)

Lemma 11. Given d,e(— c0,0) there exists a number N,(d,)e N* and a constant
a=0(dy) >0 such that

al|y =yl 2 llzy— 2zl (12)
whenever z, is a solution of
I)(z,)=0, I'(z,)<d, (similarly for z;). (13)
Proof. Assume I7(z)=0 and I(z)<d,. Then
Az= 0P+ 2),
where we used the positively 1-homogeneity of ¥'. Hence
(A'2,2)= &) (P'(y+2).2)
L{z)(P'(y+2) =¥ (y), 2) + T(2) (¥'(y). 2)

_ | (14)
S L)elz|? + 5P iz
Sdoclz|? + LG PO z] -
Now, for some constant ¢, >0 independent of x we have
[P ()| S eqllx] (15)

Since [yl =1, we infer combining (14) and (15),
(42,2 Sdoc 2 + el 2]
Now a,(z)e Mg and by (3),

EXCTET
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Therefore
(A'z,2) Sdoc| 2] > + ¢, Ao (2)] | 2] (16)
Sdoclz|*+ e, lloD)] 2] Sdoelz]* 4 cper * 2]
Moreover (4'z,z) = — % llz||?. Hence
1
<ldo|C“N> 212 < coey liz) = 3es izl (17

So for all N>N!, for some suitable N' we have the a priori bound (which is
independent of N, y or z)
Izl scs if IJ(z)=0 and [I(z)=d,. (18)
Now assume
[2)=0. L(@=0,
L(z2)=:d, [L@Z)=:d, with d,d=<d,.
Then
(dA'z—dA'zZ,z—2)=(V'(y+z2)— V'(j+2),z—2)dd
=dd(P'(y+2)—¥V'(y+2).2—2)

FAd(P (y+2)— V(G +3),2—7).

Now V' is globally Lipschitz continuous. Hence for some constant ¢,>0
independent of y,z and N> N':

(V'(y+2) =V (+2),z— D Scully—yll 12—z (20)
Combining (19) and (20) gives

ddc|z—z|?<ddcy|ly—y| llz—z| +(dA'z—dA'Z,z—Z). (21)
Moreover

(dA'z—dA'Z,z—2)| < |AA(z—32), z—2)| +|d—d| |(A'Z, z— 2)

) - 1
S, —zl2 —dl— 1z 1z — 3]
@1+ 2= 212+ 20 —d)  12] 22
) a2
S| 2= 2|2 +ld—d] - esllz 2] (22

Combining (21) and (22) yields

- — 2 —2
dde|z—z||> <ddcy| y -5l [12'27H‘Hdb‘v'HZ—Z_HZ‘*‘!d“d‘]‘V‘%HZ—EH- (23)



436 I. Ekeland and H. Hofer

Further
d—d|=[1,(2)* A(y + 2) — 1,(2)* A(J + 2)
Sl (2)? =522 AW + 2)| 4 52| Ay +2) — AT+ 2)],

by (18) = ¢slty(2) + 15(2)| [1,(2) — 75(2)] 24
+ 121 A() — AP+ 7(2)*| A(2) - AGZ)].
We have by (3) and (18)
L@ =YF+=ct|j+2* <cs, (25)
and fr(0)+ (A < (26)
So combining (24), (25), and (26) we obtain
ld—d| < cseqlty(2) = t(@) + colly =l +eollz— 2] 27)

Now for a suitable constant ¢g using that ||y +z| is bounded and bounded away
from zero

[t)(2) = 1y(D* =P (y+2) ' = PG+2)
SYy+2) 'Y+ P+ - P+ (28)
=cgly—yll+cslz—z].

Using (26) and (27) yields

[ty(2) =@ S colly =yl +cllz—2] - (29)
Now combining (27) and (29) yields
ld—d|<c oly—Jl+ciollz—2 . (30)

Now combining (23) and (30) we obtain

- -2 - 2 2
<dd0—fd[«]\7> [z—zl| Sddcy|ly—y{+ N’C3C11“Z"Z_”+ ‘]\703(311“,\”“)7” .

Therefore for a suitable constant ¢, ,,
- -2 2 _ L
dde—|d| = ~erz ) lz=Z] Senly=Fl, (31)
so for a suitable number N,(d,)= N' we find = o(d,) > 0 independent of y, z, and
N =N,(d,) such that
lz—z| safy—7ll, (32)
where z is a solution of I}(z)=0, I}(z)<d, and similarly for y and z. [

Define N(d,) by

2
N(dy)=max {Nl(do)’Nz(do)a oc(—H)l—d(:I}’ (33)

where a(H)=a(Hg) such that H"(x)= a(Hg)Id, Vx 0.



Hamiltonian Periodic Trajectories 437
Lemma 12. Let d, €(— o0,0) be given and N = N(d,). Assume y€ Sy and (z,) C(Ey)*
such that

I;(Z,J-’O, I;Y(Zn)_)dédO'
Then (z,) is precompact.

Proof. Since (¥(y+z,)) is bounded away from zero the sequence (t,(z,)) must be
bounded. Let us also show that (7,(z,)) is bounded away from zero. Arguing
indirectly and eventually passing to a subsequence we may assume

7,(2,)—0.
Hence
“O-y(zn) 'Ty(zn)zn” = HTy(Zn)y” —0.
Consequently
|A(t(z,)2,) — A(0,(z,))| = Az (2,)y)| = 0.
So

A(ty(z,)z,)—d. (34)

On the other hand we have the estimate

Al (2)2) S 5 en
1 1
= ]—\,-I 1(2,) | zl1? = lloy(z,) 112 + N lo(z,)II? (35)
1
=g, + N_c%’

where ¢,—0 as n—oo. Therefore taking the limit n— oo we conclude

1

1% ez

(36)

which gives a contradiction since by (36),

1 1
olet = faiex =N 1Y I
=N, (dy)

1

]d0|c
Therefore (t(z,)) is bounded away from zero and I}(z,)—0 implies

On[A(0,(2,) —d¥'(0,(2,))] 0. (37)
Put u,=0,(z,). Eventually taking a subsequence we may assume that

a,: = Py[Au,—d¥'(w,)] (38)

Tt
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converges to some aeEy [recall dimEy<oo and clearly (]|A'u,—d¥'(u,)]) is
bounded]. Consequently for a suitable zero sequence (¢,) C E we find combining
(37) and (38),

Au,—d¥'u,=a,+e,—a. (39)

Since (u,) is bounded we may assume eventually taking a subsequence that
u, —u weakly in E,
A'u,— A'u strongly in E.

So (39) gives using that ¥': E--»E is a homeomorphism,
1
prt (a(A/u,,—a,,—sn> =u,

-yl <;A’u~a>.

So (u,) is converging strongly. Hence, with ¢,(z,)=u, we find z,—z strongly for
some z and I}(z)=0, [,(z)=d. [

Therefore we have just proved that [} satisfies (PS), for all de(—oc0,d,] if
N = N(d,). Hence if inf[}((Ey)")<d, the infimum is attained. Define

F(y)=infI((Ex)") (40)

for every y € Sy such that the right-hand side in (40) is less than or equals d,. So by
the previous remark there exists z,e(Ey)" with I (v)=1(z,). Moreover z, is
uniquely determined by Lemma 11 and the map y—z, is globally Lipschitz
continuous.

Define for N = N(d,) a subset M%, of M by

Eg?N = {Gy(zy) € Mslf(Y) <d}.

Moreover put M ={xe Mg|4(x)<d,}. Then X\ C M. The following lemma is
crucial.

Lemma 13. Let dye(—c0,0) and N = N(d,). Then z_v:ds?N is a strong G-deformation
retract of M% by a G-homotopy r:[0,1] x M¥— M% such that

® s— A(r(s, x)) is nonincreasing ,
e 0, x)=x Vx,
® (s, x)=x Vte[0,1] VxeXi,,
® 1(s,-) is G-equivariant .
Proof. Consider the C''-map
0 Sy X (Ey)" = Mg \(DMEy).
The preimage of z'g?N consists of all (y,z)e Sy x (Ey)* such that

I(z)<d,.
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We solve the parameter dependent differential equation
z'=—1I)(z) (I}(-)is locally Lipschitz continuous),
2(0)=z,
where I(z) <d,. By the (PS)4-condition, d < d,, since I} is bounded from below and
has only one critical point z, with

I;(Z_v)zoa [jv(Zy)<d07

we infer that lim z(t)=z,. Define

t—= o0

710,17 x 0% — o

with Od"z{(y, 2)|I(z)<d,} by
<y,z<ri—;>> it sef0,1)

F(Sa(yaz()))z (y Z.) lf S:1.

Then 7 is a continuous G-equivariant homotopy. Define 7, by

F(Sa (yo Z)) = (y: FI(Sa (y> Z))) *
Then
s—I(F(s,(y, 2))) is non-increasing.

Defining r:[0,1] x M — M by
(s, x)=0cor(s,0 (x))
gives the desired map. []

By our construction 2§?N is G-homeomorphic to an open subset of Sy, say U,
by the map

U=Zyiy=1,(z,) (0 +2,). (41)

Since U carries as an open subset of Sy the induced C*-differentiable structure
coming from the standard differentiable structure, we can equip 2%y with a
smooth differentiable structure uniquely characterized by the requirement that the
map in (41) is a C*-diffefomorphism. From now on we think of Efé?N as being
equipped with this differentiable structure.

Lemma 14. A|X%  is of class C**'. Moreover the critical points of A| X are exactly
the critical points of A|M%. Moreover the G-action on X% is smooth near to critical
orbits. Also A|Xy is smooth near a critical orbit.

Proof. By the definition of the differentiable structure on 2%, we have to show that
themap y—I(y)=I}(z,)is of class C** ! in order to establish that A|X is C**!. For
this we equip Sy with the Riemannian metric induced by our inner product (,) on
E. We shall show that

I'(y)=1(z,)Py[A'(0(2,) — Ao (z,) ¥'(0,(z,))] . (42)
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From this we shall infer since tand g are C' and y—z,is L1psch1tz continuous, that
I is of class C%1, ie, I' is of class C'''. We compute with [7(x) defined by (42),

F(J’l)_ (yo)_(F (Vo) V1 —Yo)= yl(zl)_ yo(Zo)“(F,(J’o)yJH —Yo)
= Fyl(zo)‘ryo(zo)“(f/(YO)a Y1—Yo)
=(1,,(20)* = T,,(20) Ay, +20)
+7,(20)2(A(y1) — A(yo)) — (I (vo), y1 — o)
=(P 7'y +20) =¥ (Vo +20) Ay +20)
+17,,(20) (A1) — A(o) — (T (yo) y1 — o) -

Now dividing the above inequality by ||y, — y,|| and taking the lim sup for y,; -y,
we infer

tim sup (F(y,) = (yo) = (F'(yo) y1 = ¥o))/Ily1 — ol £O0, (43)

Y17Yo
where we use that (¥~ 1(y, +20)— ¥~ (o +20))/ V1 — oIl can be replaced in the
limit by

—W(yo+z5) 2 ( W (yo + Zo), m> .

Similarly one proves that

hmmf (Fy) =T o) — (o) y1 — yo)/Ily1 — yoll 20. (44)

Note that we had in principle to work in local coordinates to establish that Iis
differentiable at y, and has I"(y,) given in (42) as gradient. However, taking an
exponential chart
exp,, " 1exp,(W)->WCT, U
for a suitable small zero neighborhood W, we see that
Texp,,'(vo): LM->Ty T, M=T, M

is the identity so that actually (43) and (44) imply the assertion in the approach
using local coordinates. So we have till now proved that (42) gives indeed the
gradient. Since by construction of I' we have

On[A'(0y(z,) — Ao,(2,)¥'(0,(z,))] =0, (45)
we infer that
grad A4(o (z,) =0, (46)

if I"(y)=0. On the other hand if grad Ag(x)=0 with A4(x)<d,, then writing
x=0(z) we see that z is a critical point of [}(z), so that by our previous discussion
z=z, Hence y is a critical point of I

Next we have to prove the assertion concerning the smoothness of the G-action
and of A|Z%y near a critical orbit.

By construction

—A(o,(2,)Qy¥'(0,(2,)) =0 (47)
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Define for ke N*,
A ={xe CKS", R*NEX()+0 VreS'}.
One verifies easily that we have the following commutative diagram:

1

A2 {Xe CKS', R jx(t)dt:O} = CHSLR¥)AE
0

incl f fincl ’
v

E,_—:jE

where the top arrow is a smooth map. We have to exclude x with x(t)=0 because
H" and H*” do not exist at zero. Here the space 4, and C¥S!,IR*")nE are of course
equipped with the C*-topology. Define a map by

(1, 2) > A'z— A0 (2)Qn¥'(y + 2)

for yeSy and ze4,n(Ey)*" such that (y+2z)()+0 VieS'. So the map is in
particular smooth around pairs (y, z) such that ¢,(z) is a critical point of A|M$°. The
partial differential with respect to z at ¢,(z,) is given by

(1, (2, h) > A'h— Alo,(z,) QNP (y +2,)h, (48)
where ¥"(y+z,) is given by

h—»j) JH*"(—J(3(t) + 2,(1))) (— Jh(v))dt

“é(é I H*"(—J@(ﬂ+z'y(r)»<~1h(f))df> 0

By the definition of N it follows that the E-extension of the map (48)
(Ex)—(En)* -h— A'h— A(o,(2))On " (7 + 2
is an isomorphism. Now let Ze(Ey)*nCKS',IR?"), and pick he(Ey)* with
A'h— A(o,(2,)Qn P (y+2,)h =%

By a simple regularity argument it follows that he CXS',R*")n(Ey)*. So by the
open mapping theorem the map given in (48) as a map of the h-variable is a
topological isomorphism. By the implicit function theorem there exists a smooth
map C*—C*: y—Z, defined for y close to a critical orbit of I" such that

A'Z,=A(0,(2,)On¥'(y+2,).

By uniqueness z,=Z,. Since ke N* was arbitrary we see that the points in oy
close (“close” is independent of k) to a critical orbit belong to C*(S!,IR*")nE.
Moreover the map y— I (o (z,)) is smooth for y close to a critical orbit. So Alf§f’ N IS
smooth near critical orbits. S' acts smoothly on Sy, so it acts smoothly on {o,(z,)},
provided the y are close to a critical orbit. In fact, close to a critical orbit the map
y—a,(z,) is smooth and

a%0,(2,)=04.\(Zasy) s

implying our assertion. []
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Recall that a critical point x of Ay satisfies x(t)#0, teS'. Therefore the
following definition makes sense.

Definition 6. Let x be a critical point of Ag. The (formal) Hessian at x is the
quadratic form

(hy=% } (), h(t)ydt — 3 A(x) } CH*"(— JX()Jh(t), JTh(t)>dt (49)

where he T, M.

Clearly Q. has a finite index m ™~ (x) which is the maximal dimension of a linear
space in T,Mg on which Q. is negative definite, and a finite nullity m°(x), which
must be of course bounded by 2n. We call m ™ (x) and m°(x) the formal index and
m®(x) the formal nullity of the critical point x.

We shall show that there is a close relation between m ~(x), m°(x) and the index
and nullity of x as a critical point of Alfg?N for d, sufficiently close to 0, d, <O0.
More precisely,

Lemma 15. Let dy<0 and N =N(d,). Let xe X%y be a critical point of A|Z%y
and denote its index and nullity by i~ (x) and i%x) respectively. Then

iT(x)=m (x) and i°(x)=mx). (50)

This is quite standard and we will be somewhat sketchy. See also [E1] for a
related result for a different reduction method.

Proof. By definition we have
F(y)=1,(z,)Py[ 4, = TP (v +2,)]. (51)

Let yo+z,,=x. Then I is smooth near y, by our previous discussion. Differentiat-
ing (51) at y, gives for he T, Sy

T (yo)h=1,,(2, )Py[A () — T (yo) V(o + 2,,) (h + 2, )] (52)
On the other hand by the construction of I" we have
0=1,(z,)0s[A'z,~ TPy +2,)]. (53)

By the proof in Lemma 14 the map y—z, is smooth in the C*-setting if y is close to
Yo- So we infer differentiating (53)

0=1,,(2,,) QN[ Az, h— T (y0) V" (9o +2,,) (h+ 2, )] (54)
Combining (52) and (54) gives therefore
HT"(po)h, h)=1,,(2,)Q(h+ 2, ). (55)

This implies in particular that
index (I (yo))=i"(x) since I'is a local coordinate description of 4|,
=m"(x) by (55),
nullity (I (yo)) £ m°(x). (56)
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On the other hand assume X is a linear subspace of T,M with Q. being negative
definite on X. Then by the definition of N we infer that Pyu =0 for ue X\ {0}. Note
that z, h is defined by the minimum problem [as a unique solution which follows
from the definition of N(d,) in (33)]

min (A(v) — F(yo(P"(vo +2,,) (h+v), h+ ). (57)

ve(En)*+
Let v, =z, h. Then defining a subspace X of T.Mg by
X={Pyu+vp JueX},
we see that QX is negative definite and by construction dimX =dim X. So
index(IM(yo) =m ™ (x), (58)
and similarly

nullity(F"(yo) 2m°(x). [ (59)

11.3. Critical Points with Prescribed Formal Index

Definition 7. The discontinuity sequence (), . for ag, S € #, denoted by dis(S), is
the non-decreasing sequence consisting of all points d<0 at which oy is not
continuous. Moreover each point d is repeated according to its multiplicity og(d)
—og(d™).

The aim of this section is to prove the following:

Proposition 1. Let ke N*, je N and define dy= — oo. Assume
dAk-1<Jk:"':Jk+j<dAk+j+1~ (1

Then there exist Iy, ..., I}, j€ 7 (S) mutually different and numbers 1, ..., 1, . ; in IN*
such that
. 1

|d}| = R Im™(xk)—2i| <2n+1 )

for every i€lk,...,k+j}. Here x; denotes a minimal representative for I, and
xb:=(1,1) * x; denotes the I!'™ iterate of x,.

The rather involved proof is based on a sequence of Lemmata.
We fix d0>ﬁk+j+ » N=N(d,) and denote by ¢,>0 a number satisfying

O<eq<min{dy, ;i —dspdi—di- 1} (3)

Proposition 1 will be a consequence of the following:

Proposition 2. Under the assumptions of Proposition 1 there exist forie{k,....k+j}
critical points X; of Ag with A(X))=d, d:=d,=...=d, . ;, such that

mo(X)=2i—1)=m (X)+m(x)—1. 4)
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If j=1, we have in addition

Given any integer b and positive number 5,>0, the X; can be
chosen in such a way that a §,-ball around X; contains at least b
critical points on different orbits on level d. (5)

We don’t claim that the X; are mutually different.

Proof of Proposition 1 assuming Proposition 2. Assume first j=0. Then by
Lemma 5 we find that the first part of (2) holds for I} = ¢([X,]). Moreover from (4)
we infer

m™ (X)) —2k|<2n+1.
If x, is a minimal representative of [X,] we may assume for some
LeIN*:x, = xl,
and the second part of (2) is proved. If now j=1 we can argue as follows. Define
xi=%, Li=o([x]).

Then (2) holds for i=k. Assume x,, ..., x; are constructed so that I}, ..., [}, where
I =o([x,]), satisfy (2) and are mutually different. We have to find x, , , if i<k +j so
that I,....I;,, are mutually different and verify (2). Pick the x;,, from
Proposition 2. If the G-orbit of X, is different from the orbits belonging to
X .-, X; we define x;,  : = X;, ; and are done. So assume X, ; belongs to G * x;_ for
some ige{k,...,i}.

Pick b>j+ 1 and 6, >0 such that all critical points on level d being §,-close to
X, ---» X; have a Morse index m~ satisfying

m - (x)S<m~<m (x)+m’x)—1 for I=k,...i. (6)

(The —1 comes from the fact that we have a nontrivial S*-action.) Now according
to (5) we can take a new X;,, corresponding to b=j+ 1 and 9, as above. If X; , ,
coincides again with some of the x,, ..., x; we find a critical point x; , ; different from
the orbits G * x,, ..., G * x; on level d which is J, close to one of the critical points in
{xp, ..., x;}. It satisfies by (6)

m (X )Sm () Sm (%, ) +mo(%, )~ 1.
Now combining (4) and (6) gives
2i+1=m(% )Sm(xp4 ) S2i4m(Xp ) — (7)
Since m°(x;, ;)< 2n, this yields
m=(x; ) =20+ 1) =2n+1.
We take x;,, for our new X,,; and the second part of (2) is proved.
Define ooz, ®)
and let for d (—o0,d,)
4 ={xeX|A(x)<d}, 9)
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where

A=4z. (10)
For c<d<d, the inclusion

(29, 29~ (M5, M) (11)

is a G-homotopy equivalence by Lemma 13. Denote by Cr(d), where
d: =d,=...=d, ; the set of critical points of 4 on level d.
Given §>0 we define an equivalence relation on Cr(d) by

£~ X iff there exists a finite sequence (%)~ .+ CCr(d) with

=

0=%, Xy =Xand [X,—%;, ] <o. (12)

By the compactness of Cr(d) there are only a finite number of equivalence classes.
The Riemannian metric on Sy induced by the inner product on E induces a
Riemannian metric for ~. We denote by

R*"xX—>X:(t,x)>xx*t (13)
the restriction of the minus-gradient flow associated to A, that is
x'= —grad A(x). (14)

We shall also denote by x * t for t < 0 the image of x in backward time as long as the
flow is defined on [t,0]. Note that 2 is compact for every d <d,,.
Now fix 6 >0 and denote by [u,];, ..., [t4,,5]; the mutually disjoint equivalence
classes of Cr(d). Note that every [u,], is G-invariant, open and closed in Cr(d).
We find &(0) (0, &y) and compact G-neighborhoods K, in X of [u;]; such that

The G-action and 4 are smooth on an invariant neighborhood

of K, (15)
KinK;=0 for i%j, (16)
dist(0K,, [u;]) <6 and ind(K)=ind([u];), (17)
0K n{xeZ|A(x) € [d— sA((S), d+ 8(5)3, DZ(ic) =0} (18)
COK;n{xeZ|A(x)=d—¢(d) or A(x)=d+e&(d)},
If a,b=0, xeK; and for te[ —a, b]A(x * t)C[d—(5), d+ &(5)],
then x *[—a,b]CK, (19)
We define K, =K,;nX4"%®,
Lemma 16. The inclusion
(K, K7 )= (2020, xieo) (20)

induces an isomorphism in equivariant cohomology. Here | | denotes disjoint union.

Results of this type are well known if the critical orbits are isolated. That they
are isolated is however not assumed here.
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Proof. We use the strong excision property of Alexander-Spanier cohomology.
Since we shall work in the finite-dimensional manifold 2 we can define equivariant
cohomology by taking the G-product with E%=S% "1 instead of E; for some
sufficiently large k. The inclusion (20) induces a bijection

(KN KD = (28200 [TR\Z 0. (21)

Moreover if we take the G-product of the data involved in (21) with E%, k large, we
obtain a similar assertion to (21):

(K, N K )= (6 OU [[ K, )\ 245, (22)
Moreover the inclusion
11K, G—’Z{g @y 1K 6

is a closed map since a closed set in the left-hand space is compact. Recall that the
suffix G means product with E¥ for k large enough. By the strong excision the
inclusion in (20), say j={j;}, induces an isomorphism

Ho(Z 00T K, 245 S QKL K7 ). (23)

Here Hy(X):=H(X) by definition. H is called an equivariant cohomology
theory. This construction is due to Borel, [B]. By condition (18), using the map
#:IR" x XX, we can easily construct a continuous map

p [0’ 1] % Z&Jrs(é)_)zﬁnts(é)

such that
10, )=
Ht,x)=x Vte[O 1] Vxexd =,
r(1,x)e XU K, V\ceZ‘”“‘” (24)

r(t,-) is G-equivariant,
([0, 1] % (X @O | K X OU( K.
Using (24) we obtain the following G-homotopy commutative diagrams:
(Zd s(é)u(u K) Zd e(é)) n
r(1,-)cincl~id r(1,") B

(zd*%( LI Ky, 4@

cl

d+e(d) yd—e(d
(Z e(),z £(9)

(Zd + &(d) Zd s(é)) (Zd s(&)U U K ) Zd s(b))
incler(l,-)~id incl
(Zfi +£(6)) Zd - 5(6))

So inclis a G-homotopy equivalence. Combining this fact with (23) we see that the
inclusion

U(Ki’ Ki—)__)(zahe(é)’ Za~s(5))
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induces an isomorphism in equivariant cohomology. Denote the inclusion

(Ki: Ki—)_)(2&+e(d)’ Z&~e(6))

by j;. Hence
(g0, pimaon T, @y K K. O (24)
By Lemma 13 the inclusion
():EHs(a)’ Z[i~c(a))_)(Mg+s(6)’ Mg—s(é)) (25)

induces an isomorphism in equivariant cohomology. We can combine this with
(24). Consider the commutative diagram [recall Lemma 7, (24), (25)]

a*

H (M0, M) " (M) (M)
—
Gl o u l ax T(f—)* (26)
®HHK,K;) —— @HK)

LD e S H(Bg)

where f,, f* are induced by a classifying map (see Lemma 7), everything else is
induced by an inclusion. Recall the cohomology class ¢ exhibited in Lemma 7. We
casily infer from (26) that for some iy € {1, ..., m(d)},

jlo((f Yn™ouo)£0 for m=0,...,;j. (27)

Hence, using that j#(f *)*=(f,"j;,)* =/;* and defining o, e H* (K, , K ;) by
g, =Jji(c) we infer

fiEm™Mouo, £0 for m=0,...,j. (28)

Moreover the nontrivial cohomology given in (28) “lives” above or on level d,
namely we have the commutative diagram (d € [d —&(5), d + &(5)]),

HG(Z‘&‘FEQ)’ Z&~s(&)) ﬁG(Zd, Z&—s(m)

i I

@HHK,.K;) — ®HHKLK;)

That the vertical arrow on the right is a isomorphism follows as in the proof of
Lemma 16. Now if d <d the cohomology classes ( / ")*(5™)ue are mapped to zero
by the top-horizontal arrow. Consequently, the restrictions of the f*(#™)uo,, to
HG(K,O, &) for d<d are zero. Moreover if d>d, the cohomology classes
(f)( "’)ua are mapped to a nonzero class, since everything remains true if we
replace d+&(8) by d. Hence we have proved the first part of

Lemma 19. For me {0, ...,j} the cohomology classes

fEmmoo, e H* (K, K;)

io®

are nonzero. However the restriction for d<d to Hg* '*™(K¢ K;) is zero.
Moreover if j=1 then K, contains infinitely many crmcal orbits on level d, in fact
ind([u; D =j+1.
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Proof. We have f*(n™)%0 for m=0, ...,j in HZ"(K, ). Hence
ind(K,;)=j+1.
By construction, see (17), we have
ind(K; ) =ind([u;,];) -
Therefore
ind([u;1;)Zj+1=2,
which implies our assertion. []

Now using (15), (17), (18), (19), a result by Wasserman, [Wa], and an
equivariant partition of unity argument, there is a G-invariant smooth map 4
defined on a neighborhood of K;, such that

A is C*- close to A, (29)
A coincides with 4 on a neighborhood of K, (30)
The critical S'-orbits on levels between d—(g(d)/2) and

d +(&(0)/2) are nondegenerate, (31)

The inclusion ({x € K, | A(x)<d}, KlO)Q(KlO, i) induces a map
in equivariant cohomology mapping f*(n" )ua m=0,...,j,

io®

to non-zero classes of d>d+ 8(4—0), and to zero classes for
d<d— (5) (32)
4
Note that (32) is true if (29), aAnd (30) hold.
Define a map f:[d—¢&(d),d+¢(0)]>Z by
B(d)=max({me {0, ...,j}| f¥(n™)uo,, induces a non-zero class
in H¥* ' "m((xe K, |A(x)<d}, K u{—1}).
By the construction of 4 we have
pd)y=—-1 for dg&—i?, B(d)y=j for d=d+ &0 ). (33)
Lemma 20. There exists a sequence d;, 0<i=<j, such that
5 &0) 5, &)
<
d— e <dy...<d;=d+ e (34

and f is discontinuous at d;. Moreover
pd)—pd)=1, PBldg)=—1. (35)

Proof. This is of course a replica of the proof of the corresponding properties of ag.
Note that by (30) K, has property (19) with respect to the minus-gradient flow
associated to A. Equatlons (34) and (35) follow from the fact that (31) holds, so that
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there can be only a finite number of critical orbits between levels d—&(5)/2 and
d+¢(8)/2.(If d; = d, . , for some i, then there would be infinitely many orbits on level
d). O

Our aim is to show that there exists a critical point of 4 in K i, onlevel d; having
index 2(k—1+1i). From this Proposition 2 will follow easily. For this we have to
recall some facts from equivariant Morse theory [Bo, Hi], as well as some local
results concerning the Poincaré polynomial of a nondegenerate orbit. The reader
can also use the note by Viterbo [V]. Combining a local version (in K;) of
Lemma 7 with Lemma 20 and using a localization technique in K, similar to the
procedure within this chapter (however somewhat simpler) together with the
nondegeneracy we obtain

Lemma 21. For d, as in Lemma 20 there exists a critical point u; of A in K, onleveld,
such that B . )
HX~1*Y(N, N)*0, i=0,....j, (36)

where N;— G * u; denotes the negative bundle and N, is the negative bundle with the
zero-section deleted.

We need now some information about the Morse index of the u,.

Lemma 22. The Morse index of u; as given in Lemma 21 is

m”(u)=2(k—1+1i). (37)
By the nondegeneracy of u; the nullity is exactly one:
m®(u;)=1. (38)

Proof. Denote by N, | the fibre over x € G * u; and consider the trivial vectorbundle

N xS®-258% . (39)

The isotropy group G, of x is a Z,, [=ord G,. Let g be a generator for G,. Then
gN; =N, ,and G, acts on the vectorbundle (39) in the obvious way. Of course we
take the standard action on S®. p commutes with the action and taking quotients
we obtain

C:Z(Ni,xxsw)/Gx—)Soc/ze:Looa (40)

where L” is an infinite dimensional lens-space. Clearly we have the commutative
diagram

(N;xEg)/G = (
| |
(G#u; x Eg)/G—=L"

where the horizontal maps are isomorphisms. (So we have a vectorbundle
isomorphism.) Now {—L* is Q-orientable iff N;—G *u, is Q-orientable.
We start with computing H4(G * u;). We have

(G#u;x Eg)/G~L*=S*/G,=S*/Z,.
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By a result in [B] we infer
A(S*/7,Q) == [H(S*; Q1" =(@,0), (42)
where n: 8% —>S%/Z, is the projection and
[H(S*, Q1" ={acHS*Q)lgxa=a VgeZ,=G,}.
The exact equivariant cohomology triangle for the pair (N,, N,) is
H(N, Ni) —— Hg(N)
N/ g
H(J(Nl)
Since N; G-retracts fibrewise to G *u; we have
HG(N)=(@Q.0).

So (43) gives _
HG(ND N;) —— (Q,0)

N

HG(N)
Since (N; x Eg)/G ~(N;  x E¢)/G,, we obtain again by a result in [B]
Ho(N)=H(N, . x Eg)/G,) = LN, . x E)" @5)

=[H(N; )]* (S* contractible).

If all geZ, induce an orientation preserving (op) map, we have with dim N, ,=a,

(AN, )] =(Q.0®@.a—1) (if op), (46)
if one is orientation reversing (or),
[H(N; )J*=(@,0) (if or). (47)

Soif Z,~ G, acts orientation preserving on N; which is equivalent to N;—G * u; is
orientable, we infer combining (44), (45), (46),

HG(Ni7 Nl)

(@0

o* injective
(@Q.02(Q,a—1)
which implies
Hy(N,N)=(@Q,a) if N;,>G=u, is orientable. (48)
If N;—G = u; is not orientable then a similar argument based on (47) gives
Hyz(N,N)=0 if N;,>G *u, is non-orientable. (49)

Now by assumption HZ* 1*)(N,N,)+0. So we must be in case (48) with
2(k—1+1i)=a. This proves (37). Equation (38) is clear. []
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Proof of Proposition 2. Since A is arbitrarily C “-close to A, we find in view of
Lemma 22 for ie {k,...,k+j} a critical point X; of A on level d such that

mo(X)=2(i—1)=m (X)) +m(x)—1,
ind[%,]=j+1.

Since 6>0 is arbitrarily given, (5) follows immediately. []

I1.4. The Index Interval

We shall show in this section that ¢(S) is a compact interval in (0, + oc) and that the
map S—o(S) is continuous.

Lemma 23. Let S= {x eR?"

2n
iy x?zl} Then
i=1

o(8) = {2’%} .

Proof. Given x, € S' the map t —»exp(2nJt)x, parametrises an element in .7 (S), and
every I' € 7 (S) can be obtained this way. Dividing out the S'-action in S we obtain
a bijection

S/ST==7(S), [xo]—lexp2nt))x,lteR}.

1
We compute V(I')=1 | 2n|xo|*dt =44n=2n for I'e 7(S). Therefore the critical
0
1 . .. . .
levels for A5 must be of the form — Il le IN*. Since our critical point problem is a

linear eigenvalue problem, one easily computes (a variant of the Courant-Hilbert
min-max principle)

J=dy=.. =d,<dy. =..=dy<dyy . =...=d,, etc.,
where 1
dln T A
27l
Hence
lim |d,,|In= —

This implies as one easily sees,
limogd)ld= . O
10 21

Proof 0]: Theorem 1 (i). 6(S)e% and S—a(S) is continuous.
Let § as in Lemma 23. For b> 0 denoting by bS the image of S € # under the
map z—bz, we see that

HIJS: b_ 2HS .
This implies
tys(d)=og(b?d),  de(—0,0).
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Consequently
infa(bS)=b"2infa(S), supa(hS)=b"?supa(S).

Write R>S iff R encloses S. Assume R>S, then Hg= H,, and consequently
H¥ < H}. So we find a G-map of the form x—f(x)x from M%— M¢. This implies
og=og. Hence we have

R>S = ag=o0y. (1)
This implies in particular
R>S = info(S)=infe(R) and supo(S)=supa(R). )
Now given Se # we find 6>0 such that
0 1S>8>68. (3)

Hence by Lemma 23 and the previous discussion

2o
a(S)C[5 271’() 2n]'

So we know that g(S)e %. Next we show the continuity S—a(S). Assume ¢>0 is
given. For 6 €(0,1) define Ug ; by

ReUs, iff (1—8)S<R<(1+3)S.

Then (U, 5)se #.5¢(0.1) 1S @ basis for the topology on #. By our previous discussion
we have for Re Ug

(1+06) ?infa(S) <infa(R) < (1 + 6)* infa(S),
(148)" 2supa(S)<supa(R)<(1+35)*supa(S).
Therefore, we have for sufficiently small o,
d(R,S)<e VReUg.
This proves the continuity. []
Lemma 24. For Se # we have

og(d)—oagd")=n Vde(— 0,0).
Proof. Arguing indirectly assume for some d e(— o0, 0) we have
ag(d)—ogd )zn+1.
Then, denoting by Cr(d) the critical set of Ag on level d, we have
ind(Cr(d))zn+1

by Lemma 6 (iii). By a result in [F-R, Proposition 6.12] (use that ind=ind;* +1,
dim, =2)

2(ind (Cr(d))— 1) < dim(Cr(d)/G).
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Therefore
2n <dim(Cr(d)/G).
Since dim(Cr(d)/G)<2n—1, we obtain a contradiction. []
A consequence is the following useful

Lemma 25.
infa(S)=liminf|d, |k,
k— o

supa(S)=lim sup |d,|k .
k— o0

Proof. We have
og(d) |d| = or(d) |d] 2 (exs(d) — ) |d], (4)

where d >d is the closest point of discontinuity for a4 on the right of d. Defining
d <d similarly we obtain

as(d) ld| = os(d) d] - (5)

Hence (4) and (5) imply our assertion. []

III. Index Sequence and Torsion at a Hamiltonian Trajectory

I11.1. Index Sequence and Winding Number

Let Ses# and pick I'e 7(S). Denote by x:IR—S a solution of x=JH'(x) with
x(0)eI', where H = H. Consequently x(¢t)e I for all te R. As we have already seen
the minimal period T of x satisfies T=V(I'). We study now the linearisation of
X =JH'(x) along x, which is

y(O)=JH"(x(t))y(t). (LHS)

Definition 8. Two times t; <t, are called conjugate along x if the linearised problem
(LHS) possesses a solution y: [t,,]—R?" satisfying y(t,) = y(t,). The multiplicity
of t, with respect to t, is the number of linearly independent solutions of (LHS)
satisfying y(t,)=y(t,). If t; =0, we define m(t) for >0 as follows:

(1)

(0= 0 if ¢ is not conjugate to 0.
- | multiplicity of ¢ if ¢ is conjugate to 0.

Now we are in the position to associate to I' € 7 (S) an index sequence as follows
(IN*=N\{0}, N={0,1,...}).

Definition 9. Let I € 7(S). The index sequence of I' denoted by ip= (%), n is
defined as follows:

ir= Y m(s). 2
0 <s<kV(I)

In [E1-E 3] the reader will find the basic properties of the index sequence. An

alternative but equivalent definition of the index sequence can be given as follows.
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For ke IN* denote by F, the Hilbert space,
kV(I)
F,= {y: [0, kV(IN]-R*"ye HY([0,kV(I'];R*") and | y(t)dtzO}.
0

Define a quadratic form Q, on F, by

kV(I')
Ouly)= ! [Ty, Y1) + CH*' (= Jx(0) y(0), Jy(e) ) Jde .
Then it has been shown in [E 3] or [E-H 1] that i is just the number of negative
squares of Q,, or with other words the maximal dimension of a linear subspace of
F,,so that the restriction of Q, to that subspace is negative definite. Moreover there
is a formula relating i, to i} and the Floquet multiplier of the time-T-map of the
fundamental solution of (LHS)

ir= Y Jjw), 3)

wk=1

where j is a map from the unit circle {ze C||z]=1} in C into the non-negative
integers, which is described in detail in [E 2]. Equation (3) implies that

1, 1 -
Y — =i 4
1?2k’ 2n§10ﬂdw Ir “

We call i,- the mean index of I". Now using results in [C-Z 1, C—Z 2] we can relate i,-
to a winding number. In [C-Z 1] Conley and Zehnder introduced an index based
on a winding number and related to previous work by Duistermaat [Du] and
Cushman-Duistermaat [Cu-Du]. From facts which can be found in [C-Z1,
p. 6517 and formula (1.17) in [C—Z 2] we have for a constant C > 0 independent of
' (note that our 4, is 3 times Conley-Zehnder’s A)

ik — 24 (kV(I) £C VkeN. (5)

Since, as shown in [C-Z 2, p. 652] A{kV(I'))=kA(V(I')), we infer combining (5)
with

ApkV(I) =k(I), (6)
the following:
Lemma 26. For I € 7(S) we have
ir=2y(I). (7
Proof. Using (5) and (6) we have

1, 1
;’?‘_ZV(F)I §CP

Taking the limit gives (7). [J

In the following we study in more detail the quantity i, to obtain information
concerning y(I') and H(I')
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Lemma 27. Let dimker(R(T)—1Id)=d. Then
J(=Dzd+ir.
Here R(t) is the fundamental solution of (LHS) with R(0)=1d.

Proof. F, possesses a (d + it)-dimensional subspace X such that Q,|X <0. X admits
the Q,-orthogonal decomposition

X=X,®X,,

where X, is spanned by the functions in the kernel of Q, and X, is spanned by the
eigenfunctions belonging to negative eigenvalues. Let {y,,....y,J] be a
Q,-orthogonal basis for Xy and {y, 1, ..., y4+:.} @ Q,-orthogonal basis for X ,. We
define Y;CF, for j=1,2,3 by

Y,={yeF,ly=2on [0, V(I')]] for some ze X, and y=0 otherwise},
Y,={yeF,|y=2 on [0, V(I')] for some z€ X, and y=0 otherwise},
Yy={yeF,ly=0on [0, V(] and y=2z(- — V(I')) for some ze X,}.

Then the Y; are mutually Q,-orthogonal in F, and a simple calculation shows

0,1 ®Y,®Y; 0.

Moreover Q,(y)=01implies ye Y; if ye Y, @ Y, @ Y;. Since Y, does not contain an
eigenfunction since y is constant on (V(I'), 2V(I')], we infer the existence of a linear
subspace Y of F, such that

0,(0)<0 if yeY\{0},
dimY=dim(Y,®Y,® Y;)=d +2i}.
Therefore
J=1)=i2—ilzd+2it—it=d+i},
as required. [
Lemma 28. There is an integer 0 €[0,d] such that

lim j(e*)=i, +n+9J.
i0

Proof. See [E1] or [E-La]. (O
Corollary 2. j(w)=2 except for a finite number of points.

Proof. By Lemma 27 we have j(—1)=d=2. That d =2 follows from the 2-homo-
geneity of H, since T is conjugate to 0. It has been shown in [E 1] that any point of
discontinuity of j must be a Floquet multiplier of x, and that if w= + 1 is a Floquet
multiplier with |w|=1, p times Krein-positive and g Krein-negative then

lim (jowe) —jwe ™) = q—p-
B
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Assume w is a point in the upper half-sphere which is not a Floquet multiplier such
that j(w)<1.Since j(—1)=2 by Lemma 27 we have w =+ — 1 and the arc in the upper
half-sphere [ — 1, w] must contain a Floquet multiplier. Hence the arc [w, 1) can
contain at most n—2 Floquet multipliers, hence

jwzit+n—(n-2)z2. O
Corollary 3. If n=3 then i > 2.

Proof. We have j(w) =2 except at a finite number of points. By Lemma 28 j(w)>3
for w1 close to 1. Hence

1
ir= E[j(w)dw>2. O

We develop now a special argument to extend Corollary 3 to the case n=2.

Lemma 29. Assume R(t,) has a simple eigenvalue " with 0 < 0, < . Then there are
neighborhoods U of t, and V of 0, and a C'-map t—0(t) from U to V such that for
any te U e is the only eigenvalue of R(t) with 0(t)e V. We have

do

= >0 if ¢“? is Krein-positive,

0 .
% <0 if ®® is Krein-negative.
Proof. Krein has proved similar results when R(t,) is perturbed by increasing the
Hamiltonian (that is, changing H"(x(t)) to H"(x(t))+¢eQ(t), with Q(t) positive
definite (see [S-Y, Chap. III]). Here we perturb R(t,) by changing t, to some
neighboring t, but the argument is quite similar.

By standard perturbation theory, there is a C!'-map t—w(t), defined on a
neighborhood of U, such that w(t) is the only eigenvalue of R(t) close to . Since
R(t) is symplectic and w(¢) is a simple eigenvalue, it cannot leave the unit circle, so
w(t)= e, We can also choose for each ¢ an eigenvector y(t) in such a way that the
map t—)(t) is C.

Now write .

R(0)y(t)=e""y(1)
and differentiate:

R(OY(t) + R(©)3(0) = e O0(0)y(t)+ " “j(1)
Hence
(R(t) =€ )j(t) = ie™ (1) (1) — R(1)y(1)

=i O0(e)y(t) — JH'(x())R(1)y(2)

=" Oi0(t) — JH"(x()) ().
We take the Hermitian product with Jy(¢). The left-hand side vanishes since

(R0, () = (3(0), R()* T p(t)) = (3(0), TR~ (£)y(1))
=(0(0), Je P Oy(8) =" (i(t), (1)) .
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Therefore we are left with

i(p(2), J y(e)0() = (H"(()y(0), (1))

The right-hand side is positive. It is known that the Hermitian form —iJ does not
vanish on the eigenvector y(t), and by definition its sign defines the Krein-sign of
the eigenvalue ¢

if iy(¢), Jy(t))>0, then ¢? is Krein-positive,
if i(y(t), Jy(t)) <0, then ¢ is Krein-negative.
Hence the result. [

Before proceeding, we must make an excusion into index-theory. Take w on the
unit circle and ¢t >0. Consider the Hermitian form

(Qy.y)= j) Iy(), y(z)yde+ i CH¥ (= JX() y(z), Jy(2) >d

on the complex Hilbert space
H(0,0)={ye H'(0,1; C*")|y(t) =wy(0)} .

This form is the sum of a positive definite term (for w=1) and a compact term.
Hence it has a finite index. We call it j(w, t). Note that j(w)=j(w, T) in our previous
notation. Clearly j(w,t) cannot change without Q degenerating, which happens
only if w is an eigenvalue of R(¢).

Definition 10. Let w be on the complex unit circle. We call >0 w-conjugate to 0
along x if w is an eigenvalue of R(t). Note that Definition § is concerned with
1-conjugate times ¢. Denote by m(w; t,, t,) for t; <t, the number of se (¢, t,) which
are w-conjugate to 0, each counted with multiplicity. (The multiplicity is of course
defined similar to that in Definition 8.)

Assume t is not w-conjugate to 0 and w= 1, then j is constant in a neighborhood
of (w,t). If w=1 and ¢ is not 1-conjugate to 0, we have

lim j(e”, t)=j(1,6)+n. (8)
13
To see this we determine y from y by the formula

t
yO0)=(w—1)"" (I)y‘(S)dS
and y spans the whole of L?. We can therefore rewrite Q as a Hermitian form over
17,

©y.9) =j) [<Jy(s), ; YLy + CH*(— T3 ¥(s), Jy(s)>] ds

+w—1)"1J (}) y(s)ds, i y(s)ds) .

We can split L2 into [2 @ C?", where I3 is the space of C"-valued [*-functions with
mean value zero and €*" denotes the space of constant functions. The restriction of
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Q to €?" has index n and the restriction of Q to I2 has index j(1,t). If w is close
enough to 1 the index of Q will be j(1,¢)+ n. Thus we have proved

Lemma 29. If n=2 then if t is not 1-conjugate to zero:

lim je, n=j,0+n. 0O

0+0

Lemma 30. Assume w=1 is a double eigenvalue of R(T). Then there are
neighborhoods V of 1 and U of T and a continuous map t—0(t) from U to R such that
(i) 0(t)=*0 for t+T and eV Vte U.
(i) The restriction of 6(t) to U\{T} is C".
(iii) For teU € and e Y are the only eigenvalues of R(t) belonging to V.

Proof. T is clearly conjugate to 0 with multiplicity 2 as we have previously seen.
Conjugate points are known to be isolated [E2, E3] so that there is a
neighborhood U’ of T with

Ker(R(t)—1d)={0} teU\{T}.
We consider the equation
det(R(t)—wl1d)=0. )

The left-hand side is a polynomial in w with smooth coefficients in ¢. For t = T there
is a double root w=1. Choose a disk V around w=1 containing no other root.
Then there exists an open neighborhood U C U’ of T such that whenever t € U and
t+ T Eq.(9) has two simple roots in V. Since R(t) is symplectic these roots must
either be both real

o(t) and o(t)~* with 0<g(t)<1 (10)
or both on the unit circle
e®® and e " with 0<0(t) <. (11)

The functions ¢(¢) and 6(t) must be C' on U\{T}. This leaves us with four
possibilities

(a) real roots for all te U.

(b) real roots for t < T, complex roots for t>T.

(c) complex roots for t < T, real roots for t>T.

(d) complex roots for all t&T.

We may choose U to be an interval containing T. By the preceding lemma 6(r)
will have a constant sign on each of the half-intervals Un{t < T} and Un{t>T}.Tt
follows that a complex eigenvalue w=¢" can occur at most once on each side of T.
In other words, for each we V with |w|=1 and, w1, Eq. (9), now considered as an
equation in t has at most two solutions ¢, and t, in U, one with t; < T and one with
t,>T. If there are exactly two we have case (d).

We now use index theory. Choose an interval [t,,t,]CU with t; <T<t,.
Since T is 1-conjugate to 0 with multiplicity two, we have

J, ) =j(,t)+2. (12)
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Since neither ¢, nor ¢, is 1-conjugate to zero, it follows that there is a neighborhood
W of 1 contained in V with

Jw, t))=jw,t,)+2, weW.

So, whenever we W and w1, Eq. (9) must have two solutions in (S, S,)CU.
We are therefore in case (d) and Lemma 30 is proved. []

Still in the case n=2 we have
Lemma 31. Assume ker(R(T)—1d) is two-dimesnional. Then
lirrol je®)=it+3.
>0

Proof. Take t < T'in U and consider 6(z) which was defined in Lemma 30. We have
0(t)>0 and O(T)=0, so ¢ is Krein-negative by Lemma 29. Fix 0, €(0, 7) so that
forall re U with ¢ < T the only eigenvalue of R(t) of the form ¢, 0 < 0 <0, is 6(t). Set
0,(t)=30(t) and w, =e"* and w,(t)=e">". We have

jiw ) =lim j(e').
Between w, and w,(t) there is a single Floquet-multiplier ¢*®, which is Krein-
negative. The change in j(-,t) is then +1, see [E1]:
Jwy, 1) —=j(wy(1), )= + 1.
Now let t— T Since R(t) never has eigenvalue w,, we have
Jwy, =jwy, T)=j(w;).
On the other hand we have
Jw, (1), ) =j(1,6)+2.
Since there are no 1-conjugate points to 0 in (t, T) we infer
J0=j1,T)=ir.
Comparing the four equalities we get
Jow)=jw, (0, )+ 1=j1,)+2+1=ir+3. O

Corollary 4. If n=2 we have R
ir>2.

Proof. Since j(w) =3 if w close to 1 and the value of j(w) can drop by at most 1 for
w=1 (since there can be at most one simple multiplier w1 on the upper half
circle) we infer j(w)=2 for w= 1. Hence

N
ip= E[](w)dw>2.
Proof of Theorem 2(i). Corollary 3 and 4 give i,->2. Since by Lemma 26 we have

iy =2y(I'), we find
WH>1 if nz2. O
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Finally we need a result connecting the indices i* and the formal Morse index
defined in Definition 6 (I1.2).

Proposition 3. Let x,, be a critical point of Ag such that o([xo])=1T (seell.l). Let z

be a minimal representative for [x,] and |A(x,)| = (seell.1, Lemma 5 ). Then

kV(F)
m_(xo):lr

Proof. By Definition 6 in I1.2 m™(x,) is the index of the quadratic form on T, My,
0. 1)=4 [ I h) >
—xg) | CH¥(— o 0)IH), K0 e
=4 <), )
% i(H*” — TXo(O)A(t), Jh(t)Ydt . (13)

Now the right-hand side of (13) defines a quadratic form on E (see 1.2 for the
definition of E). One easily verifies that this new quadratic form which we denote
again by Q, has the same index m™~(x,). Carrying out a change of variable and a
rescaling of x, [similar to II.1, Lemma 5 (iii)] we obtain for a suitable constant

ceR?",
()= V(I)z < (tr)>

which solves —Jx=H'(x) and x(t)e ' YteIR. Moreover x has minimal period
V(I')= T Itis now straightforward to verify that the index of Q, associated to x (see
IIL.1) is the same as m~(x,). By the definition of i this implies the desired
result. [J

I11.2. Computation of Total and Mean Torsion
Let S be the surface given by H=1, where

n

H(qy, s G P1s - P) =7 3, 04d7 +P7). (1)

i=1

Here the «; are positive and independent over Z. Denote by e, i=1,...,2n, the
standard orthonormal basis for R*". We obtain that the only Hamiltonian
trajectories on S are those given by the following parametrisation:

I:xft)= ‘/gexp(htj)ej. (2)

= —} (FIX A1), Xj(t)>dt=}2—ndt= 2—“ 3)
0 0 O(j o

J

Then with V;=W(I),
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Now (LHS) is given by a linear time independent differential equation

oy 0

Hence R(t)=exp(tJA). Note that R(f) commutes with J and moreover |R(t)y|=|y].
Now

det,(R(t) x ... x R(t)) = e*™4" det, (5)
1s equivalent to
oA o) — 270 £(0)=0. ©6)
Therefore
A(t)——<2 OC) (7)
Consequently with y;=y(I) and y;=7(I}) we infer
n ai B 1 n
yj.:i;;, 7= o ; ;. (8)
Note that Y V7! Z =7,j=1,...,n
i=1 i=

Definition 11. Let S be defined by H € #. We call S (r, R)-pinched with 0<r <R if
1 1
xeS = r<|x|£R, E—Z—Idg%H( )§—21d VxeSs. )
Proposition 4. If Se # is (r, R)-pinched then for every I'e 7 (S), we have

n n
. 10
e SIS (10
Proof. If A(t) is a symmetric positive definite matrix depending continuously on
telR we can solve
R=JA(HR, R(0)=Id

and can associate to A and T'>0 a winding number 4 ,(T) just as in the definition
of y(I'). From the variational characterisation of the index sequence it is immediate
that

AZB = B 12471 = A,()=441). (11)
Now (1) =A(V(I)/V(I)=lim 4(t)/t. Hence

lim 42 (0t 7)< lim 42, (0)1, (12)
R2 t—= o0 r2

[ Amdle o}
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n

2 _ 1 .
Ez’ld corresponds to H(qy, ..., qp P1»-eos P) = RZ Y (g} +p7) and similarly for
i=1

}27 Id. For a sphere of radius I' we can compute as before.
VD=, fN=-—, yI)=n. (13)
So combining (12) and (13) gives

n n
<)< —, 14
S SN (14

as required. []

IV. Proof of the Main Results

IV.1. Two Basic Theorems

The following together with Proposition 1 is a key step in the proof of the main
results.

Definition 12. Let Se #. We call a Hamiltonian trajectory I'€ 7 (S) k-essential,
where ke IN*, if there exists /e IN* such that

. 1
ldl = ﬁ/m >
Here dis(S)=(d,),n+ is the discontinuity sequence (see def. 7).
We have
Theorem 3. Let Se . There exists a sequence I'(k),.n«CT (S) such that
I'(k) is k-essential . (2)

Moreover if sz..;aﬂj for some j=1, then the I'(k)...(k+j) are mutually
different.

lit— 2Kk <2n+1. (1)

Proof. We construct the I'(k) inductively as follows. Denote by (k). the sequence
of “jump points” for the sequence (d,), s

do<des . ()

Assume I'(k) for k=1, ..., k; is constructed. We have to find I'(k,+1)... ['(k;, )
mutually different so that I'(k) is k-essential for ke {k,+1, ...,k }. By Proposit-
ion 1 there exist mutually different I'(k,+1), ..., I'(k;, ;) such that

. 1

dklﬂzm, Im~(xi)—2i|<2n+1, ie{k+1,... .k} 4)

for suitable [;e IN*, where x; denotes a minimal representative for I'(i) and x} is the
[;-th iterate. By Proposition 3 we have

m(xp)= ilf(i) . (5)

So combining (4) and (5) gives the desired result.
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Moreover we have

463

Theorem 4. Given S € A there exists a constant ¢ =c(S)>0 such that the following

holds:
If I'e 7(S) is k-essential then

W(r)*lgklkléclgsz-

Proof. We have for some /e IN*,

'g"':ﬁf)’ ire2k—2n—1, 2k+2n+1].
In the formula
= 5 jw),
we must have
jw)elif, ip+2n].

Hence

|l — llrl <onl 1 n

()| =" 20~ V()

The set Q: =G\ {Floquet multipliers} can be written as
Q= U,,

(6)

(7

(8)

©)

(10)

(11)

where the U, are open intervals on S' = G which are mutually disjoint. Moreover
# {1} <2n—1.0n U, takes the value j,. Denote by # ; the number of we U, such

that w'=1. We have the estimate

lla,—11= 4, <[la, +1],

(12)

where [ ] denotes the integer part and a; is the length of U,, where we put the

uniform measure of total measure one on G. Since
iF zgj}.a). 5

we find for a fixed 4

lj,a,—a,+11j, <lj,a,— Y. jw)=lja,—[la,—

WIGU;V
wi=1
This implies

lja,— ZU Jw) £2j;.
wl= f

Using (13) we obtain

iy~ <3
A

la,— % Jw)|+ X Jw)
sz-Uf‘ weé¥
wh= wl=1

(2n)- 2 - (i} +2n) + 2n(iL + 2n)
202G+ 1) S ey(ip+ 1),

=
=1

1.

(13)

(14)
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where ¢, isindependent of I" and only depending on S € # (actually only on dim S).
So we conclude from (14) and (7),

lip—it| ¢y .
| = 3 0 DI (15
We have by (9)
Z(w>m (16)
Combining (15) and (16) gives
liAr ir| _ ¢ lr
<— 1 17
i =2\ +)d 17
Equations (7) and (17) together yield for a suitable constant, ¢, =c,(S)>0,
|lir— 7| 2k+2n+1 " PO N
<1 < Z
|2[V(f | < I + 1> ldil < ¢, <k|dk| I + |dk|> . (18)

Now the sequence {k|d,| |k e N*} is bounded by some constant ¢;=c;(S)>0 by
Theorem 1 (i). So (18) and (10) imply for some constant c, =c,(S)>0,

5 W) — ir ‘ 1
7(1")—2”/”1—64( +|dk]> l/(F) 2lV(F)|§C4V(F)' (19)

Moreover by (7)
HO) =i +2n+1)——

SHD) —|dJk S HT)+ 40+ 2n4+1)

1
lwn w(r)

Therefore we have for some constant c5=¢5(S)>0,
l

ywm

l

7= 1K < 70— W

—|dlk

+ |

I\

- i 1
= 5w s

o )

lIA

Equations (19) and (20) combined give the two estimates:

_ - 1, _ " 1 .
[P — ldilk| = c6 <7 + ldk|>, [P(I) = ld, k| = ¢ <m + Idk|>, 21)
for some constant ¢, =c4(S)>0. From (21) we deduce using (7) again
e 2 1 1 2
() — Idk|k| <ct IdkH‘ ( ) 'dk|+|dkl (22)
Since |d,|<|infAg(My)|, V(') ' <linfAg(Mg) we find for a suitable constant

=¢(S)>0 finall ’) 1
I C( )> mally W(r)*'dklklzéczldk]’ (23)

which implies the desired result. []
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IV.2. Proof of the Main Theorem
We have already proved Theorem 1 (i). Moreover we know by Lemma 25 that

info(S)=liminfk|d,|, supo(S)=lim supk|d,|. (1)

Since we have already seen after the statement of Theorem 2 that Theorem 1 (ii)is a
corollary of Theorem 2, we have only to prove Theorem 2. Moreover
Theorem 2 (i) has been already proved in I1L.1.

Proof of Theorem 2(ii). Let tea(S). We shall construct a monotonic sequence
(k;) CIN* such that

lliﬂr?O |d, lk,=t.
Then picking by Theorem 3 a k;-essential I'(k) e 7 (S), we have by Theorem 4
(k) =i Rl < el )2

Since d;,—0 as |- oo and |d, [k, —t, we infer

W '(k))—t as [-o0.
If 6(S)={I} we have by definition

ldJk—I as k—oo,
and are done. So assume
info(S) <supa(S).

Constructing (k) inductively assume k, has been constructed such that
. 1
ky>ki- 1, 1|dk,[k1“l|<7~

We shall now construct k,, ; such that

. 1
ks >k, |[dk1,1!kl+l_t|<l_1__1'
We find k* >k, such that
. 1 o 1
k, <inf — P
Idy |k, <info(S)+ 11 Id, | < A+ 1)

Using the monotonicity of (d,) we find for ae N,
(kK*+a+ D) dp s g1 1| = (K* 4+ @) [ of S (K + a+ 1) [djn g o — (K* + @) [djs s o

< * hs | —.
:ldk +al_|dk |_ 2(l+1)

Since there exists a, =0 such that

1
(k¥ + o) ldie+ ol > sUpa(S) — ;-5

T
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we see that the balls
B 1 (k*+a)|du,,) for a=0,...q,
I+1

cover a(S). Hence we find k, ., € {k*,...,k* +a,} with the desired property. []

Proof of Theorem 2 (iii). We have to show that for Se # the following inequality
holds:

w121 Ve>0.

T'eT(S), 3 (INea.(S)

Fix ¢>0. By Theorem 3 there exists a sequence (I'(k))C.7 (S) such that

I'(k) is k-essential , (2
and
If d,=...=d, for some j=1
then I'(k), ..., ['(k+j) are mutually different. (3)
By Theorem 4 we find k, e IN* such that for every k=k,,
T (k) — |, Jk| <. (4)
Denote by K, (d) the number
1
K (d)= *>1d|y.
= ftenvr oz )
We have
Krld)= [LJ (©
! vind |

By construction, for k>k,,

N 1
k—ko< Y Kqd)= -
O ) ridy) W);um [V(F )dJ

1

< . 7

= s VDI 7
Dividing (7) by k, we obtain

ko - 1 1 @

ok W);raw) V() kidy|”

Take a monotonic sequence (k,) CIN* such that
|dy [k = supa(S)—0
for a given 0 €(0, supa(S)). Then

ko 1 |

f— L
ki wném V(I') supa(S)—o

A
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Taking the limit [— oo gives
1 1
S Z ( ) *

Since ¢ has been arbitrary

1
1£— vry-t.
~ supa(S) vmezac(S) Q)
If (I e a,(S), we have H(I') <supa(S)+¢. Hence
1
- —~ N 9
7(1")62;75(5) V(N () —e) )

Since p(I)zinfo(S)—e, we can write for some §,>0 with |§,|<c,c for some
constant ¢, >0 independent of ¢,

W) —ez(1=0) D).

AN

Using this in (9) gives

1
1< e

v(m;ra(S) V(r)y(1 =0,

Therefore

1 1
1 — 50 _S__ T e = —
7(1")62er(5) V(r)yr) wr);rg(S) 2I)

Now let 0<¢; <e. Then

=5, Y (D 's ¥ A0

g1 =

W) €as,(S) T eo(S)

Since ¢, >0 was arbitrary and J, -0 as ¢, -0, we find

(< 3 a0t

W) eas(S)

completing the proof of Theorem 2 (iii). []
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