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Abstract. The recent results by Bowick and Rajeev on the relation of the
geometry of Diff S*/S! and string quantization in R* ! are extended to a string
moving on a group manifold. A new derivation of the curvature formula
(—%m? +im)s,, _,, for the canonical holomorphic line bundle over Diff S/S*
is given which clarifies the relation of that bundle with the complex line bundles

over infinite-dimensional Grassmannians, studied by Pressley and Segal.

I. Introduction

Recently Frenkel, Garland and Zuckerman have formulated the conditions for the
consistency of string theory in the flat background R*! as conditions for Lie
algebra cohomology for the Virasoro algebra, with coefficients in the Fock space
of the string, [FGZ]. The results of Bowick and Rajeev in the Kdhler geometry of
the complexified tangent bundle of Diff S*/S* can be seen as a step toward
globalizing the algebraic approach in [FGZ], ie. replacing Lie algebra coho-
mology by group cohomology. In this paper we shall carry out the program of
[BR] in the case of a string on a group manifold.

Let G be a simple compact Lie group and LG the space of smooth loops in G,
which is a group under point-wise multiplication of maps S* —G. In string theory,
the space LG can be considered either as the configuration space of a closed string
moving in the manifold G or as the phase space of an open string. Namely, let g(z, 0)
be an open string parametrized by the time 7€lR and the string coordinate
g€[0,n] with the boundary conditions g'(z,0)=g(r,7)=0; here g'= Z—f_ and
g= % One can then introduce a new coordinate h(z, g) by

h(r,0)=exp[(g~'8)(r,0) +(g " '¢)(r.0)], 0<o=n

h(z,0)=exp[(g~'§)(r, —0)—(g " 'g) (. —0)], —n=0=0.

* This work is supported in part by funds provided by the U.S. Department of Energy (D.O.E.)
under contract # DE-AC02-76ER03069
** Permanent address: Department of Mathematics, University of Jyviskyld, Seminaarinkatu 15,
SF-40100 Jyvaskyld 10, Finland



654 J. Mickelsson

For each e R the map o+ h(r, 0) is an element of LG. Conversely, h(t, o) together
with initial values g(z,, o) determine the map g.

Our point of view to string quantization is as follows. There is a set of natural
line bundles E* over LG, parametrized by k e Z, which have a natural connection
and curvature. The curvature form in LG is

2
QX, V)= %Sj trXdy, (1.1)

where tr is the trace in the adjoint representation of the Lie algebra g of G and
67 =(length)® of the longest root of g. The tangent vectors of LG have been
identified as loops X, Y:S' —g. Furthermore, there is a natural metric on LG and
we can define the covariant Laplace operator 4 in LG. We shall think of the string
as a point particle moving in LG and the field Q as a generalized magnetic
monopole field. The most simple quantum mechanical system corresponding to
this picture is the one described by the Schrodinger equation

.0

Alp—laTlp, (1.2)
where y is a section of the line bundle. However, the Laplacian 4 in the infinite-
dimensional space LG is a priori ill-defined. It comes well-defined when we specify a
complex structure on E* and restrict i to be in the space of holomorphic sections.
In fact, 4 is just the generator L, of rotations in the Virasoro algebra. Now our
system (1.2) is well-defined but it is not invariant under the reparametrization
group Diff S*, because the complex structure of E*is not. To recover reparametriza-
tion invariance, we have to introduce a “ghost.” Geometrically, this means that
we have to extend the system to consist of sections of a vector bundle B over
Diff S*/S* with fiber =~I'** a subspace of I'(E¥), the space of sections of E¥. We
have divided by S' since the complex structure will be invariant under rotations.
Elements of DiffS*/S' parametrize the different complex structures in E¥,
connected by Diff S* action. The existence of a Diff S* invariant vacuum vectorin B
can be reformulated as the vanishing of the curvature of B, leading to the familiar
condition 26 =k - dim g/(k + x(g)), where « is the dual Coxeter number of g, [GeW].
A mathematically interesting by-product of the present paper is a new
derivation of the curvature formula (—$§m?*+£m)s, _,, for the canonical holom-
orphic line bundle over Diff S*/S*. This formula was computed by Bowick and
Rajeev from the Kihler geometry of the tangent bundle of Diff S*/S*, [BR],
whereas we shall obtain the same result by embedding Diff S*/S* in a certain
infinite-dimensional Grassmannian manifold whose geometry has been studied by
Pressley and Segal, [PS]. The curvature in the former is the pull-back of the

curvature of a certain canonical line bundle over the latter manifold.

II. Quantum Mechanics on LG

We shall first shortly describe the geometry of the canonical S bundle LG over LG
={f:S8'>G|f smooth}, when G is a simple compact Lie group. Let DG
={f:D—G|f smooth}, DC Cis the unit disk and ¥={f: DG|f|,,=1}. Both DG
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and ¥ are groups under point-wise multiplication; ¥ C DG is a normal subgroup
and obviously LG=DG/%. For feDG and ge ¥ we define

2 2

_ 9 -1 -1 0 -1 3
w(f,g)~5—671§)trf df ndgg —Zé?lfgtr(g dg)’, (2.1)

where 0 is as in the introduction, B={x e R?|||x|| £ 1} and g has been extended to
B as follows: Since g =1 on the boundary S' =D, we can think of g as a mapping
g:5?— G (the boundary of D is identified as the north pole of $?). From n,G =0, it
follows that there is a smooth extension g: B—G, to the inside of S2. However,
there is no natural way to choose the extension. One can show that the value of
exp2niC(g), where C(g) is the second term in (2.1), does not depend on the
extension, [W]. We shall denote the first term (in the right-hand side) by y(f, 2).
Consider the group DG x S with the multiplication

(LA (f ) =", A4 exp2niy(f, [)). (22)

One can embed % as a normal subgroup in DG x S* using the homomorphism ¢(g)
=(g,exp27iC(g)), and LG = DG x S'/p(%) is then a central extension by S* of LG,
[M1].

The Lie algebra g of LG is the Kac-Moody algebra associated to g. As a vector
space ¢ is the direct sum of the loop algebra Lg and of the center R. Let pr, be the
projection onto the center in § and denote A= —ipr.g ~'dg, where g~ 'dg is the
Maurer-Cartan one-form on LG. The pull-back of the form A4 with respect to the
canonical projection : DG x S'— LG is

92
(n*A)(X,a)=a— — [ tr f~Ydf ndX, (2.3)
87 D
where (X, a) is a tangent vector at the point (f, 1) e DG x S*. The exterior derivative
of A is 02
d4A)(X,Y)= — [ trXdY. (2.4)
4r St

We denote Q=dA. The form A is invariant under the right action of S* in LG (and
in fact invariant under the right action of any element of L.G) and the value of A.for
a vertical tangent vector (0, a) is equal to a; it follows that 4 is a connection form in
the principal bundle LG, Q being the curvature form.

Let E* be the complex line bundle associated to LG by the representation A+ A*
of ' in C, keZ. The curvature of E* is kQ. The Schrodinger wave function of a
string propagating on the group manifold G is an element in the space I'(E¥) of
sections of the line bundle EX. Let {T, ..., T"} be an orthonormal basis of g. The
vectors T = T“%™ form a basis in the 1oop algebra Lg(l <a=<N, neZ) with the
orthogonality relations (T, T2 =6, _,. Elements in the Lie algebra of LG
correspond to left-invariant vector fields on the group manifold LG in the usual
way, so the vector T} form a basis for complex left-invariant vector fields. We
denote by V* the covariant derivative acting on I'(E¥), in the direction of the vector
field 7. We define the Schrodinger operator of the string to be the covariant
Laplacian

1 1 N 0
=s——)y VeV = 5—F VgVs+2 ve e 2.5
4 92(k+K)a,Zn n’n 62(k+K)a;1<0 O+ ngl nn>’ ( )
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where x =«(g) is the dual Coxeter number, [GO]. There are two differences when
compared to a Laplacian on a finite-dimensional group manifold. First, 4 does not
commute with the group action; in fact, 4 is the generator L, in the Virasoro
algebra defined by the Sugawara construction

1

L=—-——-%YVe V., 2.6
'n 92(k+K) a%n m”n+m ( )
since the covariant derivatives close the Kac-Moody algebra
92
[Vna, an:] = 2"czb l7nc-\\-m + k- 7 néaban, —-m>s (27)
where the A’s are the structure constants of g,
[T*T"]=2%T. (2.8)

The invariant Casimir operator is obtained from 4 by extending the Lie algebra g
by the derivation [d, T,'] =nT and defining ¢, = 4 +d, [K]. The second difference
is that the action of 4 on an element y e I'(E¥) is not necessarily well-defined (the
infinite sum may diverge). However, one can restrict 4 to certain subspaces of I'(E¥)
which carry an irreducible representation of ¢ and in which 4 is well-defined, [ PS].
The subspaces we shall consider consist of holomorphic sections in a line bundle
over LG/T, where T'C G is a maximal torus. We shall give here a somewhat different
description of the holomorphic structure than in [PS].

The definition we shall adapt is a simple generalization of the holomorphic
structure in line bundles over the unit sphere $2=SU(2)/U(1). For each ke Z we
can define a line bundle over $? such that the space I'* of sections consists of
functions y:SU(2)—C such that y(gh)=h"*y(g), where g-h denotes the right
action of an element h e U(1) through the matrix representation h—diag(h, h ™). If
D}, m,(g) denotes the matrix element <jm, |D(g)|jm,) in an irreducible represen-
tation of SU(2) [spin j, m is the eigenvalue of U(1) generator], then I'* is spanned
by the functions

Dy, =1k, K|+ 1, .5 m=—j, —j+1,...,)).

The holomorphic sections can be characterized as those which satisfy the
differential equation L, =0, where L, is the generator of SU(2) which raises the
eigenvalue m and “r” refers to the right action of SU(2) on itself. Thus, for k<0 the
space of holomorphic sections is spanned by the functions 2,; with j= — k and for
k>0 there are no non-zero holomorphic sections. Furthermore (for k<0), the
space of holomorphic sections carries an irreducible representation of the group
SU(2).

A section of the bundle E* over LG can be thought of as a map y : LG—C such
that p(gh)=h*p(g) for ge LG and hin the center S* of LG. Let k be positive and 1
an integral anti-dominant weight of (G, T) (i.e. A is the lowest weight in an
irreducible finite-dimensional representation of G). We can define a line bundle
E** over LG/T such that the space of sections I'(E**) consists of vectors y e I'(E¥)
for which

w(gt)=A1)""y(g), (2.9)
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for te T and g€ LG. We have defined the covariant derivatives V/* through the left
action of LG on itself. Similarly, we define the operators 04 using the right action of
LG. A section v of E** is said to be holomorphic if

(@) dp=0 Vn>0,
(ii) Z %, 05y =

whenever ) «,T* is in the subspace of g corresponding to the positive roots.
Pressley and Segal showed that the representation R of LG in I;(E**) (= the space
of holomorphic sections), given by (R(go)yw)(g)=v(go 'g), is irreducible and
unitarizable with lowest weight (4, k). [PS, Chap. 11]. Since 4 is well-defined by the
Sugawara construction, we have a perfectly well-defined quantum mechanical

. s . 0
system in I,(E**) described by the Schrodinger equation Alp=i5;1p. However,

from the point of string theory this is not satisfactory, since Diff S* is not a symmetry
group of the equation. In the next section we shall make the necessary
modifications to make the system invariant under Diff S*.

III. Reparametrization Invariance

From our construction of the central extension LG of LG it follows immediately
that a section y of E* can be thought of as a function y:DG—C such that

p(fg)=e F 2O y(f), (3.1)

where f e DG and ge 9. A diffeomorphism h:S'—S! can be extended to 2: D—D
as h(p, )= (h(p), r);0<¢=2n,0<r<1.Thereis a natural action of h on y given by
(h-p)(f)=p(f ° ). In fact, the rlght hand side does not depend on the extension /1
of h, as can be seen from (3.1) using the invariance of w under the group Diff §?; a
dlffeomorphlsm of S is identified as a diffeomorphism of D which is the 1dent1ty
mapping on the boundary. To define the operator 4 we have needed (i) an inner
product in Lg; (ii) the complex structure defined by the splitting Lg=H , ®H_ to
positive and negative Fourier modes (=the normal ordering prescription in(2.5)).
These two structures are invariant exactly under the rotation subgroup
S'CDiff S*; any other diffeomorphism mixes the positive frequency operators V?,
n>0, with the negative frequency operators. To recover reparametrization
invariance one can proceed as in [BR] in the case of a string in a flat space. We
introduce a vector bundle B over the manifold M = Diff S*/S* with the fiber B, at
each x € M being isomorphic with the vector space I'**= I}(E**). The space M is
contractible, [H], so the bundle Bis necessarily isomorphic with M x I'**and thus
the sections of B are just vector valued functions on M. Points of M represent
complex geometries on E** obtained by acting with Diff S on the initial splitting
Lg=H , ®H _ and the inner product in Lg. The action of Diff S moves I'* in the
space I'(E¥). Using the triviality of the bundle B we can adopt the viewpoint that
the space I'** is kept fixed but we are moving the operator 4 in the space I'***.
From the results of Goodman and Wallach, [GW], it follows that there is a unitary
projective representation 2 of the group Diff S* in the lowest weight represen-
tation I'* of the Kac-Moody algebra Lg such that

GMXDh) ' =h-X, 3.2)
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where X+—h- X is the natural action of Diff S on the elements of the loop algebra
Lg,(h- X)(¢)=X(h™(¢)). Infinitesimally, 2 is just the Sugawara representation of
the Virasoro algebra. Since 4 = L, is also defined by the Sugawara construction, 4
has automatically the expected commutation relations with the representation &;
infinitesimally [L,, 4]1=nL,. We recall the commutation relations of the Virasoro
algebra, [GO], ¢
[Ln’ Lm] =(n—m)Ln+m+ ﬁn(nz-l)én, -—m> (33)

where ¢ =kdimg/(k+ k).
The projective action of Diff S* in the space I'(B) is

(h-y)(hy)=2(hyw(h™"hy), (3.4)

where h, € M and y: M —I**is a section of B. It will be also useful to think of the
sections of the bundle B as functions v : Diff S* —I** such that y(hs) =s**p(h) for
seS!, where o is the lowest eigenvalue of L, in the space I'*. This is equivalent to
thinking of the sections as functions M—I**, since the fibering Diff S* —M is
trivial.

Theorem 3.1. There are no non-zero Diff St invariant vectors in I'(B).

. d . . .
Proof. The complex vector field [,=ie'"? Ea on the circle is acting through

o) vy=2,p+Ly (3.5)

in I'(B); here £, denotes the Lie derivative acting on a function, corresponding to
the generator I, of Diff S*. Since

[lm lm] = (n - m)ln +m> (36)
we get c
[Q(ln)’ Q(lm)] = (n - m)@(ln + m) + E n(n2 - 1)5n, -m: (37)

It follows that the only vector satisfying (I yy=0VneZ is py=0. []

Remark. The above result can be interpreted in terms of the geometry of the
bundle B. The formula (3.5) defines a connection in the bundle: the covariant
derivative in the direction of the vector field on M generated by the left action of ,
is given by the right-hand side of (3.5). The curvature of the connection is the two-
form

curvature(l,, ) = [o(L), e(l)] = e(Ll L) = % n(n* —1)0,, .- (3:8)

The non-existence of the Diff S* invariant vacuum vector in B can now be traced to
the non-vanishing of the curvature of B.

The curvature (3.8) is related also to Berry’s phase. Namely, let B° be line
bundle over M such that the fiber By at a point hmodS* in M is spanned by the
vector 2(h)9, in I'**, where §,, is the lowest weight vector. We have a family A(h)
=9(h)A2(h~ ') of Hamiltonians parametrized by elements of M. The multiplicity of
the lowest eigenvalue o of L, is one and Ly9,=a3,. Then a is also an eigenvalue for
each A(h) and the corresponding eigenspace is Bj. Using the section p(h)=2(h)3,
we can compute the connection and curvature of B, with the help of the general
formula in [S]. The value of the vector potential to the direction of the left-
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invariant vector field I, is
d tl -1 d tl
Al = \ W), 2 phe™)i=o ) ={ S0, 2(h) " - D(he™) ol

d d
= = (B0, PGl =0 = (S0, LySo) + b expil)li=o, (3:9)

where ¢ is the projective factor,
D(hy)D(hy) =D (hyhy)etrh2) (3.10)

In fact, we have considered the vector potential as a one-form on Diff S* (and
not on M), using the representation of the sections of B® as equivariant functions
on Diff S. The curvature is

c
curv(l,, 1)=1, A(l)— 1L, A(L)— AL, ,.))= | = n(n*—1)+2n0 ) 6, _,,
12 (3.11)
the term 2nad,, —,, coming from the term {9, L,%,) =ad, , in (3.9). The curvature
(3.11) is equivalent to (3.8) in the sense that after the redefinition Ly=L,— % the
two forms will be equal. Thus we can say that the non-existence of the Diff S*
invariant vacuum in B is related to the non-zero Berry’s phase (3.11)in the line bundle
BO for the family A(h) of Hamiltonians.

Next we shall introduce a ghost field such that the new system will have an
invariant vacuum in the case 26 =k dimg/(k+ ).

To start with, we shall give a new derivation of the curvature of the canonical
holomorphic line bundle over M. Following Pressley and Segal, [PS], consider a
direct sum of Hilbert spaces H=H , ® H _ (with dim H ., = c0) and the subgroup
GL, of the connected component of the general linear group GL(H) consisting of

operators
a b
g= <c d) (3.12)

such that both b and ¢ are Hilbert-Schmidt operators, tr(b'h) < co and tr(c’c) < oo.
The group GL, has a non-trivial central extension which can be described as
follows, [PS]. Let Q consist of all triples (g,q,4)e GL; x GL(H ;) x C* such that
aq~ ! —1is of trace-class; Q inherits a group structure from its constituents and the
subgroup N=/{(1,q, detq)|ge GL(H ,), g—1 trace class} is normal. The central
e/xt\ension is GL, = Q/N. The central projection of the Ma/uier-Cartan one-form on
GL; defines a connection in the principal €C*-bundle GL; —GL, which has the

curvature curv(d g, 0,8) = tr(8,hd ¢ — 8,b3 ¢), (3.13)
where
da b .
5ig_ (5,“3 5id>> l~1527 (314)

are tangent vectors at ge GL,, [M2]. Since (3.13) does not depend on the diagonal
blocks, we may consider its restriction to the unitary subgroup U(H) as a two-form
on the Grassmannian manifold

Gr,=U(H)AGL,/U(H,)x UH_). (3.15)
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Let now H be the completion of the space of smooth vector fields on S* with
respect to the I? inner product and H , (respectively H _) the subspace spanned by
Fourier components with positive (respectively non-positive) index. The group
Diff S* acts unitarily on H by

(h-X)(9)=1g(@)]""* X(g(¢)), (3.16)

where g is the inverse of h: S'— S!. From the discussion in [PS, Sect. 6.8] it follows
that (3.16) gives a homomorphism Diff S'—>GL,. However, this map is not
continuous. Instead, the composite map

Diff S —» U(H)NGL, - U(H)~GL,/U(H ,) x U(H _)=Gr,

is continuous and even smooth with respect to the standard Frechet topology of
Diff S, [H]. The circle S* CDiffS! is mapped to one point in Gr,, but Diff S/S!
—Gr, is one-to-one. We shall compute the curvature of M as a pullback with
respect to the embedding M — Gr,.

To compute the curvature we need the infinitesimal action of Diff S* in H; but
from (3.16) it follows that this is precisely the adjoint action of the algebra of vector
fields on itself. Using the basis in H given by the generators /,, we can compute the
matrix representing [,

am=Ups bndu=p =)0y - (3.17)
Thus the curvature form on M is
curv(ly, L) =tr[(1,)p(ly)e— ()l ,)c ]
Z ,.Z () umlg)mn— Z Z (gumLp)mn
—(—& 4590, - (3.18)

This agrees with the results of Bowick and Rajeev, [BR], including the coefficient ¢!

Let F be the line bundle over M obtained as the pull-back of the canonical line
bundle over Gr,. The ghost field in string quantization is now a section of the dual
bundle F*. The complete string wave function is a section of the bundle B= F*® B
over M; note that the fiber of B is isomorphic with the fiber B, =~ I"*,

Theorem 3.2. The curvature of the bundle B is

curv(l,, l,)= (%22 n?+ (% - %) n> S m

. 2—
In particular, for ¢ =26, after redefining the Diff S! action in B by Ly=Ly+ ¢

24 °
there is a Diff S* invariant vacuum in B given by p(h)= E(h)2(h)S,, where E(h) is a
phase factor.

Proof. The curvature in the product bundle B= F*® B is the sum of the curvature
of F* and the curvature of B; on the other hand, curvature F* = —curvature F.
Infinitesimally, the DiffS* action on the sections of B is given by the covariant
derivatives to the directions of the vector fields [,. Taking account that the base
space M is contractibel, the existence of a covariantly constant section is
equivalent to the vanishing of the curvature. Let first yp(h) = 2(h)3,. The action of
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the generator [, of Diff S* on p is given by

L+ L+ Vb Ly
= & e RSelm Lup+ VI L

= & DDA+ Lap+ Vb Ly
d
- (~Ln+ e, h)l,:o) DS, + Lyp+Vils Ly

= (V(h; L) — % ele™ h)l, - 0> w(h), (3.19)

where V(h;1,) is the connection form on the bundle F* (corresponding to the
curvature (3.18)). Thus v is covariantly constant up to a phase; using the vanishing
of the total curvature we know that it is possible to redefine the phase of y such that
the new section is covariantly constant. []
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