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Abstract. It is shown that a periodic elliptic operator on R" has no eigenvalues
off of the set of discontinuities of its spectral density function. The methods
involve operator algebras and are based on a “spectral duality” principal first
introduced by J. Bellisard and D. Testard. A version of the spectral duality
theorem is proved which relates the point spectrum of a certain family of
operators to the continuous spectrum of an associated family.

0. Introduction

A general method for studying elliptic operators on open manifolds involves viewing
such an operator as a longitudinally elliptic operator on a foliated compact manifold
having the original open manifold as a leaf. This is the point of view developed by A.
Connes [4]. We shall use this approach to study properties of the spectrum of such
an operator. Our work is an extension of the ideas and methods introduced by
Bellisard and Testard in [2]. The principal tool is a variant of their “spectral duality
theorem.” We prove a version of this theorem which holds for operators on the
orbits of a locally free action of R" on a compact Hausdorff space. The main
application states that a periodic elliptic operator on R” has no eigenvalues, off of the
discontinuities of the spectral density function, when considered as acting on L*(R").

The paper is organized as follows. Section 1 introduces the necessary operator
algebra and discusses two families of representations of it. In Sect. 2 the basic facts
on operators elliptic along the orbits of the R" action are presented. The spectral
duality theorem is proved in Sect. 3 and the application discussed above to the
spectrum of periodic elliptic operators on R" is covered in Sect. 4.

We remark that it will be quite useful to have a version of the spectral duality
theorem which will hold for more general foliations. The case of a foliation
transverse to the fibers of a principal G-bundle is particularly appropriate, and we
will consider this in a later publication.
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1. The Crossed Product C(X) x R"

In this section we will consider some of the facts needed which involve locally free
actions of R" on topological spaces. Recall that an action is called locally free if each
isotropy group is discrete. If X is a smooth manifold then the orbits of a smooth such
action yield a foliation of X. However, if no assumption is made about X then the
result may not even be a foliated space, (cf. [8]). The analytic facts that we will use are
true in the case of general foliations, not merely R" actions, but the proofs are often
considerably more complicated. For this reason we will develop the necessary
analysis in the present generality, guided by the existing theory for foliations of
manifolds, and taking advantage of the simplifications which our setting allows.

Let R" act on the compact Hausdorff space X. Assume that the action is locally
free and minimal, and that there exists an invariant probability measure on X, m,
with respect to which the action is ergodic. We will denote the action by x - x + .
Let ds denote Lebesgue measure on R”, and the product measure, du = dm x ds, will
always be used on X x R".

The crossed product, C(X) x R", will be our concern in this section. In the case
that X is a manifold it is the same as the C*-algebra of the associated foliation. Let
C.(X x R") < C(X) x R" be the dense subset consisting of functions of compact
support. Recall that the product and involution are defined by

(axb)(x,0) = [ a(x,s)b(x +s,t —s)ds, a*(x,t)=a(x+t, —1)
R"
for a and b in C (X x R").
There is a natural representation n:C(X) x R" - Z(L*(X x R")) defined by

n(a)(&)(x,t) = | a(x,s)é(x + s,t + s)ds,

R"

where £eL?(X x R"). This representation is faithful and the weak closure of its
image is the von Neumann crossed-product L*(X) x R". Under our assumptions on
the action this is a II _-factor and has a unique normalized trace which is given on
C.(X x R") by the formula

t(a) = [ a(x,0)dm,

X

so that one has

ta*xa)= [ |a(x,0)|*dp.
X xR"

The representation = decomposes as a direct integral of faithful representations

n,:C(X) x R"— #(L*(R")) which are given by
(@) (f)e)= [ alx +1,5)f(t + s)ds
Rn

for aeC(X x R") and feL?*(R"). To see this, define a unitary operator on L*(X x R")
by VE(x,t)=&(x+1t,t). Then one easily checks that [Vzm(a)V*1(¢)(x,t)=
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n.(a)(&i,) (1), where i.:R"— X »x R" is given by i.(t) = (x,t). Thus one has
@
LA(X x R") = [ LA({x}xR")dm
X

and with respect to this decomposition

®
Vr(a)V* = | n(a)dm.
X
The representations =, satisfy =, = U U_,, where U,f(t)= f(t+s), for
feL*(R"). Thus, if x and y are on the same orbit o(n (a)) = o(n,(a)), where o denotes
spectrum. We show that because of the minimality of the action the same is true even
if x and y are not in the same orbit. The minimality implies that there is a sequence
t,eR" such that x +¢t,—y. A direct computation shows that this implies that
o(n.(a))  o(n,(a)) for any self-adjoint element ae C(X) x R". By reversing the roles
of x and y we obtain the desired result. We thus obtain

Proposition 1.1. The representation n is faithful. If the orbit of x is dense, then =, is
faithful. If the action is minimal, then for any self-adjoint element a, the spectrum,
a(n.(a)), is independent of x.

There is a second family of representations of C(X) x R” which we must consider.
The representations are parametrized by R”, the dual group of R”. Let se R”. Define
7°:C(X) x R"—> #(L*(X)) by

[7(a)(h)1(x) = | alx, t)e* h(x + t)dt
an
for aeC.(X x R") and heC(X). One verifies easily that n° is a *-homomorphism,
which, since R” is amenable, extends to C(X) x R™.

We will show that the representation # has a second direct integral decompo-
sition in terms of the 7%, Let & :L*(R", ds) — L*(R", d$) denote the Fourier transform.
Then a direct computation shows that

J1RF)@(1®@F) " = n'(a)js,

where j: X — X x R" is j(x) = (x,s). Thus we obtain
®
L2(X x R") = [ L3(X x {s})ds,
R"
and relative to this

®
(1®@F)n(a)(1 @ F)* = | n*(a)ds.

an
Remark. An additional condition is needed to guarantee that the representations n*
are faithful and to relate o(n'(a)) to o(n*'(a)). One must require that the action be
effective (i.e. the only element of R” fixing everything in X is the identity), [6]. When
that is the case one has o(n°(a)) = o(n.(a)) for all x. Let ay(x,t)=e“"a(x,t).
Then n,(a,) is unitarily equivalent to 7,(a). Thus, one has the equalities o(n°(a)) =
a(n°(a,)) = o(n.(a,)) = a(n.(a)). This yields the following result.
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Proposition 1.2. If the action of R" on X is effective, then the representations n° are
faithful and o(n*(a)) is independent of seR".

2. Pseudo-differential Operators along the Orbits

In this section we will consider the operators to which our main results will apply.
They are a class of pseudo-differential operators along the orbits of the R" action.
Since we wish to work in the generality of a group action on a compact Hausdorff
space, we do not assume the existence of local flow boxes. In order to simplify the
presentation we consider a restricted set of operators, which are, however, general
enough for the applications. Note that it is possible to allow pseudo-differential
operators along the orbits which act on sections of vector bundles.
The symbols to be used on R” are as follows.

Definition 2.1. A function ¢:R" x R" > C is in &™ if it is smooth and satisfies
|020f o (1, &) < C,p(1 + €17,

where ¢ and f are multi-indices.
If 0™ then one defines the operator Op (0): C®(R")— C*(R") by

Op (a)u(t) =(2n)™" | e 0a(t, E)u(s)dsdé. (2.2)
RZ"

Definition 2.3. An operator A is pseudo-differential of order mif 4 = Op (o) for some
ge ™. The function o is the symbol of 4. The set of such operators will be denoted
by ™. If A= Op (o) and 0™ for all m then Ae ¥~ *. The operator A is elliptic if,
further, there is an R > 0 such that the symbol o(x, £) is invertible and satisfies
lo™ (6 &= ClE|™™ for [ Z R.

If Ae ¥™ then it has a kernel

K,(t,5)=Q2n)™" | &7 a(t,&)dE
>

which is continuous if m < — 2n. Thus, one has

Au(t)= | K 4(t, s)u(t)dt.

It is shown by Shubin and Kozlov, [6], that this class of operators extends
continuously to the appropriate Sobelev spaces. We will also have need of the
following theorem proved there.

Theorem 2.4. Let Ae¥Y™, m>0, be an elliptic self-adjoint pseudo-differential
operator. Then for any peCP(R"), p(A)e ¥~ and K ,4(t,s) satisfies
107 0K pay (£, 8)| < Copn(L + [t —s)) 7"

for any o, B, and N.
Our next goal is to extend the preceding theory to operators along the orbits.
Assume R” acts locally freely and minimally on X with invariant measure m.

Definition 2.5. Let ¥™(X) denote the set of symbols, g:X x R" x R"— C such that
o, =0(x,,)eS™ for each xe X. A symbol o is called invariant if there is a function
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o": X x R"— C such that
.(t, &) = o*(x +1,£).

Given a symbol, o, define a family of operators, A, on L*(R") by A, = Op(a,). If
the symbol is invariant then UA U _ = A, .. In this case one is able to define an
operator A* on L*(X x R") by

Af(x,0)=(2n)"" i e 6H(x, &) f(x + s — t, s)dsd¢.

R n
As before, using the operator Vf(x,s)= f(x + s, s), one sees that

@
VAY* = | A dm(x).
X
Suppose now that ce™(X) satisfies the condition that ¢,.€9™ m >0, and

x—o*(x +t,5) is a continuous function from X to C®(R?"). Assume also that the
following estimates hold:

0708 0*(x + 1,5)| < Cpl1 + [s]) " (2.6)
with C,; independent of x, and
[@®) ™ (e, 5) < Cls| ™ @7

for |s| 2 R > 0. Thus, each operator 4, = Op (c,) will be elliptic. If 4% is self-adjoint,
then each A, will be as well.

It was noted in Theorem 2.4 that if peCP(R") then ¢(4,)e ¥~ °. We now
consider the analogous situation for A*.

Theorem 2.8. Let A* be a self-adjoint elliptic pseudo-differential operator with *

satisfying (2.6) and (2.7). Then for any peC(R), p(A*)e C(X) x R". In particular, for
zeC\R, the resolvent (A* — z) ™! belongs to C(X) x R". If o CX(R"), then @(A*) is in
the trace ideal.

Proof. The kernel K, (s,t) of ¢(A,) satisfies K 4, (80 =K, (s+rt+r). This
implies that one has the inequality, for peCP(R),

Iafaquz(Ax)(ta S)| = Cppy(1 + 1t — s|)™N
with C,y independent of x. Thus the kernel for ¢(4%) satisfies
[0FOLK o un(x +1,8)| < Copy(1 + [t —s]) 7N (29)

again with C,;y independent of x. This implies that if e CZ(R) then y(4¥) is in the
trace ideal. By approximation we see that if peC,(R), then ¢(4*)eC(X) x R". [

Remark. This result is the analog of a theorem of Alain Connes and John Roe to
the effect that applying a function in Cg(R) to a longitudinally elliptic operator
yields a result in the foliation C*-algebra. Unfortunately, our theorem does not
follow from theirs since we do not assume that we are working with a foliation. This
generality is needed for future applications to almost-periodic Schrédinger
operators. On the other hand, we work with a rather restricted class of operators and
foliations obtained from locally free R" actions are relatively well behaved.
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Proposition 2.10. Let A* be a self-adjoint elliptic pseudo-differential operator with o*
satisfying (2.6) and (2.7). Let

A* = [ 2dE*(2)
R

be the spectral decomposition of A*. Then, for any bounded Borel set A R, E*(A)
belongs to the ideal of elements of finite trace in L*(X) x R".

Proof. Since ¢(A*)eC(X) x R* < L*(X) x R" for ¢eCy(R), each E*(A) is in
L*(X) » R". For a given bounded Borel set 4 = R, let e CP(R) be such that ¢ =
% 4, Where y 4is the characteristic function of A. Then ¢(4*) = E*(A). According to
(2.8), @(A") has finite trace. Therefore T(E*(4)) < 0. [

One further concept must be introduced before proving the spectral duality
theorem. If A4 is a self-adjoint operator affiliated to a semi-finite von Neumann
algebra #~ with trace 7, then the spectral density function of A4 is defined to be
N (A)=1(E ). It is also called the “integrated density of states” in the
mathematical physics literature [9], or the “state density” [10]. It is closely related
to the notion of rotation number for Schrédinger operators on R with continuous
potential [5]. The main fact we need is that if A, is a point of discontinuity of N ,(4)
then A, is an eigenvalue of 4. We will show in Sect. 4 that certain operators have
purely continuous spectrum off of the set of discontinuities of their spectral density
functions. It is indeed possible that N ,(4) has points of discontinuity. On the other
hand, to give a feeling for the possibilities we consider an example where N ,(4) is
continuous.

Suppose that we have an action of R on X. Let d/dt denote differentiation along
the flow. Let g, ..., g, C(X) be real valued functions which are smooth along the
flow and satisfy |g,(x)| = 6 >0 on X. Consider the operator

Amgor g by b, 2
“ Ao T gy T
on L*(X x R). Then we have
Proposition 2.11. The spectral density function of A, N 4(A), is continuous.

Proof. Since |q,| =6 >0, A is elliptic and ¢(4)eC(X) x R whenever peCy(R). We
must show that E({4,})=0 for any fixed 1,eR, where E denotes the spectral
resolution of 4. Let 1= ¢,, =0 be a sequence of functions in C®(R) such that
@m(do)=1and lim ¢, =9, . Let A, denote A restricted to an orbit. For each m

m— oo

and xeX,
((Pm(Ax)f)(t) = jam(x +i,s— t)f(S)dS = j am(x +1, S)f(S+ C)dS,

where a,, is the kernel of ¢,,(4%) which, according to Theorem 2.7, represents an
element of C(X) x R™

Let Tr denote the type I, trace on Z(L*(R)) and let x, be the characteristic
function of (—r,r). Then the operator y,¢,,(4,)yx, is trace class and

r

Tr (@m(A)2) = Tr(@n( A1) = | anlx +5,0)ds.
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Hence,

I Tr (4, @m(A1)dm(x) = | [ a,(x +s,0)dsdm(x)

X -r

=2rt(@(A*)) 2 2rt(E*({Ao})) = 2F(N(Lo + 0) — N(4o — 0)).

On the other hand, if 4, = j/ldEj, then E*({4,}) is an operator of rank at most
2k. This is because the eigenvalue problem (4, — Aq)p = 0 has only 2k solutions,
(which may or may not be square integrable). Since ¢,,(4,) = E*({4,}) strongly, and
Tr is a normal trace, we have

2k = [ Tr (x, E*({Ao})x,)dm(x) = lim f Tr (X, @m(A )1 )dm(x) = 2rN(4).
X

m—>wo X

Since r is arbitrary, we have N(4,) = 0.

3. The Spectral Duality Theorem

The idea behind the spectral duality theorem is the use of the two direct integral
decompositions of L*(X x R"). If A is an operator on L*(X x R") then spectral
properties of the family A° are “dual” to those of 4,. Roughly, if the A* have pure
point spectrum, then the A, have purely continuous spectrum. These notions were
first developed by Bellisard and Testard in [2]. In their setting, R” was allowed to be
a general locally compact abelian group H, X was required to be a compact abelian
group and the action was given by a homomorphism of H into X. The present
version does not require X to be a topological group. Although we work with R, the
proof goes through for a locally free action of a general locally compact abelian
group.

Throughout this section we shall view C(X)x R" as contained in the
von Neumann algebra L®(X) x R". Note that the direct integral decompositions

VAV* = Inx(A dm(x) and (1 ® F)A(1 ® F*) = f *(A)ds for AeC(X) x R" can be

R
extended to elements of L*(X) x R". This is because C(X) x R" is strongly dense in
L®(X) x R". Thus, for each BeL*(X) x R", VBV* commutes with multiplication by

®
¢eC(X), if the Hilbert space L*(X x R") is decomposed as | L*({x} x R")dm(x).
X

®
Therefore VBV* has a direct integral decomposition j B.dm(x), where, fora.e. xe X,
X
B, is a bounded operator on L*(R"). For the same reason for any BeL*(X) x R",

(1® #)B(1 ® %*) has a direct integral decomposition j B’ds corresponding to
R"

f L*(X x {s})ds = L*(X x R"). Clearly, x> B, and s B are strongly measurable.
RN

It can be shown that if &/ is a norm separable C*-subalgebra of L*(X) x R", then
there is a set S © X of measure 0 such that for each xe X\S, B+ B, defines a C*-
algebra homomorphism. The same holds true for B+ B If it happens that Be
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C(X) x R, then B, = n,(B) and B* = 7*(B). Since these decompositions are spatial,
s-limB,=B in L®(X)xR" implies that s-lim B, ,= B, almost everywhere
and s-lim B, = B* almost everywhere.

We must extend this to self-adjoint operators affiliated to L*(X) x R". First,
note that if 4 is a self-adjoint operator in L*(X) x R" with spectral decomposition
A = [AdE,, then for almost every xe X, (respectively, almost every seR"), {E, .} =
{(E,)x} (respectively, {E%}={(E,)’}) is a resolution of the identity. In the

® @
decompositions VAV* = j A dm(x)and (1® F)A(1® F*)= | Ads,onehas A, =
X R"

JAdE, . almost everywhere, and A°=[AdE5 almost everywhere. If one only
assumes that A is affiliated with L®(X) x R" then by the usual approximation, it is
still true that A, = [AdE, . and A° = [AdE5.

Before proving the theorem, we will describe A, and A°® if A is a self-adjoint
differential operator along the orbits. In what follows o will denote a multi-index,
o={(oy,...,a,). Let b, be real valued functions in C(X) which are smooth in the
direction of the flow. Consider the operator on L*(X x R") given by

A=Y b,(x)D",
where D*=D%---D, and D,f(x,r)= —i(0f/ot}(x + t,r + Dl=o). If | ¥ b,(x)&* =

|a|=m
€| £], then A is affiliated to L®(X) x R" by Theorem 2.8. The operators A4, associated
to A are given by

A=Y b,(x+)D%

where  D*=(—i)"(0/0t,)**---(9/0t,/.  Finally, =Y b, (x)(D +s)%, where
(D +5)*=(Dy +5,)* (D, + 5,)™ and D, f(x) = — l(af(x + 0)/0t)|=o-
The following is the main result of the paper.

Theorem 3.1. Let A = [AdE, be a self-adjoint operator affiliated to L*(X) x R" with
the property that for each bounded Borel set S = R, E(S) belongs to the trace ideal of
L®(X) x R". Let F be the set of discontinuities of the increasing function t(E, — E,). If
A = R\F is a Borel set such that for almost every seR", A* has pure point spectrum on
A, then for almost every xeX, A, has purely continuous spectrum on A.

For the operator 4 described explicitly above, the theorem states that, if for
almost every seR", Y b,(x)(D*+s) (as an operator on L?(X)) has pure point
spectrum on a Borel set A < R\ F, then Zba(x ++)D* (as an operator on L?(R")) has
purely continuous spectrum, on A, for almost all xeX.

If A is bounded from below, (e.g. if 4 is a Schrodinger operator), then F is the set
of discontinuities of the spectral density function, N 4(4) of 4.

Let us make a remark on the algebra L*(X) x R" before we start the proof of the
theorem. If an operator Be L*(X) x R" is of Hilbert—Schmidt class in the sense that
1(B*B) < o0, then B is represented by a square-integrable kernel on X x R”, i.e.
(BE)(x, 1) = | b(x,s)é(x + 5,1 + s)ds with beL*(X x R"). To see this, note that %, =

&
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{KeL*(X) x R":K is represented by a square-integrable kernel} is a strongly
denseidealin L*(X) x R" Indeed, if K e L*(X) x R"is represented by ke L(X x R"),
thenfor De L®(X) x R*, DK is represented by V "'DVke L2(X x R"), where (V)(x,t)
= f(x, —1). Let {1,,} be a countable approximate identity in €. For an operator B of
Hilbert—Schmidt class, the strong convergence of Bz, to B implies that there is a
sequence of convex combinations of the Bi,’s, which are operators in %,, that
converge to B in the Hilbert—Schmidt norm. Therefore B is also represented by a
square-integrable kernel.
We start the proof with two lemmas.

Lemma 3.2. Let BeC(X) x R" and let neL*(R") be such that feL*(R")nL*(R"),
where fi(s) = [ n(t)e“*"dt. Then, for almost every teR"
Rn

(1@ 2dm(x) = [ =2n(s)(s') { B*L, B¥1 ydsds'.

Proof. Since B,,— Bstrongly implies B,, , — B, strongly for almost all x and B;, » B’
strongly for almost all s, it suffices to prove the identity for Be C (X x R"). Suppose
that B is represented by b(x, ). Then we have B, = (B) and B® = n(B°), and

)f{ [ (B)n) (1) *dm(x)

= [ b+ (e + )ds)([BCe + £, (e +)ds ) dm(x)

= [ [[([b(x + t,k)e " dk)([n(t + k') *dk’)ds]
X

‘Lf(fb(x + £, p)e™ P dp)([n(t + p')e“*" dp')ds 1dm(x)
= )f( [f(m(B)1)(x + t)fi(s)e " ds]

@B+ 9i)e ds 1dm(x)
= 2R ) Cn (B L, 7 (B ddsds'
This completes the proof. [

Lemma 3.3. Let BeL*(X) x R" be an element of Hilbert—Schmidt class. Then
| Bs1||2, considered to be a function of s, is integrable on R and

[ 11 B*1||2ds = ©(B*B).
R"

Proof. Let feL*(R") and let F(x,t)= f(t). From the definition of B, one obtains
[l ® F)BF](x,s)= (le)(x)f(s), where f is the Fourier transform of f. Therefore
I B*1]2| f(s)|%ds = | BF ||>. Since Bis Hilbert-Schmidt it is represented by a square-
integrable kernel b(x,7). Thus, |BF|?*=[[|{b(x,s)f(t— s)ds|*dtdm(x) and
1(B*B) = [ [|b(x, s)|*dsdm(x). Let ¢,,c L*(R") be such that

1 if|s|Em
0 otherwise’

Puls) = {
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The operators defined by convolution with the ¢,, act as an approximate iden-
tity on L2(R"). Hence hm | B®,,|I> = lim [[|{b(x,s)e,(t — s)ds|*dtdm(x) =
[[1b(x, 5)|*dsdm(x) = t(B*B), where D, (x,t)=@,(). On the other hand,
lim ||B®,,[* = lim [||B*1(?|@,(s)Pds = [|| Bl |?ds. O

Proof of Theorem 3.1. For the operator A = [AdE;, let {E, :4eR} and {E}:1eR} be
the spectral resolutions of 4, and A%, respectively. Recall that (E;), = E, , for almost
every x and (E,)* = Ej for almost every s. Given a Borel set £2, denote E () =
jdE 2.x(= (E(Q)), almost everywhere) and E*(€2) = [ dE3(=(E(2))° almost every-
Q Q

where). Let A be the Borel set in the statement of the theorem. To prove the theorem,
it suffices to show that thereis a set N = X of measure 0 such that the Borel measure
Uy (2)=E(2NnA),n) has no atoms whenever xe X\N and neC>(R"). This is
equivalent to showing that for the same x and », u, , X u, (%) =0 [12], where 9
is the diagonal of A x A. This will follow if one proves that [, . x g, (2)dm(x) =
whenever neC?(R").

There is a sequence of finite Borel partitions {#,}, of A such that 2, is
finer than £, and one has 2= ()[|)SxS8] Since pu,,xpu,.(S)=

mz1l Sep,,
(E,(S),n>? for S = A, it suffices to show that lim I, = 0, where
I, —f Y. LEL(S)n,n>*dm(x).

Sa@
By changing the order of integration and using Cauchy’s inequality, one obtains

L={fnne) Y f (Ex(S)n)@)(E(S)n)(s)dm(x)]dtds

Se@

<[ fin@n)IL Y (f [(E(S)m)(®)]* dm(x) f [(E(S)m)(s)|* dm(x)) "/ 1drds

SePy,

< In@ln6I Y J IELS)m(®)]* dm(x)]">

SePy,

X I [(E(S)n)(s) | dm(x)]"*dtds

Se?y,

=[fn®I(Y II(E Sm@)> dm(x))!/2dt]?

SeP,,

S lInlifesssup( ), I [(E(S)m)(®) dm(x)).

t SeP,,
Applying Lemma 3.2, one has
< I3 1A Y CEXS)L, E*(S)1)|dsds'.
SePp,

The factor | ) <-,->| in the integral is bounded by 1. Hence, the dominated
Se?,,
convergence theorem implies

Tim 1, < 7113 f1A(A() |1 (@) | dsds',

where 4 is the Borel measure on A x A whose value on a rectangle U x V is
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(E*(U)LLE*(V)1). We now wish to show that for each fixed s, [|A(s)||u"
(2)|ds =0. Let & = {AeA:E*({2})1 #0}. Then it is easy to see that

p (@) =3 CE{ADLET({D)1).

Aeé

Hence,

| (@) < Y NE(ADLIIE ({41 ]
Aeé
Since § <A cR\F, we have, according to Lemma 3.3, [|ES({A})1|%ds=
T(E({4})) =0. Therefore, for a fixed s, |u**'(2)| =0, almost everywhere. This
completes the proof. [

4. Applications

In this section we apply the previous theory to some geometric examples. As a
first step we obtain a criterion for an operator to have pure point spectrum.

Proposition 4.1. Let S and T be commuting essentially self-adjoint operators with
the same domain. If S has pure point spectrum, with each eigenvalue of finite
multiplicity, then T has pure point spectrum.

Proof. Assume that there is a basis consisting of eigenvectors for S. Since S and
T maps each eigenspace into itself. By diagonalizing T on each eigenspace one
obtains a basis consisting of eigenvectors for T. [

Now, let R" act locally freely and minimally on the closed manifold V. This is
determined by a Lie algebra homomorphism of Lie (R") into #(V), the Lie algebra
of vector fields on V. Assume that a Riemannian metric has been fixed on ¥ and
that the action is via orientation preserving isometries. Then the normal boundle
to the orbits, N4, has a holonomy invariant Riemannian metric and a unique
torsion free connection, V, which preserves that metric. This data allows one to
define a transverse signature operator

D, Q" >0~

as in [7], where Q2+ are the eigenspaces of the Hodge operator on C*(A*(NZ)).
It is a 1st order differential operator on ¥ which is invariant under the R" action
and elliptic transverse to the orbits.

Next, consider a self-adjoint invariant elliptic operator on R". If one views it
as an element of the universal enveloping algebra U(Lie R")), then its image in
U(Z(V)) defines an operator D:C®(V)—C*®(V), elliptic along the orbits. Let
2 = D ®yI denote the extension of D to 27. Since D, is invariant under the action
of R", it commutes with 9.

We shall apply the previous theory to 9. Since @ acts along the orbits, it yields
% on L*(V x R"), and it is given, as in Sect. 2, by an invariant symbol. Thus, we
may consider %, and & .. Each &* has the property that it commutes with D, and
that * + D%D,, is self-adjoint and elliptic. By Proposition 4.1 (&*)?, and hence
J°, has pure point spectrum for each s. Thus, by the spectral duality theorem we
obtain
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Theorem 4.2. The operator D ®yI has purely continuous spectrum off the disconti-
nuities of the spectral density function N, (A).

A variant of the above example having some independent interest goes as
follows. Let D:C*(R")— C*(R") be a self-adjoint periodic elliptic differential
operator of order k. Thus, there is a lattice I" = R" such that D" = D for any yerl.
Let o:I" > T* be an embedding of I" as a dense subset of a torus obtained by
choosing independent irrational numbers a,, ..., o, and setting a(x,..., x,) = (™,
eimx2 | eimmeky Then V= R"xT" is a compact manifold acted upon locally
freely by R”, and D induces an operator D on V which is elliptic along the orbits.
This operator yields D on L*(V x R") such that the symbol of D is invariant in
the sense described in Sect. 2. Thus the theory applies. The operators D are all
invariant under the action of T" on V, hence they commute with the Laplacian
Apn, (cf. [1]). One then has D* + (A ;n)*/? self-adjoint elliptic and commuting with
D*. As before, we deduce that D* has pure point spectrum. Thus, D, has purely
continuous spectrum off the discontinuities of N(1), for almost all x. However, in
the present case, each of the operators D, is the same as the original operator D,
so one obtains

Theorem 4.3. Let D be a periodic elliptic operator on R". Then, off of the
discontinuities of the spectral density function, D has no eigenvalues with eigen-
functions in L2(R").
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