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Abstract. Let T, (h, w)+ eV be the Schrodinger operator corresponding to the
classical Hamiltonian Hy(w) + ¢V, where Hy(w) is the d-dimensional harmonic
oscillator with non-resonant frequencies w =(w;,...,w,) and the potential
V(q,,...,q,)is an entire function of order (d + 1)~ !. We prove that the algorithm
of classical, canonical perturbation theory can be applied to the Schrodinger
equation in the Bargmann representation. As a consequence, each term of the
Rayleigh—Schrodinger series near any eigenvalue of T,(h, w) admits a convergent
expansion in powers of # of initial point the corresponding term of the classical
Birkhoff expansion. Moreover if V' is an even polynomial, the above result and
the KAM theorem show that all eigenvalues ,(h,¢) of T, + ¢V such that nA
coincides with a KAM torus are given, up to order ¢*, by a quantization formula
which reduces to the Bohr—Sommerfeld one up to first order terms in 7.

I. Introduction and Statement of Results
Consider the formal Schrddinger operator acting in L?(R?):
T(h, &) = To(h) + V. (1.1)

Here q=(q,---q)eR? q— V(q) is a real-valued function, and ¢ is a non-negative
number. The operator T(h, ¢) is obtained through formal quantization (i.e., through
the replacement p;— i(0/dq;)) of the classical Hamiltonian defined on R4

H(p,q;6)=Ho(p,q) +eV(q), p=(p, "'Pd)ERd, {pi’qj} = 5ij (1.2
Let H(p,q) be canonically integrable over R?‘, namely (see e.g. [4, p.289]) let
(R?\{0})? be canonically foliated into (R, )* x T* through globally defined action-
angle variable (4, ¢) = C(p, q), AcR% , peT? C being a completely canonical map of
(R?\{0})? onto R% x T such that Hyo(C~ (4, #)) = fo(A). Accordingly, we rewrite
(1.2) in the canonically equivalent form

H(CT!(A, ¢),8) = fo(A) +eV(A4,4), V(A,¢)=V(C™!(4,9)). (1.3)
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Correspondingly, let T(h) be self-adjoint in L*(R?), with purely discrete spectrum
given by simple eigenvalues A,(h)1 o0 as n=(n,,...,n;)— 0. Under appropriate
assumptions on the pairs (To(h), V); (Hy, V) the perturbation series in powers of ¢
exists in both cases. In the quantum case we have the Rayleigh—Schrodinger

0
expansion, which yields a formal power series ). A%(h)e* of initial point any given
k=0

eigenvalue A,(h) of Ty(h). For conditions on (T,(h), V) ensuring convergence or
summability to an eigenvalue of T'(#, ¢) seee.g. [7,§ VIL. 1,2] or [11,§XII. 1, 2]. In the
classical case we have the canonical perturbation theory, which under some

additional conditions [4, p. 472] yields a formal power series Y. &f,(A4) of initial
k=0

point f(4), known as the Birkhoff expansion. The set of values of A (“tori”) such that
this power series, which is in general divergent (see e.g. the discussion in [9,§3])
yields an asymptotic expansion to all orders of an Hamiltonian f (A4, &) canonically
equivalent to (1.3), and hence to (1.2), is characterized by the KAM theorem (see e.g.
Chierchia—Gallavotti [3], Gallavotti [5], Pdschel [10]).

It seems natural to raise the question of the convergence of the quantum
algorithm to the classical one at the classical limit n— oo, h >0, nh—> AeR%,, ie.
nh— A;,i=1---d. Despite its obvious interest in semiclassical quantum mechanics
(see below) this problem seems to have attracted so far little attention: to our
knowledge, the only paper dealing explicitly with it is that of Turchetti [11].

The aim of this paper is to show that the answer to the above question is
affirmative, at least in a particular but already significant case, namely H, the
harmonic oscillator with non-resonant frequencies, and ¥ an entire holomorphic
potential of order (d + 1)~

More precisely let ®;>0, i=1,...,d, w=(w,...,0,), with {w,v)=
vy + v, =0iff v=0, and let

d
Holp.qs0) =7 3, (v + 074?) (1.4)

Nl’—‘

so that the above mentioned canonical mapping is given by:
A; = (p} + 0fq})20;
Clp,q):= { _ /
¢ = — arctg(p;/w,q;)

C™ YA, ¢):= {Pi= — /20,4;sin ¢, (1.5)
BRY =\/2T/COI'COS(],')‘~

and
d
fo(4)= =Z wd;={w,A). (1.6)

Let furthermore Ty(h,w) be the self-adjoint realization of the differential

d?
expression l;( hzd—2+w, ql) in L*(RY. It is well known that Tk, w)

has discrete spectrum, consisting in simple eigenvalues A,(h, @)= A,(h)=
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h(<n9w>+%|wl)a n=(n1,--"nd), <n’w>=n1w1+"'+ndwd5|w|=w1+”'wd9
n;=0,1,...,i=1,...,d. Let in addition g —> V(g) be entire holomorphic of order
d+D71 e

[oe] o0
V@= Y  nondidit= Y vq" YqeC?
ny,...,na=2 nj=2 (17)

V(g < et VqeC? gl =lg? + - + g3 |

Remark that, if we denote by V,(4), veZ* the Fourier coefficients of the function
V(A, ¢) from R4 x T to R, then there is L; > 0 such that

max |V,(A)| £ LY~V D vi=vy |yl vl=vi4 4y (18)
Ae 2

¢eRY being compact. We also note that, by (1.7)-(1.5) and an elementary symme-
try argument, the function A - V,(A) is entire in C% Let finally o fulfill the
following Diophantine condition: there exist B> 0, y > 0 such that:

[{w,v)|"t < Be™, VveZ% v#0. 1.9)

Under these conditions it is well known that both the Rayleigh—Schrédinger and
Birkhoff expansions exist to all order in ¢&. However, some familiarity with both
classical and quantum perturbation theory shows at once that the two algorithms
are generated in apparently unrelated ways. The main point of this paper consists in
pointing out that, for perturbations of the harmonic oscillator, the Bargmann
representation allows us to generate the quantum perturbation theory by the same
algorithm of the canonical one. More specifically: by working in the Bargmann
representation it is possible to rewrite the Schrédinger equation under the form of
the classical Hamilton—Jacobi equation (written in canonical variables related to
the standard ones by a linear complex canonical transformation) plus corrections
under the form of a convergent power series in A. Our first main result is thus
obtained by recursively solving this equation by means of the Birkhoff transform-
ation of canonical perturbation theory, up to the natural variant of working with the
Laurent expansion instead of the Fourier one. Namely:

Proposition 1. Let w, Hy, To(h,w),V be as above . Let Y. A(h)e* be the formal
K=0
Rayleigh—Schridinger expansion of initial point A2(h) = A,(h) = h({n,@) + %|w)|).
Let Y, N (A)e* be the Birkhoff expansion for fo(A) + eV(A, ¢), No(A) =fo(A). Then
k=0

for any keN there are constants >0, D(k) >0, and a family of entire functions
q—-0i(q), j=1,2,..., such that, if Q = C? is open and bounded:

sup |0i(9)| < B'D(kY, (1.10)
H0) = Ny(nh) + 3 WQ{nh) (1.11)
j=1

The formulation of the Schrédinger equation as a classical, perturbed
Hamilton—Jacobi equation plus explicit corrections in powers of # is of course
relevant to semiclassical quantum mechanics. It is well known that, for classically
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integrable systems in R29, the eigenvalues of the corresponding Schrédinger
operator should tend to the classical Hamiltonian expressed as a function of the
actions at the classical limit. Moreover, the Bohr—Sommerfeld formula should
provide a quantization correct up to terms of order # [8], and an outstanding
problem is to determine all corrections in powers of # beyond the first one, whose
coefficient is known as the Maslov index. The above formulation of the Schrodinger
equation enables us to directly apply KAM theory, in the version obtained by
Chierchia and Gallavotti [3] in the analytic case (see also Gallavotti [5] for more
detail), and consequently to take up these kind of questions, to all orders in
perturbation theory, even for a class of non-integrable systems. The result is as
follows.

Proposition 2. Let w, H,, T,(h, w) be as above. In addition, let V be a polynomial of
degree 2m such that:
(@) For ¢ =0 the maximal operator T(h,¢) in LA(R?) defined by the action of
To(h, &) + eV has domain D(Ty(h, w)) N D(V), is self-adjoint and has discrete spectrum.
(b) Consider again Vy(A)=2n)"*[V(A4,¢)dp, and let M(A)=(0*Vo(A)/

0ADAijor.cn Let QcR' be any bounded sphere, S(Ao)=

{A4eC%max|A;— A?| < p}, Clp,R2)= ) S,(Ao). Then there is n>0 such that
i Aoe

sup|det M(A)| ™! <n < + oo, where the sup is taken over C(p, 2).

Let I'(e) = Q2 be the set of the invariant KAM tori, and f °(A,¢) the integrable
Hamiltonian canonically equivalent to H(p,q;&) on I"®(g), which can be extended
to a C* function of A in Q. Then, for 6 < + 00, and &> 0 suitably small, there is
(A, h,e) > g®(A,h,e)eC°(2 x [0,6] x [0,£]) such that

A, &) =f ©(nh, &) + hg(nh, h, &) + hlw|/2 + O(e™) (1.12)

whenever nhe I *(g). Here ,(h, €) is any eigenvalue of T(h, €) close to A,(h) for ¢ <&, and
O(&™) is uniform with respect to he[0,d].

Remarks.

(1) Tt is well known (see e.g. Gallavotti [5]) that u(I"*(e)) = (1 — Ke)u(£2) for
some K > 0. Here u(-) denotes the Lebesgue measure.

(2) Formula (1.12) shows that the so-called Einstein—Brillouin—Keller quantiz-
ation, which amounts to performing a Bohr—-Sommerfeld quantization on the
Birkhoff expansion truncated to any given order, is valid up to first order in # had to
all orders in ¢ for the “quantized KAM tori”, i.e. for those quantum numbers » such
that nheI"°(g).

The plan of the presentation is as follows: in the forthcoming Sect. II we describe
how Rayleigh—Schrodinger perturbation theory can be generated by the classical,
canonical algorithm, and in Sect. III we will give the proof of Propositions 1 and 2
which will be easy consequences of the Birkhoff transformation and of the
Chierchia—Gallavotti [3] proof of the KAM theorem, respectively. Some useful
estimates are collected in an Appendix.

d
Notation. We use the abbreviations: z=(zy,...,z,), z2= ). z}, (mh,...,nh) =
i=1
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d
nh, (0yzy,...,042) =0z, Y wfz} =w?z% |z|=|z{|+ - +|z5. If z>f(2) from
i=1

C? to C is analytic at z, we denote its gradient by V,f, and by (D*f)(z) its partial
derivatives (D*f)(z) = ((0** " *#4/0z4 --- 0z49) f)(z, -- - z,). We refer to Gallavotti [3,
5] for all notation on canonical perturbation theory in the analytic case not
explicitly recalled in what follows.

II. Perturbation Theory in the Bargmann Representation

The starting point of our analysis is represented by some well known results on the
quantum harmonic oscillator and on their classical counterpart, stated for the sake
of convenience under the form of three lemmas.

2.1. Lemma (Bargmann). Let % ; be the Hilbert space of all entire functions z —
f(z) from C* to C such that | |f(z)|*e~*Pdzdz < + o0. Let q—y(q)e LAR%). Then
de

the map  —» Uy = f(z), zeC*, defined as:
(U)(2) = | Alx, 9(g)dq, 2.1)

R
A(z,9) = (/1) 0y -0, e 1 ol 2200 (2)

is unitary between I}(R%) and % ,. If Ty(h,w) is the Schrodinger operator of the
harmonic oscillator in L*(R?), with frequencies = (w,, ..., ®,), then:

UTy(h, w)U ™! = Py(h, ) + 3h| 0], (2.3)

where Py(h, w) is the maximal operator in & ; generated by the differential expression
d
Pohow)=hY wzD, =h{wz,V,).
i=1

As remarked by Bargmann himself [1], the spectral analysis of Py(h,w) is a
triviality. However, following Voros [13], let us reobtain it in a different way, which
is much closer to the integration procedure of the Hamilton—Jacobi equation for the
classical oscillator and thus introduces a convenient quantum analogue of the
action-angle variables.

Consider the Schrodinger equation in % ,.

Po(h, w)(z, E(h)) = E(RW(z, E(R)). (2.4)
To find ¢, E we tentatively set:
Wz, E(h)) = etot=Em—=", 2.5)
Substitution in (2.4) yields
{wz,V,Wy(z, E(h))) — wz? = E(h). (2.6)

Look now for solutions of (2.6) in separated variables:

d d
E(h) = .; E{h), Wo(z, E(h) = ,=Z1 Wozi E(R), i=1,....d. 2.7
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Then (2.6) yields:
0,W6(Z,,El(h))=(E,(h) + wiziz)/a),»zi, l= 1,...,d. (2.8)
Analyticity of z—(z) yields the quantization condition

oWz, ER) | _ (i)
r Yz, E(h) h

where I' is any circumference in C avoiding the zeros of ¥{() and ;=
exp {[Wi(z:, E{h))— z%/2]/h}. By (2.8):

@ni) ™t [, Wiz, Edh))dz, = Ef)w, i=1,...,d.
r

@2mi)~! [0:Wo(zi, Efh))dz;=n;, 2.9)
r

Therefore:

{E,(h) = hniwi’ E(h) = h( n,w >, Wlo(zn 1(h)) (210)

= hIOg(Zi)m + %Ziza W(Za E(h)) =Cpyong? 1 : Zd >

which are of course the familiar eigenvalues and eigenvectors (in the Bargmann
representation) of the harmonic oscillator; c,,...,,, are the usual normalization
constants.

Since the converse direction is trivial, we have:

2.2. Lemma. E(h)=h<{n,w ) is an eigenvalue of Py(h, w) if and only if its eigenvectors
admit the representation (2.5), with W(z, E(h)) determined by (2.6)—(2.9).

To see that the variables {0;W}, z;} are a sort of quantum, complex action-angle
variables, let us now examine the classical problem.

Consider again the Hamiltonian (1.4) and the canonical transformation (1.5). Set

now:
/ e’¢1
»R)=C,(4, 2.
(z, R)=Cy(4, 9):= { R, = 2 /A c0s (2.11)

inverted as

A.=Z.R~—"22
A, $)=Cil(zRy:=4 1 T !
(4,9)=Ci (2, R) {q&i:argzi:iLngi -
and generated by
d
Wd,2)= ¥ (4, Logz+ ) .
i=1

where Logz denotes the principal branch of z—logz,zeC. Under the natural
identification R% x T¢~(C\{0})%, (2.11), (2.12) define a holomorphic bijection of
(C\{0})? onto itself, which is completely canonical because

{RJ’ Zk} = iéﬂ(’ {RJ’ Rk} = {Z], Zk} = 0. (2.14)
The canonical image of fy(A) =<w,4) under C, is

d
Fo(z, R) = fo(CT Xz, R)) = ; wiz:R; — (2.15)
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Equivalently, we may look at C, as the composition C>C,, where C, is the linear
complex canonical transformation on C? ~ R defined as follows:

Co:(zi,2) = (0iq; + ip)//20;, (09, —ip)//20)) > (zi,2;+2)  (2.16)

that is, z; = (w;q; + ip;)//20;, R; = ¢;1/2w;.
Remark that z;z; = A4;, so that

Ri=zi+Z—i=aziW(AaZ)=(Ai+Zi2)/Zi1 (217)
and W(A4, z) fulfills identically the Hamilton—Jacobi equation:
Fo(z,V.W(4,2)) = fo(A), (2.18)

which is the analogue of (2.6) under the correspondence A—nh R =
(Ry,...,R) = V. W,.
Let us sum up these simple remarks:

2.3. Lemma. The harmonic-oscillator Hamiltonian H(p,q; ), considered in C,
admits the canonically equivalent form Fy(z, R). The analytic, completely canonical
transformation mapping F(z, R) into fo(A) is given by (2.11 )—(2.12). Its generating
function is given by (2.13), and solves the Hamilton—Jacobi equation (2.18).

Next, let us proceed to write the perturbed Schrodinger equation in the
Bargmann representation. Let T(k, &) once more be the maximal operator in L*(R?)
generated by the differential expression (1.1). Since the unitary image under the
Bargmann transform U of the maximal multiplication operator by g; in L*(R?) is the
maximal operator generated by (z; + A(d/dz;))/\/2w; in &, the unitary image of

T(h,e)in & 4is P(h, ¢) + 1h|w|, where P(h, ¢) is the maximal operator in &, generated
by:

P(h,e) = Po(h, ) + eV(z + hV,)/\/20), (2.19)

where, as usual, z/. /2w = (2,/\/20 ..., 24/ /20,).

Our purpose now is to generate the perturbation expansion in powers of & of
initial point any given eigenvalue A,(h)=#h{n,w) of Py(h,w). The following
preliminary result is proved in Appendix.

24. Lemma. Let EcC, ¢ > 0 and let the family of functions z— W(z; E, ¢) indexed by
(E, &) be locally holomorphic in C? for any fixed (E,¢). Set, for |=1,2,...

ROVGED) = 3. DIVIT.WC )/@)Zm H 1<DgW(')/ \/2_“’>51_r

jel=l+1 !
(2.20)

where t=(ty,...,t)), w=(Uy,...,4g) are multiindices, t;, p;=0,1,...,i=
b
oy |tl=ty 4ty (pl=py g, =140ty wl=py !l and Y, means
summation over all non-negative integers a, such that

I+1 1+1

Zau=|t|~ls Zﬂl i’ l=1,,d

=2 lul=2

Then, if W(z; E, ¢) is holomorphic in Q(E, &) = C? continuous in , Q open and
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bounded, there are K (E,¢) > 0, K,(E, &) > 0 such that
max|R(W(zE,e))| S K, K5, 1=12,.... (2.21)
2eQ?

Moreover, K |(E, ¢), K,(E, &) can be chosen independently of (E, €) whenever £2(E, ¢)
is independent of (E, ) on the compacts of C x [0,a] and the family z— W (z; E, ¢) is
equibounded.

We can now state and prove the extension of 2.1 to the perturbed case.

2.5. Lemma. The Schridinger equation
P(h,eli(z; E, ) = E(h, e)Y(z; E, &) (2.22)
admits for each fixed (E, €) as above a locally holomorphic solution z — (z; E, &) under
the form:
W(z; E, g) = eWEd =212 (2.23)
if and only if z— W(z; E, ¢) is a locally holomorphic solution of

(wz,V,YW(zE,¢) — wz® + s[ V(V.W(z E, &)/ /20)
+ i H'R(W(zE, s))] = E(h,e). (2.24)

Remark. Making =0 in (2.24), and taking E = f(A,¢), we formally recover the
Hamilton—Jacobi equation, written out of the (R, z) coordinates. I.e., one looks for a
solution W(A4,z,¢) of (2.24) for h =0, parametrized by (4, ¢), which represents the
generating function of the canonical transformation mapping F(z, R)+
sV(R/\/ia) into the new Hamiltonian f(A4, ). It will be seen later on that this remark
can be rigorously implemented in perturbation theory.

Proof. Of course we have:

Po(h, oW )y = {wz,V,>W(z,") — wz>. (2.25)

To determine the action of V((z + #V,)/./2w) on Y, let us first recall the formula (see
e.g. Voros [12]):

V((z + hV,)/ 20)e™ e — o=Rhy () [2g)e™eh, (2.26)

Next, we recall the Faa di Bruno formula in d variables (see e.g. Bolley—Camus
[2]):if p = (p; -+~ p) is a multiindex taking values in (N U {0} )%, g: C? - C is analytic at
z, and ;: C — C is analytic at g(z), we have:

(D7 f°92)= Z f ""’(9(2))2 [1 (Dzg(2))™, (2.27)

1 1<|,45<p(.u')a
where the notation is the same as in (2.20), except for Y which now means
summation over all non-negative integers a, such that

Ipl Ipl

Ya=m Y wa,=p, i=1,...d

luf=1 lul=1
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Therefore:

e~ W hppDReWE = z h’z I1 : (DMW(z, ), (2.28)
IS0 2 igiusipl (l")
Ipl
where Z means summation over all a, such that Z a,=|p|—land ) wa,=np;.
lul=1 lul=1
Con51der now the d multiindices fi,...,{,; of length 1, ie. such that |u| =1,
denoted as (,u'), =0;;, i, j=1...d, and rewrite the right-hand side of (2.28) in the

following way:

b=1  py ! oW\ [ OW \au x Wiz,) \ 1
#l _P___<_> <_> (D'z‘ > ) —, (229
z=zo amz=0(au|)!"'(aﬁd)! 0z, 0z ;zgll;[glpl u a! 22

%
where ) means summation over all a, such that
3

lj’

pl

d 2] a
Y a,=Ipl=1- Y a; HZzu,-afpi—jZlﬁ{a,;j- (2.30)
= L

lil=2 i=1

p| d d
Now the condition )’ a,=|p|—Iyields ) a,<|p|—Lie.|p|— ) a, =1 and

=1 i=1 i=1
furthermore we have:

Z lula, 22y a,. (2.31)

Iuz2

Y, pap|=

lul22

Since Z pa, =p, and Z a,=|p| — 1, (2.31) yields

=1 =1

Ip|— 2 a,<2l. 2.32)
i=1
d
Now equality in )’ a, <|p|—1I implies a,=0 for |u|=2, and then Y pa,=
i=1 lul=1
p, that is a, = p; and thus /=0 by (2.30). Hence we have: ’
I+1Z|p|— ) a,£2], l#O}
=1 (2.33)
lpl= ) a, 1=0

lul=1

Set now t; = p; — a, . Then, by (2.33), (2.29) can be rewritten as:

pi Ip|—1 21 | d aW Pt
p
+ YR —||<—>
i) =1 [t|=1+l(p—t)!i=1 62,-

4 (oW
;:Zl<az

i [1 (D“W( )>”1, (2.34)

1 1
4 25]u<lpl K a,:

where Z means summation over all a, such that

Za =|t] -1, Zua =t (2.35)

lul=2 lul=2
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Now the second of (2.35) yields 2 jula,=|t|, and thus by the first
lul=2

p
Y. a, (lul—1)=1. Recalling that V(g)= Y. v,4°, we get:
luf=2 Iptz2
pi
e e 3 o (25
P2 | i=

21

2 p! oW \Pt DEW \o 1
eS8 s P () S0 (B el

=1 p=t+1jpizi+1 S o<z \ M a,!

I+1 1+1
where Z means summation over all a, such that ) a,=[t|—1, ) pa,=t.
lul=2 lul=2

We can thus conclude:
e EIW(hY,/20)e" @ = V(V, W/ /20) + Y. h'R(W), (2.37)
=1
where R(W) is given by (2.20). Then (2.37), (2.25), (2.26) and Lemma 2.5 yield the

assertion. W

We are now in a position to generate the Rayleigh—Schrédinger perturbation
theory by applying to Eq. (2.24) the Birkhoff transformation, as described e.g. in
[4,§5.10, Proposition 17]. We have:

2.6. Proposition. Let Q be any bounded open sphere in C*. Then there is (k,2) >0
such that, if nhe and heC;= {zeC:|z| £ 8}, the equations

k—1

1 d k=1
TR ll: (AZOEJVZW(n,h;z)/«/Zw)
+ Z HR ( le IWi(n, b z))]

Ao, h) =hln,w); V,Wy(n,h;z) =V, Wy(nh;z)
=((nh+2%)/zy,...,(nh + 22)/2,) (2.38)

are recursively solved by a family of functions z > W,(nh, h; z), parametrized by (nh, h),
and a family of functions (nh,h) — A(nh,h), h=1,2,...,such that:
(1) W(nh,h,z) is holomorphic with respect to

(nh,h,z)eR x C; x C7\{0}, k=0.

(2) A(nh,h) is holomorphic in 2 x Cs and admits the representation:

Jaln,h) = Pyhn) + " HQL(hn), (2.39)
=1

Loz, VYW (nh;z) + ——

= A’k(n; h)9 k g 1

=0

where the functions x— P,(x), x — Qi(x), (L, h) = 1,2,...,are holomorphic in Q and the
series is convergent for heCj.

(3) The formal power series Y. A(nh,h)e* and Y. W(nh,h;z)e* represent the
k=0 k=0
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perturbation expansion to all orders near A,(h), Wy(nh, z), respectively, for Eq. (2.24),
and thus for the original Schrédinger equation (2.22), i.e. for all N = 1,2,... we have:

N N-1
Y & wz, V., ) Winh, by z) — wz* + e[ V( Y &V, W (nh, h;z)/ /2cu>
K=o

k=0

+ Y h’R,( S Wy, b z)>:l= S Ay, W)k + O+ 1), (2.40)
I=1 k=0

k=0

Remark. By unitary equivalence and the uniqueness of the perturbation expansion
the numbers 4,(n#, h) are just the Rayleigh—Schrodinger coefficients. Then formula
(2.39), together with (2.57) below, yields their full, explicit semiclassical expansion.

Proof. Set, heuristically:

Winhez)= Y Wn 2, (2.41)
k=0

E(n,h,e)= i Ju(n, B)EX. (2.42)
k=0

Insertion in (2.24), Taylor expansion of both sides near ¢ = 0 and equality of the k-th
order coefficients of both sides yields (2.38), with (see [4, p.477])

A L=
T < Y &V, Wz, /@) .
= Y DEV(V, Wiz, )/Jz'w ) ﬁ(

' 0, Wlz,) /20 j), (2.43)

lpl<k—1 8, J=1\5=
where a,, , are multiindices: a, —(alj ai) and ) means summation
d
over all non- negatlve integers al such that Z 2 al=k—1;
ji=1s=1

Vo2 S ] < @, wicy. /2wj), (2.45)

k=
= Z RiQRIZ-1 -0 (2.44)

1 et [kor
(k_—)'FTR( 2, eWiz: )
21 a-— 1Dltl+1'
R =

ltl=1+11p|=0 a, a,,d;=1 s=1
1 dP xit1[ k=1 (k) 1

R12)=_ " |: & S,

L B' dﬁﬂzl‘d:z jgo Z nI!-nnk_l!
DAW,\" ([ DEW,_y "

'< 2'0> ‘“< z f 1) ] , (24@
H I e=0

()]

*
where )’ has the same meaning as in (2.20), and ) means summation over
all non-negative integers n,,...,m,_; such that n;+--+m_,=aq, and
Ry +2n34 -+ (k=2 =]
We then see that the procedure is triangular, because for each k the right-hand
side of both (2.43) and (2.44) only depends on Wy, ..., W;up toj = k — 1, and on their
derivatives. Therefore for each k (2.35) becomes an inhomogeneous, linear first order
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equation for W,. Denoting by Y(W,,..., W,_,), Z{W,,..., W,_,) the right-hand
side of (2.43), (2.44) respectively, the infinite hierarchy of Eq. (2.38) can be rewritten in
abbreviated form:

wz, V) Wn,h;z) + Y, (Wo,..., W, _1) + Z V4 Wos..o, Wi 1)hl = A(n, h).
(2.47)

To find W, and A,,k = 1, we look for the Laurent expansion of W,:
W(n, h;z) = Z wh(n,h)z%, z9=z{ .. 2§ (2.48)

qez?

Inserting this in (2.47) and requiring the identity of the Laurent expansion of both
sides we get:

o, ywP(n, h) + y¥(n, h) + Z RO®Hn,h) =0, q+#0, (2.49)

y&(n,h) + z RO n, h) = A(n, h), (2.50)

where y%(),0%"!(-) stand for the Laurent coefficients of Y, (Wy(n,h,z),
W,(n,h;2),...,W,_(n,h;z)) and ZY(W(),..., W,_,()), respectively.
The formal solution of (2.49) is of course recursively provided by:

1
w®(n, 1) = 0, wH(n, h) = — O, h)+ Y. HOPHn,h ] #0.
. 1) = 0, w0, 1) <w,q>[()z i | g

(2.51)

Let us now prove that
Y®(n, h) = yE(nh), 0PHn,h) = 69 (nh) (2.52)

and that there are C,(k) >0, C,(k) > 0 such that

sup|yy(nh)/{w,q>| < C (ke (2.53)

nhe
sup| 0@ h)/{w,q)| < Cy(k)D'e™" (2.54)

nhe?

for some D > 0 and any « > 0. In fact, by the initial condition in (2.38) and (2.43) we
immediately see that y{"(n, %) has the form (2.52) and nk — y{"\(n#) is holomorphic in
0. Moreover, it fulfills (2.53) by (1.7)—(1.9). Looking now at (2.44)—(2.46), we see that
also 6%!(n, h) has the form (2.52) and the same holomorphy property.

Proceeding as in the Appendix, it is not difficult to show that there are C; > 0,
D > 0 such that

sup| 6 (nh)/{w,q)| < CsD'e~, Va>0. (2.55)
nheQ
By (2.51) we can thus conclude that the function ni —w{)(n) is holomorphic in £,
and that there is C, > 0 such that, for all « > 0:
sup|wi(nh)| < Cpe™. (2.56)

nhe?
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Therefore the function (nh, h, z) » W,(nh, h, z) defined by (2.48) and (2.51) with k=1
and by the initial condition in (2.38) is holomorphic in £ x C,; x C*\{0}.

The whole argument can now be iterated to all k > 1, yielding the existence of
nh— y$nh), nh— 6% (nh) holomorphic in £, and of constants C,(k)>0,
C,(k)> 0, D,(k) >0, D,(k) >0, such that for any o > 0,

suply"" ((nh)/<w, q)| < C1(k)D,(k)'e =, 2.57)
sup| 09 H(nh)/<w, g)| < Co(k)D(k)'e =, (2.58)
nhe

YP(nh) = 2 Hy©l k), 6FHnh) = 09 nh). (2.59)

This proves all assertions, and furthermore yields the explicit expressions:

Py(nk) = y§"%nh),  Qi(nh) = 06 (nh) + yG'(nh). (2.60)

III. Proof of the Main Results
By Proposition 2.6, we have:
lim A, (n,h) = P(4), k=0,1,2,.... 3.1

nh—A
Therefore Proposition 1 is a direct consequence of the following statement:

3.1. Lemma. Let AcQ, 2 as in Proposition 2.6. Let N(A), k=0, 1,2,..., be the k-th
order term of the Birkhoff expansion for H(p,q;€) = H(p, q; w) + eV(q). Then:

PJA)=Ny4), k=0,1,2,.... (3.2)

Proof. The assertion is true for k=0 as recalled in Sect. II. To prove it for all k,
consider the classical Hamiltonian H(p,q;¢) and write it in the (R,z) canonical
variables (Sect. II):

Hy(R,z;6) = H(C{ Y(R, 2);¢) = Fo(z, R) + eV(R//20) (3.3)

the notation being as in (2.11)—(2.18). Now, according to canonical perturbation
theory (see e.g. [4,§5.10]), look for a completely canonical bijection C(R, z) = (4, ¢)
of (C\{0}) such that H,(C; (4, ¢)) has a formal expansion in powers of ¢ with
coefficients independent of ¢. To this end, look for the generating function @(4, z; ¢)
of C,:

R=V,0(A4,z¢)
{q,’) =iV, ®D(A,z;e) 34)
under the form of a formal power series in &
D(A,z;e)= ), D (A, z)e" (3.5)
k=i

where @(A4,z2), k=1,2,..., have to be recursively determined, because by (2.17) we
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have:
V. 0y(A,2) = (4, + 2D)/z1, ..., (Ag + 23)/2)). (3.6)
Look now for the Laurent expansion of @(A4, z):
D(A4,2)= de?}f’(A)z". 3.7
qeZ

Then, upon insertion of (3.7), (3.5), (3.4) in (3.3), and after a universal expansion in
powers of ¢, the request that all the resulting coefficients be z-independent yields

(o, @A) + yP(A)=0, k=1, (3.8

where y\?(A) are the Laurent coefficients of Y,(®,,..., ®,_,), defined by (2.43) with
D,,...,D,_, in place of W,,..., W,_,. Therefore the recursive equations (3.8) are
identical to the recursive equations (2.49) with #=0 and have the same initial
condition by (3.6). Thus proves the lemma. W

Proposition 2 is now an immediate consequence of Proposition 1, given the
KAM theorem and the C® version of the Borel summability method (see e.g.
Hormander [6]).

Proof of Proposition 2. Since Vis a polynomial of degree 2m, by (2.20), (2.38), (2.60)
we have Qi(nh) =0 for | = 2km.

Set now:
2mk—1
Bx= sup Z 10!, k=1,2,..., (3.9)
xeQ0<sy<s 1=0
mk —
Fi(x,y)= Z Q’“(x k=1,2,.... (3.10)

so that (x,y)— Fyx,y)eC®(2 x [0,§]), and sup |Fu(x,y)| < B;. Let
xeQ0<y<o

x = x(x)eCF(R), x(x) = 1 for | x| £ 1, y(x) = O for | x| > 2 and let {y,}> , be a positive

sequence increasing monotonically to + co. Set:

N-1
onxyie)= 3 Fileyirend, N=12,.... (3.11)
Then we can directly apply [6, Theorem 1.2.6], choosing a sequence {y,} suitably

large, depending on {f,} (and thus not on y) to conclude the existence of
(x,y,8) > g°(x, y;6)eC*(2 x [0,5] x [0,&]) such that

N-1
ge(x.y;6)— Y, Filx, e =0(E"), N=12,..., (3.12)
k=1

uniformly with respect to (x, y)e2 x [0, 5].
Next we recall that, for nh = AeI *(¢),

f(nh, &) — NilNk(nh)a" =0, N=1,2,.... (3.13)
k=0
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Since under assumption (a) it is well known that, for any fixed # > 0, one has:
N-1
Mhe)— Y Mme=0@E"), N=12,.... (3.14)
k=0

equations (3.12), (3.13), (3.10) and Proposition 1 prove the assertion. W

Appendix

We have to prove (2.21). To this end, consider first the entire function g — V(q). Let
I” = C? be compact. Integrating the Cauchy formula on S;(R,) x S4(R,), S{R,) the
circle in C of radius R; centered at the origin, for min R; suitably large there is

1<i<d
K(I') > 0 such that
max|D;V(q)| < K(NR™'t!V(Ry,...,Ry), (A.1)

qeI’

wheret!=t,!---t,,R'=R;"---R; "4 V(R,,...,R)= max [V(R.e",...,R;e)|.

0<6;<2m1<isd

Let now z — W(z) be holomorphic in 2 <= C%  open, bounded and connected,
and let Q< < Q be compact. Then there are 4 >0, B;>0, i=1,...,d, such that

max|(D;W)(z)| < AB*u!, B*=Bf'---By*, pl=py!---pl. (A2)
2602

We have to estimate the maximum over Q of the right-hand side of (2.20). By (A.2):

DEW)(z)\™* 1| 11 e,
kwrlm( ! > ol = <11 (HIB > (A.3)

max
el =20, !
Smce Z in (2.20) means summation over all non-negative integers a, such that
1+1
Zuia =t,i=1,..,d,and ) a,=|tf|—I, we have:
luf=2 luf=2
% [+1 DI‘W % [+1 1
max|) [] < )(Z)) <AB'Y I (A4)
ze0 lu=2 =2 u

where B=max(By,...,B,), and Z has the same meaning as in (2.20). Now the
number of multiindices u such that 0 < |u| <|[¢t| is [¢|° Since [+ 1 < [t|, we have:

% I+1 ld
AB"Y. T1 (@)™t S 4Bt =)~ H (1Y S ACBY g (A9)
=2 =N
the second inequality being implied by |t| < 2L
Therefore we can estimate (2.20) as follows:
21 ld
max|R(W(z))|£A4 Y, max|D{V(V,W(z))|(2B*)—rH ! (A.6)
P [=T+1 zeQ (e =0
Now we can always choose I" such that (V,W)(z)eI’, whence:
1
max|R(W(z))| £ AK(')V(Ry,...,R)IMR~(+1) Z (m z)v’ (A7)
2eQ? el =1+1 -
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where R =min(R,,...,R,). Since |t|! = t!, we have:

21 t! 2 |t 4 (l+p) a+1(21)
=@) Z <@l
m21+1(|t| — ) _Ir|ZI+1(‘tI I

so that:

max|R(W(2)| < AK(D)V(R,,..., R)QIH 1(2%@ Gt (A8)
zef) !

Choosing R=M*! by our assumption on V (formula (1.7)), we have
V(Ry,..., Ry < e?, whence the assertion for (E, ¢) fixed. If now W(z, E, ¢) represents
an equibounded family of holomorphic functions on £, then the constants
A, B,K(I') can be chosen independently of (E, &) and the stated uniformity holds.
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