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Abstract. Infinite-dimensional sets of integrable cases are found for the
equations of a rigid body rotation around a fixed point in an axially symmetric
potential field and also in more complicated fields in the presence of some
symmetry of the rigid body inertia tensor.

1. Introduction

Rotation of a rigid body around a fixed point in some potential field is described by
the Lagrangian system determined on the Lie group SO(3) with the Lagrangian

L=3(Loi+ 1,05+ 1;03)—-V(Q). (1.1)

Here I, are the eigenvalues of the inertia tensor, w is the angular velocity vector,
with components w,, Q is the orthogonal matrix, with elements Q}, determining the
position of the rigid body, V'(Q}) is a potential function. The classical integrable
cases of a rigid body dynamics [1] have the following common properties: firstly
all of them depend on some finite and not great number of parameters, determining
the special forms of the potential function V(Q?) and special values of the inertia
tensor components I, and secondly the dynamics of trajectories of the corre-
sponding integrable Hamiltonian systems is a linear winding of two-dimensional
invariant tori T2

The present work is devoted to construction of new cases of integrability for the
equations of a rigid body dynamics, depending on an infinite number of
parameters which determine the form of the potential function V(Q3). A number of
geometrical methods are used connected with the existence of the maps

$3-7,30(3)—%> §2. (1.2)
The map f is the universal covering, the map g is the fibration, its fibres are

circumferences S'; S" is an n-dimensional sphere. The composition of the maps
g o f is the known Hopf fibration. Due to the presence of the maps f and g (1.2), it is
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possible to connect the integrable Lagrangian systems on the Lie group SO(3) with
the integrable Lagrangian systems on the spheres §° and S2.

There are two classical integrable systems on the spheres S": the Jacobi
geodesic flow on the ellipsoid [2, 3] (and also under the influence of a linear force of
some special form) and the Neumann mass point dynamics on the sphere $” in a
potential field with an arbitrary quadratic potential [4], for modern development
see [5-8]. An infinite-dimensional set of integrable Lagrangian systems on the
sphere S2, generalizing the Neumann system, was found in [21]. In recent
preprints [33,34] a “recursive description” was done for infinite families of
integrable potentials on n-dimensional quadrics. In Sect. 3 of the present work we
obtain the explicit formulae for the integrable potentials (which may be
polynomials of an arbitrary even degree or entire functions), having important
applications for n=2, n=3 in a rigid body dynamics, see Eqgs. (3.27), (4.21), (5.8).

New integrable cases of a rigid body dynamics, constructed in the present
work, are found on the base of three different constructions connected with the
maps (1.2), for three types of the rigid body inertia tensor: spherical (I, =1,=13),
symmetric (I, =1, 1;), and an arbitrary one (I, +1,+13).

2. Rotation of an Axially Symmetric Rigid Body
in a Newtonian Field of an Arbitrary Remote Object

In [10] the theorem was proved about the integrability in Liouville’s sense of a
rigid body rotation around fixed center of mass in a Newtonian field of an
arbitrary remote object. Also the explicit formulae were obtained [11] describing
the rigid body rotation in the terms of the Riemannian theta-functions of four
variables 6(z,, z,, zs, z4), restricted on the Prym variety. In this section we show
that for an axially symmetric rigid body (I, =1,) the new integrable case [ 10, 11] is
connected with the classical Neumann system on the sphere S* [4] and with
Clebsch’s case of integrability [12] for the Kirchhoff equations. Because of this
connection it is possible to describe the dynamics of the axially symmetric rigid
body in terms of Riemannian theta-functions of two variables 6(z,, z,).

The problem under investigation is equivalent to the study of a rigid body
rotation around a fixed point in a Newtonian field with an arbitrary homogeneous
quadratic potential, which may be reduced to the diagonal form

_1(, 2 2 2
¢ =7(a;xi+ax;+asx3).

Here x4, x,, x5 are the coordinates in the resting system of reference F. Let S be a
moving reference frame related to the rigid body, its basis vectors coincide with the
principal axes of the rigid body inertia tensor, so I, = I,0;. Denote a, B, y the unit
basis vectors of the resting reference frame F, as given in the moving frame S. The
Lagrangian (1.1) takes the form

2L=1,0} + 1,03+ ;03 —a,(I,03 + 1,03 +1303)
—ay(I B3 + 15 + I35 —as(Iyyi +1y5 +1573) . (2.1)

We denote q(¢) the unit vector along the symmetry axis of the rigid body inertia
tensor (corresponding to the eigenvalue I5). Position of the rigid body in the frame
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F is determined by three Euler angles 0, y, @, 6 is the angle between vectors q(¢) and
B (the nutation angle), y is the precession angle, ¢ is the angle of the rotation of the
rigid body around the symmetry axis q(t). The vector q(z) has the following
coordinates in the resting frame F:

q,=sinfsiny, ¢q,=—sinfcosy, gz=cosh. (2.2)

The Lagrangian function (2.1) for an axially symmetric rigid body acquires the

form
L, =41,(62+y?sin?0)+ 1 I;(1p cosO+ ¢)*—V(q). (2.3)

In consequence of Egs. (2.1)+2.3) the Lagrangian L, does not depend on the angle
@, therefore the corresponding momentum p,, is the first integral of the Lagrangian

system ] ] )
Po=0L/0¢=15(1p cosO+¢). (2.4)

The Routh function L,=L,—p,¢, written in coordinates of the vector q(r)
((g,q)=1) has the form

1. .. ) 1 1
L,= 51 1(4,9)+p,yp cost— 5(“’ Aq)— (2.5)

)

21,7
where the matrix elements of 4 are A;;=(I;—1,)a;6;;. The Lagrangian L, for
p,=0 coincides with the Lagrangian of the Neumann system [4] on the sphere
$2.1 In the general case p, 0, the corresponding Lagrangian equations have the

form ) '
IiG=—Aq—p,(4xq)+/q, (2.6)

where the multiplier 4 is determined so that

d2
EE?(‘!JI):O’ /1=(Aqsq)_11(q’q)

The term —p,(q x q) in Eq. (2.6) describes the forces, analogous to the Dirac
monopole action [13] on the electric charge and arises from variation of the term
p,¥cos0 in the Lagrangian (2.5). The investigation of the “generalized Dirac
monopoles” arising from the study of Lagrangian structure of the Kirchhoff
equations, led to the discovery in the works [14, 15] of multivalued functions and
multivalued analogy of the Morse theory.

Integrability of Eq. (2.6) in Liouville’s sense and in terms of the Riemannian
theta-functions of two variables 0(z,, z,) on the level p,=0 follows from that for
the classical Neumann problem [4]. For p,+0, Egs.(2.6) coincide with the
equations, arising in the completely different problem — the dynamics of the
travelling waves of the magnetization vector in the Landau-Lifshitz equation.
These equations are shown [16] to be equivalent to the Clebsch case of
integrability for the Kirchhoff equations. Equations (2.6) by the map

G-M=4xq-1I;'pq @7
are transformed to the equations
M=qxIi'4q, 4=gxM, (2.8)

1 Therefore the investigated system has also homoclinic orbits [31]
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which describe the special Clebsch integrable case on the surface level of the first
integral (M, q)= —I; 'p,. We derive the explicit formulae describing dynamics of
the system (2.8) in terms of the Riemannian theta-functions 6(z,, z,) [17, 18]. The

Hamiltonian H and the Clebsch integral J, have the form
2H=(M,M)+(q,1; '4q), 29)
Jo=(M, I AM) 1734, 4,43(. 1,47 ). '

We denote sy, s,, 53,54 the roots of the equation f(s)=0
f()=[s*=s(Tr(I; ' A)—=2H) = J 1> =411 *py(s— 17 'A) (s— 11 ' A;) (s— 11 '43).
We introduce the Riemannian surface I' determined by the equation

y*=P(z), P(z)=z2(z—d})(z—d3)(z—d3)(z—d3}d3d3), (2.10)
where the parameters d,d,, d; are defined by the equalities

_(1/ss— 1A 54—1;1Ak>< s, —I7'4, . sz—I{lAk>“1
g ( iy TV s oy T sy
@.11)

The genus of the surface I' is g(I') =2. Formulae [18], describing the dynamics of
trajectories of the system (2.8) look as follows

; 0[r, ] (2o + Ut) 0[m; ] (o) — 01 ] (w,) O[m; ] (2o + Ut)
* 00n] (2o + U1) 00p,] (Wo) — O0[me 1 (Wo) 6[pi] (2o + Ut)

Here the theta-functions 6[x](z;,z,) and the vector U are determined by the
Riemannian surface I', the characteristics r,, m,, n, p, depend on mutual positions
of the roots of the polynomial (2.10), constant vectors z,, w, are determined by
initial conditions, see [18].

The formulae (2.12) determine the Euler angles 6, 1 dependence upon time ¢
due to Egs.(2.2). One can find the Euler angle ¢ dependence upon time t
integrating Eq. (2.4).

&= (2.12)

3. Integrable Lagrangian Systems in the Euclidean Space,
on the n-Dimensional Ellipsoids and Spheres S"

1. Let us consider a family [33] of the Lagrangian systems in the Euclidean space
R"*! with the Lagrangians of the form

2; (X)*=V(Xgs-ees Xn) 3.1
which admit the separation of variables in the Hamilton-Jacobi equation after
transformation to the elliptic coordinates and therefore are integrable in
quadratures. The elliptic coordinates uy, ...,u, in R"*! are defined from the
equation [2],

Xy Uyo(2)

v=02+av_1= AG)’ 0()~H(Z u;)s A(Z)-H(z+av) (3.2)
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where ay, ..., a, are some constants (a;=a;) and z is an arbitrary parameter. After
reduction to the common denominator A(z) and equating the coefficients at
"1 Kk=1,...,n+1) in both-hand sides of Eq. (3.2), we receive the relations

aw)=(— l)k (01(@) = Q- 1(xg5 -5 X)),
Qilxqs -+ Xy) = <6k(‘1)+ Z (—1)dio, - 1(a)> (3.3)

TIM:

Here o,(y) is the elementary symmetric function of variables y of degree k,
oo(y)=1. In particular we find from Egs. (3.3),

Qu()=x3+...+x2,  0W)=0,a) 3 xI— 3 a2,
v=0 v=0
0,()=0,@) T 2—0,(a) ¥ ap+ ¥ ax?, (3.9)
v=0 v=0 vy=0

n n n n
Qs(x)=03(a) ZO Xy —a,(a) ZO a,xy+ay(a) ZO ayxy— ZO ayxy
v= v= v= v=

The Lagrangian (3.1) in the elliptic coordinates is determined by the formulae
2,61, 1 i)
Z 2 Yoy
2; 9= 4 aw,) (3-5)

The corresponding Hamiltonian system and the Hamiltonian H look as follows
p;i= —8H/6u., u;=0H/0p;,

L:

nM:

(3.6)
H(pjauj) Z g_l P+ pj=gjuj'

The Hamilton-Jacobi equation for the generating function S(ug, ..., Uy, Hgs -+« > fn)

has the form 2AGw) (35 \?
n uj
2 4V =1, 3.7

jgo Uo(uj)<0uj) o 6.

Proposition 1. The Hamilton-Jacobi Eq. (3.7) and the Hamiltonian Eqs. (3.6) are
integrable in quadratures if the potential V(u) is defined by the formula
f(Z)Z"+1 f(Z)Z"+1
V(uy=— =Y Res 3.

(w= 2m U adz=X U (3.8)
where f(z) is an arbitrary entire function of z with constant real coefficients and the
integral is taken around an infinitely distant circle in the complex plane. The
potential V(u) is the entire function of the symmetric variables ¢, ...,a, ., and the
Euclidean coordinates x,, ..., x,. If the function f(z) is a polynomial of degree N,
then the potential V(x) in the coordinates X, ..., X, is a polynomial of degree 2N + 2.

We introduce the polynomial P,(z) =#yz"+ ... +7,. From the residue theorem

one receives P.(2) P.(u)
i n Z n uj
o= 2m §U0(z) dz= 120 Usuy)
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Analogously for the potential (3.8) one obtains the representation

_ & fwyurt!
V(u)_jgo Up(upy

In consequence of this formulae the Hamilton-Jacobi Eq. (3.7) acquires the form

5 1 aS : n+1 _
JZOU " J)< A(W)(%) + f(u)uj —P,,(uj)> =0. (3.9

Equation (3.9) has the following solution:

n ou n+1l __ 1/2
S(tgy vy Uy gy e s M) = J; £<—£Z-)Z:—2—;1—(z—)li"(~zz> dz. (3.10)

The generating function (3.10) determines the canonical transformation by the

following formulae
s (f(uj)u;l+ 1 —P,,(uj)>1/2

Pi= %, —2A(w)
G.11)
XL | Z s
g o, 2550 0 (=24@) (f(@z" ' =P, (2)'*’

As follows from Eq. (3.7) the Hamiltonian Egs. (3.6) in the canonical coordinates
& Mi have the form

&= =00 =0, &)= —180+¢,.

Therefore the dynamics of trajectories in the coordinates p;, u; is integrable in
quadratures after inversion of the transformation determined by Egs. (3.11).

One can find the expressions of the first integrals in terms of the variables p;, u;
from the system of linear equations,

noWi+nu} 4.+, =)}t +24u)p;,  j=0,...,n.

The integrals #, are quadratic functions of the momenta p;.
To prove the last part of the Proposition 1, we use the formula

f@2"" _ f(2)
Uy(2) 1

Z=1- ]_[<1_£_) Z( Dk“w-

j=0

-—f(z)(1+Z+Z2+ R
(3.12)

Assuming in the integral (3.8) |z| > 1 one obtains that the potential ¥ (u) is the entire
function of the variables g4, ..., g, , ; and coincides with the coefficient at z~ ! in the
Laurent expansion determined by Egs. (3.12). Hence we find that if the function
f(z) is a polynomial f(z)=c+c z+ ... +cyz", then the potential V(u) is also a
polynomial and looks as follows:

V() =co0,+¢1(07 —0,)+ (07 —20,0,+03)
+c3(01—30%0,4+ 20,05+ 03—0,)+... +cy(aY TP —=Nol "l +..). (3.13)
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One can obtain the form of the potential in the Cartesian coordinates x, ..., X,
from Egs. (3.12)(3.13) after a substitution of the expressions (3.3) of the symmetric
functions a,(u) in terms of the second-order polynomials Q, _ ;(x). In[19] a quartic
potential was pointed out for which the problem of the dynamics of n interacting
particles on a straight line has n involutive first integrals. This potential may be
included in the family of the potentials (3.13) as the simplest case determined by the
conditions ¢, =0 for all k=2.

Evidently the second-order terms in the two first summands in the polynomials
(3.13) [after a substitution of the expressions (3.3}+3.4)] can be made arbitrary
(diagonal) by choosing the constants a, ..., a,,cy,¢; in such a way that the
coefficient ¢, is arbitrary small. Therefore if the coefficients c,, ..., ¢y are also small,
the potentials (3.13) describe the integrable perturbations of degree 2N + 2 for the
system of n+ 1 harmonic oscillators on a straight line. The terms of the greatest
degree in the polynomials V,y , ,(xo, ..., X,) have the form

en(x3+xT 4. FxHNTL.

The found class of the “integrable” potentials V(x) (3.8) [in particular the
polynomials (3.13)] is closed under addition.

2. We consider a family of integrable Lagrangian systems with the Lagran-
gians of the form (3.1) on the ellipsoid defined by the equation

n xe
v=OE\::1’ a,*+a,>0. (3.14)

In the elliptic coordinates (3.2), Eq. (3.14) acquires the form u,=0. Therefore the
function Uy(z) on the ellipsoid takes the form

Uy(2)=zU(2), U(z)= 1.1311 (z—u). (3.15)

The Lagrangian (3.1) on the ellipsoid (3.14) in the elliptic coordinates (3.2) has the
form (3.5), where j=1,...,n. The Hamilton-Jacobi Eq. (3.7) acquires the form

o 24(uy) (S
,-‘j‘lujU'(uj)<511;) V= (3.16)

Proposition 2. The Hamilton-Jacobi Eq. (3.16) and the corresponding Lagrangian
system on the ellipsoid (3.14) are integrable in quadratures if the potential V(u) is
determined by the formula

V(u)=

§ f@, f@z"

U (z) Res U’ 3.17)

2m

where f(z) is an arbitrary entire function with real coefficients. If f(z) is a
polynomial of degree N, then the potential V(x) in the Cartesian coordinates
Xgs -+-» X IS a polynomial of degree 2N +2.

The proof is similar to that above. The polynomial P,(z) is replaced by the
polynomial P, _(z)=n,2""'+n,z""2+...+1n, The generating function S(u,#)

has the form s o
Sy ooy Ups s eees )= 2 g(Z(f(Z)jzzl(Zn)—l(Z))>

i=1

dz. (3.18)



312 O. I. Bogoyavlensky

The final formulae for the “integrable” potentials V(xy, ..., x,), Egs. (3.13)-(3.3),
remain valid without any changes (at u,=0).

For f(z)=0 (V(x)=0) the generating function (3.18) defines the integration of
the geodesic flow on the ellipsoid [2, 3]. For f(z)=1 we have from Eq. (3.13),

Va(Xgs oo Xp) =X3+ X3 +... +x2—0,(a). (3.19)

This integrable case was also found by Jacobi [2]. For f(z)=c,+ c,z, we obtain
from Egs. 3.13)-3.3) the quartic potential

V4(Xo,~-,x,.)=61sz+con—01<Gz(a)—01(a) PURTED) avﬁ), (3:20)
v=0 v=0

which determine integrable dynamics of a mass point on the ellipsoid (3.14). The
polynomial potentials V,y . ,(x) (3.13)—(3.3) determine the infinite-dimensional set
of integrable cases of dynamics of a mass point on the ellipsoid (3.14).

3. For construction of integrable Lagrangian systems on the sphere S”, defined
by the equation Qu(x)=x3+x}+...+x2=1, the special elliptic coordinates
Uy, ..., 4, [2, 6] are useful, which are determined from the equation

nox2 U(z)

S mug V= T Ew. A9= T +a). (2

After reduction to the common denominator A(z) and equating the coefficients at
2" ¥(k=0,...,n) in both-hand sides of Eq. (3.21), one obtains the relations

() =(=1*Qulxgs ..., Xp) - (3.22)

The Lagrangian (3.1) in the elliptic coordinates (3.21) on the sphere S" is
determined by the formula [6],

1 Uy

hi=— .
2,21“ =74 Ay (3.23)
The corresponding Hamilton-Jacobi equation has the form
n 2A(u;) ( oS )2
— — +V=n,. 3.24
= U/(uj) auj ’11 ( )

This equation is analogous to Egs.(3.7), (3.16). Therefore Proposition 2 is
completely applicable also for the integrable Lagrangian systems construction on
the sphere S”, the potential V(u) is determined by the formula (3.17). The
generating function S(u,#) has the form

noouj n__ 1/2
S(ul,...,un,ni,...,nn)zj;g(%) iz (3.25)

After the canonical transformation pj, u;— &y, n,(p; = hi;) determined as follows

_9S _ <f(u,~)u'}—P,,_l(uj)>1/2

7 Ou; 2A(u;)
(3.26)
f=-2 137 -
oo 2/510Q4A@ (@)= P @)
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the Hamiltonian system [corresponding to the Lagrangian (3.23)] takes the
simplest form )
Ge=—0k, Mm=0, &O)=—10+c;.
Therefore the dynamics in the variables p;, u; is integrable in quadratures after
inversing the transformation determined by Egs. (3.26). The formulae for the first
integrals 77, in terms of the variables p;, u; can be obtained from the system of linear
equations
nuw; T A, = fupu}—24w)pi,  j=1,...,n.

The form of the “integrable” potentials V(x,,...,x,) in the Cartesian
coordinates x,, ..., X, is determined by Egs. (3.12), (3.13), where instead of o, (u) it is
necessary to substitute, according to Eq. (3.22), the polynomials (—1)* Q,(x).

The classification of the two-dimensional natural Lagrangian systems inte-
grable by the Hamilton-Jacobi method was done in [20]. The class of the
“integrable” potentials V(uy,...,u,) on the spheres S" in the special case n=2
coincides with the “integrable” potentials on the two-dimensional sphere $2, found
in [21], where their explicit forms were received in so-called “spherical-conical”
coordinates. We indicate the formulae for these potentials in terms of the Cartesian
coordinates x,, x,, X,, Which follows from Egs. (3.12), (3.13) at n=2,

© N
V(Xgy X1, X)= 2. 2 (—l)ch+k—1C11(v°']1v_k0J§»
N=1k=0
2
(W)= —(ap+a,+a)+ Y ax?, (3.27)
v=0

2 2
0,(U)=aea; +agay+a,a,—(ap+a; +a,) 3 ax2+ Y a’x?.
v=0 v=0

Here C¥%=N!/k!(N—k)!, the constants c, satisfy the condition that the series

0

f@= Y c,z™is convergent at all values of z.
m=0

Remark 1. The separation of variables for the Lagrangian (3.1) in the elliptic
coordinates is possible if the potential ¥ (u) has the form
n Fu)
V(ug, ..., u,)= AL
(tto ) jgo Uo(”j)
However the formulae for the potentials (3.28) in the Cartesian coordinates
Xg, ---» X, include radicals, in contrast with the potentials (3.8), (3.17) which are
analytical functions in Cartesian coordinates and include the polynomials of all
even degrees.

(3.28)

4. Integrable Cases of the Equations of a Rigid Body Rotation
in an Axially Symmetric Potential Field

Rotation of a rigid body around a fixed point in an axially symmetric (for example
central) potential field is described by the Lagrangian system on the Lie group
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SO(3) with the Lagrangian,
L=3I,0{ + L3+ 1;03)-V(q), (4.1)

where the “Poisson vector” () has the following components (in the rotating
frame S)
q,=sinfsing, g,=sinfcose, gz=cosf. 4.2)

The angular velocities w;, w,, w5 have the following expressions in terms of the
Euler angles 0, o,y [1]:

o, =psinfsinp+0cosp, w,=1psinfcosp—0Gsing, 43)
wz=1Pcosf+¢. ’

The precession angle y is the cyclic coordinate for the Lagrangian (4.1). The
corresponding momentum p,, is the first integral of the Lagrangian system
Py =0L[0p =104, +1,0,q, + 30395 =(M, q). (4.4)

The Lagrange equations (4.1) in terms of the coordinates of the angular
momentum vector M and the Poisson vector q are as follows:

M=Mxo+qx0dV/dq, G=qxo. (4.5)

Equations (4.5) for a constant value of the first integral (M, q) = p,, = const are the
Lagrangian equations on the two-dimensional sphere S, their Lagrangian is the
Routh function (this fact was first noted in [22] and was used for the proof of the
existence of closed trajectories in [23, 24]) and has the form

Ly=L—pp=50%I, cos’ ¢ +1,sin’ 9)+ 513>
((I; —1,)0sinBsing cos @ + I3 cosf—p, )
2sin?6(I sin? @ + I, cos? )+ 21, cos? 0

—V(#,0). (4.6)
Minkowski noted the geometrical sense of the Lagrangian L;.

Geometric Lemma. The Lagrangian L, (4.6) for p,=0 describes a mass point
motion under the influence of the forces with the potential V(0, @) on the surface of
the inertia ellipsoid

I3+ 1,53+ 1,x%=1 4.7)
in the metric, conformally equivalent to the standard one and having the form [22]

U= 1,1,15(dx? +dx3 +dx3)
IPx? +I3x% + I3x3

4.8)

We introduce the angular coordinates 6, ¢ on the ellipsoid (4.7),

—-1/2
1

x, =17 *sin0sinp, x,=I,Y*sinfcosp, x;=I;"*cosf. (4.9
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The kinetic energy of the mass point, corresponding to the metric (4.8), acquires the
following form in the coordinates 6, ¢:

T =[2sin?0(I, sin? ¢ + I, cos? p)+ 215 cos*6] !
[¢*I5sin?0(I, sin® @ +1, cos? @)+ 02(I 1, sin?0+ 1, cos?0
(I, cos? @ +1,sin?@))—20¢I,(I1, —1I,)sinfcosOsing cosp]. (4.10)

One can verify by direct calculation the kinetic energy (4.10) coincides with the
kinetic energy (4.6) for p,=0. This fact completes the proof of the Geometric
Lemma because of the identity of two potentials ¥V (0, ¢) in Egs. (4.6), (4.8).

Due to the Geometric Lemma the kinetic energy (4.10) coincides with the
Routh function for the Euler rotation of a free rigid body for p,, =0. Therefore it is
obvious that the geodesic flow for the metric (4.8) is integrable in the elliptic
functions. The integrability in Liouville’s sense was proved in [25] for the geodesic
flow for the metric of the form (4.8) in n-dimensional case.

We determine the elliptic coordinates u;, u, on the ellipsoid (4.7) satisfying the
equation

3.0 x?2 U(z)

v;m?_lz 1G) U(z )—H(z w), A(z)= H(Z+I .

@.11)

We have u, =0 on the ellipsoid (4.7). If we differentiate (4.11) with respect to z and
substitute z=0 we obtain for u,=0,

lel IZX2+I§X§=1112]3U11/£2.

Therefore the Lagrangian (4.6) for p,, =0 in consequence of the Geometric Lemma
acquires the form

(9143 +92u3) — V(ug, uy),

1=
2
Hittz (4.12)
g = Uy (uy —u,) gy=— uz(uy — 1)
YT 4A(u) 7P 4A(u,)
We suppose the potential V(u,,u,) to be of the form
V(ug, uy)=uqu, Fa(u) = Fyuy) . 4.13)

Uy —u,

We introduce the momenta p, =g u,/u,u,, p, =g,l,/u,u,. The Hamiltonian
H(p,u) corresponding to the Lagrangian L,, is as follows:

He 1 ] [2A(u1)p% 2A(u,) P2+ F (u;)— FZ(uZ)jl (4.14)

1 1
Uy " —Uy uy Uy

and belongs to Liouville’s type. The Hamilton-Jacobi equation

aS
H<a_uau>:nla S=S(u1a“2»7’11>’72)
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has the solution, satisfying two separate equations,

24(u,) (08 \? M
<6u1 +F1(u1)—_u 12,

Uy 1
2AGwy) [ 3 \? (4.15)
AU [ 05 M
" <6u2> + Fa(uy) " +173.
This solution has the form
P zF,(2)\'? “2 (20, =1 —2F,(2) \'/?
S(u,n)= §<——~——2A() > d+f 2402) dz.
(4.16)
The canonical transformation p;, u;—¢,, ,, defined by the formulae
oS 08
=—— =—_— =1,2 .
Dx auks ék a"]k, k 5~y (4 17)

transforms the Hamiltonian flow under study to the simplest flow

Si=—t+cy, G=cC,  Ny=C3, Ma=C4.

Thus the following theorem is proved.

Theorem 1. The equations of arigid body rotation around a fixed point in an axially
symmetric potential field are completely integrable in Liouville’s sense for p,=0 if
the potential function has the form (4.13), where F{(u), F,(u) are arbitrary smooth
functions. The explicit integration is reduced to the quadratures by the Hamilton-
Jacobi method.

The additional integral #, has the form

.2 .2
Uy —Uy Uy Uz u Fy(uy) —uyFo(uy)
- — . 4.18
12 16 <“§A(”1) qu(u2> * 2uy —uy) ( )

In the special case F,(z)=F,(z)=f(z) [35] <the series f(z)= X ¢z
m=0

defines the entire function) the potential (4.13) is determined also by the formula

Uyl f(z)dz
Vius, )= 2mi ‘}(z u) (z—uy)’ (4.19)

and is the entire function of the Cartesian coordinates x;, x,, x5 (see Sect. 3). In
consequence of Eq. (4.11) we have

or=u =X+ x2+x3 (I P+ NI Y, @20
oy =uguy=(I11,15)" 1(le1 x5 +15x3) .
The potential (4.19) in the coordinates x;, x,, x5 takes the form [see Eq. (3.12)]

V(x1, X5, X3)= 0'2<Co+ Z Z (—DFeyip-1CroY 7F 2) (4.21)
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After a substitution of the relations x, = g, I, */? one obtains the expressions of the
potentials (4.21) in terms of the Poisson vector coordinates g. If f(z)=cq+c;z,
then the function (4.21) is the potential c¢,(I,q?+1,q%3+154%) of the Brun
integrable case [26], coinciding with the Clebsch integrable case [12] for the
Kirchhoff equations. For f(z)=cy+c,z+c,z%, we obtain an integrable case,
corresponding to the potential

Vo=(1a3 + 1,45 +1503) (c+c, (I Pqi + 15 P g3+ 151 43)) - (4.22)

If the function f(z) is a polynomial of degree N, then the corresponding potential
V(q:,92,q93) (4.21) is the polynomial of degree 2N. The whole family of
“integrable” potentials (4.21) depends on the infinite set of parameters ¢, and is
closed with respect to the addition.

5. Integrable Cases of the Equations of a Rigid Body Rotation
with a Symmetric and Spherical Inertia Tensor

1. The Lagrangian describing rotation of a symmetric (I, =1,) rigid body around
a fixed point has the form (2.3). We suppose the potential function depends on two
Euler angles V'=V(0, v). Then the coordinate ¢ is cyclic and the corresponding
momentum p,, (2.4) is the first integral. Let q(t) be the unit vector along the
symmetry axes of the rigid body inertia tensor, with the coordinates (2.2). The
Routh function L, =L, —p,¢ has the form

La= 31,8 +pycost— Vi@~ 5712 (5.1
3
The Lagrangian (5.1) for p,, = 0 describes the dynamics of a mass point on the sphere
S?in the potential field with the potential ¥(q). Thus to every integrable case of this
problem there corresponds an integrable case of the symmetric rigid body
dynamics for p,=0.

Corollary. The equations of a symmetric rigid body rotation around a fixed point in
a potential field are integrable in Liouville’s sense for p, =0 if the potential function
V(6,y) belongs to the infinite-dimensional set of the potentials (3.27), where

Xg=cosf, x,;=sinfsiny, x,=—sinfcosy.
The dynamics is integrable in quadratures.

Remark 2. Two maps SO(3)—S? used in the constructions of the integrable cases
here and in Sect. 4 are essentially different. In Sect. 4 the factorization is used with
respect to the precession angle p, but in the construction pointed out above (and in
Sect. 2) the factorization is realized with respect to the angle of the proper rotation
0.
Applications of the fibration S*—S? to the Kepler’s problem were discovered

in [32].

2. The covering map

f:8*-S0(3) (5.2)
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is determined by the formulae [27]
Q;(xo, X15 X2, X3) = 2(x;X;+ (x3— %)517' — XoX6ijk) - (5.3)

The map (5.2)—(5.3) is also the homomorphism of the Lie groups (the sphere S is
the Lie group of quaternions of unit norm). Therefore the bilaterally invariant
metric on the Lie group SO(3) corresponding to the spherical inertia tensor
transforms under the mapping f* to the bilaterally invariant metric on the sphere
S? coinciding with the standard one.

The map (5.2)—(5.3) identifies diametrically opposite points on the sphere S3:
Qi(x) = Qi(—x). The elliptic coordinates u,, ..., u, (3.21) depend on the squares of
the coordinates x,; thus the same coordinates u, ..., u, correspond to every two
diametrically opposite points on the sphere S". Hence the elliptic coordinates on
the sphere S° are also the coordinates on the Lie group SO(3). Therefore every
Lagrangian system on the sphere S® with the Lagrangian (3.1) integrable in the
elliptic coordinates (3.21) determines an integrable Lagrangian system on the Lie
group SO(3) with the Lagrangian

Li=1,Tr(Q"'00'0)~V1(Q). (54)

The Lagrangians (5.4) describe the integrable cases of dynamics of a rigid body
with the spherical inertia tensor (I, =1,0;) in a potential field which determines
the potential function V,(Q}). .

To obtain the explicit formulae for “integrable” potentials V;(Q}) we indicate
the analytical form of the two-valued transformation inverse to the covering map
(5.2)45.3)

xg=3(1+Tr(Q)), x7=%(1+20i-Tr(Q)),

ot o N (5.5
xx;=7(0;+ 0, XoX, =7 &(QI — Q) -
Here i,j,k=1,2,3, iZj=+k. Due to Egs. (5.5) we obtain
3 1 13
R(Q)= ¥ dx}(Q)=A+ <§a’6—Ak> TrQ+- ¥ a0y, (5.6)
v=0 v=1

where 44, =d5+d* +dk+ds. Because of Egs. (3.4), (3.22), (5.4) the symmetric
functions o,(u), 0,(u), o5(u) are the linear functions of the matrix Q elements,

ow)=—0(@)+R(Q), 0(w)=0,(a)—0a(a) R(Q)+R,(Q),

5.7)
03(u)= —03(a) +0,(a) R (Q)—a,(a) Ry(Q) + R3(Q). (

o]
Let the coefficients c,, satisfy the condition that the series f(z)= > c¢,z™ is
m=0
convergent at all values of the complex variable z.

Theorem 2. There exists an infinite-dimensional set of the integrable in quadratures
Lagrangian systems on the Lie group SO(3) with the Lagrangians (5.4), where the
potentials V,(Qj}) have the form

N ok
0/:_‘,0(_ 1)fcaN—2k+z—1C§Ciaﬁ_iaéag_k- (5.8)

ne- ¥
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Here a,,0,,05 are the linear functions (5.7) of the matrix Q elements,
Ck = N!/k/(N —k)!. The series (5.8) determine the entire function of the matrix Q
elements. If the function f(z)is a polynomial of degree N, then the potential V,(Q) is
the polynomial of degree N +1.

The potential ¥;(Q) (5.8) is the coefficient at z~ ! in the Laurent expansion of the

function (3.12), where
=% %2, % -
Z= p zz+z3’ n=3.

Therefore the proof of Theorem 2 follows from the results of Sect. 3, after
application of the transformation (5.2) and the formulae (5.7).

The explicit form of some potentials ¥;(Q) one can obtain from Eq. (3.13),
setting N=0,1,2,3. In the simplest case N=0, f(z)= —c,, it follows from
Theorem 2 that the Lagrangian system (5.4) with the potential

. 3 Co 3 .
Vi(@))=co(o1(a)—Ry(Q)) = 20001(‘1)"‘ ZO ;1 (ao—ay—a,—as+2a;)Q;
. : (59
is integrable in quadratures.
Note the Lagrangian (5.4) with the potential V,(Q}), linear depending on all
3

clements of the matrix Q: V;(Q)= Y. QB! can be reduced to the one with the
i,j=1

potential (5.9) by the transformation Q =S,0,T;,, where S, and T, are constant
orthogonal matrices. Such transformation preserves the kinetic energy form in
Eq. (5.4) and reduces the matrix B to the diagonal form?.

We consider a rotation around a fixed point of a magnetized rigid body T with
the spherical inertia tensor (I, =1,9;,) at the presence of an arbitrary distribution
of electric charges a(r) satisfying the conditions (i,j=1,2, 3)

L@+ () o) =0, ] rro(r)d’r=0. (5.10)

Theorem 3. The equations of the rigid body T rotation in arbitrary constant
gravitational, electric and magnetic fields are completely integrable in Liouville’s
sense. The dynamics is integrable in terms of the Riemannian theta-functions of
three variables 0(zy, z,, z3).

At the conditions (5.10) the Lorentz forces momentum equals zero (see [29]),
and the equations of the rigid body rotation acquire the form

M=pxQ 'H+dxQ 'E+mRxQ 'G, Q=I;,'0M, (5.11)

where H, E, G are the constant (in the resting frame F) vectors of strengths of the
magnetic, electric and gravitational fields, p and d are the vectors of the magnetic
and electric dipole momenta of the rigid body, vector R stands for the position of
the center of mass, m is the whole mass of the rigid body (vectors p, d, R are
constant in the rotating frame S), M is the skew-symmetric matrix corresponding
to the angular momentum vector M.

2 The Lax matrix was indicated in [19] for the Lagrangian systems with the linear potentials on
the Lie groups SO (n). Some integrable systems with quartic potentials were found in [28]
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Equations (5.11) are the Lagrangian equations on the Lie group SO(3) with the
Lagrangian
1 3 .
L= EIO(M’ M)— > QiB/, Bl=const. (5.12)

i,j=1

The transformation f (5.2)-(5.3) takes the Lagrangian (5.12) into the Lagrangian

3

f*L= %IO(X(Z)-FX% +x34%3)— l jZO a;x:X;,
which coincides with the Lagrangian of the Neumann system on the sphere S* (the
matrix a;;is reduced to the diagonal form by the transformation Q =S,0, Tp,). The
first integrals of the Neumann system [4-7] are invariant under the reflection
x— —X; therefore the integrability of the Lagrangian system with the Lagrangian
(5.11) in Liouville’s sense follows from that for the Neumann system. As noted
above the elliptic coordinates on the sphere S° are also the coordinates on the Lie
group SO(3). Therefore the integrability of the rigid body dynamics in terms of the
Riemannian theta-functions also follows from that for the Neumann system [4-7].

3. Due to the existence of the local homeomorphism (5.2)—(5.3) it is possible to
construct from every integrable Lagrangian system on the Lie group SO(3) some
integrable Lagrangian system on the sphere S*. On the basis of this construction
the integrability was proved [30] for the Lagrangian system on the sphere S* with
the Lagrangian (3.1) having the quartic potential

3 3 1\2
V: Z (xin_CijkxOxk)2Aij+ Z <XC2)+XI%— 5) Aka, (5.13)
i*j k=1

where 4,, J; are arbitrary constants. Due to the existence of the homomorphism of
the Lie groups > x §*—SO(4), the integrability was proved [30] for the dynamics
of two interacting mass points on the sphere S* (with the standard metric) in the
potential field with the quartic potential

3
Vix,y)= ; (xiyj+x;y;— (X Vi + yoxk))zaiRj
i%]
3 1 2
+4 k§1 (xoyo + X — 3 (x, )’)> 4Ry, (5.14)

where a;, R; are arbitrary constants.

Acknowledgements. 1 would like to thank Prof. D. V. Anosov and Prof. J. Moser for helpful
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