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Abstract. Spherically symmetric solutions to the Cauchy problem for the
relativistic Vlasov—Poisson system are studied in three space dimensions. If the
energy is positive definite (the plasma physics case), global classical solutions
exist. In the case of indefinite energy, “small” radial solutions exist in the large,
but “large” data solutions (those with negative energy) will blow-up in finite time.

I. Introduction

The motion of a mono-charged collisionless plasma is described by the Vlasov—
Maxwell (VM) system of equations:

Ji+ vV f+yE+vxB)V,f=0

E,=VxB—j

B,=—VXxE

V-E=p, V-B=0.

Here E and B are the Maxwell electric and magnetic fields and f = f(x, v, t) (xeR3,

veR3,t > 0)is a scalar function describing the density in phase space. The charge and
current densities are given by

(VM)

p=p(x,1)= [ f(x,v,t)dv,
R3

J=Jx,0)= | vf (x,v,t)dv,
R3
and y = + 1. The case y = + 1 is the plasma physics case, and y = — 1 is the stellar
dynamics case.
The Cauchy problem is to solve (VM) for all t > 0 with given initial values for E,
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B, and f. At present, only a local (in time) solution is known [14]. A much simpler
system is obtained by assuming that B is identically zero. This is the Viasov—Poisson
system (VP), which takes the form:

fe+ vV f+yEV,f=0

P
v ){E=qu, Au=p.

Much more is known about the (VP) system. In particular, in three space
dimensions, global weak solutions exist ([1,9]) for y= + 1, and global classical
solutions exist if the Cauchy data are small enough [2]. Classical solutions also exist
in the large for symmetric data, as was shown by Batt [3], Horst [8], and Wollman
[13]. The existence of classical solutions for “general” data is still unsettled, as is the
uniqueness question for weak solutions. For further background we cite the survey
[4].

Classical calculations (cf. [11]) suggest that (VM) and (VP) should be correct
only for “low” velocities v. If “high” velocities can occur, special relativistic
corrections should be introduced (cf. [ 11, 12]). These result in the relativistic Vlasov—
Maxwell system (RVM):

fi+ 0V f+WE+0xB)V,f=0
E,=VxB-—j

B,=—-VXxE

V-E=p, V-B=0,

where 0 =v//1+|v|*, j= [ ¢fdv, and p is as before. If we assume that B is
3

R
identically zero in (RVM) then we obtain the relativistic Vlasov—Poisson system
(RVP):

(RVM)

fi+ 0V . f+yEV,f=0

(RVP){E =V.u, Au=p.

At first sight, (RVP) seems “better” than its classical version, since |#| < 1. Thus
“higher moment difficulties,” well-known in the classical case, will not occur.
Moreover, for the same reason we have along characteristics |dx;/ds| = |0;| £ 1, and
therefore one has causality. These favorable circumstances are diminished some-
what by examination of the total energy integral, which for (RVP) takes the form

[§</1+v]* fdvdx + %y | | E|*dx = constant.
r® >

In the plasma physics case (y= + 1), it follows from this (see Proposition I below)
that peL*3(R3) for fixed t. This is worse than the result for (VP) itself, where
peL’3(R3). However, we show in Sect. II that Batt’s and Wollman’s methods [3, 13]
can be adapted and used to show the existence of global spherically symmetric
solutions wheny = + 1. However, when y = — 1, the situation changes dramatically,
in contrast to the classical version. Only “small” radial solutions will exist in the
large for (RVP) with y = — 1 (see Sect. II). Indeed, if y = — 1 and the initial energy is
negative, we show in Sect. III that the life-span of such a radial, classical solution is
finite. One may hope then that (RVM) is better behaved than (VM), but only when
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y= + 1. Even when y = + 1, we are unable to prove global existence for (RVP) for
cylindrically-symmetric data, partly because of the weaker result pe L*3(R?). (cf.

[81).

We conclude this section by fixing notation and demonstrating a few elementary
results.

In the relativistic Vlasov—Poisson system

fi+ 0V, f+yEV,f=0

P
RV ){E=qu, Au=p

onehasy= +1,6=0v/,/1+|v|*,and p = jfdv An initial value f(x, v,0) f(x,v)ls

r3
prescribed, and we assume from now on that f is smooth, non-negative, and of
compact support on R®. Since E is defined by the gradient of u, we can assume that u
vanishes as |x|— oo, and hence

oy, t)
4n 3|x y}

1)

Naturally associated with the first-order equation for f are the characteristics:
s—X(s,t,x,0), s—V(s,t,x,v) defined as the solutions of the following system of
ordinary differential equations:

d—X=V=V/,/1+1V|2

av
ds

with the initial values X(t,t,x,v)=x, V(t,t,x,v)=v. Since f is constant along
characteristics, we conclude that

f(x,0,8) =f(X(0, 1, x,0), V{0, ¢, x,0)), 3)
and hence | f(t)||m=||f||w<oo by assumption. (By | f(t)|, we mean
sup{| f(x,v,t):xeR>, veR3}.)

Proposition 1. Let [ be a classical solution of (RVP) on some time interval (0, T) with
nonnegative data f eCO(Ré) Then the following properties hold:

A) If f vanishes for |x| >k, then f(x,v,t) vanishes for | x| >t + k (causality).

(B) The total mass is conserved, i.e., [{fdvdx = constant = M.

6
(C) The total energy is conserved, i.e., N

< [ J/1+1v] fdv+2y]E|2>dx—constant &,.

D) Ify=+1, then there exists a constant C (depending on || f |l and &) such that
o) llszs<Cfor 0<t<T.

Proof. To prove (A) (causality) we apply Eq. (2) to note that | X(s,,x,v) — x| =

=7E(X,s) @

S
[ V(& t,x,v)dé| < |t —s|. In particular, | X(0,t,x,v) — x| < t. Thus whenever |x|>
t
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k +t, we have | X(0,t,x,v)| = |x| —|X(0,t,x,v) — x| > k, and so by hypothesis and

@), f(x,v,8) =f(X(0, 1, x,v), V(0,1,x,0)) =

(B) follows by simply integrating (RVP)in v and x. To prove (C) define the energy

density e(x, t) by

e(x,0)= [ /T+ [l fdv+1y|E
R3

Multiplying (RVP) by ./1 + |v]|*> and integrating in v, we obtain

%j /1+ v fdv+ [v'V, fdv—yj-E =0,

where j = | ofdv.
We have defined E = Vu, where Au = p. Multiplying by u, we have

[ |EPPdx = — | pudx,
r3 R3
and hence

leIzdx— - Ip,udx— jpudx— - j pudx — | uAudx

IR3

f p,udx+ j |E|%dx.
Therefore

2dt j |E]2dx = — [ pudx.

Next, integrating (RVP) in v, we get the conservation law
P+ V. j=0.

It follows that

2dt

r3

Now using this and (4) we have
d
— 2 1 2 = —
dtR3<'£3’/1+|v| fdv+%y|E| )dx g §
-
R3

V.. (fo)dvdx =0,

which proves (C).

j' |E2dx = — jp,udx—- j uv,jdx = — jsj-qudx= - j3j~de.
R R

)

)

(j vV, fdv — ny)dx —y [ jEdx
3 R3

]

R

The proof of (D) follows simply the method of Horst [8]. Let y = + 1, then the

energy is positive definite. We write p(x,t) = [ Sfdv + f fdv. Applying Schwarz’s

Jo]<R Jv]>R
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inequality we have

j = (re)" sasongmr(Fe )

[v|<R

o 1/2 o
~ot0) (17180 ) st + 11RO

by Young’s inequality. Hence

b0, ST IF IR+ § fdo S TN 1R+ R /T oF f

|o|>R

Taking R = ([ \/1 + |v|* fdv)"/*, we get
16n -
p(x, 1) < <T7z I flle+ 2>(J.\/ 1+ [} fdv)**, )

from which (D) follows.

We conclude this section with some notation regarding spherical symmetry. We
assume that f is spherically symmetric, i.e., that f(Ux, Uv) = f(x, v) for every proper
rotation U on R3. It is known then that the solution f(x,v,t) satisfies the same
property in x and v, and therefore depends only on r = | x|, u = |v|, o, and ¢ (cf. [3],
[81) where «, the angle between x and v, is defined by x-v = ru cos a. The density p

depends then only on r and ¢ (cf. [3]): p(r,t) = 2= z :_i f(r,u, o, t)u? sin o dodu, and thus

u is also radial. In fact, u(r, )= — 1/r [ 22p(4, A — | Ap(3, )d2 by a well-known

classical formula. Therefore the electroostatic force E {akes the form
E(x,0)=V,u= rfgi 22p(3, D).

It is convenient to introduce the notation

M(r,0)= [ 22p(4, 0)d4, ©)
SO 0

E(x,t)=r~2M(r, t);. (7)

Note that lim M(r,t) = M/4n and that |E|=r"2M(r,1).
Spherical symmetry also results in a simplification of the characteristic
equations:

QIS_ Ucos A

ds  /1+ U2

dUu cos A

E—}’?M(R,S)

dA M(R,s) U .

%"‘0 RU %m)s‘“’ ©
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with the initial values R(s,t,r,u, )|, =1, U(s,t,r,u,a)|s—, = u, and A(s,t,r,u,&)|;—, =
o. It follows from (8) that RU sin A = rusin a for all s, which is conservation of angular
momentum.

IL. Velocity Bounds

By adapting the methods of Batt [3] and Wollman [13] we may obtain time
independent bounds on the velocity in the stellar dynamics case (y = — 1) for small
radial data, and in the plasma physics case (y = + 1) for radial data of unrestricted
size. The bound for the plasma physics case uses energy estimates similar to those
used by Horst in [8]. It is easily seen, and discussed briefly below, that these velocity
bounds imply global existence for (RVP) as they do for (VP) (see Batt [3]). It is
shown in Sect. III that no global classical solution can exist in the case y = — 1 for
unrestricted radial data.

We show now why velocity-support bounds on f(x,v,t) imply global classical
existence. There are two ways to proceed.

Firstly, in the preprint [7] (to appear), global classical solutions to the full
relativistic Vlasov—Maxwell system are found, provided such a velocity bound is
known. If such a bound is known a priori, as is the case here, we obtain global
solutions for the special case B =0.

Secondly, one may go through Batt’s paper [3], and notice that the proof of the
global existence theorem remains unchanged up through p. 349 [3]. This is because
Poisson’s equation Au = p is analyzed there, and it is only assumed that peL!, as is
the case here. The only change appears when one computes the variational
equations for g;(s) = 0/0x, X;(s,t, x,v) and p;(s) = 9/0x, V{s,t,x,v). For (RVP), the
variational system is easily seen to be

Dir — ﬁiz 0D OE!
G =—F7=—=—, D=7 3v jr-
Ve e

Therefore Y |4, | <4 |py/l, and this bound suffices to complete Batt’s argument on

p. 350 of [3]. A similar variational system arises on p. 353 of [3], and is dealt with in
the same manner. Therefore, the result of [3], slightly modified as above for (RVP),
shows that a velocity-support bound on f is sufficient for global classical existence.
We refer here also to [8], where existence of energy-conserving classical solutions is
also obtained for (VP).

Assume f is smooth, nonnegative, spherically symmetric, and vanishes for
(r, u,0)¢(0, 00) x (0, 00) x (0, 7). Assume also that f'is a classical solution of (RVP) on
some time interval [0, T') with initial value f. We define for ¢ = 0,

P(t)=sup{U(5,0,r,u,0:0<5 <1, (r,u,0)esupportf}, ©
and note that P is nondecreasing. Suppose u > P(t); then we claim that f(r, u, a, t) = 0.
We may set ro=R(0,t,7,u,a), uy=U(0,t,r,u,a), and o, = A(0,t,r,u,a), so that

r=R(t,0,ry,uqp, ), u=U(t,0,rg,uy,%), and «=A(t,0,ry,uy,%). Then u=
U(t,0,rq,uq,0) > P(t) so f(rq, ug, %) = 0. Hence f(r,u, o, t) =f(rq, Uy, %) = 0. This
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observation and the assumptions made above will be used throughout this section.
Lemma L. There exists a constant C, such that for r Z20and 0<t< T

M(r ) _ [min(Mr™2,100M'3| FI2BPYt)) ify=—1
= |min(Mr~2,C,P°3@)) ify=+1

Proof: 1t follows from (7) that | E(x, t)| £ Mr~2 in both cases. Let R > 0, and note
that

lE(x’ t)l -

p(y, )(x — y) L . py1) p(y, t)
Bl )1 = 4%53 %~ dyk%m«—wl ¥ Al
Py, 1) p(y,1)
= d d
|x—§i<R|x_yIZ +]x—{|>Rlx_yl2
SlpWlle | Ix—=yl"2dy+R™2 | p(y,0)dy
|[x—yl<R ]x—y|>R

S4nR| p(t) |l + MR™2.
Taking R = (|| p(t) | /M)~ '3, we get |E(x,0)| < (4n + M3 p(t) 1>, But
pr,t)=[fdv="| fdv=|lf@)ll, [ dv= IIfH P3(), (10)
{v]< P(t) v] < P(2)

)
3 f 4n s 23 13| £112/3 p2
|E(x, )| < (4n + )M ||f||co““3 P>(t) ) < 100M*7| f115° P(¢).

Now repeat this argument using Holder’s inequality and assuming y = + 1:

p(y,1) Py, t)
|E(x,1)| = d
lx~§|<R'x~y|2 |x— ;‘»‘[>R'x )’|2

1/4
slhe®lle Ix—yl_zdy+llﬂ(t)ll4/3< J (Ix—}'l"z)“d}’>

Ix—y|<R |x—y|>R

1/4
= (Ol 4R + | (1) 1475 (%"R) .

Taking R = (|| p(t) lla/3/ll p(t) | o)*°, we have
4 |14
|E(x, )| = <4n + [?] >I|p(t) 1273 I ) 11522
Now using Proposition I and (10),

o< (o4 | [ )e(S1.p0) " e,

which completes the proof.
Now we use the method of Batt to treat the case y = — 1. Fix T,e(0, T). By
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Lemma I for te[0, T,],
F2M(r, £) < min (Mr~2, 100M*/3 | £ |23 P2(1))

< min(Mr~2,100M /3| f |23 PX(T,)) £(A + Br)~ 2, (11)
where
B=4{M~12 (12)
and
A=3(100M 3| £ 23 PA(Ty)~ 1. (13)

Let us consider a characteristic through some point (r,uq,%,) With rou,
sinay >0. For notational convenience we denote R(s)= R(s,0,ry,uq, %),
U(s) = U(s, 0,7, ug, o), and A(s) = A(s, 0, 7q, ug, o). Also

L = R(s)U(s) sin A(s) is a positive constant. (14)
Define £:[0, 0)— R by

Eu)=/T+u> — | (A+Bn)~2dy for u>0 and &0)= 1. (15)

Lju

Then ¢is C? on [0, co),infact &"(u) = (1 + u?)~*? + 2AL(Au + BL)~3.S0 &"(u) > Ofor
uz=0.

Comment. There exists a unique positive u, such that &(u,) = 1 and ¢ is monotoni-
cally increasing on (ug, 00). ¢! will denote the inverse of &:[u,, 0)—[1, o).

Lemma II. Forall z=1,
M) =[z+ A7 BT = 1]V
Proof. By (15) note that

Ew=/1+u*— [ (A+Bn) 2dn=./1+u*—B 'u(4u+ BL)™*
Lju
> /14+u*—A"*B ! for all u>0.
Forany:zz=1,

z=¢¢ )2 J1+(E ()P —A"'B7!
SO
(z+A BT 214+(¢72)?
and
[+A'B 1) —1]"2 2 &7 ().

Lemma IIl. For all te[0, T,],
U(t) S UO) + &Y /1+ UX0)), when y= — 1.
Proof. Let te[0, T,]. Suppose n/2 < A(t), and define
t, = inf {re[0,t]:n/2 < A(s) for all se[z,]}.
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Then A(s) = n/2 on [t,,t], so U(s)= —(M(R,s)/R*)cos A>0 on [t,,t], and hence
U@ 2 U(t,).
Note that by (8) and (11)

d ¢ -2
a;(,/1+U(s) RL)(A+B:1) dn)

v R
~JT+U? (4+BRY
M(R,
T -~ E v}
N K

Note also that L = R(t)U(t) sin A(t) < R(t)U(t), so L/U(t) < R(t). Combining these we
have

JTT U — | (A+Bn2dn= /14 U0 — | (4+By)~2dn
R(t1) R(1)
> JTHUN) — | (A+ By 2dn=EU) (16)
L/U()

by definition (15).

If A(t,) = n/2, then R(t,) = L/U(t,),so (16) becomes E(U(t,)) = &(U(r)). Recall that
U(t) = U(t,) and ¢ is increasing on (£~ }(1), c0) so U(t) £ &7 1(1).

If A(t,) > n/2, then t, =0, and so (16) yields

QU@ </T+UN0) — | (A+ By~ 2dn < /T+ U0)
R(0)
Hence U(t) £ £71( /1 + U*0)). In both cases (A(t,) = n/2 and A(t,) > n/2),
Ut &7 1H(/1+ UX0). (17)
Suppose A(t) £ /2 and define
t, =inf {r€[0,t]: A(s) < n/2 for all se[z,1]}.

A)Sn/2  on  [t,,t], so U(s)= —M(R,s)cosA/R*<0 on [t,,t],
and hence U(t) < U(t,).

Ift, =0, U(t) < U(0). Suppose ¢, # 0, then there exists a sequence {t5} such that
0t <t th—t,asi—o0,and A(th) > n/2. By (17) U(ty) £ €~ }( /1 + U?(0)), so by
continuity U(t,) < £71( /1 + U?*(0)). In both of these cases (t, = 0 or t, # 0)

U(t) S U(ty) S UO) + ¢ (/1 + U0)). (18)

Therefore by (17) and (18), U(t) £ U(0) + £~ (/1 + U?(0)), which completes
the proof.

Theorem 1. Let fbe a classical solution of (RVP) on some time interval [0, T) with y =
— 1 and smooth, nonnegative, spherically symmetric data f which has compact support
and vanishes for (r,u,®)¢(0, 0) x (0,00) x (0, 7). If 40M?13|| f |13 < 1, then P(t) (as
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defined in (9)) is uniformly bounded on [0, T), and hence (RVP) possesses a global
classical solution.
Proof. By Lemmas II and III,
UM S UO) + ¢ H(J/T+U0) SUO) +[(/1+T0) + 47 1B — 1772
for all te[0, T,]. From (9),
P(t) =sup{U(s,0,r,u,a):0 s < t,(r, u, a)esupportf}
S PO +[(/T+PHO) + A4 B2 — 172
< P(0)+/1+ P*0) + A~ "B~ for 1[0, T,].

Recall the definitions of 4 and B ((12) and (13)) to get P(T,) = P(0) + /1 + P%0)
+40M*3 || f | L3P(T,). If 40M?3| f||}* <1, then P(T,) cannot exceed a certain
constant depending only on P(0) and M?"*|| f||,. Now since T, was an arbitrary
element of [0, T), the theorem follows.

To treat the case y = + 1 we define

G(r,t)= —jmm(Ml 2,C,P33(t))dA (19)

forr 2 0 and t 2 0. Note that G is continuously differentiable in r and increasing in r.
Also, letting R = M2(C,P33(t)) "}/, we compute
G(0,t) = —jC P33(t)dA fMA’zd/l— -~ C,PP(t)R—-MR™!
— Ml/?'(CIPSB(t))I/Z.
We summarize these comments and restate Lemma I with the following:

Comment. |E(x,t)| =r~2M(r,t) < dG/or(r,t), and there exists a positive constant C,
such that |G(r,,t) — G(r,,t)| £ C,P>(t) for all r, 20, r, 20, and t = 0.

As before we consider a characteristic R(s) = R(s,0,rq,uqg,%), U(s)=
U(s,0,rg, U, %), and A(s)= A(s,0,rq, Uy, ) through a point (ry,ug,0) with
FoUg sinag # 0.

Lemma IV. Assume either R>0 on [t,,t,] or R<0 on [t,,t,]. Then
|1+ U2(6) = /1 + UX) | SIG(R(), 1) — GR(1,), 1), for y =+ 1.
Proof. Note that

t2

0G
|G(R(t2), t2) — G(R(ty), t)| = | [ —

(R(s), t))R(s)ds
5 or

210G .
= ,f 5, (R(s). 12)R(s)|ds

since R is of one sign on [¢,,t,] and 8G/dr = 0.
Note also that for ¢, = s,

g—f(R(s), t,)=min(MR™%(s),C, P33(t,)) = min(MR ~*(s),C, P>/3(s)) = %?(R(s), s).
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Now by the characteristic equations, (8), and by the comment

'%Q(R(s), LR = |2 (R(s), IR()
r or
M(R(s), s) U(s)cos A(s) _l U(s)U(s)
| R J1+U%s)| |1+ U)
d
= %,/I'FUZ(S) .
Therefore
G(R (), 1)~ GlRIE), )12 | £ /15 00| ds

2 [/1+ U%t) =1+ Ul
which completes the proof.

Lemma V. Assumey = + 1. R can be zero for at most one value of s. If R(t,) = 0, then
R has an absolute minimum at t,.

Proof. Recall that R(s)U(s)sin A(s) = roup sina, #0 by hypothesis, so R(s) #0,
U(s) # 0, and sin A(s) # 0 for all s. From (8),
_ Ul(s)cos A(s)

R
) 1+ U(s)

, 50 R(s)=0

only if A(s) =n/2. But also from (8)

9= _( M(R,s) U(s)
— \RUG)  R(s) /1+ UXs)

for all 5. So A is strictly decreasing for all s, and hence can attain the value of /2 at
most once. Therefore R can be zero at most once.

Suppose R(t,) =0, then A(s)>n/2 for s<t;, A(t,)=mn/2, and A(s) <n/2 for
s>t,. But from (8),

>sin A(s) <0

_ U(s)cos A(s)
J1+U%s)

so R(s) <0 for s <t,, R(t,) =0, and R(s) > 0 for s > t,. Therefore R has an absolute
minimum at ¢;.

R(s)

Theorem II. Let fbe a classical solution of (RVP) on some time interval [0, T) withy =
+ 1 and smooth, nonnegative, spherically symmetric data f which has compact support
and vanishes for (r,u,a)¢(0, 00) x (0, 00) X (0,7). Then P(t) (as defined in (9)) is
uniformly bounded on [0, T), and hence (RVP) possesses a global classical solution.

Proof. Let te[0, T). Suppose 0 < t, <t, <t,and either R = 0on [t,,t,]or R<0on
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[t,,t,]- By Lemma IV,

| 1+ UHt) £ /1+ UM, +GR(2,), 1) — G(R(t), 1),
Now by the comment preceding Lemma IV,
1+ Uty < /1+ Uty + C,P%5(t,). (20)
Now if R is never zero on [0, ], then by (20),
J1+UH) £ /1 + UX0) + C,P5/%().

Now suppose R vanishes somewhere on [0,¢]. By Lemma V there is only one point
where R vanishes, call it £, [0, t]. Then R cannot change sign on [0,¢,] or on [¢,,¢].
Hence by applying (20) twice we have

1+ UX0) < /1+ Uty) + C,PY(0) < /1 + U0) + C,P(t,)
+ C,PS%() < /1 + U(0) + 2C,PY%(1).
Therefore in both cases (whether R vanishes or not) we have for te[0, T)
1+ U0 £ /1+ UX0) + 2C,P5/%().
Now since P(t) = sup{U(s,0,r,u,a):0 < s < t, (r,u, @)esupport f } (see (9)) we have

P(t) < /1 + PX(t) £ /1 + PX0) +2C,P%5().

It follows that P is uniformly bounded on [0, T], which completes the proof.

Although we will not pursue this here, we point out that if a background charge
distribution were present, a modification of Lemma V would probably be required
to extend the theorem to this case.

III. Blow-up of Radial Solutions

Let y = — 1 and consider the equation
fi+0V . f—EV,f=0
R
( VP){E =V, Au=p.

From part (C) of Proposition I, Sect. I, the total energy is

[§/1+v|* fdvdx — [ |E|*dx = const = &,. (21)
®® &3

From experience one knows that this bodes ill for global existence (unless the second
term || E ||3 can be dominated by the first, as is the case in classical (VP), where the
first term (the kinetic energy) is actually 3 | | |v|*fdvdx).
Rﬁ
To motivate our nonexistence result, we note that

d
|E|=|Vul<cf P )))’lz =cr txp.

| x
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By the singular integral inequality [S], we have
IEl,Sclir 2*plla=clples
and further
lolles <Nl IplZ3 < M2 1p1353.
It follows that
IE(Z < M| p 1353 (22)

However, inequality (5) shows that

p*Px, )< c | /1 + v fdv (23)
RS

holds pointwise.

Inequalities (22) and (23) then show that the kinetic and potential energies in &,
are of the same order of magnitude. Thus one expects global solutions only for small
data, as we have shown in Sect. I1. Indeed, for large data we have the following result:

Theorem III. Let f be smooth, nonnegative, radial and of compact support on R®. Let
f(x,v,t) be a classical solution of (RVP) on an interval 0 <t < T for which — oo <
E0<0.) Then T < 0.

Proof. We begin by deriving the “dilation identity” (cf. [6]),
fdvdx

«/1+|v]2

di”x'vfdvdx =& — (24)
t RO

Indeed, a direct calculation using (RVP) gives
d
d—“x-vfdvdx =[{xv[ -0V f+E-V,f]dvdx
tha a
=[x v( =V, (f0))dxdv + [ [ xv(V,(fE))dvdx
RS ®S
=[[(V, (= xvff) + f6-V (xv))dxdv
R6

+ “(Vv'(x'va) —fE-V (x-v))dvdx

o2 f

—”f(vv—Ex)dvdx “\/Tl[?

dvdx — f px-Edx.

Now since Au=p and E =V, u, we have

st o) 5

1 The condition &, < 0 is easily achieved by replacing f by 4 f, where 4 > 0 is chosen sufficiently large
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= — 2
j Z uxk x]uxj uxkzxjux,xk - u.xk dx
3% - :

J

(3

Y2 x5 - Gui)dx— | |Vultdx
r3 k j J e
—; Z[ (szuxk)*iuxk:ldx— f | Vu|?dx
R3 J j R3

=3, | IVulPdx — [ |Vu]?dx =4 [ |Vu|?dx.
k R R3 R3

3

Thus we find

%(“x-vfdvdx) =”——lvidvdx —5 [ 1E*dx

1+v)? et

1
= /1 2~ \fdvdx -1 24
{g.‘( el 1+|u[2>fvx “E‘ i

——————fduvdx,

—{J \/—-
as claimed.

Given the dilation identity, the proof proceeds as follows: first integration of the
dilation identity in t produces

{ %fx-vfdvdx < afx-vfdvdx + &t 25)
R R

Next, using (RVP) we compute

%I!”Wfdvdxﬂgrz ST 0P [ = 6V, f+ EV, f]dvdx
= —”rzu'V,fdvdx +”r2./1 + [v]? V,(Ef )dvdx

——ZHx ofdvdx — ” r*fE-————dvdx

JVi+ |U|
=2([x-vfdvdx — [ r*E-jdx, (26)
r® S
where j = | dfdv.
R3

We now use the radial nature of the solution: by Lemma I |E(x,t)| < Mr~2.
Moreover |j| < p, by definition. Thus for the last term we have the estimate

H.rZE'jdx] <M f jldx =M _f pdngz,
r3 R3 RS
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so that by (25) and (26)

d
E”ﬂ 1+ [v]? fdvdx < 2| [ x-vfdvdx + M?
r® R

< 2<”x-vfodvdx + ﬁot) + M?
RG

= Constant + 26 yt.
Integrating in time we get

ffr2 1+ o fdvdx < [[r* /1 + [0|? fdvdx
r® rS
+ (2“x'vf°dvdx + M2>t + &ot?
R6

=C+ Ct+ &,ts

Now since &, < 0 by hypothesis, the right-hand side here becomes negative for large
t. The left-hand side is nonnegative so the existence time T must be finite, completing
the proof.
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