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Abstract. It is shown that there exists a possible obstruction to a continuous
global gauge choice in the Polyakov string theory and in four dimensional
Einstein gravity. In many circumstances this obstruction results in no global
gauge existing in these two theories.

1. Introduction

The Feyman path integral approach to quantising gauge theories appears to be the
best method available at present. It has been applied with considerable success to
the quantisation of Yang-Mills theories and QCD. In the Euclidean path integral
approach to Yang-Mills theories one considers functional integrals of the form

Z={29Aexp—S[4],
€

where 94 is a measure on the space ¥ of all gauge potentials 4. S[A] is the Yang-
Mills action of 4 and the functional integral is taken over all gauge potentials
which satisfy some suitable boundary condition. However, it is well known that
there is a problem in evaluating this path integral which results from the gauge
invariance of the action S[A4].

Let ¢ denote the group of gauge transformations. The difficulty arises because
the orbits of ¥ are expected to have infinite measure. The functional integral
should really be carried out over the gauge orbit space /4. However, /4 is an
intractable space. The idea of fixing the gauge is intended to circumvent this
difficulty. We choose, in a continuous way, one gauge potential on each %-orbit,
i.e., we choose a continuous map s: 4/9 —% such that pes=id, where p: € -4 /% is
the canonical projection. The functional integral is then evaluated over s(%/%),
weighted by the Jacobian of p:s(¢/9)—~%/%. This yields the Fadeev-Popov
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determinant. As was shown in [ 1] the topologically non-trivial nature of the group
% of gauge transformations results in the non-existence of a continuous global
gauge for theories on the 4-sphere. In this paper we consider the possibility of
choosing a global gauge fixing condition for theories which possess an invariance
under the group of diffeomorphisms of a manifold M. The two theories of this type
which we concentrate on are the Polyakov string and four dimensional Einstein
gravity. It is shown that in both these theories there exists a topological
obstruction to globally fixing the gauge. This obstruction comes from the
topologically non-trivial nature of the group of difftfomorphisms of M. It is
completely analogous to the obstruction to fixing the gauge in Yang-Mills theories
discussed in [1]. It should be noted that similar ideas to those used here have also
been discussed by Isham [2] in connection with the canonical quantisation of
gravity.

The remainder of this paper is organized as follows. In Sect. 2 the formulation
of the Polyakov string theory and four dimensional Euclidean gravity is recalled.
Section 3 introduces the local gauge slices and the geometric structure of the orbit
space of Riemannian metrics modulo diffeomorphisms. The obstruction to
globally fixing the gauge in these two theories is then proved in Sect. 4.

2. Formulation of the Polyakov String and Euclidean Gravity

The dynamics of the Polyakov string is described in terms of the world sheet swept
out by the string as it evolves in D dimensional (Euclidean) space-time. The world
sheet will be assumed to be a closed compact orientable 2 dimensional Riemannian
manifold M?. This 2 dimensional surface can be described by an immersion
x: M*->IR?, for D= 3. Local charts on M? are (U, &,), where U, is an open subset
of M? and ¢, a homeomorphism of U, onto an open subset of R2. The immersion
x:M?*->RP” induces a Riemannian metric h on M?. Now let g by a new
Riemannian metric on M? independent of k. The local 2-form defined in the chart
(Uaa ﬁa) by

Qe =3Tr(g (;)1 h) (detg,) 2g¢ (1a) AdE (za) =3Tr(yg (;)1 hayu(@) (2.1)

where p(g) is the volume element associated to g, satisfies Q)= Q4 in U,n Uy, and
hence defines a global 2-form on M2. The action of the string theory is defined to be

(see [3]) Wix.gl= | @=3 [ Tr(g™'Wu(g). 22)

This is the action introduced by Polyakov [4]. The partition function is then given
by the path integral
Z=[29 Dxexp—W([x,g]. 2.3

The Polyakov action is invariant under diffeomorphisms of M?. Let 2(M?)
denote the group of (orientation preserving) diffeomorphisms of M2, and let
M (M?) denote the space of Riemannian metrics on M2. 9(M?) acts naturally on
M (M?) by pull-back i.e., for 7 € 2(M?) and g € 4 (M?) we have g° =n*g € M(M?).
The diffeomorphism group of M? also acts on the immersion x : M?—RP? to give
x"=xom: M?>—-IRP. The metric induced on M? by the immersion x™ is h™=rn*h.
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The action W[x, g] has the invariance [4]
WIx™, g"1=WI[x,g]. (2.4)

Therefore, two metrics on the same 2(M?)-orbit correspond to the same geometry,
but represented in two different sets of local charts. The space of inequivalent
2-geometries is given by the orbit space .4 (M?2)/2(M?).

A remarkable feature of the Polyakov string theory is that the partition
function (2.3) can be evaluated explicitly (see [4]). To carry out the path integral
over 9y it is necessary to fix the gauge by choosing a representative metric of each
orbit of #(M?)/2(M?). Polyakov’s choice was the conformal gauge, i.e., to find a
representative of each orbit of the form (in a given local chart)

gab(é) = ed’(é)éab s (2 5)

which is always possible for 2-dimensional surfaces. This choice will not uniquely
specify the gauge if M? admits a non-trivial group C(M?) of conformal
transformations,

C(M?)={n e 2(M?)| there is a smooth ¢: M?—R such that
n*g=e?g, for all ge M(M?)},

(also see [3]). For M2=S2, C(S*)=SL(2,C); for M*>=T?, C(T?*)=0(2) x O(2);
for surfaces of higher genus C(M?) is discrete (see [5]).

Using the conformal gauge the functional integral over g can be evaluated to
obtain the partition function as a functional integral over ¢ of the Liouville action

Ll¢]= A; [3(0.9)* + u?e?1d?¢ . (2.6)

For this path integral over 2¢ to be well defined it would seem to be necessary for
the gauge choice (2.5) to be continuous. It is not clear that the conformal gauge
satisfies this requirement. In fact, it will be shown later that for many surfaces M?
there is no continuous global gauge fixing condition. This is a purely global result
and there always exists a well defined local gauge.

Four dimensional Finstein gravity shares with the Polyakov string theory the
property of being invariant under the diffeomorphism group of a compact
Riemannian manifold. Let the (Euclidean) space-time be represented by a compact
4-dimensional Riemannian manifold M*. The Euclidean action is (see [6])

S[gl=— 1 | R(detg)'’?d*x+boundary term, 2.7)
167G
where R is the scalar curvature of the metric g on M*. The manifolds with which we
will be concerned will be closed and without boundary. Hence, we will neglect the
boundary term in (2.7). If .#(M*) represents the space of Riemannian metrics on
M* and 2(M*) the group of (orientation preserving) diffeomorphisms of M*, then
for ne 2(M*) and g e 4 (M*),

S[n*g]=S[4]. 2.8)
Thus, the action is constant on orbits of Z(M*).
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The partition function is then defined to be
Z={9gexp—S[g]. (2.9)

There are, of course, many problems in attempting to evaluate this functional
integral (see [6]). In addition to these one might anticipate that the invariance of
the action under the diffeomorphism of M* would lead to a similar problem in
evaluating the path integral as occurs in gauge theories, i.e., that the orbits of
2(M*) would have infinite measure. The path integral should be carried out over
the orbit space #(M*)/2(M*), which is, however, intractable. This problem could
be overcome by fixing the gauge [i.e., choosing in a continuous fashion a metric on
each 9(M*)-orbit] and then proceeding to evaluate the Fadeev-Popov determi-
nant. We shall show later that for many 4-manifolds M* such a continuous global
gauge does not exist. Local gauges, however, always exist and may be used to
define the Fadeev-Popov determinant in a neighbourhood of a ‘given metric
ge M(M*).

3. The Local Gauge Slices

In this section we will consider the action of the group of diffeomorphisms of a
compact manifold on the space of Riemannian metrics defined on the manifold.
This topic has been investigated in detail by Ebin [7], and it has also been studied
in connection with the theory of Wheeler-de Witt superspace [8]. Further details
of the ideas mentioned here can be found in these references.

Let M be a compact orientable n-dimensional manifold without boundary.
TM will be its tangent bundle, T*M its cotangent bundle and S*T*M the bundle
of symmetric covariant 2-tensors. The space of Riemannian metrics .#(M) on M is
defined to be the space of all smooth sections of $2T*M which induce a positive
definite inner product on each tangent space T,M, x € M. Then .#(M) is a positive
open cone in I'(S*T*M), ie., .#(M) is open in I'(S*’T*M) and if A, u>0,
g, he M(M), then Ag+phe M(M). Let D(M) be the group of orientation
preserving difftomorphisms of M. Then 2(M) acts on I'(S>*T*M) as follows: if
ne D(M), ge I'(S>°T*M), and X, Ye T.M, xe M, then

(n*g)x(Xa Y) = gn(x)( TTEX’ TTC Y) .

This action can be written as a map A : (M) x ['(S?°T*M)—T'(S*T*M). It is clear
that .#(M)is invariant under the action, so we can write 4 : @ x . — /. Note that
when the manifold M is not in question we will simplify .# (M) and 2(M) to .# and
9, respectively.

The space of metrics has a (weak) Riemannian structure defined on it as follows.
Each he ./ is a Riemannian structure on TM. It therefore induces a Riemannian
structure on T*M and S2T*M. Let (,)" be this structure on S>T*M. Also he ./
induces a volume element p on M. For w,0e I'(S*T*M) we define {w,0), by

{,0>,= 1{4 (0,0)n. (3.1)
{, > is a positive definite bilinear form on I'(S*T*M). Since .# is open in
I'(S*T*M), # is a manifold whose tangent space at each point is canonically
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identified with I'(S?T*M). Thus for each he ./, <, ), on I'(S*T*M) defines a
Riemannian structure on ..

The most important property of {, >, is that it is invariant under the natural
action of @ on ./, i.e., ¥ acts by isometry. To see this first note that [7], for n € 9,
ge M, Ee T M ~T(S*T*M), xe M,

(T, m* O =, O -

The diffeomorphism 7 € & also acts on the set of volume elements of M by pull-
back. If p is the volume element of g then 7* is the volume element of n*g. Hence

J(m*¢ m* ey omn*u= [ ((, &)u
M M
or
(0, m* 8 g =<, 8D, (3.2

Therefore, n€ P is an isometry.

It is now possible to define the local gauge slice through a metric g € . as the
orthogonal complement of the tangent space to the Z-orbit through g, relative to
the inner product {, »,. The orbit of & through ge .# is defined by the map

hg: D~ M (3.3)
given by A,(m)=n*g. The derivative of this map at the identity in 2 is
Tialy: TiaD -~ T M .
Recalling the identifications T;,2 ~I'(TM) and T,.# ~I'(S*T*M), we have that
Tahy: T(TM)—T'(S*T*M). (3.4

To compute T44,, let X e I'(TM) be a smooth vector field on M. X generates a
1-parameter group of diffeomorphisms {x,}. The smooth curve C:R—% in 9
given by C(t)=m=, with n,=id,, has tangent vector at t=0, given by
X =(d/dt)C(t)|,= . T;4/A, maps X to the tangent vector to the curve (4,° C) (t)in .
Thus

(k) (0= G, ) ()

t=0

d
= % "{g(nt)

t=0

“at g

= "g x9 >
where #ygis the Lie derivative of g with respect to the vector field X . Therefore the
map Tiyh,: T(TM)—I'(S?*T*M) is given by the first order differential operator
8,: T(TM)—~I'(S*T*M), where

t=0

5gX=$Xg

for XeI'(TM) and ge./4. Note that kerd,=space of Killing vectors on the
Riemannian manifold (M, g).
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It follows from standard properties of differential operators [9] that the image
im4, is closed and has closed complement in I'(S>T*M). Thus the tangent space to
the orbit through g € ./ is given by imd, and the local slice to this orbit at g is the
orthogonal comp]ement of imJ, relatlve to the inner product ¢, ),. Hence, the
local slice at g e # is given by those g+se M, se I'(S?T*M), for which

0={5,0,X),=<07s,X), (3.5
for all X e I'(T*M). 6} is the <, > ,-adjoint of é,. The local slice through ge .# is
written as

S, ={g+slseI'(S*T*M) and §}s=0} . (3.6)

In a sufficiently small neighbourhood of a given metric g € ./ the slice &, intersects
each orbit once and only once [7]. Therefore this slice defines a good local gauge
around g. We also have as a consequence of (3.5) the direct sum decomposition

[(S2T*M)~imé,@ker 5. 3.7)

The geometrical structure of the orbit space .#/2 will now be considered. The
space 4 /2 is not a manifold because the action of & on ./ is not free. If we define
the isometry group of ge .# to be

I,={neIn*g=g},

then 2 has g as a fixed point if I, % {0}. There are, however, two ways to obtain a
free action. If we restrict our attentlon to the space of metrics .47 C .4 which have

trivial isometry group, ie,
M={ge MI,={0}},

then the action of & on .4 is free. The space .4 is open and dense in M [T]. The
globally effective local slices %, and the free Z-action on ./ results in a principal

P-bundle -
D — M

l (3.8)
M|D
over ./#/% which is now a smooth manifold.

Alternatively, we can restrict to the group 2, of difftomorphisms which leave a
point x, € M fixed and also leave the frame at x, fixed, i.e.

D ={neDIn(xo)=x, and T, ;w=idr,_,}.

Nowif 7€ 2, is an isometry for some g € .4, ie., if 1*g =g, then n=id,, (see [10]).
Therefore, 2, acts freely on .#. Again the orbit space .#/2,, is a manifold and we
have a principal 9 ,-bundle over .#/2,,

D—— M
l (3.9
M|D, .

To conclude this section we make some statements of a geometrical and
topological nature.
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Proposition 3.1. The manifolds 4/ and M|D, have a natural Riemannian
structure.

Proof. It follows from the invariance of (, ), under the action of & on .# [Eq. (3.2)]
that ¢, >, projects to give a well defined metric on M|D and MDD,

Proposition 3.2. The space
S, ={g+slse(S*T*M) and 5}s=0}

is the horizontal space at g € M or g € M of a connection on the bundle (3.8) or (3.9),
respectively.

Proof. According to (3.7) the space &, is complementary to the tangent space to the
fibre at g € .. Since the Riemannian structure of ./# is preserved by the action of 2,
we have that ker 63, = n*(ker §7), for all = € 9. Therefore, ., =n*,, and the slice
&, 1s the horizontal space of a connection.

*g9

Proposition 3.3. There are homotopy equivalences
BD ~.M|D
and
BD ~M|D, .

Proof. These results follow from the contractibility of the total spaces of the
bundles (3.8) and (3.9). The space of metrics .# is convex and hence contractible.
The space .4 is also contractible. This can be proved in analogy with Singer’s proof
(see [1]) that the space of irreducible connections on a principal SU (n)-bundle
over a compact manifold is contractible.

Proposition 3.4. The groups & and 9, are related by the fibration
09,9~ F (TM)—0, (3.10)

where F . (TM) is the principal GL  (n,R)-bundle of frames on M with a given
orientation.

Proof. The projection = is given by evaluation at the base-point. It is clear that the
fibre of m is &, and that (3.10) has the homotopy lifting property.

4. The Obstruction to Globally Fixing the Gauge

We will now use the principal fibre bundles introduced in Sect. 3 to discuss the
possibility of globally fixing the gauge in the Polyakov string theory and in four
dimensional Euclidean gravity. Suppose that we are considering a theory defined
on a compact orientable n-manifold M”", with an action which is a 2(M")-invariant
functional on .#(M™). Then a global gauge is a continuous map s : #/%9 — .4 such
that pos=id 4,4, where p: .# —./ /2 is the canonical projection. If such a gauge
were to exist, then the restriction

Sl.ija: M|D—> M
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would give a global section of the principal 2-bundle (3.8). Such a global section
exists if and only if (3.8) is trivial, i.e.,

M=Dx M|D .

Applying m,( -) to this expression and recalling that M is contractible (see proof of
Proposition 3.3), i.e. n,(.#)=0, for all =0, gives

1D M| F)~0

for all g=0. Thus, the obstruction to the existence of a global gauge is the non-
vanishing of any of the homotopy groups of 2.

It should be noted that the bundle (3.8) has been used here purely as an
auxillary device and has little direct physical significance. This is for the following
reason. To obtain (3.8) it was necessary to restrict attention to those metrics with
trivial isometry groups. However, it is known that many classical solutions of both
the Polyakov string theory and four dimensional Euclidean gravity have non-
trivial isometry groups. Therefore, to restrict attention to only those metrics in .4
eliminates many classical solutions which may be important in understanding the
full theory. For example, such solutions may be required in order to undertake a
semiclassical analysis of the theory.

In contradistinction to the unphysical nature of (3.8) the bundle (3.9) does have
physical significance. The restriction to those diffeomorphisms of M" which leave
both a point x, € M" fixed and the frame at x fixed appears quite acceptable. For
example, consider M" to be the one point compactification of a non-compact
manifold M", with x, € M" corresponding to the point at infinity in M". Then the
diffeomorphisms in 9, (M") correspond to the diffeomorphisms of M" which are
the identity at infinity and also have their derivative equal to the identity at infinity.
This type of restriction on the diffeomorphisms of M" is physically acceptable.

If we now consider fixing the gauge in a theory with a 2 ,(M")-invariant action
defined on .#(M"), then the bundle (3.9) may be used directly. In this case a global
gauge choice is a global section of (3.9), which exists if and only if the bundle
M — M|D s trivial. By the same reasoning as used earlier, the obstruction to such
a global section is the non-vanishing of any of the homotopy groups of 9, (M").

Taking the theory under consideration to be the Polyakov string, with M? a
compact Riemann surface of genus p, invariant under either 2(M?) or 2 ,(M?)
yields the following results.

Theorem 4.1. There exists no global gauge s: M|D— M for M? of genus p=0or 1.
For p>1 there is no topological obstruction to the existence of such a gauge.

Proof. This follows directly from the homotopy type of 2(M?) [11], namely

D(5%)~SO(3) for p=0
D(T?)~SO2)xSO(2) for p=1
D(M?*)~ {0} for p>1.

Theorem 4.2. There is no global section of M —.H|D,, for M* of genus p>0. For
p=0 there is no obstruction to such a section.
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Proof. The homotopy groups of Z,(M?) and 2(M?) are related by the exact
homotopy sequence of the fibration (3.10)

e YD ((MP)) > (D(M?) > 1 (F (TM?) -7, (D (M)~ ...
Recall that F (TM?)~R3x O(TM?), where O(TM?) is the principal SO(2)-
bundle of orthonormal frames of M. Hence, F . (TM?) has the same homotopy
type as O(TM?). For p=0, 2(5*) ~SO(3) and F,(TS?*) ~SO(3) are isomorphic,
hence

7D (M?) =0
for all ¢=0. This gives the last sentence of Theorem 4.2. For p>0, assume that
T(2,(M?)~0
for all g=0. It follows that
7 (D(M?) = 7,(F ,(TM?) @)
for all g=1. Hence, for p=1 and ¢=1, (4.1) implies that
7,(SO(2) x SO(2)) ~7,(SO(2) x SO(2) x SO(2))
ie, ZOL~ZOZDZ, which is a contradiction. For p>1, (4.1) implies that
n(F (TM?))~0 4.2)
for all g=1. But from the defining fibration of F,(TM?)
GL,(2,R)— F (TM?)

MZ
and (4.2) it follows that =, (M?*) ~0, which is a contradiction. Thus, 2 ,(M?) is non-
contractable for M? of genus p>0.

For four-dimensional Euclidean gravity, invariant under either 2(M*) or
2,(M*), the obstruction to globally fixing the gauge is the non-contractability of
D(M*) or 9 ,(M*), respectively. It is probable that for any compact 4-manifold M*
the groups 2(M*) and 2,(M*) will be homotopically non-trivial. For certain
classes of compact 4-manifolds it is possible to show that my(2(M*))=+ {0} and
7o(2 .(M*)) + {0}. Note that it follows from the exact homotopy sequence of the
fibration (3.10) that if 7o(2(M*))=% {0} then ny(Z,(M*))=*{0}.

The first class of compact 4-manifolds M* for which no(2(M*))={0} are
product manifolds.

Theorem 4.3. Let M*=N,x N, (where dimN,=dimN,=2) be an oriented
product manifold. Then

mo(D(M*)) {0} .

Proof. Let ©, and n, be orientation reversing diffeomorphisms of N, and N,
respectively. Let [N,]e H*(N,) and [N,]e H*(N,) be the 2 dimensional coho-
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mology classes of N, and N,, respectively. Then nf[N,]=—[N,] and n%[N,]
= —[N,]. Thus
(my X7)*[Ny X No]=n{[N,] x n5[N,]

=—[N]x —[N,]
=[N 1x[N,]=[N; xN,]

and 7, X 7, is an orientation preserving difftfomorphism of N, x N,. However,
(my x ) [N ] x 1=—[N,]x1,

and therefore 7, X 7, is not homotopic to the identity.

The second class of compact 4-manifolds which have a disconnected
difftomorphism group are smooth submanifolds of the complex projective space
P2
Theorem 4.4. Let M*CIP3 be a smooth compact 4-dimensional submanifold of P3.
Then

To(D(M*))+ {0} .

Proof. Let VCIP? be a smooth 4-dimensional submanifold of IP* defined by the zero
set of a polynomial f with real coefficients

V={xeP3f(x)=0}.

Let ¢ : P> IP3 given by x—X be complex conjugation. Then ¢ sends V to itself. If
ae H*(IP3) is the positive generator of H*(IP3), then c* : H*(IP*)— H*(IP?) is given
by a— —a. Therefore, if i: V¢, IP? is the inclusion of V in IP3, (c|)* sends i*a to
—i*a. Since 2i*a=+0, it follows that c|, is not homotopic to the identity. Since any
M*cIP? is diffeomorphic to a surface VCIP3, it follows that

mo(2(M*) +{0}.

In the Euclidean approach to quantum gravity the compact 4-manifolds
$2 x §2, P? and the K3 surface are important as compact gravitational instan-
tons. It follows from Theorems 4.3 and 4.4 that the group of diffeomorphisms of
these three manifolds is disconnected. Hence we have the following.

Theorem 4.5. Let M* be any one of the compact 4-manifolds S* x §?, IP? or a K3
surface. Then .
To(2(M™)) % {0} .

Proof. For M* = S? x S$? the result follows directly from Theorem 4.3. For M*=1P?
the proof of Theorem 4.4 implies that ¢:P—IP? (complex conjugation) is not
homotopic to the identity. The model of a K3 surface is the quartic surface in IP3

defined by .
M= {[xla x27 X3, X4] € IP3|x‘11+x‘2‘+xg+xi=0} .

As M is defined by a polynomial with real coefficients, Theorem 4.4 implies that
no(2(M*)) +{0}. As any K3 surface M* is diffeomorphic to the surface M, it
follows that mo(2(M*)) =+ {0}.

Furthermore, it follows from Theorem 4.5 that for M* =52 x S2 IP? or a K3

surface
To(Z (M*) {0} .
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Therefore, it is impossible to globally fix the gauge in Euclidean gravity, with either
a 9(M*) or 2 ,(M*) invariance, defined on S*x §2, IP? or a K3 surface.
Although, as we have seen, in general it is not possible to define a global gauge
in four dimensional Euclidean gravity, there always exist local gauges given by the
gauge slices . These local gauges can be used to define the path integral in some
sufficiently small neighbourhood % of g € ./ in which %, is a good gauge. We wish

to evaluate
Z=o£ Dgexp—S[g].

If f:l—MPD, is the canonical projection with the restriction
Mo, Ly M9, then we can write

Z= | 9gexp—S[g]

#ledLq)

y! A, Dgexp— S A% 9]

5[ det(£ly,)2g exp—S[4].

The Jacobian determinant det(4|y ) of 4|, is the Fadeev-Popov determinant
associated with the local gauge .,
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