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Abstract. A problem of Mackey for von Neumann algebras has been settled by
the conjunction of the early work of Gleason and the recent advances of
Christensen and Yeadon. We show that Mackey’s conjecture holds in much
greater generality. Let 4 be a JBW-algebra and let L be the lattice of all
projectionsin A. A quantum measure on Lis a countably additive map, m, from
L into the real numbers. Our results imply that m always has a unique exten-
sion to a bounded linear functional on A4, provided that 4 has no Type I,
direct summand.

Introduction

Let W be a von Neumann algebra or a JBW-algebra (see below for definitions). Let
P(W) be the lattice of all projections in W. A measure on P(W) is a positive, real-
valued function, u, on P(W) such that u(0)=0 and, whenever p and g are
orthogonal projections, u(p+q)=u(p)+ u(q). If, whenever (p;) is a countable
family of orthogonal projections in W, u(3> p;)=> u(p;), then u is said to be
countably additive. Clearly, each positive linear functional on W restricts to a
measure on P(W). When W is the algebra of complex two-by-two matrices, or a
spin factor, there exist measures on P(W) which do not correspond to linear
functionals on W.

Over twenty-five years ago, Mackey conjectured:

When W is a von Neumann algebra with no Type I, direct summand and p is any
countably additive probability measure on P(W) then u can be extended to a state
of W.

Very recently the problem of establishing Mackey’s conjecture has been
completely solved by Christensen [7] and Yeadon [33, 34]. Christensen used great
ingenuity and insight to solve the problem for properly infinite von Neumann and
for von Neumann algebras of Type I,, where 3<n< co. Yeadon devised different
methods to deal with general finite von Neumann algebras and so complete the
solution. We are grateful to the referee for drawing our attention to the work of
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Matveichuk who, independently, considered the problem for semifinite algebras
[20]. The first major result had been obtained by Gleason [12] who solved the
problem for Type I factors. Important contributions were made by Gunson [14]
who established crucial continuity properties of countably additive measures on
continuous von Neumann algebras, and by Aarnes who worked with general
C*-algebras.

In most mathematical formulations of the foundations of quantum mechanics,
the bounded observables of a physical system are identified with a real linear space,
L, of bounded self-adjoint operators on a Hilbert space, H. Those bounded
observables which correspond to the projections in L form a complete ortho-
modular lattice, P, otherwise known as the lattice of “questions” or the quantum
logic of the physical system.

For x, yin B(H),,, the physicist P. Jordan defined the Jordan product of x and y
by

Xoy=3(xy+yx)=(x+y)*—x*—y.

Soitis reasonable to assume that L is a Jordan algebra of self-adjoint operators on
H which is closed in the weak operator topology. Hence L is a JBW-algebra.
Mackey’s Axiom VII, [19], makes the much stronger assumption that L= B(H),,.
Mackey states that, unlike his other axioms, Axiom VII has no physical basis but is
made for technical convenience. He goes to say “It would be interesting to have a
thorough study of the consequences of modifying Axiom VII ... .“ One of the
technical advantages of Axiom VII is that it allows us to use Gleason’s theorem
[12] to identify the completely additive probability measures on P with the normal
states.

The main purposes of this paper is to extend the Gleason-Christensen-Yeadon
theorem from von Neumann algebras to JBW-algebras. This removes one of the
mathematical difficulties arising from weakening Axiom VII to the physically
plausible assumption that L is a JBW-algebra.

The main results of this paper may be summarized as follows:

Theorem. Let M be a JBW-algebra with P(M) its lattice of projections. Let M be
either Type I,, for 3<n< oo, or Type I ., or without Type I direct summand. Then any
measure on P(M) is the restriction of a positive linear functional on M.

Corollary. Let M be a JBW-algebra with no Type 1, direct summand. Then any
countably additive measure on P(M) is the restriction of a positive linear functional
on M.

We make essential use of the methods of Christensen, Yeadon, Gunson, and
Aarnes. It turns out that for the Type II, case the methods of Yeadon can be
generalized fairly easily. On the other hand, we need to surmount a number of
technical obstacles before we can cope with the properly infinite JBW-algebras.
Indeed, Type I,, for n=3 gives rise to some non-trivial difficulties.

1. Preliminaries

A real Jordan algebra which is also a Banach space with a norm which satisfies
la*—b?|| <max(|a?|, ||b?]), ||a?|| = ||a|/? for each pair of elements a, b is said to be
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a JB-algebra. A JBW-algebra is a JB-algebra which is also the dual of a Banach
space.

A uniformly closed Jordan algebra of self-adjoint operators on a Hilbert space
is said to be a JC-algebra and is an example of a JB-algebra. A JW-algebra is a JC-
algebra which is closed in the weak operator topology and is an example of a JBW-
algebra. The classical example of a JB-algebra which lacks a Hilbert space
representation is M$, the 3 x 3 hermitian matrices over the Cayley numbers.
Essentially, these account for all JB-algebras. In particular, each JBW-algebra, M,
has a unique decomposition

M=Mex®Mspa

where M., is isomorphic to the real algebra Cy(X,MS$) of all M$§-valued
continuous functions on some hyperstonean space X, and M, is (isomorphic to) a
JW-algebra, [25, Theorem 3.9].

Each JW-algebra, M, has a unique decomposition of the form
L @1, @11, D11, @111, M being called properly infinite if its finite part I, D11,
vanishes, [2, 317.

The Jordan triple product {a, b, ¢} of elements a, b, ¢ in a Jordan algebra, 4, is
defined by {a, b, c} =(acb)oc+a-(boc)—(a>c)-b. The operators U,, L, on A are
defined by U ,(b)={a,b,a}, L(b)=ac-b. One has U,=2L2— L. If A is a special
Jordan algebra, these reduce to

{a,b,c} =L(abc+cha), {a,b,a}=aba, a-b=%(ab+ba).

The elements a,b in A are said to operator commute if L,L,=L,L, on A. An
element which operator commutes with all other elements is said to be central, and
the set, in A, of all such elements is said to be the centre of 4. Frequent (and tacit)
use will be made of the well-known Jordan identities,

UUa(b) =U,U,U,, (Ua(b))2 =U, Ub(az) , 4a- b)2 =2a-Uy(a)
+ U, (Y + Ub(az) .

Further details of the theory of JB-algebras used here can be found in [3-6, 8, 9,
16, 25, 32]. The reader is referred to [2, 10, 26-29, 31] for the relevant background
on JC-algebras and to [15] for the general theory of Jordan algebras.

Given a JBW-algebra, M, and a subset, S, of M we denote by C[S] and W[S],
respectively, the JB-algebra and the JBW-algebra generated by S in M. We write
C[S]=Cla,,...,a,], W[S1=WT]a,...,a,] if S={a,...,a,} is a finite set. The
algebra W[1,a,b], with a,b in M, can be realized as a JW-algebra, as may be
deduced from [32, Corollary 2; 10]; W[1,a] is the self-adjoint part of a
commutative W*-algebra, as is every associative JBW-algebra.

Definitions. Let M be a JBW-algebra and let P(M) be its projection lattice.

(a) A measure, u, on P(M) will be said to be a measure on M and a probability
measure on M if u(1)=1.

(b) A positive quasi-linear functional on M is a mapping y : M —IR such that y
restricts to a positive linear functional on C[x], for every x in M. Also, y is said to
be a quasi-state if y(1)=1.
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The set of all positive quasi-linear functionals on, ¢, M, for which ¢(1)<1, is
denoted by Q(M). A quasi-state, 1, is said to be pure if whenever « € Q(M) with
a<y, then a=Ayp for some A€[0,1]. Since the functional calculus for JBW-
algebras is the same as that for W*-algebras, it is easily deduced, from arguments
used in [1], that

(i) If M is associative then every positive quasi-linear functional on M is
linear.

(i) Q(M) is a convex and compact set in the topology of pointwise
convergence. The pure quasi-states are precisely the non-zero extreme points of
oM).

(iii) Each probability measure, ¢, on M extends uniquely and canonically to a
quasi-state, p, on M. The extension is expressed in the bijective correspondence
given by

(@)= a{a) rdd(e;), ¢= w|P(M) >

where o(a) is the spectrum, and (e,) is the spectral resolution, of the element a of M.

2. JBW-Factors of Type I,, where 3<n< o

The first lemma is a technicality, the content of which occurs in various guises
throughout the paper. Use will be made of the following identities. It can be
varified that they hold in all special Jordan algebras. By Macdonald’s theorem,
[15, p. 40], it follows that they are valid in every Jordan algebra.

) Axoy)o(xoz)=z2U(y)+yU )+ U y-2)+{z,x% y},
12)  Axe(ye(xo2)=z°U,(0)+y°U2)+Uyo2)+{x* zy}.

Recall that two projections e,f of a JBW-algebra M are said to be (Jordan)
equivalent, written e~f, if there exist symmetries s;,...,s, in M such that
Us, ... U (e)=f. The projections e, f are said to be exchanged by a symmetry s if

U=/

Lemma 2.1. Let M be a JBW- algebra containing distinct projections f, g, e and a
symmetry s such that fog+0, ecf=ecg=0, U(f)=e, U (g)eRf, U, (f)eRg.
Then A=WI[f,g,fos]=M;R),,.

Proof. If we knew already that A was special, this would be quite straightforward.
The general case seems to require a little more care. By appealing to the special
Jordan algebras W[ f,s], W[e,s], W[g,s], where necessary, we obtain U (s)
=U/(s)=0; 2(sof)of=sof=sce=2sce)oe; 4sof)’=e+f, 4U,.(f)=e. In
addition, O0=g°U,(s)=Uyges)=UU(ges). So Uges)=0. Similarly,
U,(f-s)=0.Weclaimthat A=lin{f, g,e, fog, fos,g°(f°s)} =B, say. Indeed, the
elements  fo(foq)=3(Ug)+f9), g°(fo9)=3(Ugg)+g°f), (f°9)°
=3/ U () +3Ug)+U,(f)), eo(fos)=3fs,e°(go(fos)=3g°(fes)all liein
B. Moreover, since s operator commutes with both f-s and g-s, we see that, from
goU(f)=0, 2so(sof)=f+e, (gof)es=2go(so(s°f))es=2ges)o(so(s°f))
=(g°s)°f+g°(sef). Hence, {g,s,f}=0, and {s,f,g} =2g°(f°s).
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From (I1), (I2), respectively, we therefore deduce that 4(fog) o (fos)=s°U (g)

+2go(fes), 4fo(g°(fos))=s°Usg), which belong to B. So, go(fe(g=(f-s)))
eR-go(f-s). Note also that, since f-s, s operator commute,

4U (U 19) =4Us. (501D = Usose 1) 9) = U (@) = U 4(9) -
This implies that 4U . (g) = U,U ((g) € Re. Therefore,
(fes)o(go(fos)=3(Us.g)+(fs)*cg)eRe+Rfeg
and, finally,
4go(fo9))?=2(fo5)o Uy(fo8)+Uy(f5)’)+Us.(9)eRg+Re.

It follows that A is special, of dimension 6 and, since it must contain a factor of
Type I, is isomorphic to M;(R),,. The proof is complete. We remark that if, in
Lemma 2.1, f=g or fog=0, then A=~M,(R),, or R+ M,(IR),,, respectively.

The Type I, JBW-factors are precisely the spin factors. There exists a spin
factor with orthonormal dimension of any given cardinality. For 3 <n< oo, each
Type I, JBW-factor is isomorphic to M5 or M,(IF),,, where F=IR, C or the
quaternion algebra, H.

Theorem 2.2. Let ¢ be a measure on the Type I, JBW-factor, M, where 3<n< .
Then ¢ extends to a positive linear functional on M.

Proof. Consider the extension of ¢ to a positive quasi-linear functional on M, also
denoted by ¢. In view of Gleason’s theorem and the preceeding remarks, we may
suppose that M = M§ or M, (IH),,, where IH is the quaternion algebra. We will deal
with both of these types simultaneously.

First, for minimal projections f,g in M, we will show that ¢ is linear on
WL f,g]. We may suppose that fog=0. Since, by [3, Lemma 3.9], f v g=+1, we
can find a minimal projection, e, in M such that e<1—f v g. Further, according
to [5, Lemma 6.3] there is a symmetry, s in M such that U (f)=e. Now Lemma 2.1
implies that W[ f, g1S W[ f, g, f°s]~M;(R),, Therefore, by Gleason’s theorem, ¢
is linear on W[f,g].

Now let p, x lie in M, where p is a minimal projection of M. We will proceed to
show that ¢ must be linear on W[p, x].

The special Jordan algebra Wx, p] has a centrally orthogonal decomposition
into JW-factors,

Wix,pl=4,® ... ®A,, say.

Accordingly, x= Z X;, for some x; € A;. Since p is minimal, it must lie inside one of

the 4;: and we may suppose that p e 4,. This means that the factor 4, = W[x, p],
and that for each i=2, the factors A W{x;] are associative (and hence are
isomorphic to R or {0}). Thus we need only show that ¢ is linear on the JW-factor
A,, which we may suppose to be non-associative.

Let, then, A, be a Type I, JW-factor, where k = 2. Spectral theory demands that
x, satisfy a polynomial of degree <k. Since U,(M)=Rp, and by using to
advantage the fact that A, = W[x,, p] is special, one can easily check that A4, is
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linearly generated by the elements p, x7, pox), {x%,p,x5}, where m, I, r,
s=1,...,k—1. Upon counting, we sec that 4, has dimension less than or equal to

14+3(k—1)+3((k—1)2— (k— 1)) =3k? + 3k — 1 <2k —k=dim(M,(H),,).

Thus A4, cannot be the quaternionic Type I, factor. If 4; = M (IF),,, F=R or C, for
k=3, then our object is attained on applying Gleason’s theorem. Thus it remains
to consider the case when A, is a Type I, factor.

Suppose then that A, =W/[x,,p] is a spin factor, and let & be the unit of 4,.
This implies that x, =ah+ iq for some non-trivial projection, g, of A, where o, §
are real numbers. Since A, is a spin factor, wehave h=p v qe W[p,q] S A,,and so
W(p,q]l=A,; and, moreover, p and g must be exchanged by a symmetry of 4, (and
hence by a symmetry of M, [31, Proposition 6]). Consequently, g, as well as p, must
be a minimal projection of the whole algebra, M. Hence, by the first part of the
proof, ¢ must be linear on A, = W[p, q]; and so, by the above remarks, ¢ is linear
on W[x,p].

Finally, given any pair of elements x, y of M it now follows immediately, by
using spectral theory and then iterating, that ¢(x + y) = ¢(x) + #(y). This completes
the proof.

3. JBW-Algebras of Type I, 3<n< o

We begin with a brief survey of the properties of pure quasi-states and their
connection with the problem in question. Brevity is appropriate because of the
close similarity with the work of Aarnes [1].

Proposition 3.1. Each pure quasi-state on a JBW-algebra restricts to a pure state on
the centre.

Proof. Let M be a JBW-algebra. Then Z(M)= Cyr(X), for some hyperstonean
space X. Consequently, the argument from line 8 in [1, Sect. 5, Lemma 2, p. 614],
with obvious modifications, implies that for any given pure quasi-state, ¢, of M
there exist x, in X such that ¢(h) = h(x,) for every h in C(X). This means that ¢ is
pure on the centre.

The primitive quotients of a JBW-algebra, M, of Type I,, 3<n< oo, are JBW-
factors of the same type. By [30, Theorem 21] and [24, Theorem 3.9], it follows
that Z(M) =~ Cg(X), where X = Prim(M). Moreover, also taking into account [16,
Satz 36], for n=>3 there exist hyperstonean spaces X, Y;, Y,, Y; for which

M = C]R(X9 M§)® C]R( Yl s Mn(R)sa)® C']R( YZ’ Mn(q:)sa) @ C]R( Y3’ Mn(]I_I)sa) H

the first summand vanishing when n> 3. Thus, bearing in mind the presence of the
identity element wherever appropriate, the analogues, for M, of most of [ 1, Sect. 6]
are easily obtained. In particular, we pick out:

Lemma 3.2 (cf. [ 1, Sect. 6, Lemma 2, p. 6207]). Let M be a JBW-algebra of Type I,
3=<n< o0, and let ¢ be a pure quasi-state of M. Suppose that Z(M) = C(X) and that
X is the point of X for which ¢(h)=h(x,) for every hin Z(M). Then if x, y are in M
which agree on a neighbourhood U of x,, we have ¢(x)=¢(y).
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Now running through the analogues (for JBW-algebras of Type I,,, 3<n< o)
of [1, Sect. 6, Lemmas 3 and 4, Theorem 5] we get down to that of [1, Sect. 6,
Corollary 3] which, on taking into account Theorem 2.2 and the Krein-Milman
theorem, may be stated thus:

Theorem 3.3. Let M be a JBW-algebra of Typel,,3<n< co. If all pure quasi-states
on M are continuous then all quasi-states on M are linear.

If MCB(H),, is a JW-algebra, R(M) and [M], respectively, will represent the
real norm closed algebra and the C*-algebra generated by M, with R(M)~, [M]~
denoting the corresponding weak operator closures in B(H). Recall that M is said
to be reversible if a, ... a,+a, ... a, belongs to M whenever q, ... a, liec in M.

A projection pis said to be faithful in the JBW-algebra M if c(p) = 1 [where c(p)
is the central support of p in M7, it is said to be homogeneous of degree n< oo if
U,(M)is Type I,. Observe that if p and g are equivalent projections in M then c(p)
=c(q).

Definition. Projections e, f in the JBW-algebra M are isoclinic with angle o € [0,%)
if U (f)=e-cos’a, U (e)=f"cos’a.

Remarks 3.4. Let e, f be projections in the JBW-algebra M. Then

(1) Ife, f are isoclinic, then e, f are minimal in W(e, f]1=~ M ,(IR),,. Thus, there
is s in W[e, f] with s?=e v f, Ufe)=f, UJ(f)=e, [5, Corollary 6.3]. Then
t=1+s—s*is a symmetry in M with U,(e)=f.

(2) If |le—f|l<1, then [31, Proposition 7] applied to the JW-algebra
W[l,e, ] implies that Uye)=f for the symmetry s=c~ !?c(e+f—1), where
c=(e+f—1)>2

The results contained in the following lemma are proved for JW-algebras in
[31, Theorem 10, Corollary 21, Lemma 26].

Lemma 3.5. Let M be a JBW-algebra and let e, f be projections in M. Then:
(i) There is a central projection z and a symmetry s in M such that U(e-z)
Sfez, U(fo(1-z)=ee(1-2).
(i) If M has no infinite part and e~ f, then e, f are exchanged by a symmetry,
in M.
(ili) If e, f are abelian and c(e)=c(f), then e, f are exchanged by a symmetry.

Proof. (i) This can be obtained by straightforward modifications to [31, Corollary
16, Proposition 11, Lemmas 18 and 19, Theorem 19] together with inspection of
the arguments in [5, Sect. 6].

(ii) By [25, Theorem 3.9] and [31, Corollary 217, M can be supposed to be purely
exceptional. Let « be a factor representation of M and let s, ..., s, be symmetries in
M such that U, ... U (e)=f. Choose a central projection ¢ and a symmetry s
satisfying (i). Since M = M3, it follows that 7(foz) = UL, ... UpeyUne(®(f°2)).
Therefore, by [5, Corollary 5.7], foz=Uj,... U, U(f°z). Hence ecz=Uy(f°2).
Similarly, e (1—z)=U{(f° (1 —z2)). So, U e)=f.

(iii) Choose central projection z and a symmetry s satisfying (i). In particular,
p=Uye-z)< foz=q. Both p,q are abelian and c¢(p)=c(g). By the proof of [9,
Theorem, p. 322], p=gqc(p). Hence p=gq. Similarly, U f(1 —z))=e~(1 —z). Hence
Ude)=1.
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Lemma 3.6. Let f,g be projections in the JBW-algebra, M, and suppose that
|f—gll<1 and that there is a projection e in M such that e~f, ecf =eog=0.
Suppose also that the angle o€ [0,7/4) and sin~ ' {U (1 —g)'/*} <2af. Then there
exists a projection h in M isoclinic with angle o to both f and g. In particular, this
holds when a=%sin™ ' |U /(1 —g)*?|.

Proof. There exist central projections e,, e,, e; in M, where (up to isomorphism)
M,.,=e;° M is a reversible JW-algebra, M, =e¢,- M is a Type I, JW-algebra and
M, =e;° M is purely exceptional. Since

Sin_l{Ufoei(l—goei)1/2}=ei°Sin_1 {Uf(l_g)UZ}ézafoei’ i= 19273 s

it is enough to prove the result separately for each of the cases M = M,, M,.,, M ,.

(a) M=M,. Let n be a factor representation of M. Then n(M) is a spin factor,
[26, Lemma 2] since n(e) ~n(f)~n(g) and n(e) - (n(f)+n(g))=0 and since all
projections 0, 1 in a spin factor are minimal, it follows that n(f—g)=0. Hence
f=g, by [5, Corollary 5.7]. By [31, Corollary 21], or Lemma 3.4(ii), there is a
symmetry, s, in M such that Uye)=f. Put h=f-cos?a+2{f,s,e}sinacosa
+esin®o. Calculation shows that his a projection and that U,(f)=h- cos®«, U ((h)
=f-cos?a.

(b) M =M,,,. Inspection of the arguments in [ 14, Lemma 2.6] and [7, Lemma
2.3] reveals that the discussions there can be conducted entirely in R(M) ™. The
facts that one needs to observe are that the elements W, W’in [ 14, Lemma 2.6], can
be chosen in R(M)~. Indeed, W|x|, is the polar decomposition in [M]~ of
x=(1—e)fee R(M). Consequently (see, for example, the proof [21, 2.2.97), W is
the strong limit of the sequence x(1/n+ |x|) !, lying in R(M). Hence We R(M) ™. In
addition, because there exist symmetries s;,...,s, in M such that
81 ... 8,68, ... Sy =f, we can choose W'=fs, ... s; € R(M). It then follows that the
relevant projection h e R(M),, = M, because M is reversible [27, Remark 2.5].

() M=M,,. By Lemma 3.5(ii), there is a symmetry s in M with Uy e)=f.
Consider the JBW-subalgebra of M, A=W][f,g,f-s]. Using the fact that
WL, s], Wle, s] are JW-algebras, one obtains Uy(s)=U (s)=0; 2(sef)ef=sof
=soe=2(sce)oe; (2s°f))>=e+f, Uy, p(f)=e. Therefore, e and f are equiva-
lentin A. Infact, U,(e)=f,t*=1,, wheret=1,+2fos—e—f (1, being the identity
element of A). Thus in view of (a), (b) and the remarks preceding them, the proof
will be complete once it is shown that A is (isomorphic to) a JW-algebra.

First, observe that e, f, and g are abelian projections in M, and consequently in
A.Indeed, for any factor representation m of M, n(M) = M3 and so either n( ), n(e),
n(g) are either all minimal or all zero. Now use [6, Lemma 3.2].

Consider now the JB-subalgebra of 4, B=C[1,,f,g,f~t],and lety:B—N be
any factor representation. B contains e,t, and either y(e), w(f), w(g) are all
minimal or all zero. Therefore, N=R or N = W[y(f), w(g), w(f) ()] and the
latter has dimension <6, by Lemma 2.1 and the remarks following it. Hence Bis a
JC-algebra, by [5, Theorem 9.5]. Consequently, 4, which is the (M, M) closure
of B (where M, is the predual of M), is a JW-algebra, being a quotient of the JW-
algebra B**,

The proof of the final statement in the lemma is contained in [7, Lemma 2.3].
This completes the proof.
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Corollary 3.7. Let f,g be projections in a JBW-algebra M of Type I,, where
3<n< . Suppose that || f —g|| <3 and that f is faithful and homogeneous of degree

k in M. Then for any measure ¢ on M, l¢(f)——¢(g)l§2|ﬁ-k- | f—gllt’>.

Proof. The symmetry s=c~ "2 (f+g—1), where ¢c=(f+¢g—1)? exchanges f
and g, by Remarks 3.4(2). Operating in the JW-algebra W[1, f, g] one calculates
that U (s)=c™?ca=a'/?, where a=U /(g). By assumption, f=p, + ... +p,, for
some faithful abelian projections py, ..., p,. Put ¢;= U(p;). Then the g, are faithful
abelian and g=g, + ... + ¢;. Observe that

Ipi—q:ll>= 11U, (1 —q)+ U, -, (@)l =max(||U,,(1—g)l, U, (1= p)I),
and that
Ip:=Up @)= U, (f=a'D) =l f=a?| <l f—al=]f-gl.
So,
1U, (A =a)ll=pi=U,U,UU Pl = |pi— (U, @I £2] f-gll.

Therefore, ||p;—q;|| £ [/5 | f—gll**<1, by symmetry.

Fix i. By Lemma 3.6, there exists a projection h; isoclinic to both p; and g; with
angle a=sin"'| U, (1—g;)""?|. By Remarks 3.4(1), h; is also faithful and abelian in
M. This means that there is a projection ¢; <1 —p; v h,;, which is faithful abelian in
M and, consequently, a symmetry s; exchanging e; and p;, by Lemma 3.5(iii). Thus,
Wp;,hy, piosil= M;(R),,, by Lemma 2.1. Similarly, g;, h; can be embedded in a
copy of M;(R),, contained in M. Applying Gleason’s theorem, as in the relevant
part of [7, Proposition 2.3], it follows that |¢(p,) — ¢(q,)| < 2||p;— q;||. Therefore,

60~ 6@I= 3 16B)—HaIS2 )2k If—gl*?,

and the proof is complete.

Theorem 3.8. Let M be a Type I, JBW-algebra, where 3<n<oo. Then every
measure on M extends to a positive linear functional on M.

Proof. We are now in a position to adapt [7, Theorem 3.1] more or less directly.
Indeed, suppose that ¢ is a pure quasi-state on M. By [16, Satz 36] and [25,
Theorem 3.97], we may suppose that M = Cr(X, M (FF),,), where F=IR, C, H or the
Cayley numbers; and X is some hyperstonean space. Then ¢ is concentrated at
some point x, of X, in the sense of Lemma 3.2. Givenc,din M, >0, ||c—d|| <¢,an
hyperstonean neighbourhood, V, of x, can be chosen so that

HO—4dISe2+ T AP —dla)l, where m=n,

for certain positive real numbers A; and projections p;, gq; which are faithful and
homogeneous, of degree k; =dimension p,(x,), in N =C(V, M, (IF),,) satisfying

82 m -2
—ql < | 4k,( 1 . )
Il p; q,ll_2n2< ( +i=ZI/1,>)
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Thus |¢(c) — ¢(d)| <e. Therefore, the desired conclusion results from Lemma 3.7
and Theorem 3.3.

4. Properly Infinite JW-Algebras

The reader is referred to [2] and [31] for an account of the relevant properties of
finite and infinite JW-algebras (called, respectively, modular and non-modular in
[31]). In order to apply the techniques of Christensen, [ 7], we first need to establish
certain technical properties of JW-algebras.

The JC-algebra A is isomorphic to a generating JC-subalgebra of its universal
enveloping C*-algebra, C*(A4), [4, Theorem 5.2]. By abstract nonsense, if A and B
are isomorphic JC-algebras then C*(A) and C*(B) are *-isomorphic C*-algebras.

Suppose that A4 is a finite dimensional JC-algebra. Then C*(A) is finite
dimensional, and we may make the identifications (see [13, p. 907 and [24, p. 355])

Cr(X, A)=CrX)®gA, Ce(X, CHA))=Ce(X)®cCHA),

where X is a compact Hausdorff space. We may also regard 4 and Cp(X)®zA4 as
being contained in and generating C*(A4) and Cg(X)® C*(A), respectively.

Let B be a C*-algebra and let n: Cxr(X)®gA— B,, be a Jordan homomor-
phism. By the universal property the induced Jordan homomorphisms

7y Cr(X) =By (x—»n(x®1)), n,:A-B,(a—~n(1®a)),

extend to *-homomorphisms 7, : C(X)—B and 7,: C*(A4)— B, respectively. In
turn these induce a linear mapping

T2 Ce(X)®cCH(A) = (x®a—-17,(x) - T(a)) ,

which clearly extends . From the fact that A generates C*(A4) itis easy to see that 7
is actually a *-homomorphism. It follows that C¥*(Cr(X, A))= C(X, C*(A4)).
In addition, let us note that by [11, Corollary 5.1],

CHCRr(X, A)** = Ce(X, CHA))** 2 Co(X)** R cCHA** 2 C(Y)® c CH(A)**,

for some hyperstonean space Y, whenever A is finite dimensional.

Let V, denote a spin factor of orthonormal dimension n+ 1, where 2 <n< co.
By [15, pp. 75 and 263], C*(V,,)=M,.(C) and C*(V,,,1)=M . (C)® M ,.(CT).
Using [28, Corollary 6.5] and [29, Corollary 3.5], for example, it can be seen that
C*M,(F),,)=M,(C), M, C)®&M,(C) or M,,(C), respectively, according to
whether F=R, € or H, for n>3.

The following lemma is an immediate consequence of the above remarks.

Lemma 4.1. Let A be a JC-algebra and X a compact Hausdorff space. Then[A] ™ is
(i) Type I, if A=C(X, M, (FF),,), where F=R or C.
(ii) Type I, if A=C(X, M,(H),).
(iti) Type I,n if A=C(X,V,), where k=2n or 2n+ 1.

We will now prove a sequence of lemmas aimed at Theorem 4.6.

Lemma 4.2. Let MCB(H),, be a JW-algebra and let p,q be projections in M.
Suppose that the identity of B(H) is contained in M and that N is a JW-subalgebra of
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M containing 1 and isomorphic to M3(R),, such that NC{p,q} "M. Then the JW-
algebra Q=WI[{p,q}UN] has central summands of Type I5 or Type I only.

Proof. Using Lemma 4.1, M;(C)=[N]<{p, q}'n[M]". Since L=[N] commutes
elementwise with {p, q}”, there is an algebraic surjective *~homomorphism from
{p,q}"®L onto the algebra generated by {p,q}” and L. In addition, from [30,
Chap. V, Theorem 1.41] and the reasoning employed in the preamble to Lemma
4.1, there exist algebraic *-isomorphisms

P, " OL=[Ce(X)@Ce (Y, M, (T)]1Q M,(T)
= Ce(X)R@M3(O)B(C(Y)@M,(C)@M5(T)
= Co(X, M3(€)DC(Y,Ms(C))=4, say,

for certain hyperstonean spaces X, Y. Therefore, since the algebra generated by
{p,q} and L is weakly dense in {{p,q}}UL}"=[Q]", there exist hyperstonean
spaces S, T such that C¢(S, M3(C)DCo(T, M(C)) = A** -2 [Q]~, where ¢ is a
w*-continuous surjective *-homomorphism. The desired conclusion is now an
immediate consequence of [29, Theorem 6.4; 6, Proposition 4.5; 16, Satz 36] and
Lemma 4.1.

Lemma 4.3. Let MCB(H),, be a properly infinite JW-algebra, containing the
identity element of B(H) and such that R(M)™ niR(M)~ =0. Suppose that
N=M;(R),, is a JW-subalgebra of M containing 1. Then MN’ is a properly
infinite JW-algebra.

Proof. M is reversible, by [28, Theorems 6.4 and 6.6] and [M]~ is a properly
infinite von Neumann algebra, by [2, Theorem 8]. Since 1e[N]=M,(C),
[M]™nN’'=[M] n[NY is also properly infinite.

Consider the real algebra R=R(M)~™ nN". Then RniR=0. By [29, Theorem
24], [M]”=R(M)~ ®@iR(M)~, and it follows that R®iR=[M] nN" In ad-
dition, since R(M),, = M, we find that R,,=MnN".

If MAN’ is not properly infinite then it has a non-zero finite normal trace, ¢.
But then, on applying [2, Theorem 1] to R, ¢ must extend to a finite normal trace
on the properly infinite algebra [M]~ nN’, a contradiction. Therefore, MNN" is
properly infinite, completing the proof.

Suppose that M is a properly infinite JW-algebra. Since [M]~ is properly
infinite, there is a projection ein [M]~ with e~ 1 —e~ 1 (where here ~ denotes the
usual von Neumann equivalence). The intention of the following digression (it will
be needed in Theorem 4.6) is to show how e may be chosen in M with a measure of
control over the partial isometries implementing the equivalences. The usual
Jordan equivalence is inadequate for this purpose.

Because, for technical reasons, we need consider no other kind, we will confine
our attention to reversible JW-algebras and avoid unnecessary qualifications.

Let M be a reversible JW-algebra and let e, f be projections in M. We will write
e~ f if there exists a partial isometry u in R(M)~ such that e=u*u, f=uu*. If
there exists u in R(M)~ such that e=u*u, uu*= f, we will write e < f. [Note
that uu* e M, because R(M),, =M.]
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It is easy to see that if in a reversible JW-algebra, M, e, f are Jordan equivalent,
then exf and, moreover, that ~ is an equivalence relation amongst the
projections of M.

Lemma 4.4. Let M be a reversible JW-algebra. Then,
@) If (e)ic 1> (f)ie are both families of mutually orthogonal projections in M
such that e;~ f;, for every iin I, then Y e, f..
(i) If e,f are projections in M such that e f, f Se, then ex f.
(iii) If e, f are projectionsin M, then there exists a central projection z in M such
that ez fz, f(1—2)Se(l—2).

Proof. (i) Let u;€ R(M)~ such that e;=ufu, fi=uu¥, iecl. Then 3 u; lies in
R(M)™ and implements the equivalence } e;x Y f. eel

eel iel

(ii) Letu,ve R(M)~ suchthate=u*u,uu*=f; < f, f =v*v,v0* =¢, <e.Then,
in view of (i), inspection of the argument in [30, Chap. V, Proposition 1.3] yields
exf.

(iii) By [31, Theorem 19] (see also Lemma 3.1), there exists a symmetry s and a
central projection z in M with sezs<fz, se(l—z)s<e(l—2z). Put u=sez,
v=sf(1 —z). The result follows.

A projection e is a JBW-algebra M is said to be properly infinite if eMe is a
properly infinite JW-algebra.

Proposition 4.5. Let e be a projection in a reversible JW-algebra M. Then the
following are equivalent.

(i) e is properly infinite in M.

(i) There exists an infinite sequence (p,) of mutually orthogonal projections in

0
M such that Y p,=e=p,, for every m.
n=1
(iii) There exists a projection f in M with e= frex~e—f.

Proof. (i) = (ii): We may suppose that e=1 is properly infinite. By [31, Lemma
23], there exists an infinite sequence, (r,), of mutually orthogonal Jordan
equivalent projections in M. In particular, r, ~ r,, for all m, n. From this fact and
Lemma 4.4 it can be shown as in [22, 2.2.4] with only formal notational changes,
that there is, in M a central projection, z, and in infinite sequence, (p,), of mutu-

ally orthogonal projections such that » p,=z=xp,, for every m. Since

n=1
(1—z)o M is properly infinite, the result follows by transfinite induction.

(i) = (iii): This follows immediately from Lemma 4.4(ii).

(iii) = (i): Assume (iii). Then e[M] e is a properly infinite von Neumann
algebra. In order to deduce (i) we may suppose that R(M)™ niR(M)~ =0, by [28,
Lemma 6.1]. Applying [2, Theorem 1] to the real algebra R =eR(M) "¢, it follows
that if eMe has a non-zero finite normal trace then so does e¢[M] e, a
contradiction. Therefore, eMe is properly infinite.

Mackey’s conjecture for properly infinite JW-algebras can now be established
by applying the methods of Christensen [7, Theorem 4.17]. For completeness we
indicate the proof.
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Theorem 4.6. Every measure ¢ on a properly infinite JW-algebra M extends to a
positive linear functional on M.

Proof. We may suppose that M C B(H),,, where M contains the unit of B(H) and
that ¢ is a quasi-state on M. The fact that M is reversible (see above), so that
R(M),,= M, will be used tacitly. Applying [7, Theorem 4.1] and [28, Lemma 6.1]
together, we may further assume that R(M) ™ niR(M)~ =0.

Now suppose that N is a JTW-subalgebra of M such that 1€ N >~ M;(R),,, and
consider the JW-algebra Q = MnN'. Using Lemma 4.3 and Proposition 4.5, there
can be chosen in M an increasing sequence, (p,), of mutually orthogonal
projections such that p,~ 1~ 1—p, (in Q), ¢(1 —p,) <27 " for every n. Next, given
a,bin M with0<a,b<1p,, and e>0,choose k > n such that ¢(1 — p,) <(¢/6). Asin
[7, Theorem 4.1], we find orthogonal projections g, r such that a=p,qp,, b =p,rp.»
and by Proposition 4.5, we can ensure that ¢, r liein Q. By Theorem 3.8 and Lemma
4.2, ¢ restricts to a positive linear functional on W[p,, q]. Extend this to a positive
linear functional v on the C*-algebra, [W[p,, ¢]]. Then

[6(q) — (@) = [w((1 - p)gp,) +w(g(1 —p) <¢/3.

Treating g +r, r similarly, one gets |¢(a + b) — ¢(a) — #(b)| < & and proceeds to show
that ¢ is linear on p,Qp, exactly as in [7, Theorem 4.1].

As above, there exists, in M, an increasing sequence of projections, (e,), such
thate,~1—e,~1and ¢(e,) 1 1. Choose orthogonal projections f,,g,< 1 —e, in M,
such that 1 —e,=f, + g, ~ f, ~ g, Then there are partial isometries u,, v, in R(M)~
such that w*u,=v}v,=e,, uuf=f,, v,0¥=g,, e,+uuf+v,0¥=1. One can easily
check that the real linear space, lin{e,, f,, g,, 4, +uf, v,+v¥, uvf+vfu,}=N,,
contained in M, is a JW-algebra isomorphic to M;(R),, Since ¢ is linear on
MnN;,, and since e, xe,+u,xu} +v,xv} e MnN,, for all x in M, the proof can
now be completed as in the final paragraph of [7, Theorem 4.1].

5. Type 11, JW-Algebras

Let M be a Type 11, JW-algebra. Then M is reversible and [M]~ is a Type 11,
W*-algebra, by [28, Theorems 6.4 and 6.6] and [2, Theorem 8], respectively.
Moreover, M has a (unique) faithful normal centre-valued trace, T (see [31, Sect.
18]). Since the centre, Z(M), of M is contained in the centre of [M]~, and the
closed convex hull of the set {Uy, ... U, (x) : s; symmetries in M, ne N} intersects
Z(M) nontrivially, [31, Proposition 1, Theorem 25], it follows from the properties
of T and the construction in [23, 2.4.6], for example, that T is the restriction of the
faithful normal centre-valued trace on [M]~, which we will also denote by T.

Lemma 5.1. Let M be a Type 11, JW-algebra and let e, f be projections in M. Then
(i) T(e)<T(f) (respectively T(e)=T(f)) if and only if UJe)< f (respectively
Us)=f) for some symmetry s in M.
(ii) If e and f are (von Neumann) equivalent in [M]~, then U (e) =f, for some
symmetry s in M.

Proof. (i) Suppose that T(e) < T(f). By [31, Theorem 10] on Lemma 3.4(i), there is
a symmetry s and a central projection z in M such that Ugeoz)< foz,
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U (f-(1—2))<eo(1 —z). Therefore,
T((f=Ude) o (1-2)=TU(f(1-2z))—e-(1-2))=0.

Hence f—Uye)=(f—Ue))oz=0.

The rest is clear.

(i) This follows from the above remarks together with (i) and [30, Chap. V,
Corollary 2.8].

Lemma 5.2. Let M be a Type 11, JW-algebra and let ¢ be a probability measure on
M. Suppose that f,g are projections in M with | f—g| <e<3%. Then |¢(f —¢(g)|

<a)/2:2.

Proof. We may suppose that f A g=0. Let s be a symmetry in M such that
U(f)=g [see Remarks 3.4(ii)]. By [31, Theorem 17], there exist, in M, equivalent
and orthogonal projections f, f, such that f=f; +f,. Put g;=U(f), fori=1,2.
Then | f;—g;l| g]/illf—g||”2< 1, i=1,2, by the proof of Corollary 3.7. By the
above remarks, T(f v g)=2T(f)=4T(f;) and T(f; v ¢g,)=2T(f;). Hence,
T((1—f) A (1—=g)=TA—f; v g1)=2T(f,). Thus, by Lemma 5.1 there exist, in
M, orthogonal projections py, q,, such that p, ~q, ~f;~g, and P, fi=g,°f;
=p, °g, =0; moreover, we can choose symmetries s,,t, in M such that U, (f;)
=q,="U,,(g9,). By Lemma 3.6, there exists a projection h, € W[ f, g,, p;] isoclinic
to both f;,g, with angle a=3sin~!||(f;(1—g,)f)*?||. Since, using Lemma 2.1,
WLfishiqr 08,12 Wlgy, hy, gy ot 1= M3(R),, it follows that [¢(f})—¢(g,)l
<2|fi—g.ll, as in [7, Proposition 2.3] on using Gleason’s theorem. Similarly,
[6(f2) —#(92)| =21l f,— g2l and the proof is complete.

Given any probability measure, ¢, on the Type 11, JW-algebra M, in view of
Lemma 5.2, the reversibility of M and [31, Theorem 17], one can easily adapt [33,
Proposition 2] to show that, via Theorem 3.8,

¢(f)=9af9)+ (1 —9)f(1—g) +dgf(1 —g)+(1—9)fg),

for any pair of projections f,g in M.

In order to profit from the ingenious insights of Yeadon, [33, 34], we notice
that ¢ extends to a state, ¢, say, on the centre of [M]~ and define a finite trace, v, on
[M]~ by y(a)=@T(a) for every ain [M] . By restriction, v is a finite trace on M,
of course.

Armed with this construction and the above facts, examination of [33, 34]
shows that Yeadon’s methods can be carried over to the present context with very
minor modifications, allowing us to state:

Theorem 5.3. Every measure on a Type 11, JW-algebra extends to a positive linear
functional on the whole algebra.

A JBW-algebra M is said to be bounded Type If;, It M=M , ®@M,® ... ®M,,
where, for each i, M, is of Type I, with n; a finite integer.
Thus, in conclusion, on combining Theorems 3.8, 4.6, and 5.3, we have:
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Theorem 5.4. If M is a JBW-algebra with bounded Type I, part and without Type
I, part then every measure on M extends to a positive linear functional on M.

Corollary 5.5. If M is a JBW-algebra without Type I, part then every countably
additive measure on M extends to a positive linear functional on M.
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