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Abstract. It is shown that in a quantum field theory satisfying Wightman’s
axioms with locality replaced by weak locality and cyclicity by a weak
irreducibility, every unitary Poincaré invariant and CPT-invariant operator is
a scattering operator (in the LSZ-sense). The proof is given by explicit
construction of a corresponding class of nontrivial weakly local massive
Wightman fields. This result implies Jost’s conjecture that only locality leads to
nontrivial restrictions for the scattering operator and extends corresponding
results of Schneider.

1. Introduction

In an interesting paper Jost [1] gave some arguments for the conjectures that, in
the framework of a Wightman theory without locality, first the existence of a
scattering operator S=#1 and the weak locality are compatible, i.e.
noncontradicting, conditions and, second, the CPT-invariance of the scattering
operator is the only condition for the scattering operator implied by weak locality.
As Jost himself says (in this paper), the arguments for these purposes are “formal
considerations” (formal construction of models which can be used to prove the
assertions just mentioned).

Schneider [2] undertook the attempt to make these arguments in Jost’s paper
rigorous, i.e. he tried to get the corresponding models rigorous. In fact the results
of Schneider are rigorous but there are some deficiencies. The first essential defect
is that the test functions for his quantum fields are not the functions from #(IR*), as
required by the Wightman axioms. Another defect is that his construction of the
weakly local quantum fields from the given scattering operator S works only under
additional assumptions on S (not only under unitarity, Poincaré invariance and
CPT-invariance).

Some remarks of Todorov [3, pp. 666 and 686] suggest the impression that it
is easy to construct rigorously quantum fields along the lines sketched by Jost
implying the conjectures mentioned above. Perhaps this is true, but we were not
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able to find any relevant construction in the literature (of course there are several
papers where constructions with certain properties are presented, partly with a
completely different methodical background; as an example we mention the paper
of Yngvason [4] where a class of fields is constructed satisfying translational
invariance and spectrality).

The aim of this paper is to present rigorous constructions of quantum fields: for
every given unitary Poincaré invariant and CPT-invariant operator S, (a
candidate for the scattering operator) we construct a quantum field satisfying the
Wightman axioms with locality and cyclicity replaced by weak locality and weak
irreducibility, respectively, and equipped with a convergent LSZ-scattering theory
yielding a scattering operator S which coincides with the given operator S,. These
constructions imply rigorous proofs of the conjectures of Jost [1] (see also Jost [5,
pp. 189 and 206]).

Our construction works for massive fields. For simplicity we restrict ourselves
to neutral scalar fields in this paper.

The basic method used here is the abstract inverse scattering method (see e.g.
[6]) combined with an abstract perturbation-theoretic approach applied to free
fields, which apparently has not been taken into consideration so far. The ansatz
for our weakly local quantum fields (or “perturbed” free fields) is simply given by
A(0):=V*A4°0) V, where A°(0) is the free field at the point zero. It is the crucial
point to express all desired properties of the field A(-), like Poincaré invariance,
LSZ-scattering theory and so on, in terms of V. For every given CPT-invariant and
Poincar¢ invariant operator S, we have to construct a suitable operator ¥ such
that A(-) has a LSZ-scattering theory with the prescribed scattering operator S,.
This approach is useful because the well-developed technique of interpolating
asymptotic constants [6] can be applied to the construction of V. An important
step in this construction is to find Lorentz invariant asymptotic constants
interpolating between zero and the identity. This is done in [7]. We remark that
our construction of the field A(-) is a pure operator-theoretical one starting with
the mentioned ansatz and using some results of Fredenhagen and Hertel [8] on
Wightman fields with a regularity condition. Our assumptions on the operator V
imply that the quantum field A(-) is necessarily nonlocal.

The Appendix contains another but related construction yielding fields where
Lorentz invariance is replaced by rotational invariance. These models allow a
Haag-Ruelle scattering theory leading to a scattering operator which coincides
with a prescribed unitary, Poincaré invariant and PCT-invariant operator. The
results of the Appendix have been lectured at IST Delhi (see Baumgirtel [9]).

2. Results

2.1. Preliminaries

For convenience we recall the Wightman properties (axioms) for a massive neutral
scalar field.

The system of test functions is given by the Schwartz space & (R*) over R*. The
quantum field is represented by a 5-tuple {#, U, w; A(-), 2}, where # is a
(separable) Hilbert space and U, is a strongly continuous unitary representation of
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the restricted Poincare group 2! whose elements are denoted by g={4,a},
acR* Ae 21, where £, denotes the restricted Lorentz group.  is a normalized
vector (vacuum) from # and &3 w is a dense linear set in # with U, 2L 9. The
operators A(f), fe #(R*), are defined on & and ima A(f) [ 2< 2. The field A(-)
and the representation U, satisfy the following properties:

1. tempered distribution property,

2. Hermitian structure property (i.e. A(f*)[2=A(f)*9, where
J*x)=f(x),

3. spectrality inclusive mass gap (i.e. the mass spectrum is given by
spec” U, ={0}u{my}ud, 4<[my+¢, 0), 4 Borel set, £>0, my>0).

4. The vacuum w is unique.

5. Poincaré invariance property [i.e. A(-) is translationally invariant and
Lorentz invariant].

6. The field A(-) is local.

Note that locality implies the existence of an idempotent and anti-unitary
operator ® on # such that

ASf)=0A(f)O, [feF(RY), (2.1)

is valid where (9f)(x)=f(—x) respectively (3f) (p)=f(p), i.e. for momentum
space test functions 9 means simply complex conjugation. The operator @ is called
the CPT-operator of the field A(-) and (2.1) is called the

6’. CPT-invariance property (weak locality).

7. The vacuum o is cyclic.

Note that cyclicity of the vacuum implies the irreducibility of the field, i.e. if
Ce L(H) and (u, CA(f)v)=(A(f*)u, Cv) is valid for all u,ve 9, fe ¥ (R*), then
C=yl follows where y is a scalar. In particular, if this proposition is true for all
C e () with the restriction that C2,C 9, C*9,C D, where 9,C 2 is a dense
linear set from #, given a priori, then we call this property the

7. weak or 9 -irreducibility.

The asymptotic concepts and properties in connection with Wightman fields
are of special interest. For asymptotic purposes one needs a suitable free field for
asymptotic comparison. For convenience we collect the corresponding concepts
and notations.

First D, o, + denotes the irreducible representation of 2% labeled by my >0
and s=0; #{ is a corresponding representation Hilbert space, the so-called one-
particle space. #°¢ can be realized by I*(R?, dp/(m3 + |p|*)*/?), where p denotes the
space momentum coordinate, p € R®. By #0: = #°®...® #9 (n times) we denote
the n-particle space, and by #°:=COAI®S,#5®... (Hilbert sum) the
corresponding (symmetric) Fock space; S,, S;,... means symmetrization. P,
denotes the orthoprojection from #° onto #° (considered as a subspace of #°)
and A9, C #° the linear submanifold of all finite particle vectors (which is dense in
HO). wo=1{1,0,0,...} € #° denotes the (normalized) vacuum. By U2 we denote
that unitary strongly continuous representation of 2!, on #°° which is induced by
D,,..o, +- The generators {P,, Py, P,, P;} =P of the corresponding translational
subrepresentation U,, ae€R*, are normalized by the convention

Uy:=Uy g= Hg“e""a"’)E(dp)z re @R geR4, (2.2)
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where d=(a,, —a) if a=(ay, a) (space reflection). Usually one puts Po=: H,. The
absolutely continuous subspace of this representation with respect to the Lebesgue
measure on R* is given by #°0O(C®#Y). Furthermore, spec™ U2 =supp™E(-)
={0}u{my}u[2m,, 0). The massive neutral scalar field is uniquely defined by its
2-point functional

Wa(f®g)=(, A°(f) A%(g)w) = Hf F(=p)g9(D) tmo(dp) , 23)

where H,, denotes the mass hyperboloid H, ={p:p3—Ip|*=m}, p,>0}, and
Umo( - ) the corresponding Lorentz invariant measure. As already indicated by (2.3),
the corresponding (free) field operators are denoted by A°(f), f € #(IR*). Note that
A°(f) I P,#° is bounded for all n=1,2, .... Moreover, for ue P,#° the vector
A°(f)u is always a finite particle vector, i.e. #P,=:2° can be taken as the
common domain “2” which appears in the definition of Wightman fields. A°(f)is
essentially selfadjoint on 2° if f is real-valued. The CPT-operator belonging to the
free field is denoted by ©,,. It is simply the complex conjugation of the elements of
HO. S(HP,) CH P, means the set of those elements f={f,, f1, fs, ...} from #2,
such that f;e #(R¥), j=1,2,....

8A. For asymptotic comparison we use the free field {#°, UJ, o, 4°(+), 2°},
uniquely defined by m, >0, s=0. If the field A( - ) satisfies the properties 1-7 and if
additionally first the one-particle space is irreducible labeled by my, >0, s=0, and,
second, the vacuum is coupled to the one-particle space via A(f)w, then one can
apply the famous result of Haag-Ruelle (see e.g. Reed and Simon [10, p. 317f.] or
Glimm and Jaffe [11, p. 247]), that is, the Haag-Ruelle wave operators,

s-lim e™MK e oy = : W, u, 2.4

t—>t o

exist where the vectors u form a suitable dense linear set. For the definition of K,
see for example [12, 13, 6], see also [10, 11]. The wave operators W, are isometric.
Asymptotic completeness of the field A(-) can be defined by
cloima W, =clo ima W_ = equivalent to the usual definition #;, = # ,,, = #,
see [11, p.239]), the scattering operator is defined by S=W¥W_, where
S MHAw,}@®#9=1. An asymptotic complete field is called nontrivial if S+ 1.

Note that asymptotic completeness of the field A( - ) implies that {#, U, w} of
this field can be identified with {#°, U, w,} of the corresponding free field A°(-)
[we omit the simple calculations which transform A(-) unitarily using the wave
operators as isometric operators from #° onto #7].

8B. The second approach for asymptotic comparison is the so-called LSZ-
approach. Here the basic idea is to obtain the field A(-) as an interpolating field
between two free fields, for t = — oo (in-field) and ¢t = + oo (out-field). Therefore, in
this approach # is a priori assumed to be a Hilbert space #° of a free field 4°( ).
Furthermore, A(-)and A°(-)are assumed to have the same representation UJ and
the same vacuum w,. Moreover, A(-) is assumed to be interpolating between
A°(-) and S*A°(-)S, where S is unitary on #, i.e. one assumes

(ua AO((Z)U), [—>—o0,

z—1>iIJ_rnao ( B{f)o)= {(Su, A%x)Sv), t—+oo, 23)
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where u,ve 2,C2° (2, is a fixed dense linear set in #) and where (§ denotes the
Fourier transform of g)

B(f)=e"MA(f)e "™,  f(p,po)=exp(—it(m3+Ip|*)"/*)a(®, po),
ae L(RY). (2:6)

Note that it is not required that the operators A( f;) themselves exist, but the scalar
products in (2.5) have to exist. Thus we can consider (2.5) for more general
functions f;, e.g. where o € #(R*)is replaced by a(x) = d(x,) &, (x), 4, € C¥(R?) and
d(+)is the d-function, provided that the scalar products of B,(f) exist. Our way is to
prove (2.5) for these functions o(x)=a,(x)d(x,). The extension to functions
a(x) = o1 (x) B(xo), & € C (IR*)is obvious. S is unique up to a constant 4, |A|=1,but S
can be normalized by S | {cw,}®#?=1. For Wightman fields considered in 8A
the LSZ-approach is implied by the Haag-Ruelle approach as Hepp has shown
[14] (it is to construct a suitable 2).

In the LSZ-approach in some sense asymptotic completeness is assumed a
priori, because the asymptotic in- and out-fields 4°(-) and S*A4°(-)S need the
whole Hilbert space #°°. In any case, asymptotic completeness in this approach
means unitarity of S. Therefore, our basic approach is the following: {#°, U, w}
will be fixed a priori, namely by setting #=#°, U, = UJ, w = w,. Furthermore, the
next steps are governed by the inverse scattering problem: Let S be given, unitary
on J and equipped with several properties to be explained later. It is to construct
A(f), fe (R, and 2 such that (most of) the Wightman properties are satisfied
and S is realized as the scattering operator of this field, either according to 8A or (at
least) according to 8B.

2.2. Formulation of the Results

The results are different according to the cases: I) Poincaré invariance
(translational invariance together with Lorentz invariance) and II) translational
invariance together with rotational invariance. The results with respect to II are
described in the Appendix. Here we deal with the results with respect to I.

First we formulate the conditions on our candidates S for scattering operators.
Let Se #(+#) and assume the following conditions to be satisfied:

I. S is unitary,

IL. S| {Aw}@®s#,=1 (normalization property),

L. SU,=U,S,ge 2", (Poincaré invariance),

IV. 6,560 ,=S* (CPT-invariance).

Then we assert that the following theorem is true.

Theorem 1. Let the triple {#,U,, w} be chosen as above and let the bounded
operator S be equipped with the properties I-1V. Then: there exists a quantum field
{A(S), fe S(R*); D} belonging to {#, U, w} and a suitable dense linear set 9,C D
such that the properties 1-5, 6", 7', and 8B (with respect to D) are satisfied and such
that S is realized as the scattering operator of A(-) in the sense of 8B. That is, the
field A(-) has Hermitian structure and it satisfies the tempered distribution
property. It is Poincaré invariant, weakly local, weakly irreducible and satisfies the
LSZ-property with respect to 9, (and to o.€ & (R*), where d(p)=d,(p) f(p,) and &
has compact support) such that S is realized as the scattering operator.
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Corollary 1. There are nontrivial weakly local Wightman fields, i.e. within the
framework of the other Wightman axioms (modified by 7’ instead of 7) the
conditions of weak locality and nontriviality are non-contradicting.

Proof. Obvious by Theorem 1. [

Remark 1. Theorem 1 remains true if one drops on the one hand property IV of the
operator S and, on the other hand, property 6’ of the field to be constructed. The
given proof works essentially also in this case.

Corollary 2. In the framework of a Wightman theory with the properties 1-5, 6, 7,
and 8B at most the condition IV of the scattering operator S is an implication of
property 6.

Proof. As it can be seen from Remark 1, if, within the framework of the properties
1-5, 6', 7', and 8B, condition IV is an implication then it is an implication from
property 6" alone (in the sense that only enlarging the system (where property 6 is
dropped) by this property yields IV as an implication). Moreover, the existence of
an additional condition on S implied by weak locality contradicts Theorem 1
because this theorem says that to every operator S, equipped only with conditions
I-1V, there is a corresponding quantum field which is weakly local. [

Remark 2. The proof of Theorem 1 will be a constructive one. For the models to be
constructed we have not been able to prove the cyclicity of the vacuum w so far. In
any case the models are weakly irreducible as asserted in Theorem 1.

Remark 3. The models to be constructed for the proof of Theorem 1 are necessarily
nonlocal. For this fact the normalization condition of the operator V on {Aw} @ #,;
is mainly responsible. This can be seen easily by the (formal) calculation [see (3.11)]

(@, A(NA@w)= | | f(x)9(y) (U, V*4°O)VU _,0,U,V*A°0)VU _,w)dxdy
R4 R4
= n{ “{ f(x)9(») (U,A%0) 0, U,A°(0)w)dxdy = (0, A°%(f) A%(g)w) .

Thus the 2-point functionals of the fields A(-) and A°(-) coincide. Therefore,
according to a well-known Theorem of Jost and Schroer (see e.g. Streater and
Wightman [15, p. 214]) the field A(-) is necessarily nonlocal. Although one may
weaken the normalization condition such that there is no coincidence of the
2-point functionals of A°(-) and the perturbed field A(-), it seems to be not very
likely that one could construct local models by a related ansatz as the one used in
this paper.

3. Proof of Theorem 1

3.1. Perturbation Theory for the Free Field

We start with some remarks on (Wightman) fields with regularity condition. This
condition was introduced and discussed (among other things) in Fredenhagen and
Hertel [8].

Let s and U, be given as before. H20 denotes the Hamiltonian, U, =e™*".
Put R=(1+H) *. Furthermore, let s(u,v) be a Hermitian sesquilinear form
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defined on C*(H): = ﬁ dom H®, where s is called Hermitian if s(u, v) = s(v, u) for
all u,ve C*(H). e=1

Regularity Condition. There exists a natural k>0 such that s(R*u, R*v),
u,ve C*(H), is a bounded sesquilinear form.

In other words, there is a bounded selfadjoint operator B such that s(R*u, R*v)
= (u, Bv) for all u,ve C*(H). Since C*(H) is invariant with respect to U,, aeIR?,
one can define a sesquilinear form s(f) on C®(H), for all fe #(R%), by the
formula:

s(Nv)= I f()s(U_u,U_ )dx. G.D)

s(f) is also regular, for all fe #(R*), because of
s(U_ R, U_ R*)=s(R*U _u, R*U _,v)=(U _,u, BU_v),
which leads to
s(f) (R*u, R*v) = nifaf(x) s(U_ .R*u, U_ R*v)dx = IlLf(x) (U_,u, BU _ v)dx

= (u, ( ];f f(x)U,BU _xdx> v) ,

where [ f(x)U,BU_,dx is a bounded operator. We need two propositions on
]R4
regular sesquilinear forms.

Lemma 1. If sisregular then s(f), f € #(R*), defines uniquely a tempered operator-
valued distribution A(f), with Hermitian structure, on C*(H) such that R*A(f)R* is

bounded, where
R*A(f)R*= | f(x)U,BU_ dx. (3.2)
IR4

Remark 4. For the proof of Lemma 1 see [8]. Here we only note that the operator
A(f)is given by the fact that s(f) (u, R*v) is bounded defining uniquely a bounded
operator C. Then A(f) is defined on C*(H) by A(f)R**: =C. Note that

s(f)(w,v)=w, A(f)v), u,veC*(H). (3.3)

Therefore in the following the form s(f) (-, -) is also denoted by A(f)[ -, -] and
the starting form s by

A(0) [u,v]: =s(u,v). 3.4
Correspondingly we put
Ax) [u,v]: =A0)[U_u, U_,v]. 3.5
The operator A(f)is closable and, for example, the tempered distribution property
is implied by the estimate
(e, AC)o) < [I(1+HYul - || (1+H)*v|| - | R“XA(0) R¥|| - BL Lf(o)ldx.
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Note that Eq. (3.2) means that the field A(-) sandwiched by R* is defined as a
pointwise localized bounded operator; therefore we may write formally

R*A(x)R*: =U,BU _,, (3.6)

in particular
R¥A(O)R*: =B. 3.7
This notation is in agreement with the notation given by (3.4) and (3.5). Conversely,

one has

Lemma 2. Let A(f), f€ £(R*), be an operator-valued distribution with Hermitian
structure, such that C*(H) is an invariant domain and such that R*A(f)R* is
bounded for some fixed natural k, satisfying the estimate

IRANR I Sclflly,  feFS®RY, >0, (3.8)

where | - || » denotes some Schwartz norm. Then there is a sesquilinear form s(u, v)
defined on C*(H) satisfying the regularity condition (but possibly with another
k'=zk), and such that

s(N) (w,v)=(u, A(f)v), u,veC(H), (3.9)
is valid.
Remark 5. For the proof see again [8]. The free field {#, U,, w, 4°(-), 2°}
belonging to m, >0, s= 0 satisfies the property that C*(H) is an invariant domain

of A%(f), fe L(R*). In this case by a straightforward calculation one obtains a
bound

14N R*ul| S cllu] - n{“lf(x)ldx,

hence A°(-) satisfies the estimate
IR?A°(f)R?| _S_CHL Lf()ldx . (3.10)

Thus, according to Lemma 2, R*4°(0) R is bounded for some k> 2, but it turns out
that in this case k=2 is already possible.

Lemmas 1 and 2, and Remark 5 allow a certain perturbation theory of the free
field. According to Lemma 1 one can construct fields with regularity condition by
defining R¥A4(0) R* as a bounded operator. Let V be a bounded operator on #.
Then a perturbed field can be formally defined by

A0): =V*4°00) V. (3.11)
A rigorous definition is given by
REAQO)R: = {(1+ H)' V(1 + H) "}*R* A O R+ V(1 +H) ™}, k=2,
(3.12)

where it is assumed that (1 + H)*V (1 + H) ¥ is also bounded. In this case we call V
k-energetic bounded (see [7]).
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Proposition 1. Let Ve £() and let V be k-energetic bounded where k=2.
Furthermore, let VU, 0,=U, o,V for all Ae L', Then (3.12) defines a tempered
operator-valued distribution A(f), fe #(R*), with Hermitian structure, satisfying
the regularity condition, and which is, additionally, Poincaré invariant.

Proof. We use the abbreviation
V:i=(1+H‘vQ1+H)F. (3.13)
Furthermore, by
A0) [u,v]: =A°0) [Vu, W], u,veC*(H), (3.14)

it is defined a Hermitian sesquilinear form on C*(H) with regularity condition,
namely one obtains

A(0) [R*u, R*v]= A°(0) [V R*u, VR*v] = A°(0) [R*Vu, R*v]
=(Vu, R*4°(0) R*T0),
using the notation (3.7) with respect to A°(-). Hence the sandwiched field operator
R*A(0) R¥, corresponding to the sesquilinear form A(0)[ -, - ] defined by (3.14) is
obviously given by formula (3.12). Thus, according to Lemma 1, the corresponding
field operators A(f), fe #(R*), are well-defined on C*(H) as closable operators

such that R*A(f) R¥is bounded. They have Hermitian structure. Now we prove the
Poincaré invariance of this field. First, using (3.7) we obtain

REA(f(- —a)R*= [ f(x—a)U,BU_ dx= | f(x)U,,,BU_,_,dx
= Uajf(X) U,BU_,dxU_,= UaRkA(f)RkU—a
=RU,A(f)U_,R",

i.e. translational invariance. Second one has
w, A(f(A™* D)= | f(A"*x)AQ0) [U_,u, U_v]dx

]R4

= [ f(A %) A°0)[VU _ u, VU_ v]dx
]R4

= [ fA°O0)[VU,U_,U;'u,VU,U_,U; v]dy
]R4

= [ f(»A°(O)[U,VU_,U; 'u,U,VU_ U  v]dy,
IR4

where for brevity U ,: = U4 o, Now, since the free field is Lorentz invariant, one
has

A%0)[U 4u, U 1] = A%0) [u, v]
for every A e #1,, i.e. these sesquilinear forms coincide. Hence one obtains
(u, A(f(A™1)v)= Il{“f(y)z‘lo(o) [(VU_,Us'u, VU _, U, 'v]dy
= ]£4f(y)A(0)[U_yU,Ilu, U_,Us'vldy=(U;"u, A(f)U;"v)

=(u, U,A(NUL ")
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for allu, ve C*(H) (note that C*(H)is invariant under U ,), that is, A( - ) is Lorentz
invariant. [

Therefore, in what follows we have to impose on V two conditions, k-energetic
boundedness and Lorentz invariance in order to obtain a Poincaré invariant
Hermitian tempered operator-valued distribution via the perturbation ansatz
(3.11), respectively (3.12).

3.2. An Auxiliary Theorem

This section deals with the construction of a suitable operator V equipped with the
two properties from Proposition 1 together with further additional properties
connecting this operator with the prescribed operator S.

We assume that {#, U,, w} is given as before and that S satisfies the properties
I-1V of Sect. 2.2. Now our aim is to construct an operator V with the following
properties:

1. Ve £(#) (boundedness).
I 7: =1 +H)"V(1+H)™™ is bounded for some m=2 (m-energetic
boundedness).

IIl. VU,=U,V, Ae £ (Lorentz invariance).

IV. V[ {Aw}@®#, =1 (normalization condition).

V. O,V*0,=SV* (CPT-invariance).
VL. The strong limits s-lim e"#Ve "=V, exist and V_=1, V, =S
t—t
(interpolating property). Moreover, with respect to a certain dense linear set 2}
from #, 9% CC*(H), which is given a priori, V satisfies a so-called smoothness

estimate
[(V=Vy)e ™u| <crJtl™" n=1,2,3,..., +t>1,uec2yg, (3.15)

where ¢, >0 denote constants which may depend on n and u (2§-smoothness).

VIL V is also an interpolating asymptotic constant with the same limits V. as
V. V is also 2}-smooth and, moreover, the smoothness estimate is uniform with
respect to the orbits [defined by (¢,0)], i.e.

V=V Ul S a,ay™ n=1,2,....,{a,ay>1, +t>1,ue Py, (3.16)

holds where a=(t, x), hence {a,a) =*—|x|* and where c;,>0 denote constants
which may depend on n and u.

The construction of V is performed by several steps. The first step reduces the
construction of ¥ to the construction of a selfadjoint asymptotic constant A
interpolating between 0 and 1 with respect to # S(COH#,)=E,.#, which is
Lorentz invariant and satisfies some other properties given in the next proposition.
In the following we put S=e™, where 7 is selfadjoint and bounded.

Proposition 2. Let {#, U, w} be defined as before. Let %, C C*(H) be a dense linear
set in A and invariant withrespect to © 4, 09 ,C D ,. Assume that the bounded self-
adjoint operator A satisfies the following properties:

1. AE,,=E, A=A (normalization).

2. A is m-energetic bounded for some m=2.

3. A is Lorentz invariant.
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4. A is an asymptotic constant interpolating between 0 and E,, i.e.
s-lim e Ae "ME, =:A, exists where A_=0, A, =E,.. Furthermore, A is
t— =+ oo
9D -smooth.

5. A is also a D,-smooth asymptotic constant with the same limits A..
Furthermore, the smoothness estimate is uniform with respect to the orbits defined by

(t,0), i.e.
[(A—A)Uu|Sctla,ay " n=1,2,...,{a,a)>1, +t>1,ue P,
holds. Then the operator
V:=8124512 4+ §120,40,5'* + EX (3.17)

satisfies the properties I-VI1, where S'/* is defined by S*'? : =" and where 9} is
given by

gy =519, (3.18)
Proof. 1 is trivial. II is obvious because A4 is m-energetic bounded. III is obvious
because of 3 and §'?U ,=U ,S'2. IV is obvious because of AE-, =EL A=0 and
S'2E,.=E,S"?. V. One has

O,V*0,=0,5 1124”1120,
+00S 120,460,520, + E,
=520,40,5"?+S12 A4S+ EL,
=S(STVPAST1P 457 120,40,5' + EL).

Note that SEL, = E, because of the normalization condition of S. VI. The first part
follows from 4. The second part follows also from 4: Namely, on the one hand, A4 is
9 o-smooth and, on the other hand, from (3.18) one obtains S'29% = 2,. Thus
from (3.17) the 2} -smoothness of V follows. VII follows from 5 and from the fact
that (1+ H)™ and (14 H) ™™ commute with S*/* and S~ '/2. Furthermore, (3.18) is
used. [

Remark 6. If S2,S9, then instead of (3.17) the ansatz V:=AS+ 0,40, is
possible for V yielding for ¥ the same smoothness manifold 2, as for A.

3.3. Construction of A

The operator A will be constructed separately with respect to the n-particle spaces
H#,, n=2,3,.... Simultaneously, the smoothness manifolds &,, n=2,3, ..., with
respect to A,: = A | #, are introduced. We should remark that the essential steps
for the construction of the operators 4, and the smoothness manifolds 2, are
already described and developed in [7]. Recall that

H,=S,I? <1R3 x ... xR3, Q=®1 dp,/(m+ lpelz)m) (3.19)
n times

and, using the abbreviation u(p): = (m3+ |p|*)'/?,

i(a, ¥ 1<u(pg),mg)>

(U{A,a)f)(pI:“"pn)ze_l( € f(e_lplﬁ'“,g_lpn)a (320)
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where 0 corresponds to A via 0 =1~/ (see [7]). We form

2
>n’*mi. (3.21)

n

2 P,

2=1

M= <Q§1 M(Pg)> _

The function M =M(p4,...,p,) is invariant with respect to 0:M(6p,,..., 0p,)
=M(py,...,p,)- Equation (3.21) is equivalent

Ea (P (Ps) — (P Po)) = (1/2) (M? —nmd) = (1/2)n(n—)m3 . (3.22)

Note that each term u(p,) t(p,) — (p,, P,) = m§. If M is fixed one obtains a manifold
0, CIR3". Tt can be seen easily that 0,,,, ={(py, ....p,): P =P, =...=p,}, which is
diffeomorphic to IR3. If M > nm, then O,, is locally diffeomorphic to R3" 1, Now
we consider diffeomorphisms between R3"\0,,. and (nmg, ) x O, wWhere
M >nmy is fixed. We are interested in diffeomorphisms with special properties.

Lemma 3. There is a diffeomorphism from R>\0,, onto (nmy, ) x O,,, with the
following properties: Let (M, x) € (nmg, 00) X Op,.

L 6{pi(M, K), ..., pu(M, x) = {p1(M, 0K), p,(M, 0K), ..., p,(M, Ox),
where 9{}')'1, Pos oo Dot ={0p1,0p,,...,0p,}.

IL Y piM,x)=MIH(x),¥(x) e R? independent of M.
i=1
L ) dp;/(mG+p;1)'?=e(dM)®dx,
i=1
where dx is an invariant measure on O, (with respect to 0) and where o(-) is an

absolutely continuous measure on (nmy, 00) with suppo =(nmy, ).

We do not prove this lemma. See for example [ 7] where the proof is performed
for the case n=2. See also Ruijsenaars [ 16, p. 427] where such diffefomorphisms are
explicitly written down by the formulas {p,, p,, ..., p,}—={t q;, ..., q,_ ; } where, as

2 n 2

before, f(py, ...,p,)=M"' ¥ p, M*= X u(p) | —|X p,| - Furthermore, put
j=1 j=1 j=1

k=(ko,T), ko=(1+[{*'?, and ¢;=B(k) " 'pj,j=1,2, ..., n, where B(k) denotes the

pure Lorentz boost which sends (1, 0) into k. Then one obtains

M= 3 uq;), 2 q;=0.
j=1 j=1

This means, for example, that M does not depend on . Conversely, I does not
depend on M, hence f can be taken as a “part” of the coordinate k. To prove III one
has to calculate the Jacobian.

According to Lemma 3 the Hilbert space I? <IR3”, Q) dp;/up j)> is
i=1

isometrically isomorphic, with respect to a diffeomorphism characterized in
Lemma 3, to
L¥([nmg, ), q(dM) @ L*(O,y,, dic) . (3.23)

Therefore, the Hilbert space (3.19) is isometrically isomorphic to L*([nm,, 0),
0(dM))®S,L*(0y;,, dx), where S,, as before, means symmetrization [note that the
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points k€ 0y, are given by K={p;,P,,...,P,} € Oy,; if @ is a permutation of
(1,2,...,n) then n(x)={Pr1y Pu)y > Paw) € Up,]- For convenience in the
following we drop the symmetrization, but we take it into account in
Proposition 4.

The umtary representation Uy, o given by (3.20) can be shifted to the space
(3.23). It is then denoted by U{ 4,s and acts by the formula

(U, )) (M, 1) =™ MEKD £(M, 0™ ), (3.24)
in particular one has
(UAf) (M, 1)=f(M, 0" k), (3.25)
(U.f) (M, k)=e~"™M® f(M, k), (3.26)
where a(i) =ky(x)=1. One obtains, for example,
OO0 )M, 1) =(U 4,00 ) (M, ) =e MO f(M,K).  (3.27)

The next proposition deals with the construction of 4, shifted to the space (3.23).
This proposition is the analog of Lemma 7 in [7].

Proposition 3. Let the Hilbert space be given by (3.23) and the representation by
(3.24). Furthermore, put D,: =spa{f ®g: fe C§ (nmy, 0)), g€ C§ (Oyy,). Then
there exists a bounded operator B with the following properties:
I. B is selfadjoint.

II. B is m-energetic bounded, m=2.

1. BU,=U,B,AcZ.

IV. B is a 9,-smooth asymptotic constant, interpolating between 0 and 1, i.e.
s-lim e Be "™ =: B, exists where B_=0, B, =1 and

t—>+ o

I(B—By)e ™| <cE lt ™" n=1,2,..., +t>1, ve,.

V. B is also an interpolating asymptotic constant with the same limits and it is
D y-smooth where the smoothness estimate is uniform with respect to the orbits
defined by (t,0), i.e.

[(B=B.)Up| Zcta,a) ™ n=1,2,....,{a,a)>1,+t>1, veD,.

Proof. We use the ansatz
B:=X®I1,, (3.28)

where X is bounded acting on L*([nmy, o0), g(dM))=L*([nm,, 0), o'(M)dM),
which is isometrically isomorphic to L*([nm,, o), dM), and where 1, denotes the
identity on I*(0),,dx). The space L*([nm,, 0),dM) can be enlarged to
A =I*(R,dM). The corresponding projection ¥y, (M) is denoted by P. On
the space " the representation U, acts as multiplication by e ~*®) where k € 0,
appears as a parameter running through Oy, This representation (where K is fixed)
we denote by U¥. Now we use the operator X : = PFQF*P | P of Proposition 2
of [7]. Recall that F denotes Fourier transformation and that Q acts as
multiplication by g(x) € C*(R), where 0= ¢g(x) <1, ¢(x)=0 for x<0 and g(x)=1
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for x> 1. Furthermore, recall that H acts as —id/dx in [*(R, dx) = FI*(R, dM).
Hence one easily calculates

Q:=(+H)"Q(+H) "=0+ ¥

~ m
e=1

('Z) (Heq) i+ H) ",

which is bounded. Moreover one obtains s-lim " C, e *# =0 for C,=H’,

t—>+ o

0=1,2,.... Thus X: =(i+ H)"X(i+ H) "is given by X =PFQF*P | P, which
is bounded. Because the projection P appears in this formula for X one can choose
also (14 H) instead of (i + H) in this formula (see Remark 1 in the paper [7]). This
proves II. 1 is trivial. According to Proposition 2 of [7] X and X are smooth
asymptotic constants with the same limits X =0, X, =1, where the
corresponding smoothness manifold in L*([nmg, ©0),dM) can be taken as
CZ((nmg, o0)). This proves IV and the first part of V.

Now we emphasize the fact that, since the representations U, and U, have a
special structure, the smoothness estimates do not depend on x and, moreover,
they are uniform with respect to the orbit belonging to (¢, 0). More precisely, let
a=A(t,0), Ae £, and let f,g be defined as in the assumptions of Proposition 3.
Then one has

IB=B1)Uu(f®9)=(B~B1)U 4¢,0(f @)
=|(B=B)UUU ' (f@9)l=[(B—B.)e ™ f(M)®g(x)] .

Now B—B, =(X—X,)®]1,, hence
}(B‘—Bi) U(f®9)*= coj IX =X ) UL ™ £ (M) | Z2(gumo, o0), ctamen|g ()| dic

follows. But

”(X_XJ_r)U?ﬂKf(M) ”L2([nmo,oo),g(dM))écr:_:f,ta(e_ i) 7
écrff'tl_n )

and this estimate is obviously independent of x and also independent of 0
(respectively A). Hence

IB—B)Ulf®9)l = ((DI Ig(K)IZdK>1/20rff<a, ay~"? (3.29)

follows because {a, a) = t* on the orbit defined by (z, 0). This proves the last part of
V. Note that III follows immediately from (3.28). [J

Remark 7. Proposition 3 can be proved also by other arguments using first the
result for n=2 proved in Lemma 7 of [7]. Then one uses Lemma 6 of [7] and the
arguments given in the proof of this lemma which are founded on Proposition 6 of
[7] (inner tensor product representation). Also the uniformity of the smoothness
estimates with respect to the orbits can be proved in this way.

Note that it is possible to enlarge the smoothness manifold of Proposition 3.
More precisely, we have the following result.

Corollary 3. Assume the assumptions of Proposition 3 to be valid. Then the
smoothness manifold 2, in IV and V of Proposition 3 can be replaced by the larger
manifold 2¢: = Cg§((nmg, 00) X Opy)).
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Proof. Let fe Cy((nmgy, 00)), g€ C5'(0),,). Obviously,
§grl>t"lf(X—X+)e‘i’”fll= 11 (3.30)

defines a seminorm on C&((nmg, 00)). This seminorm [ - ] turns out to be
continuous with respect to the Cg-topology (the corresponding calculation is
omitted). Furthermore, according to (3.29) one has an estimate of the form

§1>_111>t"ll(B—B+)e_"H(f®g)Hé[f]'Ilgll, (3.3D)

N
where ||g| = ( { |g(;c)|2d;c)”2. Now for finite sums v: = Y. f;®g; one defines a
=1

Onr,

so-called cross norm by

N
pl:=inf 3 [f1-lg;l -

v=Ef;®g;j=1
It turns out that the norm | - | is also continuous with respect to the Cg-topology
of C&((nmg, 0) x O),). Moreover, an arbitrary function he Cg((nmg, 0) X Op,,)
can be approximated by finite sums Y. f;®g; with respect to this topology.
Furthermore, the estimate

N
Sulft"ll(B—B+)e_”Hvllélvl, v= Zlfj®gj, (3.32)
t= J=

is valid. Therefore, also each h e C§((nm,, 0) x 0),) satisfies (3.32). Similarly one
proceeds for t— — oo and for the proof of the uniformness of the estimates. [

Finally one has to rewrite Proposition 3, i.e. one has to pull back the
difftomorphism. Moreover, one has to take into account the symmetrization.

Proposition 4. Let #,, n=2, be asin (3.19) and U, ,, as in (3.20). Furthermore, put
Do: =8,C&(R>\0,,,). Then there exists an operator A, with properties which are
completely analogous to the properties I-V for the operator B of Proposition 3.

Proof. As already noted before, a diffefomorphism ¢ satisfying Lemma 3,

@ R3O, > (nmgy, 00) X Oy,

implements an isometric isomorphism
@ : SnLZ(IR3na ® dp]/(m% + |pj|2)1/2)_>L2([ana OO), Q(dM))®SnL2((9M15 dK) .
i=1

The symmetrization S,%; of the smoothness manifold &; from Corollary 3 is
mapped onto S,C5(R>"\0,,,,) under ¢ . Now one has U,=® 'U,®, and one
can pull back the operator B of Proposition 3 by defining 4,: =®~ 'B®. 4,
satisfies all the asserted properties. [

The next step is to put together all operators A,, n=2, 3, ..., constructed before,
into the direct sum 4: =0@0PDA,PA;D... and to prove that A satisfies all the
required properties.
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Proposition 5. The operator A: =0D0D A, D A;® ... satisfies all properties of the
assumption of Proposition 2, where D,:={f€H; foeC, fieCP(R3),
€ CER*™O,,, for n0,1} (D, consists of finite particle vectors only).

Proof. Only the boundedness and the m-energetic boundedness of 4 has to be
proved. That is, we have to prove sup | 4,| <co and sup ||4,] <oo. One has

[4ull =X, @1 =X, = PFQF*P [ PA"| <[ Qul,
but ||Q, || < sup|q(x)|=1. Correspondingly one obtains

IZIIGIS QN+ 3 (’Z) [Heq] - [+ H) ™) S 1+ Ky

3.4. Final Step of the Proof of Theorem 1

Now we choose the operator 4 from Sect. 3.3 which is defined in Proposition 5.
Then, according to Proposition 2, by (3.17) the operator V is defined. With the help
of this operator V we form the perturbed field A(-), formally defined by (3.11).
Next we have to check all the properties of Theorem 1: 3 and 4 are obvious because
of the choice of {#, U,, w}. 1, 2, and 5 follow immediately from Proposition 1, 6":
To prove CPT-invariance, first we have to define an appropriate CPT-operator
0. 1t is defined by

0:=5%0,. (3.33)

Note that the smoothness manifold 2§ for V from Proposition 2 is invariant under
O: Let ue 2%, then u=S"%v, where ve 2,. Now

Ou="S5*0,5~ y=S5*S20,v=5"2Ov.
Since @,ve P, the assertion Que 7} follows.

Now we are able to prove the CPT-invariance of the field. It is sufficient to do
the calculation for the sandwiched field operators R™A(x)R™. Then one obtains

OR"A(x)R"O=0OU V*R"4A°(0O)R"VU _,O
=U_,0V*0,R"4°(0)R"O,VOU,.
Because of (3.33) and ©,V*@,=S5V*, ©,V0,=VS* one obtains
OR™A(x)R"O@=U_ V*R™A°(0)R"VU .= R"A(—x)R™.
But this implies CPT-invariance, ie. from R™A(f)R"= [ f(x)R™A(x)R™dx one
gets, using (31) (x)=f(—x),
R"A3f)R™= | f(—x)R™A(x)R"dx = [ f(x)R™A(—x) R"dx
= [ f(x)OR"A(x)R"Odx = 0O {[ f(x)R™A(x)R™dx} O
=R™"©QA(f)OR™.

8B. We choose u,ve 2} and o(x)=(x,)a,(x), &; € CY(R?), i.e. 4; has compact
support. Then we have to prove the asymptotic relations (2.5). We put S, =S,




A Class of Nontrivial Weakly Local Massive Wightman Fields 347

S_=1. Recall that we formally have (f,(x) = (x,) fi(x))
B(f)=e"A(f)e =" | f(x)UV*A°0)VU_dxe ™ (3.34)
]R3
and this formula becomes rigorous if we multiply by R™ from the right and from
the left, i.e. R"B,(f)R™ is well-defined and we consider
W, B(f)v)=(R™u, B(f)R™v)=(u, R""B(f)R™v),

where u’'=R"™u, v'=R™v, v, v'€ 2} and u,ve 2} (note that P} is invariant with
respect to H). Then we obtain

R"B,(f)R"=¢" | fix)U . V*R™"A°(0)R"VU _ dxe "H
]R3
On the other hand, it is easy to show that
R"S*A%a)SR™ = e | fi(x)U,S*R™A°(0)R"SU _ dx e} (3.35)
]R3

is valid as an identity with respect to t. Therefore, in the case t— + oo we have to
estimate the expression

(1, R"B(f)R"v) — (1, R"S* A°() SR™)
= <u, e | F(x) U {7*R"A°(0)R™V — S*R™A°(0)R™S} U _ dx e"i’Hv>. (3.36)
]R3
Using that
7*R™A4°(0) R™V — S*R™A°(0) R™S = V*R™A°(0) R™(V — S)
+(P*—S*)R™A°(0)R™S ,
the right-hand side of (3.36) equals

(u, e | fx)U {V*R"4°(0)R™(V —S)} U _ dxe ™ v)
]R3
+ (u e 13 fiU{(V*=S*)R"A°(0)R"S} U _ . dx e“i’Hv> . (337

The first term in this sum can be written in the form
T,= | fi® u,(U_,V*R"A°(0)R"U U _(V—S)U,)v)dx
]R3

= | fix)(U_,R"A°(O)R"VU u, U_,(V—S)U,v)dx,
IR3

where a=(t, —x), hence one obtains the estimate
ITi= HL Gl IR AQ)R™| - | V1| - [[ull - | U - (V= S) U ] dx

=C; n{s |F@I- IV =8) Ul dx. (3.38)

The second term in the sum can be written similarly as
Ty= [ Ji®) @, (U_(V*—S*)R"A°(0)R"SU,)v)dx
]R3

= .“ j;(}f) (U—a(I’?_ S) Uaua U—aRmAO(O)RmSUa U)dx .
R3
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Therefore, in this case we obtain the estimate
T3l = HL @I 1U_i(V=S)Uul - | R"A°(O)R™| - ||v]| dx

=C, H{S |1 (7 —S) Uul| dx. (3.39)

That is, the crucial point is to estimate integrals of the form
1@ (V=8 Uplde, a=(t,—x)eR*, vegl. (3.40)
]R3

To do this we recall the following two facts:
1. The asymptotic constant V is 2§ -smooth where the smoothness estimate is
uniform on the orbits {a,ay=const>1, t>1, i.e. we have

(P=S)Uw|Zci La,ay™", n=1,2,...{a,ay>1,t>1, vedy,

where <{a,a)=t*>—|x|%.
2. suppd, is compact. This implies the existence of an estimate for the
corresponding solution fi(x) of the Klein-Gordon equation of the form

If@ISey(+e+RD7Y,  2y,0<y<1, (3.41)

for all N=1,2,3, ..., where y is a constant and where the constant ¢y >0 may
depend on N (see Reed and Simon [10, p. 43]).
According to these facts we split the integral (3.40) into two terms

[ dx= | .dx+ | ..dx, O<y<l. (3.42)

R3 |z| =yt |zl 27t
(i) In the case of the second term we use a rough estimate
(7 =) U <17 - ol + o] =: C
by a constant, and we obtain
| dx<C-cy | (I+t+]x) Ndx<Cy-t™ V"3,
|

|l zyt x|yt

(i) In the case of the first term we use the uniform estimate
If@Iget™2,  xeR3,

(see Reed and Simon [10, p.43]). Furthermore, for [¢|<yt one obtains
{a,ay=1t>—|x|* 2 t*(1 —y?). Hence, using the smoothness estimate, we get
Idx<Scet™ 3¢ (1—93) " 2"(4n/3) (y1)> < C, -t~ 2"*312
|| <yt
Thus the relation (2.5) is proved for t— + co. The case t— — oo can be treated
similarly.

Now it remains to show that 7’ is true. But this follows easily from 8B: Let
Ce Z(H), and assume that ue 2} implies Cue 2} and C*ue Z§. Now assume
(u, CA(f)v)=(A(f*)u, Cv) to be valid for all u, v e 2}, and for all test functions f.
This means

(C*u, A(f)v) = (u, A(f)Cv),u,ve D}, fe S(RY).
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Now we choose test functions appearing in the LSZ-limit process discussed in 8B.
Then, for t— — co, one obtains immediately

(C*u, A°(e)v) = (u, A°(c) Cv), (3.43)

where 4°(«) is the free time-zero field for the test function &, € C¥(IR3), which can
be chosen arbitrarily. That is, one has (u, CA%«)v)=(A%&)u, Cv) for u,ve 2.
Then this is also true for all u, v e 2> 2! (where 2 denotes the domain for the free
field operators) and for all a; € #(IR3). Note that it is easy to generalize this
formula to

(u, CA°()v)=(A°%f)u,Cv), u,ve, (3.44)

for all fe #(R*). Namely, first one has to choose test functions of the form
a4 (x) B(x,) instead of «,(x)d(x,) in formula (2.6) or in (3.34), where f has compact

support. With f(p)=d,(») f(po), .. fi(p) =€ "®4,(p) f(p,), one obtains formally
B(f)=e"" | f®)B(xo)U.V*A°(O) VU _dxe ™

= [ Bxo)dxo [ FEU_V*4°O) VU ds,

where now a = (t — x,, —x) and the estimates can be performed similarly as before.
Second, one has to extend the set of test functions by linearity and continuity. But
since the free field is cyclic, hence irreducible, from (3.44) the equation C=yl
follows where y is a scalar. [

4. Appendix

In this appendix we describe briefly a corresponding result in the case where the
Lorentz invariance of the field is replaced by rotational invariance, i.e. Property
2.1.5 is replaced by

5. The field A(-) is translationally invariant (with respect to R*) and
rotationally invariant.

The triple {5, U, w} is chosen as above. We assume that the prescribed
operator S satisfies the conditions I-IV of Sect. 2.2. For convenience we add a
further property of S. As before, let P, P,, ... denote the projections onto the
n-particle spaces. Define Q; by

Q= ¥ P,, j=12,..,

finite sum

and such that the system Q, Q,, ... is disjoint and complete, i.e. Z Q;=1.Now the
additional property can be formulated as follows.

V. 8Q;=0;8, =1,2,.
Then we can prove the following result.

Theorem 2. Let the triple {#, U ,, o} be given as above and let the bounded operator S
be equipped with the properties 1-V. Then: there exists a quantum field
{A(f), fe F(R*), D} belonging to {#, U,, w} and a suitable dense linear set 9,C 9
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such that the properties 1-4, 5", 6,7, and 8A (with respect to D) are satisfied and
suchthat S isrealized as the scattering operator of A(-)inthe Haag-Ruelle sense 8A.
That is, the field A(-) has Hermitian structure and it satisfies the tempered
distribution property. It is translationally and rotationally invariant, weakly local,
cyclic and the Haag-Ruelle wave operators exist on 9, realizing S as the
corresponding Haag-Ruelle scattering operator.

Proof. Also in this case one solves first an auxiliary problem, namely to construct
an operator V with the following properties:
I. V is unitary.
IL V| {Aw}®H#,=1.
1. VU,=U,V, ge& . (the Euclidean group consisting of the space
translations and space rotations).
IV. O,V*0,=SV*.
V. VQ;=Q,V, j=12,....
VL. The limits s-lime™ Ve ™ =:V, exist where V_=1, V,=8,

t—>t oo
correspondingly for V*.
An ansatz for the solution of this auxiliary problem is given by the following
formula (put S=¢", where 7 is selfadjoint and bounded):

V: =exp{(i/2) BnB—(i/2)®BnBO,} exp{(i/2)n} ,

where B is a selfadjoint and bounded asymptotic constant with limits B.., where
B_1E,#=0,B, [ E,./=1,B [ {Aw}®#,=1and BU,=U,Bforallge &, (the
construction of such a B is discussed and performed in [7]).

With the help of V the field can be constructed as a time-sharp field. First we
define the time-zero field. Let y; € #(R3), p(x)=7,(x)6(x,), x € R3, where x is the
space coordinate.

A@): =V*A°(n)V, p eLRY). 4.1)

This ansatz is in some sense a counterpart to that of Glimm and Jaffe. In the
Glimm-Jaffe approach the time-zero field remains unchanged (that is free) but the
Hamiltonian will be changed. In our approach the Hamiltonian remains
unchanged but the time-zero field is transformed unitarily. Note that A(y) [ Q;#,
j=1,2,... is bounded. The full field can be defined by time smearing:

A@®y)= | axg) U, V*A° () VU _ . dx,. 2)

The corresponding domain is simply given by & = #;, (the set of all finite particle
vectors). The CPT-operator @ is defined as before: © : =S*@,,.

Now one has to verify all properties of A(-), expressed in Theorem 2. We drop
most of these verifications. The most interesting property is 8A. To verify this
property, first we choose a so-called Haag-Ruelle h-function h(p) with the usual
well-known properties. Furthermore, let the function y,e%(R? be
multiplicative-generating. Then one obtains, y(x)="7,(x)d(x,),

A= | BOUV*AG)VU_dx,
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where f(p) =h(p)é(p), and where in this case  means the 4-dimensional Fourier
transformation. Now the identification operator K,: =K [ #, (see [12, 13, 6])
where the symmetrization is dropped is given by

K, {1@ {&jfo}}‘ 11[1 {nif“ Bi(x) U, V*A4°() VU_xdx}w ,

j=

and the pre-wave operator by

eitHKne—itH {@ 5‘,‘770}
i=1
=11 {f Bix)U, e HV*e *HA(y) ei'HVe"i‘HU_xdx}w.
j=1 |4

But the strong limits of this expression for t— + oo exist, being equal to

I (LHOUIEAG VU dx| 0=V2 I {LAOUADU ix)o
j=1 |R* j=1 |R?
—V [T (4B )o=VE {@ owo},

i=1

where V, =8, V_=1. That is, the Haag-Ruelle wave operators coincide with V¥,
V¥ ie W, =V¥ W_=V*and W}W_=V,V*=8. Note that the cyclicity is an
easy implication of 8A. [
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