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On Zamolodchikov’s Solution of the Tetrahedron Equations
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Abstract. The tetrahedron equations arise in field theory as the condition for
the S-matrix in 2+ 1-dimensions to be factorizable, and in statistical mechanics
as the condition that the transfer matrices of three-dimensional models
commute. Zamolodchikov has proposed what appear (from numerical evi-
dence and special cases) to be non-trivial particular solutions of these
equations, but has not fully verified them. Here it is proved that they are indeed
solutions.

1. Introduction

A number of two-dimensional models in statistical mechanics have been exactly
solved [1-4] by using the “star-triangle equations” (or simply “triangle equa-
tions”) [5-7], which are generalizations of the star-triangle relation of the Ising
model [8, 9]. These equations are the conditions for two row-to-row transfer
matrices to commute.

Alternatively, these models can be put into field-theoretic form by considering
the transfer matrix that adds a single face to the lattice [10], and regarding this as
an S-matrix. The star-triangle relations then become the condition for the S-matrix
to factorize [11].

These equations can be generalized to three-dimensional models in statistical
mechanics, corresponding to a 1+ 2-dimensional field theory. Unfortunately, the
resulting “tetrahedron” equations are immensely more complicated, the main
problem being that there are 2'# individual equations to satisfy for an Ising-type
model, as against 2° in two-dimensions. Symmetries reduce this number some-
what, but there are still apparently many more equations than unknowns and until
recently there was little reason to suppose that the equations permitted any
interesting solutions at all.

However, by what appears to be an extraordinary feat of intuition,
Zamolodchikov [12, 13] has written down particular possible solutions and has
shown that they satisfy some of the tetrahedron equations in various limiting
cases. Extensive numerical tests have also been made by V. Bajanov and Yu.
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Fig. 1. Arrangement of the spins a,...,h on the corner sites of a cube

Stroganov, but a complete algebraic proof has hitherto not been obtained. Here (in
Sects. 3-5) 1 give the required proof, which depends very much on classical
nineteenth (and eighteenth) century mathematics, in particular on spherical
trigonometry.

Let me refer to Zamolodchikov’s two papers [12] and [13] as ZI and ZII,
respectively. In ZI he considers the “static limit,” when his solution simplifies
considerably. Some of the Boltzmann weights then vanish, and the others satisfy
various symmetry and anti-symmetry relations. In Sect. 6 I show that it is the only
solution of the tetrahedron equations with these zero elements, symmetries and
anti-symmetries.

From the statistical mechanical point of view, the anti-symmetry relations are
rather unsatisfactory as they require that some of the Boltzmann weights be
negative. We should like to replace them by strict symmetry relations, but
unfortunately the tetrahedron equations then no longer admit a solution.

2. Interactions-Round-a-Cube Model and the Tetrahedron Equations

Just as the two-dimensional star-triangle relations can be obtained in convenient
generality for an “Interactions-Round-a-Face” (IRF) model [7, 10], so can the
three-dimensional tetrahedron relations be obtained for an “Interactions-Round-
a-Cube” (IRC) model.

Consider a simple cubic lattice & of N sites. At each site i there is a “spin” g,
free to take some set of values. Each cube of the lattice has eight corner sites: let
the spins thereon be a,b,...,h, arranged as in Fig. 1, and allow all possible
interactions between them. Then the Boltzmann weight of the cube will be some
function of a,b,...,h: let us write it (omitting commas) as W(alefg|bcd|h). The

partition function is
Z= ZH W(Jilamo-no-plo-jako.llo-q) > 2.1

where the product is over all N cubes of the lattice; for each cube i, j, ..., p are the
eight corner sites; the summation is over all values of all the N spins.

Let T be the layer-to-layer transfer matrix of the model. It depends on W, so
can be written as T(W). Consider another model, with a different weight function
W'. Then, as has been shown by Jaekel and Maillard [14], the two-dimensional
argument [7,10] can be generalized to establish that T(W) and T(W') commute if
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Fig. 2. The graph (a rhombic dodecahedron) whose partition function is the left hand side of (2.2). Some
edges are shown by broken lines: this is merely to help visualisation

there exist two other weight functions W” and W" such that
Y Wiaylc,c,¢5lb,b3b,|d) Wi(c,|b,asb,|c,deglb,)
d
W’ (b |dc,cslaybsb,les) WW(dlb,b,bslesc,cqlay)

" (2'2)
=Y W"(b,lc,cacslayazasld) Wi |b,aza,lde,cla,)
b

Wiaylc,desla,bya,lcs) Widla,asa,le cscqlb,)

for all values of the 14 spins a,,a,,a;,a,,b,,b,,b5,b,,¢1,¢,, ..., cq. I shall refer to
these 14 spins as “external,” and to d as the “internal” spin.

We can think of each side of (2.2) as the partition function of four skewed cubes
joined together, with a common interior spin d. This graph is a rhombic
dodecahedron. For the left hand side of (2.2), the graph can be drawn (by
distorting the angles) as in Fig. 2; for the right hand side, the centre spin d is to be
connected to a,...,a,, instead of b,,...,b,. In either case the lattice is bipartite:
Ay, ....d,, by, ..., b, lie on one sub-lattice; ¢y, ..., cq, d on the other.

Now suppose that each spin o, can only take values +1 and —1, and that Wis
unchanged by negating all its eight arguments, i.e.

W(—al—e, —f, —gl—b, —c, —d|— h)= W(alefg|bcd|h). (2.3)

The Eq. (2.2) are then the tetrahedron equations used by Zamolodchikov. To see
this, work with the duals &}, of the lattices discussed above. The cube shown in
Fig. 1 is then replaced by three planes intersecting at a point, dividing three-
dimensional space into eight volumes associated with the spins a,...,h Two
parallel cross-sections of this diagram (one above the point of intersection, the
other below) are shown in Fig. 3.

Adjacent spins are separated by faces of &}, (shown as lines in Fig. 3). Colour
each face white if the spins on either side of it are equal, black if they are different.
Then by letting the spins q, ..., h take all possible values, one obtains the allowed
colourings shown in Eq. (6.1) of ZI, a typical example being shown in Fig. 4.
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Fig. 3. Two cross-sections through the dual graph of Fig. 1: the spins a, ..., h are here associated with
volumes

Fig. 4. A typical set of values of q,...,h, and Zamolodchikov’s corresponding plaquette colouring
(heavy lines denote “black,” lighter lines “white”)

Conversely, any allowed colouring corresponds to just two sets of values of the
spins q, ..., h, one set being obtained from the other by negating all of them. From
(1.3), this negation leaves W unchanged, so the Boltzmann weight of the
configuration is uniquely determined by the colouring of the faces. We can
therefore replace the function W of the eight spins by a function S of the colours of
the 12 faces. If we write “white” and “black” simply as “+” and “—7, then the
colour on the face between two spins ¢ and g is simply the product cg of the spins.
We can therefore explicitly define S by

cg, ae, df, bh
S de,atbg,ch= W(alefg|bcd|h). (2.4)
bf,ag.ce,dh
Define §', §”, S similarly, with W replaced repsectively by W', W”, W”. Then (2.2)
becomes precisely Eq. (3.9) of ZI, except only that in Zamolodchikov’s notation S,
S, 8", §” become
S(z23), 712 13§24 H12) 14y
S(z3%, 703 L4y g3 23 24

respectively.

3. Zamolodchikov’s Model

Zamolodchikov’s model has the “black-white” symmetry property that S is
unchanged by reversing the colours of all 12 faces. This means that W not only
satisfies (2.3), but has the stronger sub-lattice symmetry properties

W(— alefgl— b, — ¢, — d|h)= W(a| — e, —f, — glbcd| — h)
= W(alefg|bcd|h). (3.1)
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Table 1. Values of the function W : the spin products /4, 1, v, are defined by (3.3), the parameters Py, ..., R;
by (3.13)

/ u v W alefy|bed|h)
+ + + Py—ubed Q
- + + R,

+ - + R,

+ + - R,

+ - — ab Py +cd Q,
- + — ac P,+bd Q,
- - + ad Py+bc Qs
- _ — R,

To express the function W in terms of Zamolodchikov’s matrix elements
G, S, 4 ..., K, H,V, we simply note that W(alefg|bcd|h) corresponds to the spins as
arranged in Fig. 3, translate each set of spin values to a face colouring, and look up
the corresponding matrix element in Eq. (6.1) of ZI (using if necessary the black-
white colour symmetry). For instance, using Fig. 4, considering also the effect of
negating h:
W(—|—++|+—-+]|-)=K(0,.0,),

W(—|—+ +|+—+|4+)=H(0,,0,). (3.2)

Doing this, using Egs. (2.2) and (4.9) of ZII, we find that W is “almost determined”
by the values of the three spin products

A=abeh, u=acfh, v=adgh. (3.3)

More precisely, W has the values given in Table 1, where P, ..., P;, Q,, ..., 05, and
R, ..., R, are constants, independent of the spins a, ..., h. The functions W', W,
W™ are also given by Table 1, but with different values of P,,,...R;.

Spin Symmetries

Before specifying these constants, it is worth considering the symmetries of W and
the tetrahedron equations (2.2). Since (2.2) has to be valid for all values of all the 14
spins a,,d,,...ce, it consists of 2'* individual equations: a dauntingly large
number! The spin reversal symmetry (2.3) helps: it reduces the number to 2!3. The
stronger symmetry (3.1), together with the fact that the graph in Fig. 2 is bi-partite
(the a; and b, lie on one sub-lattice, the ¢; and d on the other), implies that (2.2) is
unchanged not only by reversing all spins, but also by reversing all those on one
sub-lattice. This reduces the number of distinct equations in (2.2) to 212,

This is still a very large number, but fortunately when we use the specific form
of W given in Table 1 we find some dramatic simplifications. If W (and W', W,
W™) depended only on A, u, v, then it would be true that (2.2) involved the 14
external spins a,,...,cq only via the 10 products a,b,, a,b,, a;bs, a,b,, aja,c,,
A,0,C,, Ay0,C5, A,05C4, 0,0,Cs, ,05Cc. Further, negating either the first four of
these products, or the last six, would merely be equivalent to negating d. This
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would mean that (2.2) depended only on eight combinations of the external spin,s

e.g
aa,bb,, ajabby, aabb,, ajascc,, (3.4)

0,05C(C3,  0,0,CCy, A{A4CCq,  Oy0,030,CCs.

Hence there would only be 28 =256 distinct equations. In fact W depends not only
on A, u, v: from Table 1 it has the form

W(alefg|bcd|h)=1F(4, u, v, abcd), (3.5)

where F is a function of four spin products and 7 is a sign factor, equal to either 1,
ab, ac or ad. Also, the terms involving abcd have Auv =1, i.e. abcd = efgh. It follows
that abed in (3.5) can be replaced by efgh if desired.

Using the form (3.5) (and corresponding forms for W', W”, W") in (2.2), the
eight abcd (or efgh) arguments that occur can be taken to be b,b,b,a,, b,b,a;b,,
b,a,bsb,, a,b,bsb,, b,a,aja,, a,b,asa,, a,a,bya,, a;a,a;b,. The ratios of these
depend only on the first three products in (3.4), so they are determined by the
products (3.4), apart from a single overall sign factor. This means that each of the
previously mentioned 2® equations is in fact a pair of equations, one being
obtained from the other by negating (say) a,, a,, a5, a,. Equivalently, one equation
can be obtained from the other by negating R, Q,, O, Q,, Q, in Table 1, for all
four functions W, W', W", w".

It still remains to examine the contributions to (2.2) of the 7 sign factor in (3.5).
I have done this (aided by a computer) for each of the 2® pairs of equations. In
every case it is true that the multiplied contributions also depend only on b, b,b,a,
and the eight spin products in (3.4) [apart possibly from an overall sign factor
multiplying both sides of (2.2)].

Thus there are just 2 x 28 =512 distinct equations: a great reduction on the
original 214!

There are still further simplifications: the function W has the “diagonal

reversal” property:
Wialefglbed|h) = W(hlbcdlefgla) (3.6)

and similarly for W', W”, W". It follows that the two sides of (2.2) are interchanged
by the transformation

o b, i=1,...4,
B O F (3.7)

Ci <> Cs, Cy > Cq, C3 ¢ Cq.

This means that 64 of the 512 equations are satisfied identically, the right hand
side being the same as the left hand side. The remaining 448 occur in pairs of type
B=A and A=B, so there are only 224 distinct equations remaining. These can
conveniently be regarded as 112 pairs, one being obtained from the other by
negating R, Q,. ..., Q, for all four functions W, W', W’, and W".

Set
X,=P;+0Q;, Y,=P,—Q, (3:8)

for j=0,1,2,3, and take W’ to be also given by Table 1 and (3.8), but with P, 0,
R;, X, Y, replaced by P, Q), R}, X, Y. Similarly for W", W". Then two typical



Tetrahedron Equations 191

equations [obtained from (2.2) by taking all the external spins positive except a,,
and except a, and a,] are

Y, Y, Y Ry + RoR,R X = Y'RGRR, +RyY{Y[Y, , (3.9)
Y, YoR| Ry + R RX (X =RYREX,X, + Y["Y/RyR, . (3.10)

Two other equations can be obtained immediately from these by negating
Ry, ...,RG and Q,,...,Q7, ie. by negating each R, and replacing every X by a Y,

and every Y by an X. ’

The Constants P, ..., R,

Now let us return to the procedure described before (3.2), so as to obtain the

constants Py, ...,R; in Table 1, and hence the X, Y in (3.8), from Egs. (2.2) and

(4.9) of Z1I. To do this we need various functions of the angles ¢,, ¢,, ¢, of a

spherical triangle, namely the spherical excesses
20‘02451 +¢2+¢3_n=
2y =n+¢,—¢p,— 3,
2,=n+d,— P —@,,
2=+ P~ P, —P,,

(3.11)

and the quantities
t;=[tan(e,,/2)]V*, s;=[sin(0;/2)]"*, ¢,=[cos(e;/2)]"?, (3.12)
for i=0,1,2,3. We then find that P, ..., R, are given by

Po=1, Qo=tolytt5, Ry=se/(c;c,5¢5),

(3.13)
Pi=tt,, Qi=tol;, Ri:Si/(COCjck)’

for all permutations (i, j, k) of (1,2, 3). (Here ¢, ¢,, ¢, are Zamolodchikov’s angles
0,,0,,0,)

It is convenient to regard Table 1 and Egs. (3.11)—(3.13) as defining W as a
function of the angles ¢, ¢,, ¢, as well as of the spins a, ..., h. We can write it as

WL, b5, ¢5: alefglbed|h], (3.14)

or, if the explicit spin dependence is not required, as W[¢,, ¢,, ¢,]. The other
weights W', W”, W" are also given by this function, but with different values of the
arguments ¢, @,, ¢,. Zamolodchikov’s assertion is that (2.2) is satisfied if W, W',
W”, W therein are given by

Ww=w(0,,0,,0,1, W=W[n-0.60,,1-6,],

, (3.15)
W'=W[0s,n—0,,n—-0,], W"'=W[00,,0],
where 0, ...,0, are the six angles of a spherical quadrilateral, as shown in Fig. 5,
and equivalently in Fig. 7 of ZII. These angles are not independent: they
necessarily satisfy the relation (3.2) of ZIL
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Fig. 5. A segment of a spherical quadrilateral, showing its associated four triangles, with interior angles
0,,....04

The parameters P, P}, P{", Q;, ..., R are of course given by adding primes to P,
0, R in (3.13) and substituting the appropriate values of ¢, ¢,, ¢, into (3.11), and
thence into (3.12) and (3.13). For instance, the double-primed parameters
Py, ..., R are obtained by taking ¢, ¢,, ¢, to be 0, n—0,, n—0,.

4. Angle Symmetries

We want to verify Zamolodchikov’s assertion that (2.2) is satisfied by (3.15).
Fortunately we do not have to prove each of the 224 equations individually. We
can regard each of them as an identity, to be verified for all values of 0,,...,0,
satisfying the spherical quadrilateral constraint (3.2) of ZII. It turns out that many
of these identities are simple corollaries of one another.

Q Negation

We can regard 0,,0,, 0, as determined by 0,, 0, 0, and the arc lengths LM, M N in
Fig. 5. These parameters can be varied so as to shift the line AB in Fig. 5 upwards
through the point C. The (0,,0,,0,) triangle first shrinks to a point, and then
reappears in an inverted configuration, as shown in Fig. 6. This gives a new
spherical quadrilateral, with angles 0, 0,, 05, 1—0,, n— 05, n—0,.

Since 0, +0,+0,—m is the area of the (0,,0,,0,) triangle [15], it cannot
become negative during this process: it has a double zero when the triangle
shrinks to a point. This means that [tan(0, + 0, + 0, —n)/4]"/* has a simple zero,
so is negated when analytically continued from Fig. 5 to Fig. 6. The same is true of
[sin(f, +0,+60,—m)/4]"/2. All other square roots retain their original positive
sign.
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Fig. 6. The spherical quadrilateral of Fig. 5, after the line AB has been shifted through C. Here 0/
denotes the supplement n—6, of the angle 0;

It follows that for each of our equations, we can obtain another by the
following procedure:

Use (3.15) and (3.11)—(3.13) to write the equation explicitly in terms of 0, ...0;
negate [tan(0, +0,+ 0, —n)/4]1*? and [sin(6, + 60, + 0, —n)/4]*'* throughout; re-
place 0,,05,0, by n—0,, n—05, n—0,.

Let us call this procedure P,,;, and define P, ¢, Py,s, P,s5e similarly. (Each
corresponds to shrinking one of the triangles in Fig. 5 through a point.) By itself,
each such procedure gives an equation which is not in our original set, but if we
perform all four sequentially, then the result is to return 6, ..., 0, to their original
values, having negated R, and Q; for j=0, 1,2,3 and for all four functions W, W/,
W”, W"”. (This corresponds to inverting each S matrix.) This is the (R, Q)-negation
pair symmetry discussed between (3.5) and (3.11).

The 224 equations therefore occur in 112 pairs, each equation of a pair being a
corollary of the other.

Negation of 0,

Another way to analytically continue 0, ..., 0, is to allow the great circles AB and
CD in Fig. 5 to first become coincident and then cross one another. The result
(after vertically mirror inverting) is to replace 0, ...,0, in Fig. 5 by —0,, n—0,,
n—0,,n—0,,0, n—0 respectively;ie. to negate ¢, and supplement 0, 0,, 0, 0.
In this process the spherical excesses (triangle areas)

0,+0,+0,—n, n+0,—0,—0,,

4.1
0,+0,+0,—n, n+6,-0,—06,
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all pass through zero and become negative, their ratios remaining positive. Thus
for each such spherical excess E in (4.1), [tan(E/4)]'/? and [sin(E/4)]*/? should be
replaced by i[tan(— E/4)]'/? and i[sin(— E/4)]'/?, and this should be done before
transforming 0, ..., 6.

This procedure can be simplified by following it by procedures P,,, and P,
the effect of which is to restore 6,, 85, 0,, 0, to their original values. (It also keeps
us within our original set of equations.) The result is to change W by replacing the

parameters (Py, P, P,, P35 00, 01, @5, O35 Ry, Ry, Ry, R;) by (P, iQ,, Py, 10, ;
Q,, —iPy, Q,, —iP,; —iR,, R;, iR, R,), the common factor £ being P;'. The
same changes are made in W’ (all the parameters being primed), but the functions
W” and W are unaltered.

For instance, under this transformation (3.9) becomes (after cancelling the
common ¢& factors)

VoY YgRG + RoRoR{X§ = Yy RGR, R, = Ry Y/ 5. @2)

which is another of our 112 equations [obtainable from (2.2) by taking b,, c,,
c¢ = — 1, all other external spins = + 1]. Applying the transformation to any of the
equations gives another equation of the set (not obtainable from the first by Q
negation), and repeating it gives back the original equation. The 224 equations can
therefore now be grouped in 56 sets of 4, any three equations of a set being
corollaries of the fourth.

Permutation Symmetry
The weight function (3.14) has various symmetry properties, in particular

W(, ¢, ¢y alee e bbb |h)=unchanged by permuting i, j, k, (4.3)

and
WLy, ¢,, ¢5;alefglbedlh]=W[n—¢,,n— ¢, ¢,; fldbalgeh|c]

=W, n—d;,n—¢,;blhfglacdle]
=WI[¢,, ¢, ¢5;hibcdlefgla]. (4.4)
Using these, (2.2) can be put into the more obviously symmetric form

; W[0,,0,,0, ;a,lc,cyc,1b,b,bs|d]WI0,,0,,0,;a5lc,cocalb b b,ld]

WLO,.0,, 0,3 aylc,c5e5bsb b, | d] W05, 0,0, 5, lcococy bybyb,ld]
=y W[95,96,92;b1|c103c4|a2a3a4|d] W0,,0,05:b,lc,coclasaald]
d

“WI0,,04,0,;b5lcscsc,la,a,a,ld] WI0,,05,0,5b,lc,c6¢5la,a,a51d]. (4.5)

For some purposes it is convenient to replace the angles 6, and the spins ¢, by
p;; and ¢;;, where

0,=ws,, Or=wy14, O3=1y,y,

Op=w55, Os=w1,, Os=w3,

C15€34,  C2=C€a>  C3=€,

C4=€33, C5=€15, Ceg=¢€3.
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Making these substitutions into (4.5), all indices are integers between 1 and 4,
and it is easy to check by using (4.3) that the equation is unchanged by permuting
the integers 1, 2, 3, 4. Further, any such permutation is equivalent to merely re-
drawing Fig. 5, by extending the quadrilateral to another part of the spherical
surface and possibly rotating or reflecting it. Thus the permutation takes one set of
quadrilateral angles 0,,...0, to another.

There are 24 such permutations (we can think of them as the permutations of
the four vertices of the tetrahedron in Fig. 2, 0,,...,0, being associated with the
edges). Each takes one of the 224 equations to itself or another, so this is a very
strong symmetry. In fact, when use is also made of the Q-negation and 0,-negation
symmetries, it turns out that all the 224 equations are corollaries of just two
archetypical equations, which we can take to be Egs. (3.9) and (3.10) above. Thus
our original 2'* equations have finally reduced to two!

[We cannot get down to just one equation with the above transformations:
they all take R-parameters to R-parameters, and X or Y-parameters to X or
Y-parameters. Since each term in (3.9) has an odd number of each, and each term in
(3.10) has an even number, one equation cannot be transformed to the other. The
224 equations fall into two distinct classes: an “odd” class with 128 members, and
an “even” class with 96.]

5. Proof of the two Archetypal Identities

To verify that Zamolodchikov’s solution does indeed satisfy the tetrahedron
equations, it remains only to prove that (3.9) and (3.10) are satisfied for all sets
(0, ...,0,) of spherical quadrilateral angles.

First let us follow Zamolodchikov’s notation [Eqgs. (4.9) and (2.2) of ZI1] and
define functions 0, S, 4, U, @, V of ¢,, ¢,, ¢, by

0(hy, P, y)=14101,1515,
S(1sPp @) =1—t4t,t,t5,
a(d)la ¢2’ ¢3)=SO/(0162C3)3

5.1
U(‘ﬁp ¢2'¢3)=S3/(C0C162), >
w(d)p ¢2|¢3): Loty +14t,,
V(¢1, ¢2|¢3)=t0t3 —4Lity,

where t,, 5, ¢; are defined in terms of ¢, ¢,, ¢, by (3.12) and (3.11). (The functions
0, S, @are symmetric in ¢, ¢,, ¢5; U, (u, V are symmetric only in ¢, and ¢,.)

The 48 parameters X, Y, R, ..., R are given by (3.11)~(3.13) and (3.8), with
arguments ¢,, ¢,, ¢, determined by (3.15). They are equal to particular values of
the functions @, ..., V (possibly negated). For instance, setting ¢,, ¢, ¢, to be 0,
n—0,, n—0, we can verify that Y= —V(0,,0,05). Doing this for all the
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parameters in (3.9) and (3.10), these equations can be written more explicitly as
50,,0,,0,)50,,0,,0,)S(0,,0,,05) A6,,05,0,)
+a,,0,,0,)a(0,,0,,0,) a,,0,,05) 6(0,,05,0,)
=U(0,,0,10,) U0,,0,10,) U(0,,0,105)S(0,,0,,0,)
+V1(0,,0410,) V(0,,0,104) V(05,0,105) A(0,,05,0). (5.2)
5(0,,0,,0,)80,.6,,0,) A0,,0,,05) A0,,05,0,)
+a,,0,,0,)a,,0,,0,) 0(0,,0,,05)0(0,,050,)
=w(0,,0,0,)w0,,040,) UB,,0,105) UB,,0]0)
+U(0,,0,10,) U(0,,060,) V(0,,0,105) V(0,,0405). (5.3)
[Equation (5.2) is precisely Eq. (3.1) of ZI1.]

Simplification of ©o,...,V

An irritating feature of these equations is the proliferation of square roots that
enter via (3.12). We can remove these by introducing the lengths of the sides of the
spherical triangles, as well as their angles.

To do this, we need some basic formulae of spherical trigonometry, which are
given by Todhunter and Leathem [15], here referred to as TL. Let A4, B, C be the
interior angles of a spherical triangle, and a, b, ¢ the lengths of the corresponding

ite) sides. L
(opposite) sides. Let E—A+B+C—n. (5.4)
s=3a+b+c) (5.5)
(E is the “spherical excess” of the triangle, 2s is the perimeter). Then, from (5.1),

(3.12), and (3.11),
A—E 2B—E 2C—E|?

E 2
A = _— ¢ . .
0(4,B,C)=1+ tan4 tan 1 tan 2 tan 2 (5.6)

The square-root expression in (5.6) is the “Lhuilierian” of the triangle (Sect. 137 of
TL) and is equal to tan(E/4)cot(s/2). It follows at once that

O(A, B, C)=1+tan(E/4)/cot(s/2)
—sin [(2s + E)/4]/cos g sin % . (5.7)

Similarly, ¢

2

As is shown in Sect. 28 of TL, any relation in spherical trigonometry remains
true if the angles are changed into the supplements of the corresponding sides, and
vice-versa. Applying this duality principle to Eq. (32) of Sect. 139 of TL, we obtain

; ECOSZA—ECOS2B—ECOSQC—-E
1 Sy 4 4 4 59)
ST S= sini A siniBsiniC ’ '

S(A, B, C)=sin[(2s — E)/4]/cos gsin (5.8)
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and from this and (5.1), (3.11), and (3.12) we can verify that

sin(E/4)
a(A,B,C)= B one (5.10)
sinz sinzsinzsinz
Using Cagnoli’s theorem (Sect. 132 of TL), we can establish that
sin%Esin(C—%E)=sin2§sinA sinB, (5.11)
while from (5.1), (3.11), and (3.12),
A,B|C) _ [sin(C—3E)]"?
U4, BIC) _ |sin(C—3 )} . (5.12)
a(4,B|C) sinzE
Eliminating sin(C —%E) between (5.11) and (5.12), then using (5.10), we obtain
¢ 1/2
sin—|cos—cos—
2 2 2
U(4,B|C)= 77 (5.13)
coszsini sinz

Taking the duals of Egs. (34) and (35) of Sect. 140 of TL, then dividing by (5.9),
gives the formulae

sini(s—c) 24—E_ 2B—E__ A B
—S;’IT = {tan 2 tan 4 tan 5 tan 5} . (5 14)
cosi(s—c) E 2C—-E A B)Y?
—SiznéT— = {Cotztan—4—tan§tan 5} . (515)
Using these, it follows from (5.1), (3.11), and (3.12) that
tan E cos ¢ + sin S—¢
2 2
(4, B|C)= e
Sin E tan 5 tan 5
sin[(E + 2s—2c¢)/4]
s BIE: (5.16)
cos r sin 5 tan 5 tan 5
Similarly,
sin[(E—2s+2c¢)/4]
V(A,B|C)= 75 (5.17)
cos ry sin 3 tan 5 tan 5}

For the purpose of verifying (5.2) and (5.3), these expressions for G, S, d, U, ,
V are more convenient than the original definitions (5.1). They contain square
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roots only of multiplicative functions of individual angles, and these cancel out of
Egs. (5.2) and (5.3).

To use these forms, we need a notation for the lengths of the sides of the four
triangles (0,,0;,0,), (0,,0,,0¢), (05,0,,05), (0,,0,,05) in Fig. 5. If §; and 0, are two
interior angles of a triangle, let r;(=r;,) be the length of the side joining them. Thus
tes=Isq=LM,re,=MN and r, = NP. Since every great circle has length 27, and
any two great circles bisect each other, the length LP (along either circle) is ©. The
lengths r;; therefore satisfy the four relations

FsetTeatlas=rsy Tl Tl3s=r,trette =T, (5.18)
Fiatray iy, =m. (5.19)

We shall also need following quantities associated with a triangle (0;, 0. 0,):

20, =0,+0,+0,—m, (5.20)
ZSijk=rij+rjk—|—rki, (5.21)
e,=exp 30,, x;=cos 30, y,=sin 10, (5.22)

—ain L —qin 4 _
Fip=sin (s, +o5),  Gp=sin 5(s;;, — ;)

_1 i L
Hijk—2 SN 0t 5 Lijk—sm PUTD

M je=sin 3o+ 50— 7). (5.23)

Ny =sin 3o, — 8,5+ 1)
From (5.18). (5.19), and (5.21) it is apparent that

S132 8416 5345 8565 =2T. (5.24)

First Identity

Substituting the forms given in (5.7)—(5.17) for the functions @; ..., V into the first
identity (5.2), cancelling common factors, and using the definitions (5.22) and
(5.23), the identity becomes

luG132G416G345H265+H132H416H345F265
=/U’tL132L416L345G265 +1N132N416N345H265 ’ (525)
where
A=X1X4X5, U=V VaVs- (5.26)
Each of H,, F,4s, G5 is defined by (5.23) in terms of a sine function. For
these quantities, it is convenient to write sinu as Im[expiu] (or, for G,4s, as

— Im[exp(—iu)]. The resulting expressions can be factored, using (5.20) and (5.24),
into a product of 3 terms associated with the other triangles, e.g.

Fies=Im(A 5,A4,164345), (5.27)
where
Ajje=expli(m+0,—2s,,)/4]. (5.28)

(I use the convention that where i occurs as an index, it is an integer between 1 and
6; elsewhere it is the square root of —1.)
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Subtracting the right hand side from the left hand side, it follows that (5.25) can
be written as

Im(J)=0, (5.29)
where
J= —%iﬂémzéétméms _61‘33641:]1321']416[;’
—idulesese,) ' LisyLyi6lsas = 3AN 13N 416N 345 (5.30)
and
Gijk: G exp3i(n+0,+7,)],
H, = Ukexp[z(@ —0,—0,—n+2r;— ijk)/4] (5.31)
Lij=L exp[zl(ocuk+suk)] :
Nijk—Nijk exp[3i(n+6,)]
Each of Gi o e N ijx 18 & property of a single spherical triangle, with angles 6,

0, 0,. We can express them in terms of two angles and an included side; in
partlcular of 0, 0;, and r;;. This will give J as a function only of 6,, 0,, 6, and r 5,
F41, F34. These variables are independent except for the simple relation (5.19), so we
should be able to verify explicitly that (5.29) is satisfied.

In fact we can simplify this proceduge. Using only (5.20), (5.23), and (5.31), it is

readily seen that each of G, Lij» Ny is a linear combination of the

ijko l}k’
expressions
expli(2s;;,+0,)/41,  exp[—i(2s;;+0,)/4], (5:32)
expli(—2s;;,+30,)/41, ’

with coefficients that are simple explicit functions of 0,, 6, »and ry;

We can relate the three expressions (5.32) by using spherical trlgonometry. The
duals of Egs. (25) and (26) of Sect. 138 of TL are

sins =sinccos3A cos;Bcosec3C,

in L inl 1 1 1 (533)
coss=[ —siny;A sin3B+cos3A4 cos3B cosc] cosec;C .
From these it follows that
e “siniC=[costAcos;Be ™ “—sintAsinB]. (5.34)

Expanding sin$C on the left hand side in terms of exp(#3iC), then multiplying by
expli(2s + C)/4] and replacing 4, B, C, s, c by 0,, 0, 0,, Sijio Tyjp WE obtain a linear
relation between the expressions (5.32). Thus we can write Gi o N, i as linear
combinations of any two of the expressions (5.32), with coefficients that are simple
explicit functions of 0,, 0, and r;;.

More conveniently, we can write them as linear combinations of

T .
D =Ssm [7(%1 T ljli):l >

L - (5.35)
4, =exp(zir;;) sin [Z(Sijz\ + o‘ijl\)]
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[which are themselves linear combinations of the expressions (5.32)]. We find that

G =2xx,py5+ [ —cos3(0,— 0)) +isind(0,+ 0 g,
i = XX 05— Vi¥ i
- (5.36)
Lijk= —Pijptdijs
Ny =—[cos3(0,—0)+ising(0,+ 0 )1p,; +2V,) i
Substituting these expressions into (5.30) and re-arranging, we obtain (after many
cancellations)
2J = =Xy X3X4P132Pa16P345~ V1Y3Vad13294169345- (5.37)

Using (5.19), we find from (5.35) that ¢,5,4,,64345 s pure imaginary. Since x;, y;,
P, are real, it follows that J is real. We have therefore verified (5.29), and hence the
identities (5.2) and (3.9).

It is interesting to note that after (5.36) we have only used the definitions (5.35)
to note that p,,,0,,6P345 a0d id;5,94,69d345 are real. Thus (5.29) is true for any
expression J given by (5.30) and (5.36), the only restrictions on p,; and g, being
these two reality conditions.

Second Identity

The same general techniques can be used to verify the second identity (5.3), but
there is no longer such a simple symmetry between triangles (132), (416), and (345).
Substituting into (5.3) the expressions for ¢, S,...,V given in (5.7)-(5.17),
cancelling common factors and using the definitions (5.23), we obtain
in132G146H345H265 +y5H132H14-6F345F265
=0V My Moy Lyyslygs+0VsLyzilesiNaasNoess (5.38)

where
Q=X,X3X4X¢ . (5.39)

Writing the sine functions associated with triangle (256) as imaginary parts of
exponentials, and using (5.18)-(5.20) and (5.24) to share out these exponentials
between the other three triangles, (5.38) can be written as

Im(K)=0, (5.40)
where

-~ A~ A -~ -~ A
—1; _
K=3iy,G 3,6 146H345— € H 3,H 46F 345

Fiyx3xgM o 3,M6Llsyst+e; '%3X,2132Z 146N 3455 (5.41)
G, H being defined by (5.36), and M, ..., N by
M =X, M, exp[— il +r,)],
Zig=xLiexplin+0,+0,—0,+ 25, — 2r,)/4],
345 = Hiys exp[%i(@s—l—rﬂ—n)], (5.42)
345 =VsF34s expl3i(0g,5— S345 T 7321,

345 =VsNags eXpl5i(05,5 +5545)]

Z> g T
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Again we look for linear relations between the functions associated with each
triangle, the coefficients being explicit functions of 0,, 05, 0,, 7,3, 714, 75, Using
(5.34), we find that

i = Xl T 1Vl
A
Fags=Hyus+x3x4L5,5,
- ~

Niyus=Hzus—V3VsLlsys,

. B . .
Mijk—xiejpijk Yi¥idijn = 1% Y bk »
Z
A

(5.43)

g3, being the complex conjugate of g, ;.
Substituting these expressions, and the expressions (5.36) for G and H, into
(5.41), one finds that K can be written as
K=K, +K,+K%, (5.44)
where J
K =iy,4,3:0146[3¢5 " €4 " Hyys = X3X,0304L345] (5.45)

K,= {%xl(y1x3y4+y1y3x4—x1x3x4—x1y3y4)p132p146

+ix,y,(V3d13,— €3 1[7132)(3’44146 —ley 1p146)_yfy3y4q132q>1k46}x1x3x4L345
(5.46)

Plainly K, + K% is real, so to verify (5.40) we have only to show that K, is real.
Using (5.42), (5.23), (5.35), (5.19) and the spherical trigonometric formula
sinfsin0, cosry, =cosl +cosf, cosl,
(Sect. 54 of TL), we can establish that
K, =5y,F,3,F 46[sin05—sin(0,+0,)+sin0, sin0, sinr,,]. (5.47)

Thus K, is real; we have verified (5.40) and hence the identities (5.3) and (3.10).
I have assumed that 0,,...,0, and r,,,...,¥s, are real numbers: this is really
just a notational device to avoid writing (5.30) and (5.41) twice, once as given and
once with i replaced by —i. The identities (5.2) and (5.3) are basically algebraic, so
must of course be true for complex values of the parameters as well as real ones (so
long as consistent choices are made of the branches of multi-valued functions).

6. The Static Solution

In the first of his two papers, i.e. in ZI, Zamolodchikov considers the “static limit”
of the tetrahedron equations. This can be thought of as the limit when the
(0,,0,,0,) and (0,0, 0,) triangles in Fig. 5 are infinitesimally small, in which case

0,+0,+0,=—0,4+0,+0,=0,+0,—0;
=0,+0,+0,=m. (6.1)
The spherical quadrilateral becomes planar, as in Fig. 7 of ZIL
In this case the parameters Q,, 0., @,. O, R, in Table 1 vanish, for all four

functions W, W', W”, W". Thus each W is determined by just seven parameters:
P,, P, P,, P;, R, R,, R;.
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It is interesting to see if the tetrahedron equations (2.2) admit some more
general solution than that found by Zamolodchikov, containing Zamolodchikov’s
as a special case. In general this is a very difficult problem, but one possible start is
to attempt to generalize the static limit solution, i.e. to look for solutions of (2.2)
such that the weight functions W, W', W”, W all have the form given in Table 1
(different functions having different values of the constants), with Q,, 0,, Q,, Q5,
R, all equal to zero.

Many simplifications arise in this limit. For arbitrary Py, ..., RS we can still use
the spin symmetries of Sect. 3 to reduce the number of equations to 224, occurring
in 112 pairs, each equation of a pair being obtained from the other by negating
every Q. However, since we are taking every @ to be zero, this means that the two
equations of a pair are identical, so there are only 112 distinct equations.

Each of these equations is of the form

tA+B=+CtD, (6.2)

where each of 4, B, C, D is a product of four of the parameters P, ..., R’ (one for
each of the four weight functions W, W', W”, W"). Since R, in Table 1 is zero, some
of 4, B, C, D may vanish. Indeed, 18 of the 112 equations are simply

0+0=0+0. (6.3)

This leaves us with 94 non-trivial distinct equations, which break up into the
following four main sets:
(i) 28 equations of the form

A+0=C+0 (6.4)

(i.e. one non-zero product on each side),
(i) 12 equations of the form

A—B=0+0, (6.5)
(i) 36 equations of the form

A+B=C+0, (6.6)
(iv) 18 equations of the form

A+B=C%D. (6.7)

Obviously (2.2) is unchanged by multplying any of the four weight functions by
a constant. Assuming that P, is non-zero, we can without further loss of generality
choose it to be unity, for each of the functions W, W', W”, W”. Thus

P, =P, =P} =Py =1. (6.8)

This leaves us with six available parameters for each function, giving us 24 in all.

We now seek to systematically solve the 94 equations for these 24 unknowns.
The 40 equations of types (i) and (ii) involve only two products, so are quite easy to
examine. Assuming that our remaining 24 parameters are all non-zero, we could
linearize these equations by taking logarithms. It turns out that they are satisfied if
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and only if there exist 12 parameters x,, ..., X4, Vi

P, =(z,z5)"?,

Ry =(y,/x;x)"?,  R,=(y,/x,x3)"?,
P =(z,/z)"*, Po=1/(z,z¢)"?,

Ry =(xe/x,9)"%. Ry=(y,/yaye)'?,
P =1/(zyz,)"*, Py=(z5/z,)"?,

Ry=(ps/ysy)'?,  RE=(x3/y,x5)"2,
P"=(z,2¢)'", Py =(z52¢)"?,

R,{,:(ys/xzxs)I’Q’ Rlznz(yz/xsxs)l/za

P,=(z,z,)"?,

where for brevity I have introduced z,, ..., z4 such

Zj=VilX;

..., Vg such that
P3:(Z1zz)1/2,
R3:(y3/x1x2)1/2;
Py=(z,/z4)"?,
/3=(x4/x1)’6)1/2 >
P’3’=(ZS/23)1/2’
Ry =(x4/y3xs)
Pg/:(ZZZS)I/Z’

R" =(yg/x,x5)

1/2
5

1/2
s

that

and the § powers are introduced for later convenience.

At this stage it may be noted that if the equations of type (ii) are changed from
A—B=01t0 A+ B=0, then the combined set of 40 equations has no solutions with
P,,...,RY all non-zero. This means that the sign factors ab, ac, ad in Table 1 are
essential and that ¥ cannot be chosen to have all its values non-negative. This is
unfortunate from the viewpoint of statistical mechanics.

Now we substitute these expressions for P,,...,RY into the 36 equations of

type (iil), and obtain
Vit Yay3=x,X;

Vot Vayi =X3%
Vit Vi) =x,X,
V1T Va6 = X4 X6
Ya™VeV1=X6Xy
Y6 = V1Va=X1Xy
V3T V4Vs =XyXs
Va—VsV3=XsX3
Vst Yaya=X5X,
Va2t Vsye=XsXg
Vst VeV =XeX,
Ve tV2Vs=X,X5
VaVatY3Ve=XXs
VaVe = V1Vs=XpXy

V1Vs T VaVa=X3Xg.

(The first 12 equations occur twice, the last 3 occur four times.)

203

(6.9)

(6.10)

(6.11)
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Eliminating x, and y, between the first three equations gives

A,=4,, (6.12)
where
— 2 2
Aj=(xj +y; = D/x;p). (6.13)

By symmetry, it follows from the first three equations that 4, = A, = 4,. Similarly,
the next three sets of three give — A, =4,=4,, A;=4,=—A4,, 4,=4,=A,.
The only solution of these equations is

4,=0, j=1,..,6, (6.14)

so that S,
X;+Y; =1. (6.15)

We can therefore choose six unknowns 0, ..., 0, such that
x;=cos30;, y;=sin30; (6.16)

for j=1,...,6. The first twelve equations in (6.11) then reduce to

0,+0,+0,=m,
—0,4+0,+0,=7,
17T V6 =T (6.17)
0,+0,—0,=n,
6, +0.+6,=n,

(apart from additive multiples of 27 which can be absorbed into 0, ...,0). These
are precisely Eqs. (6.1), so we can regard 0,,...,0, as the angles of a plane
quadrilateral. Comparing these results with (3.11)—(3.15), we find that we have
regained Zamolodchikov’s solution in the static limit. Thus this is the only
solution of (2.2) in which the weights W, W', W”, W™ have the form given in Table
L, with Q,, 0, Q,, 05, R, all zero.

The last three equations in (6.11), as well as all the type (iv) equations, are now
satisfied automatically : indeed they have to be, as these are just special cases of the
general equations which have been verified in Sects. 3-5.

7. Summary

The tetrahedron equations are given in (2.2) and Zamolodchikov’s solution in
Table 1 and Egs. (3.11)-(3.15). For this solution, the 2'* tetrahedron equations
reduce, first to 224 non-trivial distinct equations, and then to just two identities. In
Sect. 5 I have proved these identities, thereby verifying Zamolodchikov’s solution.

This solution is very special: it does contain three adjustable parameters for
any particular Boltzmann weight function W, namely the three angles 0,, 0,, 0, of
a spherical triangle. However, these parameters are probably “irrelevant” (in the
language of renormalization group theory), just as the corresponding elliptic
function argument u (or v) for the two-dimensional eight-vertex model is irrelevant
[1]. If so, then no critical behaviour can be observed by varying these parameters.
The solution also has the property that some weights occur in anti-symmetric
pairs of opposite sign, which is unfortunate from the point of view of statistical
mechanics.
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Even so, it is remarkable that the tetrahedron equations have any non-trivial
solutions at all, and this leads one to hope that other three-dimensional solutions
may be found, perhaps by generalizing Zamolodchikov’s result. In Sect. 6 1 have
attempted to do this in a modest way by restricting the weight functions to have
the same symmetries, anti-symmetries and zero elements as Zamolodchikov’s
“static limit” solution. Unfortunately it turns out that no such generalization is
possible : Zamolodchikov’s is the only solution of this form. This is disappointing,
but one can still hope that other, less restricted, generalizations or alternative
solutions remain to be found.

Ultimately, of course, one is interested in statistical mechanics in calculating
the partition-function per site Z'/¥. Zamolodchikov calls this the “unitarizing
factor” (dropping the superfix 1/N), and writes down the inversion equation for it
in (5.2) of Z11. Unfortunately this determines Z'/¥ only if appropriate analyticity
assumptions are made [16, 17], and it is not obvious what these are, or precisely
how to use them. Again, one would like to generalize W to include a temperature-
like variable. The analyticity assumptions could then be checked against low- or
high-temperature series expansions, as can be done for two-dimensional exactly
solved models [10].
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