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Renormalization Group for a Critical Lattice Model

Effective Interactions Beyond the Perturbation Expansion
or Bounded Spins Approximation

K. Gawedzki' and A. Kupiainen?
THES, F-91440 Bures-sur-Yvette, France

Abstract. New methods are developed for the study of the Kadanoff-Wilson
renormalization group for critical lattice systems of unbounded spins. The
methods are based on a combination of expansion and analyticity techniques
and are applied to a nonlocal hierarchical model of the dipole gas. They
remove the main obstacle against the use of the block spin strategy in more
realistic models such as ¢3, the dipole gas and the anharmonic crystal.

1. Introduction

In the previous publications [4-6] the present authors have developed methods
for a non-perturbative analysis of the Kadanoff-Wilson renormalization group
(RG) in the context of massless lattice theories such as the dipole gas and ¢3,
dz4, at the critical point. It was soon realized that the main problem was the
simultaneous control of the clustering and positivity properties of the effective
interactions. To study these questions separately, we introduced a hierarchical
approximation to the systems (see [4] for more details and the motivation). We
considered different cases depending on whether the fields describing fluctuations
on a given distance scale were bounded or unbounded in magnitude and whether
they had covariance totally local or one with an exponential falloff (as in the real
models). The bounded nonlocal model was suitable for the study of clustering [4,
5] whereas the unbounded local model dealt with the positivity problem [6]. The
first case was solved by use of a cluster expansion to compute the effective
potential, the solution of the second one was based on the study of the analyticity
improving properties of the RG transform.

In the present paper we combine these two ideas to carry out the analysis in the
unbounded nonlocal case. We prove that for a wide class of potentials the RG

1 On leave from Department of Mathematical Methods of Physics, Warsaw University, PL-00-682
Warsaw, Poland

2 Present address: Research Institute for Theoretical Physics, Helsinki University, SF-00170
Helsinki 17, Finland



78 K. Gawedzki and A. Kupiainen

drives the system to the line of massless Gaussian fixed points. We show this for
the potentials but, as in [5], the analysis could be extended to the correlation
functions giving their infrared behavior. Once combined with a careful study of the
Gaussian piece of the effective interactions, the methods developed here lend
themselves to the study of more realistic models mentioned above. Briefly, the idea
here is that if the Gibbs factor is analytic in fields in a polystrip, then the RG
transformation expands the analyticity region due to the scaling involved,
producing a contractive effect. This is exhibited by analyzing the fluctuation field
integral by means of a partially resummed cluster expansion. The resummation is
done in the regions where the block spin field is large and the expansion would not
converge. The (usually large) contributions from these regions are estimated by
iteration of an a priori bound showing that they are not too large and do not spoil
the positivity of the action.

Section 2 of the paper gives the description of the cluster expansion and its
partial resummation. Section 3 states the inductive bounds for the effective
interactions and shows how they carry over to the next step.

2. Set-Up of the Expansion

We work with the periodic boundary conditions. Our field yp=(yp,) (the block spin
field of the model on some scale) lives on the periodic lattice Ay:=7Z4y, (viewed
also as ]—3 LN, LLN[?(\Z%), see [4, Sect. 2]. For notational convenience L is taken
odd. The (effective) interaction for v is an even functional V(y), V(0)=0, invariant
under periodic translations of . The block spin field on the next scale ¢ =(¢,)
lives on Ay _, and is related to y by

1px=L—d/2¢[L—1x]+%(x_L[L_1x])Z[L—1x], (1)

where Z is by definition the fluctuation field (on A, _,). Here .2/ is a fixed function
bounded by 1, with mean zero, supported by the L x... x L block in Z* centered at
the origin. Also, [L™'x] denotes the integral point nearest to L~ 'x. The effective
interaction V' on the next scale is a functional of the block spin field ¢ obtained by
averaging out Z in the Gibbs factor for ¢

exp[ — V'(¢)]= [exp[ - V(y)ldvy, (2)/(¢=0), 2

where dv(Z) is a Gaussian measure with covariance I', and we have normalized
the expression so that V'(0)=0.
The covariances Iy will be obtained from a single covariance I'=(I,), .z

such that
1—;c+ay+a:[;cy’ (3)
[=1, 4
and
II—;y| éexp[ - Ad(x? y)] 5 (5)

with A sufficiently big. '
Throughout this paper we use the distance d(x, y)=)_|x'— y'| on R?; I} will be

13
the average of I'l, ., over periodic translations by vectors in Zj~. It is
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straightforward that I, satisfy the periodic versions of (3)~(5). Our estimates will be
uniform in N.

We shall consider various subsets of periodic lattices D, X, Y and the like,
which we always assume to be built of the blocks of L sites centered at points of
L7 unless otherwise stated or obvious from the definition. For any general lattice
subset B, B will denote the smallest subset containing B built of the blocks,
L™ 'B:={[L™'x]:xeB}, LB:={Lx:xeB}. For X built of blocks, by |X| we shall
denote the number of blocks contained in X and by #(X) the length divided by L
of the shortest connected graph on the centers of the blocks contained in X. Then
X is said to be connected if the graph on the centeres of the blocks building it,
obtained by joining those corresponding to the nearest neighbor (n.n.) blocks, is
connected (i.e. the centers of blocks of X cannot be divided into two non-empty
subsets with no graph lines between them).

Suppose at the beginning that

V= Z VY+ Z vx’ (6)
0+YCAN xedAn
where V4, v, are even, vanish at zero, and depend only on [, and , respectively.
Then for DC Ay, partly resumming the Mayer expansion for exp[ — V],

exp[— V1= ) [[(exp[—W,] —1)1—IeXp[ vl

{Y,} «
we obtain
exp[—V]= ) [lgx7™exp[— ¥ W= X v, (7)
X3 J YYr\(\jXJ)=0 x¢D

where the sum over {X j} runs over the sets of disjoint subsets X ;C Ay such that
Ux ;2D and that DNX; are built from connected components (c.c.) of D. Here

g2r% =Y TT(exp[— V¥, 1-1) [ exp[—v,], ®)

{Yy} o xeDnX,

where Z is restricted as follows: (DNX ) U(U Y) =X, and X cannot be divided

{¥o)
into two subsets (built of blocks) such that each c.c. of DX and each Y, is in

either one. In the future whenever such restrictions appear we shall shortly state
that X ; is to be connected with respect to c.c. of DX and Y,

In the sequel we shall use the representation (7) for the Gibbs factor after n—n,
RG transformations (2) for v such that |y, |<n* on A\D. Hence g will contain the
information about the behavior of V for large fields.

Notice the relation between g} and g3' with D, DD

g2i= Y [Taxr™ Y [Tlexp[—=¥,1-1) [T exp[—o.]. )

X3 J (Y} « xeDi\D

Here ) runs over the sets of disjoint subsets of X, such that DnX ; 1s built from
X3
c.c. of D and UX OD. Also ) is over sets of subsets of X \U X such that X, is
,} J
connected w1th respect to c.c. of D,, X and Y,
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To produce representation (6) and (7) for V" we shall cluster-expand (2) by the
method of [9, 2]. Let us order the points of Z*. Let y be the first point of A _,. For
se[0,1] define the covariance I'* (we omit the subscript N—1)

s {Fxm if either x,=x,=y or x;+y and x,*y, 10
2T \sI,,,, otherwise. (10)
Then
1
[F(Z)dv(Z)= [ F(Z)dv o Z)+ fds;—SfF(Z)dvrs(Z)
0
L 0 0
= jF(Z)d‘Q«o(Z)"‘ ygy g de (E I;y: 5—ZY—F(Z)> dvrs(Z) . (1 1)
Iterating (10) and (11) we obtain
[F@)dvi(4)= 3. [T]SGIF(Z)dvr2), (12)

§ @
where
Vo= as o0 ¥2)
is a sequence of different points in Ay_,, y! being the first of them in the fixed
order,
Vo= V3,

Y runs over the sets {j,} such that {y,} forms a partition of Ay_,
)

Sy)=1, (13)
S¥)=[ds}...ds;" 'K(¥,.s,) for mn,>1, (14)
K(,s)= |1 KGs,), (15)
i=2

o 0 0
I, S,) = ST T 16
K(i,s,) lgjgénysa st 0z, "oz, (16)
Fyi\é':I:'é»;’ 17
Iy =0 =si..s, 'Ly, for j<i, (18)
I};z),;}=0 for a=p. (19)

Besides (12) our cluster expansion will also contain the Mayer expansion
[T exp[—Vy1= ) (exp[— V31— 1), (20)
|Y]>1 {Yp}
and the partition of unity specifying the region where the fluctuation field Z is
large:

1= Y w2, (21)

RCAN -1
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where
1r(Z)= ]_[ 1(|Zy|;Bn2) ﬂ 1(|Zy|<Bn2). (22)

yeR y¢R

The superposition of (12), (20), and (21) for the right hand side of (2) gives
exp[—V(@I=Y Y ¥ | (H S [T (expl— V)]~ 1)

R {5u} {Yp} [
[Ygl>1
/l:[ exp[—VAy(w)— > vx(w))XR(Z)dvrs(Z)/(¢=0), (23)

where Ay is the block in Ay centered at Ly. Now we have to exhibit factorization
propertles of the expansion (23). Let R contain R and the blocks being the n.n. of

those in R. Consider the subset
X=R U(LBJL“Y,;)‘ U(a Y ya) (24)

of Ay_,. Draw a graph on the centers of the blocks building it the following way:
there is a line for two different points if

one is the center of a block in R and the other of its n.n.
block,

both blocks centered on them contain points in a single
L 'Y, or a single y,.

Use the c.c. of this graph to select the clusters (polymers) X, in X. Fixing {X,} and
performing the rest of the summation, we obtain for exp[ — V'] the expression
involving the partition function of a system of polymers [11, 12]:

eXp[—V'(¢)]=( Y lex(d)o= O)GXP[ Zv } (27

{X¢}disjoint (

where for X C A, _, the polymer activity

=Yy Zf(nsmnexpt Vy (@)1—1)

R {52} {Yg} [

n exp[—VAy(w)— z vx(w))xR< X)dvrxzx)/(xg( exp[—w;(qs)]), (28)

with Z,=Z|, and
exp[—wi(¢)]:= | exp[ — V() — ZA vx<w)] 1 Z vy (Z,), (29)
v(@): =w,(¢) — w}(0). (30)

In (28) the sum over R, {y,} and {Y}} is restricted as follows: RCX, {y.)isa
partition of X, L;* Y CX, | Y| >1 and the graph on the centers of blocks in X drawn
according to the rules described above is connected. Using (27) we would like to
obtain an analogue of (6) for V'. This is possible if the activities 0x.(¢) are small.
For YCAy_, put (see [1, Chap. II])

Wd)=— ¥ H,ZHA(I)HQX,; (31)

(X;);= =y leye
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where ) runs over connected graphs on vertices {1,...,Z} and
Ve

=1 7g e @)
Now, with
V(@) : = Wy(¢)— W(0), (33)
V= Y Wt X v (34)
Yoo | xedmos

holds at least provided that the polymer activities gy (¢) are small so that the series
in (31) converges. Actually the activities are not small for large values of ¢, and
neither (6) nor (34) makes sense. What will be shown to make sense is (7) and its
analogue for V' with D containing the region where the field is large. However we
find it worthwhile from the pedagogical point of view to arrive at the final
expansion by cluster-expanding everywhere and partially resumming the expan-
sion, regardless of the fact that these two steps are only formal.
As a result of the partial resummation done exactly as in (7), we obtain for
D'cX’
= [Texp[=¥3,1-1) [T exp[ -], (35)

Yo} « xeD’
with the same restrictions on {Y,}. Now using (33) and (31) we obtain
( ) expv;(¢)) ger@=2% X [10!mN" (=W (@)W (0)"

Yo} (nayme)
Ne+tme>1

= Z NMM”ZHADH@wﬂlwm

X, X3 Y1, .., Yr) vy ley i=
= 2 2 ﬂ&ww‘nwm (36)
{X(; XQ‘V) Yi,...,Yn) i=
isjoin

where the sums over X |, ..., Y;, are restricted by requiring that X’ be connected
with respect to them and the c.c. of D".
Introduce now for D'CX

0% :=2 [lox, [1 exp[—2l], (37)

X} i xeD’

where the sum runs over the sets {X,} of disjoint X, such that X is connected with
respect to X; and c.c. of D". Notice that for empty D’

0% =03- (38)

We may rewrite (36) as

gVP= ) Z l_[ o} MM H Wy (0) (39)
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with restrictions requiring that X, be disjoint, D'nX, be built of c.c. of D’ or be
empty, UX ;D)D" and that X" be connected with respect to X; and Y;.

The polymer activities g% may be obtained by selecting differently the clusters
of the cluster expansion: working with (25) we could have considered the set

X=D’uﬁ(LﬂjL_lY;,)_u( U ya)_ (40)

aing>1

and have drawn additionally lines between the centers of the n.n. blocks in D’ when
building the graph used to select the c.c. of (40). This would have given

expl - V(¢)]= (Z 1% %(¢) /(¢ ))neXp[ @, @)

{Xc} x¢D’

where X ¢ are disjoint, X (D" are built of c.c. of D’ or are empty and UX (DD'. The
polymer activities are

F@=YY ¥ J(Hsm)n(exp[ Vy ()] — 1)nexp[ Vi w)— Y vx(w)])

R {ya} {¥Yp} \ « xedy

AR(ZR)dvrdZy) / ( [1 expl—vi(¢)] [] exp[- Wy(O)]) : (42)

xeX\D’ xeX

Here the sum over R, {y,} and {Y}} is restricted similarly as in (28), except that
now the graph on the centers of the blocks in X with lines for the centers of n.n.
blocks in D’ added is to be connected. It is straightforward that (37) and (42) give
the same object.
The crucial property of the activities 9% "¥(¢) is that they are sufficient to give
g2~ X (¢p) and V(o) for D'nY=0 [see (39) and (33), (31), (38)] and that in turn they
may be expressed by a Z integral of expressions involving only g2"*(y) and V,(y)
for DNY =0 with D=L(D'UR). Partially resumming ]_[(exp[ Vy,—1) in (42)
we obtain

ACEDY Z > ZJ“(HS(ya ng g[exp[—vyﬂ(w)]—l)

R {X1,...,Xn} (5o} (Y} o

[ ewl-Vy 00 T] expl—o])

ye)?\\i,r L-1X; xeLX\D
ARZg)dvr(Zg) / ( l;[ exp[—vi ()] l_}[? exp[ — w;(O)]) ; (43)
xeX\D’ XE.
with the following restrictions on the sums: RCX, L~ X, cX, X, are disjoint, DnX
are built from c.c. of D, UX oD, y, are disjoint, Uya =X, L7'YCX, Y;nX,=0,

|Ygl>1 and the graph on the centers of blocks of X obtained by drawing lines
between the centers of blocks in R and their n.n. and between two different points
such that both blocks centered at them contain points in a single L™'X, L™ 'Y, or
Y, 18 connected.
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If ¢ in (43) is small outside D':|¢, | <1LY¥?(n+1)? for x¢D’, then v under the
integral is also small outside D:|y |<n® for x¢D. This follows from (1), the
definition D= L(D'UR) and

in+1)2+Bn><n?, (44)

which holds for n=n, if B is chosen properly
We shall still have to rewrite (43) in a slightly changed form. Let

v (P)=c, 02+ (¢), where —7,(0)=0. Similarly v/($)=c’.+ 7 (¢). Now

¢2 b
@)= > X X Il expcy¢: [[ expllc;—c,)$7]
R {X1,...,XnN} {Fu} {Y} xeR\D’ xeX\(D'UR)
f (l_[ S.) I gxr ™ (w) l;[(eXp[— Vy,(0)1—1) \l_[_l exp[ =V, ()]
[T exp[—0w)] I exp[—cz(z w(x)Z) zg)

xeLX\D yeX\(D'UR) X

-xR(Zg)dvrs(Zx)/< [[ expl[—()] l—[eXp[—w;(O)]), (45)
xeX\D’ xeX

with the same restrictions on the sums as in (43).

Equations (29), (30), and (44) or (45) together with (39) and (33), (31), (38) define
new v/, ¥y, and g'%.in terms of the old ones. For those expressions to make sense it
is enough that the activities g4(¢) be small only when DNX =@ or when ¢ =0, that
is for small block spin fields. This will be shown to hold for all interations of the
RG transformation. From the way the expressions for v/, V},g'% were obtained it is
obvious on the level involving manipulations with ill-defined formal power series
that the analogues of (7) and (9) hold again. To show that with full rigour, we have
to proceed in another way, having chosen the formal one since it was more
instructive. Let us sketch here the other argument leaving the details as an
exercise to the reader.

i) In (2) we perform the expansion (12) and insert the partition of unity (21).
il) We use (7) with D=L(D'UR) to express the Gibbs factor.
iii) The Mayer expansion of exp {— Y Vy(tp)J is performed.

Y:Ym(\)_)XJ) =0
Y|>1

iv) We select the polymers decomposing
Iiu(UL_lXj)_u(UL_lYp)_u( U ya)_,
J B aing>1

with the help of the graph joining the centers of the n.n. blocks, one in R, the other
in R or of the blocks, both containing points in a single L™'X;, L™ 'Y or y,. The
activities of these polymers are g% “¥(¢) as given by (43) or (45).

v) In the expression (41) which results this way, we Mayer expand

Hexp[ W(0)], which is the <¢ (;) term. Then X ¢ and Y, forming clusters X,
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connected with respect to X . and Y, around c.c. of D’ give rise to the term
]_[g’D ~X5 of exp[ — V']. The resummatlon of the other term produces

exp(—— Y Vi— 3 v;].

Y:Yn(kJJXj)=0 x¢D’

Thus we obtain (39) together with an analogue of (7).
vi) One shows using (43) and (9) that for D}, > D’

k(@)= [1ez"09) [] expl-v@Nl, (46)

J)J

where we sum over sets of dlS_]OlntX such thatX cX 1 D'r\X are built of c.c. of D’
or are empty, UX DD and X is connected w1th respect to X and c.c. of D’.

vii) The analogue of (9) follows from (39) and (46).

3. The Estimates

We start formulating inductive assumptions on vV, g% For X, X,CAy,
X, nX,=0, define

BX X 5;71,75): = (@) ex,ux, [ TM @ <7, for xeX,|p,|<r,; for xeX,}. (1)

Our inductive assumptions will involve the following parameters: 6, L, 4,1, x, E, n.
We shall always assume that 0<d<1, L>Ly), A>A0,L), r>r,J,L,A),
Lko(6, L, A, 1) < <ky(0, L, A, 1), E>Ey(L, A,7), n>n,(0, L, A, r, E) with appropriate
choice of Ly, A, ¥o, 1, Eo, and ny,.

Assumptions

1. v(p)=v(¢,) is an even analytic function on B(0, {x};0,3n?), real for real

¢, (0)=0, v(¢p,)=c,p>+5(¢,), where if’ 5(0)=0, |c,| <3k, [3]< 5"

2. Vy(¢) is an even analytic function on B(, Y; 0, 3n?), real for real ¢, 4,(0)=0,
Vyl<o"exp[—AZL(Y)].
3. g™A¢) is an even analytic function on B(D, X"D; n*, n?),
oo

¢ng<¢)‘<M'r Mexpli 3 0,P=ALO)+EID].  M=(n).cx

xeD

We shall prove that v/, V}, g% satisfy the same assumptions with n—n+1,
k—Kk' =x(1+0(n~2)) and the other parameters not changed.

The Estimates of the Local Potential
By (2.29)

wi(d)=c,d; —log | eXp[—VAy(w)— > 5x(w)}

xedy

-exp[ —c, (Z (x)?) zg} 16(Z)dve, (Z,). )
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It is straightforward that

Iw(0) = O(x,) 3)
and
d2
Ch—cCy= dd)" wi(0)—c, =0(5"). 4)
Hence
RSP (5

Now wi(¢) is analytic for |¢,|<3-3LY*(n+1)?, see (2.44). For |¢,|<3(n+1)?

o'(P) = i m!~* d—mw )| G(n+ 1> (6)
m=4 dd)
But
wi(p)=— log<1 + <exp[ =V (w)— EA: 1~)x(lp)} - 1>) +const, (7)

where ( —) is the expectation in the probability measure

Nt exp{ - cz(g .;zi(x)2>Zf} 1(Z )dvy (Z)

and
\GXP[ =V (w)— x;y T)x(U))} - 1‘ S(L+1)3"(1+Co") (®)
for |¢,| <3LY*(n+1)% Hence, for m>0 by the Cauchy formula,
;W w (0)| Sm!GLY*(n+1)%) " ™(L +1)6"(1 + C§"). 9)
(6) and (9) give
B(AI=GL™ V) 41 =2L" ") ML+ 10" (1 + Co ="t (10)

Thus v’ possesses the required properties. We also see the mechanism which drives
the local potentials down (except for the quadratic terms). This is the expansion of
the analyticity region by factor O(L%?) each time the RG transformation is
applied. We shall use this mechanism still once more below when estimating Vy
with small Y.

The Estimate of the Polymer Activities

In order to show that V; and gy satisfy Assumptions 2 and 3 we shall have to
estimate 9% (¢) as given by (2.45). From (2.1), (2.44), and (2.43) or (2.45) it is obvious
that ¢%(¢) is analytic in

B(D',X\D'; 1L‘“Z(n +1)?, %L"/z(n+ 1)2).
Let us write
0
]___[S(ya) l_[j‘ds zf“r“(s)n l 1y aZ (11)
I+

lety
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where 7, is a graph (tree) on y, with lines /=(/_, 1, ), [_ earlier than [, in y, such
that each y! for i>1 appears once and only once as [,. Then

(s)=11s (12)

let,

where, if [=(y, y/), then s,=s" ... s/ 72 (s,= 1 if j— i < 1). Let p be the family of points
(ol o '/1=U,“(J’)
* y

[each point y appearing so many times (|u(y)|) as there is derivatives over Z, in
(11)]. Let

{Ni}fy: 1> {,uﬁ}a {,uyy}yef\kl) L~1Xi> {uxé}xeLJ?\m {ﬂy}yey? \(D'UR)

be the partition of u determined according to which term in (2.45) is differentiated
over Z.’s.
y

R=Y> ¥ Y ¥ Y [l explcdZl JI explic,—c,)¢?]

R {X2} (3o} {Y s} {7ad {n1} xeR\D' xeX\(D'UR)

N 5[
Adsuf [T T] 7o ] aZ,l,,<exp[ Vo (1= 1)

a|/‘yv| lttaeo]
(- ) eer-ven 11 (11~ S
yeX\;)L iy xeLX\D \ ¢
a“‘yl
eXp[*lN)x(U))] SR OB aZ”y exp[ — cz(g ﬂ(x)2> Z}Z}} XR(Zf)dVFs(Zi)
{ L expL=o@)] [TexpL—w0]) " (13)

The expressions with derivatives under the integrals in (13) are bounded as follows

(u! c=1TIu) !)

N alﬂll

azmgﬁr"f(w)‘gnui!(Cr‘l)'“f'exp 219, — AL LX)+ EID], (14
i=1 i xeD
olmsl .
270 (exp[— Vyp(w)]—l)‘ Sp N(Crmmls(1+ CoMexp[—AL(Y)], (15
all‘yv|
Az VAy(w)‘ <y, (Crmhmlar, (16)
@l#x«sl
s 50 S lCr e, 7
gl 2\ 72 —1\|uy| ,CxZ2
mexp[—g(?d(x))Zy} S, N(Crm hlmleery, (18)
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where C depends only on L.
Using Assumptions (3), (4), and (14)—(18), we obtain

¥l exp[ Y o2+ ELYD I}ﬂeXp[ AZL(X)]
R, {Xi}, {¥a} xeD’
{Y g}, {ze, {ur}

]_[exp[ ALY )] [T 0, e

leur‘,
n [6"(1+ Co")] eXp[CKlXI] exp[E|LR|+ 2xn*|L(R\D")[]
j]_[ds fi(s )jexp[Cx Y Z3 r(Z)dvrdZy). (19)

It is straightforward to show that the Z integral on the right hand side of (19) is
bounded by

exp[Cx|X[] [] exp[ —1B2n*]. (20)

YeR
The sums in (19) will be estimated by the method of combinatoric coefficients [ 7] :

Zlﬁlésgpcalfal if Y 'st, ¢,>0. (21)

Let us start with the sum over {u,}.
i) We first sum over the choices of {u;}, () g, {U uw}, 4U ux‘,}, and {u,}. This
B Y 3

is controlled by the combinatoric coefficient (4 + L%,
ii) Wesum for each Y, over the choices of the subsets Q of L;; ' Y of points y with
|ug(y)l >0. The coefficient []2"#! controls this sum.

B
iii) For each y we sum over the partitions of U g(y) into {1p(y)} 4. ye0, This is
controlled by the coefficient

s -1
[12%" (Tl
y B
iv) For each y we sum over the partitions of () 4, into {u,.}. The coefficient is
Y

Z [yl l—[(zl yy)

v) For each x we sum over the partitions of U Uy into {u,s}. The relevant

coefficient is
Z |uxesl
n(Z ]/Jxé)

Altogether we pick up a coefficient which may be bounded by

Clelp ! TT2Ye1, (22)
B
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Inserting (20) and estimating the sum over {,} in (19) with the use of (22), we get
G EDY maX{exp[K )y |¢x|2+EL“ID’I]Hexp[—Af(Xi)]

R, (X3, (5a (kD xeD'
¥}, {7
JT@C¥lexp[—AL(Y)]) [] I, pt2Chp=IH
B leuta
-exp[CxlX]|] [1exp[—%iB*n 4]jnds £ (s, } (23)
yeR
An easy estimate [4, Lemma 2] yields for e>0
(1-e)ZX)=(1+e)Z(L"'X,)—-C, (24)
(1= L(Y)z(1+8L(LTY,)-C, (25)
(1—e)d(_, 1)z +e)d(L™ 1] [L™,])-C. (26)

Hence by virtue of the connectivity properties of X

N

1T expl— (1AL [Jexpl~ (1= AL [ [expL—(L=0)Ad( . 1,)]
-exp[ —eB*n*|RI]= C(4 N”“' H C(A)exp[ —(1+8)ALX)]. 27

Another easy estimate [8, Lemma 10.2] gives

p2<C T expldd_.1,)]. (28)

leuty
o«

Inserting (27) and (28) into (23) and using (2.5), we get

RO EE max{exp[xz |</>x|2+EL"ID’I}eXp[—(1+8)A$(X)]

R, (X3}, {7} HI xeD’
(Y s}, {ted
J1(C(A) exp[ —eALX )] [ [ (C(A)5"C¥s!
i B
exp[—AZ(¥)]) [] exp —%Ad(l_,m}
leutoc
1
(Ctaylespientf [Tewe| - ol @9
YeR

Now

Y Jlexp

{(Fahs {Tad 1

<y nexp[——Ad(l n}m 05, f..5)

(w} {tad 1

=) ﬂ(eXp

{Yu} «

- 2 AdL )| [T dsf )

- 42| 3 Jassi0)

<c, (30)
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where we have denoted by .#(y,) the length of the shortest tree on y, and have used
[10, Lemma 5]. Hence the sum over {y,} and {r,} contributes the overall factor
C'®l. A similar factor is contributed by the sum over R.

The sum over {Y;} is controlled in steps.

i) Forany Y C Ay we fix one of its blocks. First we sum over the sets Q of points
yeX such that block 4, is the fixed block of some Y. This is also controlled by the
combinatoric coefflclent cx.

ii) For each yeQ we sum over the possible numbers b(y) of Y, for which 4 is
the fixed block. This contributes the factor [[2"=]]2.

y B
iii) Next we sum over the choices of Y; with one block fixed. This contributes
exp[CZ(Y,)] with C sufficiently big.
The sum over {X,} is controlled by C!”“RI[Texp[CL(X,)].

Altogether )" is replaced by the combinatoric coefficient

Ra{Xl}:{Xac}

{Yp), {t)
CH [Texp[CL(X)] [ Qexp[CL(Y))]). (31)

i B
Since moreover
CIXI < cid n clxil 1_[ C'¥sl l—[ C, (32)
YER
and

C(Ar <1, (33)

we get finally
|Q§'(¢)l§exp[f< Y 6.2+ C(L, A E)D exp[ — (1 +2)ALX)]G X (34)

xeD’

on B(D',X\D'; 1 L¥*(n+1)%, 1 L¥*(n+ 1)?), where G may be taken big.
We shall need a more refined bound for D'=0 on B(@,X;0,3(n+1)?):

lox(¢)— ox(O) <" exp[— (1 +8)AL(X)IG™

for [X|>2* or X <29, X disconnected, (35)
lox(®)—ox(0)|=CL™ 8" exp[ — AL(X)]
for |X|<2%, X connected, (36)

where C is L independent. Notice that when estimating in (13) the terms with
R=#0, with more than one Y in {Y;}, or with one Y, but u=0, we could have
extracted the additional 56" factor. Thus we are left only with the terms with R=0
and no Yy or with R=0, one Y, and u=0. From the terms with R=0 and no Y,
only those with u= U u, do not carry the additional 56" factor. If we subtract their

value at ¢ =0, we may extract the additional factor Cr~ '6"C'*! which will do the
job. In the terms with R=0, one Y}, u=4@ for which Z(Y;)>Z(L"~ ! Y;) we may use
exp[—sA,%’(Y)] to extract the addmonal small factor we need. The other ones
with Z(Y;)= $(L Yy) have |Y,|<2%. For d=2 they are drawn on Fig. 1.
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In this case we shall use the fact that
lexp[— W ,(w)]— 1| =0"(1+ C&") exp[ —ALY,)]

and is analytic for |¢,|<1L¥?*(n+1)? and that odd derivatives of exp[ — V()]
over ¢ at zero vanish when integrated over Z. The analyticity in a bigger region
yields contraction, as in the case of the local potential, see (6), (9), and (10):

(n%’:)) Tno)! l_[ opre X

yeL~ 1Yp, 2n())>2 y

1 oXn)

exp[— Wy, (w)1-D ][ ¢}

s Y [1U,"GL(m+ 1)) 7)1+ C") exp[ — AZL(Y))]

{n(y)} y
Tn(yz2
y
< Y @drey Y51 4+ 8" exp[ — AL( Y,)]SCL %" exp[ — AZL(Y,)].
{n(»)}
):Myyé 2 (37)

The sum over Y, gives at most the factor L*"'. Hence the right hand side
CL™'8"exp[— AL (X)] of (36).
g and Vy. The Proof Completed

Having bounded §%¢), we may continue for a while estimating g%.(¢) as given by
(2.39). Notice that (2.31) yields

IOy IS T 40 [ Tlex (0
@();{)Eg;y Ye l€ye
éeXp[(l +e) AL (V)]G (38)

where we have used the standard bound proven, e.g. by means of a Kirkwood-
Salzburg equation [1, 3]

(X; Z ,H A() }Uexp[—w(&)—cwa]gcx (39)
U;{; ; Ye Ye
with
C'= Z exp[ —CZX)]. (40)

X containing
a fixed block
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Equation (2.39) together with (34) and (38) gives, after an easy argument involving
combinatoric coefficients,
g% (@)l éeXp{K Y 16+ C(L A E)D | exp[— (1 +9)ALX NG (41)

xeD’

on B(D',X'\D'; $L¥?(n+1)%,4 L¥?(n+ 1)?). This is not yet sufficient since C(L, 4, E)
is much bigger than E.

To improve (41) with help of (2.9), first we have to estimate Vy(¢) on
B@,Y;0,3(n+ 1)2). By (2.31) and (2.33)

We=— ¥ = 23 T a0 Z (H ox, 0)) (0x,,($)—0x,, (0))( IT ex. ¢)) (42)

(XC)Z: ‘_" Ve l€Ye o=1
ng-)'
9

Using (39) we obtain

V(@)= C sup i ( I1 ,QXZ(O)') ’QX;O(QS)—QX;O(O)I(}:! IQx;(‘M!)

Co=1\¢<0lo
~]_[exp[C$(XC)+C’lXC|], (43)
where the supremum is taken over (X,)7_ ; such that UX (=Yand ) [[A0D)*+
Now (34)—(36) show that Ve leve
VU< 0" T exp[— AL(YV)IG™#T (44)

on B(@,Y;0,3(n+1)?). This is the only step which forces us to choose big L.
We may finish now the estimation of g'2 (¢). Suppose that for given ¢, DCD' is
such that

Y ¢ 2 =3(n+1)*  for the blocks ACD, (45)
xed

Im¢, | <iLY*(n+1)* for xeD, (46)

[p|<3(n+1)* for xeX'\D. (47)

Then using (2.9), (41), and (44), we obtain
9 <¢)|<exp[ K Y 19,7+ CL, 4, EIDI} Y [exp[-(1+8)A2 (X))

xeD X Jj
Y (@ expl— AL(YV)IG 1) [] eswiest=e, (48)

Yo} a xeD'\D

with the restrictions on ), asin (2.9). The sum over {X ;} is controlled by the

X (Yo}
coefficient 2P ] exp[CZ(X ;)]. Since
j
> 16225+ 14D, (49)
xeD
we may write
exp[x > 1o +(CL 4, E)+log2)|D;] gexp[x" > |¢x12}, (50)
xeD xeD

=1(1+0(n™*)). (51)
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The sum over {Y,} is estimated by use of the coefficient

LN

a

2exp[(L(Y)) =27 [T @M=" texp [CL(Y)]) -

Notice also that
Hexp[—Ag(Xj)] [Texp[—42(Y)] ] exp[—AL(D)]sexp[—ALX"],

c.c. D/ of D’
(52)
and that
H exp[AZ(D)]=exp[(E—C)D'[] (53)
(E does not depend on n!). Hence on B(D',X'\D'; 1LY*(n+1)%,3(n+1)?)
g (¢)|<6XP[ K" Z l¢.> +3x Z ¢~ AL X")+(E—C)D'||. (54)

xeD'\D
. . o
Now we are ready to apply the Cauchy integral formula to estimate — b g (D).

Let D be the smallest subset of D’ (built of blocks) such that |¢,|<(n+1)* on X\D.
Then if |z |=r

Yl +z ) 2in+1)* for AcCD,

xed
Im(¢p, +z ) <3L¥*(n+1)* for xeD,
lp.+z)<3(n+1)*> for xeX'\D,

and (54) holds for ¢ +z. Hence for ¢ B(D',X"\D'; (n+1)?,(n+1)?),

olxl

S a2 O] sutr
sup exp[;c” Yootz +3c Y | +z P —ALX)+(E-C)\D||. (55)

(zx):|zx| =7 xeD xeD'\D

Now, if [¢,|= (n+1)?, then

s §|¢x|2(1+(—n—+’17) < 1§51+ 0(n™2)),

9.

6+ 2.2 =g,

and if |¢ | <(n+1)?,
|p. 4z > <[P, 12+ 20+ 1)+ 72,
Thus
K'Y e +z 2 SK Y 1d,)2, (56)

xeD xeD
with
=k"1+0mn 2))=r(1+0(n"?). (57)
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For xeD'\D
b+ 2,2 <3117+ 3r7.
Hence
ik Y g4zl =k Y |9 )P+CID]. (58)
xeD’\D xeD'\D

Inequalities (55), (56), and (58) give finally

o
LW g% (¢)| Sulrtexpl’ 3 (6.7 - ALK+ EID]). (59)

xeD’

ending the proof of the fact that Assumptions 1-3 hold for v/, V}, gf with n—n+1
and k> =«k(14+0(n"?)).
If we start with an interaction satisfying the assumptions, e.g. V(¢)=1) ¢?

with small 4 or V(¢)=z) (1—cosp?¢$,) with z small, mimicking the anharmonic

X
crystal and dipole gas interactions, respectively, we are driven under successive
RG transformations to one of the line of the fixed points corresponding to the
interactions )’ c¢Z. In the next publication we shall extend these results to the

AV$)* and z(1 — cos fY/2V¢) lattice models, i.e. to the true anharmonic crystal and
the dipole gas. The ideas developed here will have to be supplemented with the
detailed study of the Gaussian part of the effective interactions.
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