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Abstract. All Wightman axioms, including asymptotic completeness, are proved
for the Federbush model with coupling constants in the range (—1/2, 1/2).

1. Introduction

The relativistic quantum field theory under consideration in this paper was
invented and formally solved by Federbush in 1961 [1,2]. Called the Federbush
model ever since, it describes two species of one-dimensional charged massive
fermions interacting through a current-pseudocurrent coupling. A few years later
Wightmar [3] studied (among other things) a number of field theories known to
be formally soluble, and in particular the Federbush model, with the aim of fitting
these theories into the framework of axiomatic quantum field theory. He observed
that a one-dimensional massive free Dirac field has a current that is the gradient of
a “pseudopotential” ¢, and went on to show that ¢ is a local field that is not local
with respect to the free field. He then indicated how the Federbush field operator
might be given a rigorous meaning in terms of the object :exp(inig):. The triple
dots denote vacuum subtractions, which are already necessary to ensure the object
¢" has a well-defined meaning. In subsequent unpublished work Challifour and
Wightman [4] proved the field :¢": is a local operator-valued tempered distri-
bution, but they could not show this for the field :exp(inio):. However, in a later
paper Challifour [5] did show the time-ordered Green’s functions of :exp(inlo):
exist for [A| small.

Interest in the model revived in the seventies in connection with work on the
massive Thirring and sine-Gordon theories. It was claimed by Tapper [6] non-
zero reflection occurs in second-order renormalized perturbation theory, con-
tradicting the absence of reflection to all orders claimed in [1,3]. This was
subsequently refuted by several authors [7-10], who pointed out the inclusion of
appropriate counterterms (needed also to respect Ward identities) does lead to
vanishing reflection in second order. In the process a discrepancy between the
S-operators of [1,3] was resolved by Schroer, Truong, and Weisz, who also
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studied operator-product expansions [10]. They used a Wick-ordered field ¢, that
had been shown to be formally equal to ‘exp(inis): by Lehmann and Stehr [11].

In a related but independent development Sato, Miwa, and Jimbo published a
series of papers on what they called holonomic quantum fields [ 12-16]. [ The term
is inspired by the fact that the Schwinger functions and other associated
correlation functions of these fields satisfy holonomic (integrable) systems of
nonlinear and linear partial differential equations, which had been previously
studied by these authors.] They were in particular interested in understanding the
continuum field theory that is the scaling limit of the two-dimensional Ising model,
but they also studied a bosonic analog of the Ising model and boson fields ¢ and
@5, expressed in the annihilation and creation operators on a charged fermion and
boson Fock space, respectively. Only recently they realized the field ¢} is
Wightman’s field ‘exp(indo): in disguise, and established the relation of their work
to the literature on the Federbush and massless Thirring models [17].

We took inspiration from their work [12-16] and our previous work on
Bogoliubov transformations [ 18, 19] to begin a mathematically rigorous study of
these models [20]. We introduced bosonic analogs of the Federbush and massless
Thirring models, and showed that the fields of the models mentioned above are
closely related or equal to quadratic forms implementing Bogoliubov transfor-
mations generated by local and covariant classical field operators, the locality and
covariance of the quantum fields being a formal consequence of this. In our
formalism the quantum fields appear in Wick-ordered form (in contrast to the
triple-dot fields), and therefore are easily seen to give rise to matrix elements that
are C* in xeIR? (for a dense set of states). One can therefore rigorously investigate
the equation of motion by letting the linear (free) part of the differential operator
involved act on these C*-functions. The result of this is by construction the matrix
element of a normal-ordered expression. For the Federbush model on the
unphysical sector (i.c., “Dirac sea unfilled”) this expression is just the nonlinear
term occurring at the classical level, provided that the coupling constant de-
pendence of the solution presented in the literature is changed. If one starts from
the formal solution on the physical, positive energy sector (“Dirac sea filled”), the
expression has the same properties, but now one also obtains an additional factor
in the free fields that occur in the expression. However, provided a similar factor in
the field @, is omitted, one does get a solution to the equation of motion with the
nonlinear term defined through Wick ordering [20]. The field thus obtained is
most likely non-local, but leads to the same LSZ S-matrix as the formal solution
[21].

In another paper [22] we studied the two-point functions of the above-men-
tioned models. We proved in particular that the Federbush field does not satisfy
canonical anticommutation relations. On a formal level this can be understood
from the fact that an infinite wave function renormalization is needed to define the
field. However, this circumstance entails that one cannot expect that the field
satisfies the equation of motion if the nonlinear terms are defined through normal
ordering, a point emphasized in particular by Klauder [23]. Rather, one should
define the nonlinear terms through short-distance expansions.

It is an interesting problem to make rigorous and nonperturbative sense of
such expansions for the Federbush field, and to investigate the equation of motion
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in this context. Here we shall not consider this problem however, but rather study
the more basic question whether the formal Federbush field really defines a
quantum field in the precise sense of axiomatic field theory [24]. A superficial
examination of the work of Sato, Miwa, and Jimbo (henceforth SMJ) referred to
above might give the impression such questions have already been answered. This
is however not the case. What has been proved by SMJ as concerns axiomatic
properties is that the explicit but a priori formal expressions for the n-point
Schwinger functions they derive have a well-defined meaning for large separations
of the points involved and small values of their deformation parameters and
coupling constants; the three regions involved shrink as n increases, roughly
speaking. Their arguments concerning locality depend on unproven assumptions,
in particular that convergence holds true in much larger regions than covered by
their convergence proof (cf. [15, Sect. 4.5]).

Before sketching the approach and results of this paper it is convenient to
discuss related rigorous work on the continuum Ising model. Here, too, the
innovative work of SMJ and of McCoy et al. [25] left open questions concerning
the scaling limit convergence of the n-point lattice correlation functions for all
distances between the n points and concerning the validity of the Osterwalder-
Schrader axioms for the resulting continuum functions. These gaps were closed by
two groups of authors in somewhat different ways. Palmer and Tracy [26] based
their proof of scaling limit convergence and the O-S axioms on explicit de-
terminantal formulas for the infinite lattice n-point functions. These expressions
are a consequence of SMJ’s astonishing product formulas, which had previously
been proved by Palmer [27] in the infinite-dimensional case (SMJ’s proof [12]
only holds in the finite-dimensional case). The only axiomatic property left open in
[26] is rotational invariance of the Schwinger functions; the authors state their
formulas are not appropriate to prove this. O’Carroll and Schor independently
proved scaling limit convergence and the O-S axioms including rotational
invariance [28]. In [28] only local invariance is proved. Global rotational
invariance follows from recent work of Palmer and Tracy [44], in which also the
SMJ analysis of “Euclidean wave functions” is rigorized. They employed an
infinite series representation for the infinite lattice n-point functions they had
previously derived from a Feynman-Kac formula {29, 30]. Both in [28] and in
[26] an essential ingredient of the proof is the reduction of temperedness of the
n-point functions to temperedness of the two-point functions by means of
correlation inequalities (due to Glimm and Jaffe [31] and Newman [32],
respectively) bounding the n-point function by sums of products of two-point
functions.

The methods used in this paper to prove all axioms for the Federbush model
are quite different. We start with the quantum field as an explicitly given quadratic
form on an explicit Fock space and prove the Wightman axioms instead of the
equivalent O-S axioms. No lattice approximation, finite-volume cutoff or infinite
series expansions are used in the proof, and we need not invoke the reconstruction
theorem, since we deal with the field directly. In the case of the Ising field theory
the lattice approximation is of course eminently reasonable. As indicated above,
the difficult problems in this approach are finding explicit formulas for the
correlation functions and making sense of them, proving scaling limit convergence
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for all distances, temperedness of the two-point functions and rotational in-
variance of the resulting Schwinger functions. However, locality of the recon-
structed Wightman field is a well-known consequence of the symmetry of the
Schwinger functions [33], which trivially follows from convergence for all
separations. In contrast, in our approach to the closely related Federbush model
covariance and spectral properties are clear by inspection, but now the difficulty is
in proving temperedness and locality of the field. (We shall presently discuss
asymptotic completeness.) This is where a restriction on the coupling constant 4
arises: The kernels in the normal-ordered exponential only define bounded
operators for Ae(—1/2, 1/2), and for |4| > 1/2 the implementing property no longer
holds. Correspondingly, the “@-bounds” implying temperedness are only proven
for Ae(—1/2, 1/2) and the analyticity used to extend locality for small coupling is
only shown to hold in the strip |[Re|<1/2.

We prove locality for small coupling by employing cutoff fields that are non-
covariant bounded operators. These fields implement the Bogoliubov transfor-
mations generated by classical field operators that are approximately local, in the
sense that they commute for a fixed pair x, ye R? with x — y spacelike, provided the
cutoff is small enough. As a consequence the implementers commute up to a phase
factor that is a ratio of cutoff two-point functions. This ratio can be proven to
equal one for zero cutoff. Through analyticity arguments we transfer the problem
of proving convergence as the cutoff goes to zero to proving trace norm
convergence of the kernel appearing in the pure creation part of the regularized
cutoff field, and to proving bounds, uniform in the cutoff, on the blow-up of the
trace norm of the kernel as the regularization parameter goes to zero. The same
key points are used to prove locality of the Federbush field for 1e(—1/2, 1/2). Here
we also employ a cutoff approximately local free Dirac field that is a bounded
operator, to ensure pointwise commutation relations make sense.

At this point it is appropriate to explain why the deep machinery developed by
SMJ, in particular the PDE and product formulas referred to above, is hard to use
as a tool to simplify and/or extend these results to arbitrary A. The problem is that
the PDE satisfied by the Schwinger functions are nonlinear, so that singularities for
finite distances cannot be excluded ; the product formulas are of little help in this
regard, since it is difficult to make sense of them for small separations. In this
connection we mention that we have proven finite-distance singularities indeed
occur in the context of the bosonic Federbush model: For non-integer A>1 the
two-point Schwinger functions become singular at a distance that is an increasing
function of A (cf. [22, Egs. (2.66) and (2.87) and their proofs]).

Once one knows the axioms mentioned above hold true, it is obvious that the
Federbush field satisfies all assumptions of the Haag-Ruelle theory [33], so that
the question arises whether the axiom of asymptotic completeness can be proved.
We solve this problem in the affirmative by combining our previous results on the
LSZ limits of the Federbush field [21] with Hepp’s extension of the Haag-Ruelle
theory [34]. As a corollary it also follows that the polynomial domain is actually
dense in the Fock space we started out from. The analogous results for the Ising
field theory also hold true as a consequence of the axioms proved in [26, 28,
447, Hepp’s results [34] and our results on the LSZ limits of the Ising field [21].
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This renders the Federbush and Ising models the first interacting relativistic field
theories for which asymptotic completeness has been rigorously proved.

To our knowledge the Federbush model is also the first Lagrangian field
theory that is renormalizable but not superrenormalizable for which the
Wightman axioms have been proved. The main question left open by our results is
what happens for || =1/2. There are remarks pertaining to this (and other open
problems) at several places in the main text. Here, we only note that it is easy to see
the field is a well-defined operator for any Ae C if it is smeared with test functions
that are CJ° in momentum space (cf. Sects. 4A and 5A). It also readily follows that
this gives rise to Wightman distributions in &' that are entire in the coupling
constants. The question is therefore whether these distributions are tempered, and
whether they have the locality property. Could it be that for |A|>1/2 they are not
in §’, but still in one of Jaffe’s classes of ultradistributions [35, 36]? This is actually
more or less suggested by our results on the two-point function S,(¢) of ¢, [22]:
For |4 £1/4 (and probably for |4 £1/2 too) it behaves like (1/t)*** for t—0 (up to
eventual less singular terms), but for |4|>1/2 it seems likely the blow-up is no
longer polynomial; it is however certainly O(exp(1/t)?) for any A, which entails
the corresponding Wightman function may not be tempered, but still is an
ultradistribution.

We conclude this introduction with a more detailed sketch of the paper.
Chapter 2 has a preparatory character. We collect here the results from the
classical (single-particle) theory we have occasion to use. Section 2A contains
definitions of various operators and summarizes earlier results on classical field
operators and conjugacy relations. In Sect. 2B we collect bounds on trace norms of
operators that are closely related to the classical field operators. Section 2C
concerns the cutoff classical field operators that will only be used to prove locality
for small coupling. We shall need quite detailed information on these operators
and their conjugates, which is assembled in several subsections.

Chapter 3 prepares the ground as regards quadratic forms and operators on
the charged fermion Fock space that will occur in the sequel. Some of the results
have an independent interest and will therefore be denoted theorems. In Sect. 3A
we consider the factors out of which the normal-ordered exponentials arising as
implementers are built. In Sect. 3B we collect some results on implementers from
[18,19] and then proceed to define the cutoff quantum fields and prove the
properties needed to establish locality of the Federbush field for small coupling.

The field ¢, is the subject of Chap. 4. It is defined in Sect. 4A, where also a
number of simple properties is derived. The main results are stated in Sect. 4B.
The ¢-bound lemma (Lemma 4.1) and the locality lemma (Lemma 4.3) may be
regarded as the technical core of the paper. Here we have occasion to use almost
all of our results cited or derived in the preceding work. The proofs of these
lemmas can be found in Sects. 4C and D together with remarks on ¢-bounds in
related models and on cutoff field operators, respectively. In Sect. 4B we also
derive more or less direct consequences, viz., temperedness (Lemma 4.2) and more
generally the main result of Chap. 4, the Wightman axioms for the field ¢, for
Ae(—=1/2,1/2) (Theorem 4.4). This result might be taken as a starting point to
study the charged Federbush field p, of Chap. 5 from the point of view of algebraic
quantum field theory and the theory of charged superselection sectors.
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In Chap. 5 we finally consider the Federbush field i, along the same lines as
@,. Section 5A contains the definition and other preliminaries. In Sect. 5B we state
the results: A wp-bound lemma (Lemma 5.1), a lemma detailing commutation
properties (Lemma 5.2), and the principal result of the paper, Theorem 5.3, stating
all Wightman axioms including asymptotic completeness hold true for the field
y,, provided Ae(—1/2,1/2). These results are proven in Sect. 5C. The validity of
the p-bound lemma is easily reduced to that of the corresponding Lemma 4.1 in
Chap. 4, while the proof of Lemma 5.2 parallels the proof of the locality lemma
spelled out in Sect. 4D. The only statement in Theorem 5.3 that then still needs
proof is asymptotic completeness. As mentioned above this is shown by combining
previous results of ours [21] with results of Hepp [34].

Throughout this paper we use the symbols C, C(4), and C(4,4,) to denote
positive constants and positive continuous functions that vanish for A—-0 and
A=Ay, respectively. The domain of such functions will usually not be explicitly
specified, as it will be clear from the context.

2. Classical Theory

A. Preliminaries

We begin with a summary of definitions, conventions and facts about conjugates
that will be used throughout the paper. For more information the reader is
referred to [19,20]. First, let us introduce some operators on the space
A =L*dx")? of two-component Dirac wave functions: The free Hamiltonian of
mass 1,

. . d
HOE—I'))S'J;I"F'}/O, (21)
the momentum operator,
. d
l=—j— 22
P e 22

the charge conjugation operator,

(CNEH=1"T(x"), (2.3)
the parity operator,
(Bf) (x") =7 (—x"), (2.4)
and the “kink operator,”
U,=explinde()), AeC. (2.5)

Here,

0 1 t 0
0_ 50001 = ]
Y —(1 0)’ PI=7"y (0 _1), (2.0)
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and

e(xl)=

1, x'>0,
{ o Xz 2.7)

-1, x'<0.
We employ a spectral representation of H,, on the space # = L*(d0)* of rapidity

wave functions. This representation is generated by the unitary operator
W:# — A, defined by

(W) (x"=@2n)~ 12 Y [dOexp(iox* shO)wy(0)g,0), (2.8)
with inverse T
(W™)(0)=(2m)~ Y2 [ dx* exp(—idx* shO)wy(0)-f(x"). (2.9)
Here, w,(0) are the Dirac spinors
w, ()= e™¥),  w_(0)=iG)* e, —e7¥). (2.10)
Henceforth, we use the convention
A=WTAW (2.11)
if Aisan operator on #, and vice versa. With this convention,
(Hof)s(0)=0chofy0), (2.12)
(P1)5(0)=0shfy0), (2.13)
(CNAO)=T_40), (2.14)
(P)s(0)=0fy(—0), (2.15)
and U, acts as convolution with
P i
mmwnmﬂﬂﬁ m%’ (2.16)

chl§  shlg

where P denotes the principal value. The representation of the Poincaré group is
most easily defined on 4. It is given by

(U(a, A)f)560)=exp(id(a® chO— a* sh)) 50 — o), (2.17)
where X .
- 3)
We further introduce the notation
A*=U(x, DAU(x, 1)*, (2.19)
q=P,.—P_, (2.20)
Hy=PH, (2.21)

A, =P,AP,, (2.22)
2 )



188 S. N. M. Ruijsenaars

where P, and P_ are the spectral projections of H, onto [1, c0) and (— o0, —1],
respectively, and note the commutation relations

CP;=P_,C, CU(x, 1)="U(x,1)C. (2.23)

Let U be a bounded (but not necessarily unitary) operator on # such that
U__ has a bounded inverse [as an operator on L*d0)~#_]. Then the

transformation ¢:U—Z, defined by
Z++_=_U++-—(_J+_U___1U_+, Z+___=.U+~U___1, (224)
Z_,=-U__"'U_,, Z__=U__"1

is a bijection of the set of such operators, since it follows from its definition that
@?=1. We shall refer to Z as the conjugate of U. It follows from (2.24) by
straightforward calculations that the conjugacy relation satisfies

o(U)=2Z <= o(UY=2Z%, (2.25)
o(U)=2Z = U YH)=2Z"1, (2.26)
CUC=U"1' & Cop(U)C=0¢(U), (2.27)

where we assumed U and Z have inverses in the domain of ¢. We also note that if
U, and U, are in the domain of ¢, U, U, in general is not, and if it is, one has
@(U,U,)#+ (U ,)p(U,) in general. A final important property of ¢ requires one
more definition: An operator A4 is called pseudo-unitary if it satisfies

A¥qA=AqA*=q. (2.28)

The property is that ¢ transforms unitary and pseudo-unitary operators into
pseudo-unitary and unitary operators, respectively. Again, this can be readily
verified from (2.24).

We shall now determine the conjugate Z, of U,. Since U, acts as convolution
with (2.16), it acts as multiplication by the matrix

1 [chr(y+id) isinmA )
isinnl  cha(y—il)

2.29
chmy @2

after a Fourier transformation. For 4 in the strip S, defined by
S={leC||Rel| <3}, (2.30)

U,__ has a bounded inverse, so that (2.24) implies Z, corresponds to multipli-
cation by the matrix

S g @3
Thus, Z, acts as convolution with
BRI
cosAS(0) + %@e’w sh30 - ehzf) g (2.32)
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Note that (2.31) implies Z, is pseudo-unitary for 1e(—1/2,1/2), in accord with the
unitarity of U, for Ae(—1/2,1/2). Note also (2.31) leads to a well-defined operator
for any Ae C, periodic in A and unbounded on the lines ReA=1/2+Z. In contrast,
one infers from (2.32) that Z, considered as a form with domain C§, extends to an
entire, non-periodic form. For |Re|>1/2 this form is most likely not the form of
an operator, but it will naturally arise below nevertheless.

We conclude this section by introducing the classical field operator associated
with the Federbush model. It is defined by

0, 4x)=U%, 1eC, (2.33)
and has the crucial properties of covariance, i.c.,
Ula, Do, (x)Ula, )* =, [(Ax+a), (2.34)
and locality, i.e.,
[0, X @p ]-=0, (x—y)?<0, VileC. (2.35)

B. Tirace Norm Estimates

This section contains bounds on the trace norms of various operators that will
occur in later chapters. Their derivation is based on the following simple fact.

Proposition. The operator A on L*(d0), defined by

A=F(0)G(i0,)F(0), (2.36)
where
F()eL*nL”, G(-)eL'nL”, (2.37)
is trace class and satisfies
1
Al = —2;5 dOIF ()1 | dylG(y)l. (2.38)

Proof. Since Ge L', G'*(id,) acts as convolution with an L>-function g(f) that
satisfies

.
[d0lg(O)* = [ dyIG(y)]. (2.39)

Hence,
1Al SIFO)G2(i0p)1l | GH*(10p) F(O)]
=[d0,d0,|F(0,)g(0,—0,)*
1
=5 [dOIFO)* [ dyIG)l, (2.40)
concluding the proof. [
The L*®-restriction in (2.37) can be dropped, but we do not need this. As is clear
from (2.31), Z,, _ is norm-analytic in S. We denote its A-derivative by Z',, _. We
now introduce a regularization

ZYt = HIhOZ() - itend (2.41)
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where e S and the regularization parameter ¢ is strictly positive. We collect the
bounds we need in the following lemma. As regards notation used, recall the
convention made at the end of Chap. 1. Also, K, denotes the modified Bessel
function of zeroth order.

Lemma 2.1. The following bounds hold true for 1,,€S:

lexp(—~41ch0)Z,, *Z,. _exp(~3tch)|, SCDK D,  (242)
124, 1, SCAK0), (2.43)
1Z4s - = Zh - S O 26K (1), (2.44)
Z4s = Zhe )02 = Z5 o SCUAJK (1), (2.45)
1Z,, - = Zhs 312 ol SCh AKo(0), (2.46)
123, 11, S(CO)+ DK (o). (2.47)

Proof. These bounds are straightforward consequences of (2.38), the well-known
relation Ko(t)= [ d0exp(—tch#), and the easily verified fact that the function

0
sinnd sechni(y —i4) is holomorphic in the L*(dy)-norm for AeS. [J

C. Cutoff Classical Field Operators

C.1. Introduction. Let a(x') be a real-valued odd C*-function that equals 1 for
x!>1 and is monotone increasing on (— 1, 1). In this section we study a “smeared-
out kink operator” defined by

v

U, . =exp(inia(-fe)), AieC, >0, (2.48)
and related operators, in particular the cutoff classical field operators
Ohea¥)=U3,, 4eC, >0, C(249)

Note these operators are not periodic in 4, in contrast to U, and ¢, ,(x).

We close this subsection by deriving some properties of a general character.
Further properties will be considered in later subsections. When possible we
restrict ourselves to U, ,, the corresponding properties of ¢, , ,(x) being obvious
from this.

Lemma 2.2. For any AeC one has
s-imU, ,=U,. (2.50)

e—~0

For any Ae(—1/4,1/4)U, 55 has a bounded inverse satisfying

U 55 I S(cosmA—[sinmA) ™, (2.51)
and
slim U, ™ = Uy (2.52)

The conjugate Z, , of U, , exists for any Ae(—1/4,1/4), and one has
s-imZ, =Z,, Yle(—41), (2.53)

g0
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and
1Z;, -5l <1, Vie(=n7), (2.54)
where
y=n"'tan '(3). (2.55)

Proof. The first assertion is clear. To prove the remaining ones we note that for
Ae(—1,1) we can write

U, ,=cosmA+isinmid, ,, (2.56)
where 4 4.¢ acts as multiplication by a complex-valued C*-function and satisfies
s-lim A, =e("). (2.57)

A moment’s thought also shows that
[4,.=1, Vie[-33]. (2.58)

Since we may write

U, wss=cosnAl+itanmid; ss), (2.59)
it follows U, ,;, has a bounded inverse for || <1/4, given by the Neumann series
Uj oo ' =(cosmd)” Z (—itanmid, )" (2.60)

The bound (2.51) is clear from this. Since U,,s~ ! has a similar representation for
[A| < 1/4, with A,1 J replaced by &(+)ss (2.52) follows from (2.57) and the norm
convergence of the series. The assertions concerning Z 5. readily follow from the
definition of the conjugate [cf. (2.24)], and from what we have already proved. In
particular we have

1Z5, 05—l SIU - slIU - - " SlsinmAl(cosnA—Isinmd) ™1, (2.61)
implying (2.54). O

C.2. Approximate Locality. The purpose of this subsection is to state and prove
the following lemma, which shows the cutoff classical field operators are “approxi-
mately local.”

Lemma 2.3. Given x, yeR? with (x— y)? <0, one has

[q)l, £, cl(x)’ go).', £, cl(y)] -= 0 > Vﬂ,, reC > (262)
for & small enough.

Proof. 1t suffices to show this for x=(a,a+9J) and y=(—a, —a—9), where a=0
and 6>0. Also, we need only show the commutator vanishes on the subspaces éf
and #, of # for ¢ small enough, where #, /92” consists of the functions in # whose
support is to the right/left of the origin. Fixing ¢ < henceforth, we assert that the
operators ¢, . (x)/@, , ,(y) act as multiplication by exp(—inl)/exp(ini’) on %/j{j
(1), and that they leave 5,/ invariant (ii). From this, (2.62) readily follows, so it
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remains to verify (i) and (ii). To see (i) holds, use the fact that the “kink width” of
U 2. €quals 2¢ and use the finite propagation speed of exp(iH,t). To prove (ii), note
that

oo =0 _5.4x), VieC, VxeR?, (2.63)

so that (i) can be reduced to the already established invariance of #/#, under
¢ - 71, g, cl(x)/¢ - 7/, &, cl(y)' D

We remark the proof shows (2.62) is valid for any g€ (0, (|x* — y*|—|x° — y°|)/2].
We shall not need this more detailed information, however.

C.3. Implementability. Since U, is a convolution operator, its off-diagonal parts
are not in the Hilbert-Schmidt class J,. Thus the Bogoliubov transformation it
generates is not unitarily implementable. The main purpose of this subsection is to
show U, , does have off-diagonal parts in J, for any A€, so that it generates a
unitarily implementable transformation for any A€IR. In the process we shall
introduce an operator U§ , and derive formulas that will also be used in the two
following subsections.

First we recall U 4. acts as multiplication by a C*-function exp(inia(x'/e)) that
equals e*"* for x! 2 +e. In order to exploit this, we introduce a comparison
operator (which is unitary for 1eR),

Uf .=cosmA+isinnd th2 (g —1/1) LeC. (2.64)

The point is that the difference operator
D,.=U,,~US, (2.65)

then acts as multiplication by a function in S(R), while the Fourier transform of the
function thn/2(x —il) (regarded as a tempered distribution) can be found explicitly.
It reads

oo er
TP th ==-P— 2.
fdxe th 2( —id)= ; Pshp (2.66)
For f,,f,€S(R)? and |ReA|<1 we then obtain using (2.8) and (2.9),

o US )= Y [d0,d0,0W T1)y0,)UC 15010, (W 1£),(6,),

5,00 =+, —
(2.67)
where the kernels are given by
0
U 155(01,0,) = cosmAd(0,— 0,) + £PC, (5[ sh 6, —sh@z])ch( ! +92), (2.68)
UZ o—s(04,0,)=1edC,(ed[sh0, +sh0,]) sh 2 , (2.69)

and C, is the function

C,(p)=sinnie’?/nshp. (2.70)
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Similarly, we get

D, 01,05 =¢D,(e5[sh0, —sh0,])ch (01 ;92), @.71)
D, vp o041, 0,)=iedD,(e0[sh 0, +sh0,T)sh (61 er 92), 2.72)
where D, is the S(R)-function given by
D,(p)= 517; [ dxe™ > {cos(n){oc(x)) —CcoSTA
+i(sin(Aa(x)) — sinm th g (x— ii))} : (2.73)

In view of (2.65) we then have

U, o55(01:0,) = U 155(0,,0,)+D; 55004, 6,). (2.74)
We are now prepared for the following lemma.
Lemma 2.4. The operators U, .;_; are | - | ,-entire functions of A.

Proof. We begin by noting that U,, ,=(U, )" and that the operators U, ,;, are

norm-entire in /4, since U, , evidently has these properties. Thus we need only show

U, -5 are || -|[,-analytic for 4 in the strip S. To prove this we first observe that by

virtue of (2.74), (2.69), (2.72) and the estimate

[ dpdO|K ,(2¢sh chB))* sh? 9 <Ce ™3 [dpdOK ,(p)|*p*/ch*0 <0, K,=C,,D,,

(2.75)

the operators U, ,;_; are in J, for e S. We now claim that for 4,1 €S one has

PIK (p) — K (p) (A= 20) "' = K3 (DISC(4, A) (1 +p*) 71, K,;=C,,D,,

(2.76)

where the prime denotes the pointwise A-derivative. Clearly, this estimate ensures
the analyticity in S we wanted to show, so it remains to prove the estimate. It
clearly holds for K,=C,, so let us consider K,=D,. By virtue of (2.73) we have

p(L+p*) [(D4(p)— Dy, (p) (A= 4o) ™' = D} (p)]

1 .
=5 Jdxe (U= 0 [(F(2.x) = Flo, 0) (A= 2o) ' = F (20, )], (277)

where
F(A, x)= —nia/(x) sin(mAx(x))

1
i | 26/(x) cos(wiaix) — 3 sinnz/ch? g(x —in)|. (2.78)
Noting o’e Cg, the estimate now readily follows for K, =D,, too. [J

In the remainder of the paper we shall only need to know the off-diagonal parts
are in J, for small real 4. We present a stronger result, since its proof is not much
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longer and since this might be useful in a further study of the cutoff quantum field
operators corresponding to U, , for real 4 with an eye to operator product
expansions. One useful consequence is for instance that for real A U, ,_ _ can only
fail to have a bounded inverse on a discrete subset of IR\(— 1/4, 1/4). This follows
from (2.51) and the analytic Fredholm theorem applied to

U—).s—+Ule+—=1———U—/l£——Ule——a (279)

since the right-hand side equals 1__—~|U, ,_ _|? for real /. Thus the conjugate
(2.24) is well defined off the exceptional set. Also, since U 2. commutes with CP,
one has

CPU, ,.,=U,,._CP, VieR, (2.80)
where we used (2.23) and the fact P commutes with P;. It follows that
dimKerU, ., , =dimKerU, ,__, VieR. (2.81)

This in turn implies that on the exceptional set the new vacuum, though it is
orthogonal to the old one, still belongs to the charge-zero sector (cf. [ 18, Egs. (5.1)
and (5.2)]), a fact that also follows in a different way from a recent paper by Carey
et al. [37]. It is an open problem whether or not the exceptional set is empty. In
this connection it may be of interest to point out that a similar question arises in
the external field problem, cf. Theorem 2.8 in [38] and Theorems 2.3 and 2.4 in
[39]. The approach of the paper [37] just quoted might be useful in finding
answers to such questions.

We finally would like to remark that in the massless case the smeared-out kink
operator U 5. only has off-diagonal parts in J, for A€ Z; equivalently, the function
that defines it must be continuous on the one-point compactification of R. This
readily verified and interesting fact was first pointed out by Raina and Wanders
[40] in their study of the Schwinger model (cf. also [37]).

C4. Trace Norm Convergence of Z', . _ to Z', _. In Sect. 2B we have already seen
that the operator Z, _ belongs to the trace class J, for any 1€ S and ¢>0. This
subsection and the next one are concerned with the analogous regularization of
Z, .+ -, the operator

ZY o ome HMNZ, e HM Je(—k t>0. (2.82)
In this subsection we state and prove the following lemma.
Lemma 2.5. The operator Z', . _ belongs to J, and satisfies

lim |25, —Z}. |,=0 (2.83)

for any Ae(—1/4,1/4) and t>0.
Proof. Since (v]_ilvf,lz 1, we may rewrite Z,, _ as

Zyo_=—U_,,, 'U_,,_. (2.84)
Likewise,

Z&,aJr—=_U—Z.,£++—1U—i,£+—‘ (2.85)
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Since we have

s-lime #eh0y, |, “loeHenoy o o1 (2.86)

e~ 0

by virtue of (2.52), it suffices to prove

U,, _e #MeJ | (2.87)
Ujer e ¥y, (2.88)

and
lij% WU, s == Usy )" #0%, =0, (2.89)

To see this, one needs only verify that the assumptions B,— B strongly and T,— T
in J, imply B,T,—BT in J, ; this easily follows by using finite-rank approximants
for T and the fact that B,P—BP in norm if P is a finite-dimensional projection.
[Note that in our case T.B,—~TB in J, as well; the order in (2.84) and (2.85) is
needed for the factorization we are about to make.]

To prove (2.87) we note U, , _ is proportional to sech(ind,) [cf. (2.29)]. Thus
(2.87) holds if we show the operator f(id,)g(0) is trace class for f, ge S(R). But this
follows by writing it as a product of two operators that are easily seen to be in J,:

f(i0)g(0)=[(0+ 1)~ (0 +1) 1[0 +1) (35 + 1) f(0,)g(0)] - (2.90)

We proceed to prove (2.89); from this proof and (2.87) it will be obvious (2.88)
holds too. Since the operator (9,4 1)~ * ch™*f is in J, we need only show

lim [ch*/#0(3, + 1D, .. e, =0, (2.91)

and
lirré [ch/40(0,+ 1)(U§58Jr _—U, . e ¥, =0. (2.92)

To prove (2.91) consider the kernel
ech'/*0,(3,,+ 1)D,(p) sh (ﬁ——gﬁ)e‘f“}“’z. (2.93)
Here and henceforth,
p=e(shf, +shb,). (2.94)
If 9,, acts on D, we can majorize the L*-norm squared of the resulting kernel by
Ce*[df,d0,ch®26,(1+p*)~2chf, chf,e™ "%

p 215/4
=C£3§dpdq[1+ (E —q) } (14+pH) 2exp(—t(14+gH)'?)

— 0. (299)
Likewise, the remaining terms are majorized by
Ce? [d0,df,ch'?0,(1+p?*)~2chf, chf,e "%
=0(s'?), (2.96)
so that (2.91) follows.
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The kernel occurring in (2.92) is proportional to

ch'/40,(3,, + 1) sech (91 _92> [G,(p)— 1]e™1eh02 (2.97)

where
G,(p)=e*p/shp. (2.98)

Consider first the term arising when d,, acts on G,. If we get rid of the ensuing
factor ch?0, in the L*-norm squared of this term by using the inequality

ch?0, <(chf, +cho )2<4ch2((9 26 )ch@ chf,, (2.99)

we conclude this term is bounded by (2.96). The remaining terms can be majorized
by

0,—06
C[d0,do,ch'?0, sech? (4—2—2) e MG (p)— 117, (2.100)

Now the last term of the integrand is bounded uniformly in ¢ and converges
pointwise to zero for ¢—0. But one also has

{d6,do,ch'?0, sech? <01_'2“9_2) o teho>
< C | dedf(ch26 chp)"/? sech?fe~'"*
- (2.101)

so that (2.100) vanishes for ¢e—0 by dominated convergence. Hence, (2.92) holds
true as well. [

C.5. A Uniform Bound on the Trace Norm of Z), . _. In this final subsection we
prove Z} ,, _ satisfies a trace norm bound similar to the bound (2.42) satisfied by
VAN and then add a comment on the proof and that of Lemma 2.5.

Lemma 2.6. For any ¢€(0,17 and te(0,1/4] one has
1
1254 -1, =C() ln;. (2.102)

Proof. We write Z, ,, _ as U, ,, _U, .. _~" and note that
U, - - te ™ <1+C(A) (2.103)
by virtue of (2.51). Thus we need only show

, |
le MU, [ SCA I (2.104)

To this end we shall first prove that
03 = DU, .+ _I=C(2), (2.105)
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and then that

, 1
||e—f‘0h"(8§—1)’1l|1=0<1n;). (2.106)

To prove (2.105) we note that in view of (2.56) and (2.58) one has

1U; o4 | Slsinmd], (2.107)
so that by virtue of (2.65), it suffices to show

163D, - =C(A), (2.108)
and

103US oo~ £C(A). (2.109)

The operator in (2.108) has kernel
0,+0
i¢02 D,(p)sh (LZL—Z—> , (2.110)

where D, is defined by (2.73). [ Also, recall our convention (2.94).] To prove (2.108)
we shall write this kernel as a sum of kernels of integral operators whose norms we
shall bound by using the well-known inequality

(1l < (S};llp .[ do,|K (8, 92)|) <S}9,12p f do|K (0, 92)') . (2.111)

From (2.73) it readily follows that the Fourier transform of D, and hence D, itself
converge to zero in S(R) for A—0. We also have

ID;, .+ - =2lsinmd], (2.112)
since the bound (2.107) also holds for U ,, _ by the same arguments. Thus we

need only prove the assertion that for the following two types of kernels, the right-
hand side of (2.111) is bounded uniformly in ¢:

@) ¢2(1 4+ p2/4)2ch (f)—l%e—z) cho,, (2.113)

(i) ¢3(1+p2/4) 2sh (9%92) ch20,. (2.114)
Case (i). Using the estimate

ch61§20h<91;Bz)ch(91;02>, (2.115)

we conclude it suffices to majorize the expression

12 2/4\—2 A2 91+62 61_92
2" sgpfd@z(l—l-p /4)"2ch 5 ch 5
=¢? sup [ dy(1+&*sh?ych?(y—0))"2ch?ych(y—0)
0

=ss%pjdu(l+u2Chz(y—O))_zchych(y—G), (2.116)
0



198 S. N. M. Ruijsenaars
where
y=sh™ (ufe). (2.117)

To this purpose we consider the integration regions I, =(0,¢/2) and I,=(g/2, )
separately. The contribution of I, is bounded above by

Css%pjdu(1+2uch(y—0))_lch9, (2.118)
1y

since chy<(5/4)"Y?* on I,. Also, [thy|<57Y2<1/2|cthf|, so that
chychf=2|shyshf|. Thus we have
2ch(y—60)=chychf=chf (2.119)

on I,. Therefore (2.118) is bounded by

&2
Cesup | du(l-i—uché?)‘zché):ngs%p[—(l—i—uchﬁ)—l]‘f{2
0 0

=0(e). (2.120)
The second contribution can be bounded by
Clj du(1 +u*) " e/u)chy sup [uch(y—0)(1+uch(y—0)~1]
<C ]o du(1+u?) " H(efu)* +1]Y2
=C f/z (2.121)
Combining this with (2.120) the assertion follows for case (i) kernels.

Case (ii). Using (2.115) we obtain as the analog of (2.116) the expression

13 24\~ 2 (91+92 2(91+92) 2(61“92>
Yk slep[dé)z(l%—p /4)~%|sh 5 ch 5 ch 5
=¢esup | du(l+u?ch?(y—6))"*uchych?(y—6). (2.122)
¢ o

Arguing as in case (i) we see this is majorized by

e/2
Cesup [ du(1+%u*ch?6) " *uch?0
0

+C | du(l+u?)""(e/u) chy sup [u® ch®(y—0) (1 +u* ch?(y—6)) ']
I
<Ce¢ S%p [—2(1+iu*ch?0)~ ]2+ C
=0(s)+ C, (2.123)

so that the assertion follows for case (ii) kernels as well. Thus we have proven
(2.108).
The operator in (2.109) has a kernel proportional to

sinn 402, G,(p) sech (91;—62> , (2.124)
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where G, is given by (2.98). Since sinnAG,(-) vanishes in S(R) for A—0 and since
the kernel sech((0, —6,)/2) defines a bounded integral operator, we need only
show that for the kernels

e(14p2/4)~2ch sech (91;—92> (2.125)

and

¢2(1+ p2/4)~2ch?0, sech (91;02>, (2.126)

the right-hand side of (2.111) is bounded uniformly in ¢ to conclude (2.109) holds
true. Using (2.115) we get the bound

1 2 -2 01+62
4ssgpjd02(1+p/4) ch( 5

§dey1+8 sh*y)"2chy= | du(1+u*) "2
0

<00, (2.127)

proving this for (2.125). To prove it for (2.126) we use the estimate (2.115) to reduce
this to case (i) considered above [cf. (2.113)]. Consequently, (2.109) follows and
therefore (2.105) is proved.

We are now reduced to proving (2.106). To this end we cite a result of Birman
and Solomjak (cf. [41, p. 55]):

1/ @)g @0l =Cll fll 51 llglla: 1 » (2.128)
where
© n+1 1/2
Il = _Z_ ( | dOIF(9)|2> : (2.129)
Thus we need only show
102 +1)" 5 <00, (2.130)
and
”e_%mh‘;“z;i =O(In%). (2.131)

Now (2.130) is obvious, while (2.131) follows once we prove
lexp(—3e Mel?h||,,,SCN, VNeN"*. (2.132)

But this follows from the estimates

o /n+1 1/2 [ee) exp(— N+n+1)dp 1/2
y (j deeXp(—eww)) <N z( [ —p)
n=0 n =N exp(—N+n) p
SN+ Y Lo mep(—e) (e -], (2133)

since the series at the right-hand side converges. [
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The reader may wonder whether the proofs of Lemmas 2.5 and 2.6 could not
be simplified by using only one of the factorizations to prove both results.
However, the factorization in Lemma 2.5 cannot lead to a bound of the form
(2.102), even if ch'/#0 is replaced by (1 +]0]Y/2*9). The point is it would follow by
taking ¢ to O that

[(1+10]/2%2) (8, + 1) sech (ind,)e 12|,

is O(In1/t), which is easily seen to be false. Conversely, the method of proof of
Lemma 2.6 is not suitable to derive (2.83), since it is not true that U, ., _
converges in norm to U, , _ for e—0. Indeed, we have seen above that U, ., _ isin
J, and hence compact, while U, _ is not compact.

3. Fock Space Theory

A. Generalities

In this section we collect some general properties of the special class of quadratic
forms and  operators on the charged fermion Fock space
F )= F(HNVQF (#_) that will occur in the sequel. First, consider the
normal-ordered exponential

EZ)y=:exp(Z, _a*b*+(Z, ., —Va*a—(Z__—1)bb*—Z__ba):. (3.1)

Here and below a*/b"*) are the particle/antiparticle creation and annihilation
operators, the expression Za*b* (e.g.) is shorthand for the Wick monomial
[d0,d0,Z(0,,0,)a*(0,)b*(,) and the kernels define bounded operators on
LA(d0). Clearly, E(Z) is well defined as a quadratic form on the domain Z,, of
algebraic tensors, and one readily verifies that

1, B2,y =<y, exp(Z, _a*b*I(Z , I(ZT Yexp(—Z_ bayyp,>,
Vi, p,eD,. (3.2)

Here and henceforth we use the notation {-) to denote quadratic forms and the
superscript T to denote the transpose. Also, I'(Z.,) (e.g) is shorthand for
Nz, el)~rz, yeruw.

We proceed to study the factors at the right-hand side of (3.2) in more detail.
As is well known and easily seen, the operator I'(4) on the boson Fock space
F(H) is bounded if and only if | 4| £ 1. On the fermion Fock space the situation is
different, as shown by the following theorem.

Theorem 3.1. Let A be a bounded operator on 3. Then the operator I'(A) on F ()
is bounded if and only if the positive part of |A|—1 is trace class. Furthermore,

N
Ir(=[14. N=oo, (3.3)
i=1

where A, = 4,2 ... are the eigenvalues of |A| greater than one, counting multiplicity.
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Proof. If |A|| =1 one has ||I'(4)| =1, so let us assume ||4]| > 1. By the functorial
property of the I'-operation, one has [|I'(4)|| = ||I'(|A})||. First assume |4| has some
continuous spectrum in (1, | 4]]). Going to a spectral representation for |A4|, one
then easily constructs a sequence of unit vectors ¢, in &%, such that
(@,, I'(|AD¢,)—= oo for n—oo. Thus in this case I'(4) is unbounded. But if |A] has
purely discrete spectrum in (1, || 4||] it readily follows that (3.3) holds. To see this,
use e.g the well-known relations I'(B,®B,)~I(B,)®['(B,) and [[C®D]|
=||C|] |D|. Since the convergence of the product is equivalent to the trace class
condition, the theorem follows. [

We shall now study the form e In the sequel we use the following
convention: If 4 is a quadratic form on Z,, the phrase “4 is an operator” is
shorthand for “The form A is the form of an operator, also denoted by A”.

Theorem 3.2. Let A be a bounded operator on L*(df). Then e*“"" is an operator on
9., if and only if A is Hilbert-Schmidt. Also, e*™" is a bounded operator if and only
if Ais trace class. The map A—e**™" is continuous from J, to L(F,). Moreover,

det(1+3[Af) S [le™" | Sdet(1+]4)), (3.4)
and
e — 1] det(1 +|A4])—1. (3.5)
Finally,
(eMQ, eV Q) =det(1 + A¥A,), A, Ay, (3.6)

Proof. First assume ¢“*" is an operator on %,,. Consider e Z,, describing one

particle and one antiparticle, so that p~y(6,,0,). Since Qe 9, there is a unique
vector @~@(0,,0,) such that (i, Q) =(y, ¢). It follows that ¢(0,,0,)
=A(0,,0,), so A is in J,. The converse follows from Lemma 3.1 in [18].

Now assume ¢?“?" is bounded. Then A is in J,, so we can write

N
Aa*b* =Y La*(f)b*g). N=oo, (3.7)
i=1

where {f;},{g;} are orthonormal and where 7, are the singular values of A.
Consider the sequence of unit vectors

[ 22+ arbh)e. (3.8)

i=1

One has
(@, = (q)", exp( Y ﬂ.la*b*) >
%([1 +afbF1Q,(1+ ,afb¥)[1 +afbF]1Q)

(1 +12), (3.9)

H:x TT:~



202 S. N. M. Ruijsenaars

and boundedness implies the product converges for n—co. Hence, ), ;<0 so
Ais in J,. Conversely, if A4 is in J,, one concludes from (3.7) that !

N
lAa*b*| = 3, 24, =Tr|Al=4],, (3.10)
i=1

so that Aa*b*, and hence ¢?“"" too, are bounded. Also,
N
et | = H |14+ Aakb¥| = H (1+4)
i=1

=det(1+|A4]), (3.11)
and

147101

et 1) < ; DY RPN L

o0

=y Y hye iy

n=1i1>ir...>i, 21

=det(1+]A)—1. (3.12)

The lower bound in (3.4) follows from (3.9).
Now let A,— A in J, for n—oo. Using the bounds just proved, we then get

197" — | < A0 1 — el |
<det(1 +|A|)[det(1+[4,— A)—1]. (3.13)

Since the determinant is continuous on J,, the right-hand side vanishes for n— co,
implying the continuity claim. Finally, (3.6) follows by making obvious changes in
Egs. (3.36)-3.47)in [18]. O

In Sect. 4D we use an analyticity argument to conclude locality for |4]<1/2
from locality for small coupling constant. A crucial ingredient of this argument is
the following theorem and the estimate (3.14) used to prove it.

Theorem 3.3. Let A(A) be | - | ,-analytic in a region SCC. Then exp(A(L)a*b*) is
| - [|-analytic in S.

Proof. By virtue of Theorem 3.2 one has

Ifexp(A(A)a*b*)—exp(A(de)a*b*)1(2—2o) "' = A'(Ag)a*b* exp(A(g)a*b*)|
< lexp(A(2o)a*b®)| I [exp(A(d) — A()a*b*)— 1T(A—Ag) ™! — A'(Ao)a*b*|

=det(1+]4(4)) (Il [(A() = A (A= 4g) ™" — A'(Ao)]a*b*|

1A= Aol THILAR) — A(Ag)]a*b*| 2 i o ITAD = A(/lo)]a*b*ll"_z)

n=2MN
s exp(| AL | DLIAMR) — AU A— o)™t = A'(Ao) ],
A= Aol T HIAG) = ACg)[1 T exp (| A(D) — A(Ag) [ )] - (3.14)

From this the claim clearly follows. [
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B. Implementers and Cutoff Quantum Field Operators

We begin this section by quoting some results from [18] which we have occasion
to use. Let U be a unitary operator on ## such that U_ _ has a bounded inverse,
and such that U, _ and U_, are in J,. Then its conjugate Z defined by (2.24) is
bounded and Z, _ and Z_, are in J,. Moreover, the quadratic form E(Z) on 2,,
is the form of a bounded operator E(Z), which satisfies

EZ)®(U*n)=BW)E(Z), Yved, (3.15)

where @ is the antilinear field operator

d(v)=a(P,v)+b*¥(P_v), veH. (3.16)

On 2, this operator is given by (3.1), in the sense that the expansion of the
exponential strongly converges on 9,,. The boundedness of E(Z) is a consequence

of the relation
E(Z)=%det(1+Z, _*Z, V%, (3.17)

where % is the unique unitary operator with positive vacuum expectation value
implementing the special kind of Bogoliubov transformation to which the field
operator transformation ®(v)—®(U*v) is equivalent. The adjoint of E(Z) is given
oy E(Z)* = E(qZ*q). (3.18)
which follows, e.g., from the readily verified fact that this holds for the quadratic
forms. Finally, if the Hilbert-Schmidt condition is dropped, (3.15) still holds in the
sense of forms on Z,,. Indeed, an inspection of the proof of Theorem 4.1 in [18]
shows that only the conjugacy relations (2.24) enter ; the domain and convergence
problems dealt with there do not arise in the form case.

Now let U, and U, be two operators with the above properties and let E(Z,),
E(Z,), and %,,%, be the corresponding bounded and unitary operators, re-
spectively. Then we conclude from (3.18) and (3.6) that

(QEZ)EZ,)Q=detl-2Z,_,Z,,_). (3.19)

From now on we assume in addition that U, and U, commute. Then %,%, and
U,7U, both implement the field operator transformation generated by U, U,
=U,U,, so that by uniqueness %,%,=e"U,%,. Taking vacuum expectation
values and using (3.17) and (3.19) it follows that

det(1—2,_.Z,, )=e*det(1—Z,_,Z,._). (3.20)

Thus we have derived the important relation
E(Z)E(Z,)det(1-Z,_,Z,,. )=EZ,E(Z,)det(1—-Z,_,Z,,_). (3.21)
Let us now turn to concrete operators. First, consider the unphysical Dirac

representation U(a, A) [cf. (2.17)]. Clearly, it is unitarily implementable, and the
corresponding physical Poincaré group representation is explicitly given by

N N
(U(a, Dp)(0,,6,; ...;ON,(SN)=exp(ia° Y ch0,—ia" ) shGi)
e :

i i=1

0, —a,0,;...;0y—a,dy). (3.22)
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The energy-momentum operator P is defined by
erP=9(a 1). (3.23)

Henceforth, we denote its zeroth component by H; clearly, H is the second-
quantized sum operator corresponding to multiplication by the function chf on
A . For future reference we also note the relation

e PE(Z)e ™™ P = E(Z%) (3.24)

[recall our convention (2.19)]. This easily follows from (3.2).
We now introduce the cutoff quantum field operators. They are defined by

@, (x)=e*TE(Z, Je ™", le(—1% (3.25)

where Z, _ is the conjugate of the smeared-out kink U, , (cf. Sect. 2C). We collect
their main properties in the following lemma.

Lemma 3.4. The field ¢, (x) is a bounded operator satisfying

o0 =det+Z, ,, _*Z, ., ), (3.26)
and implementing the transformation generated by @, . .(x). Furthermore,
@5, )=, (%), (3.27)
and
(2.0, (00, Q) =det(~ 25, ,Z}., ). (3.28)

Finally, for x, yeR* with x—y spacelike one has

(pl,e(x)(p)»’,a(y) det(1 - Zﬁ’,s— +Z)\;,£+ —)
=0y W, x)det1-Z5 . Z5. ) (3.29)
for & small enough.

Proof. For x=0 the first assertion is clear from the above and Sect. 2C.1. To see it
holds for x=+0, notice (3.24) implies

¢, (xX)=EZ7 ), (3.30)

and recall (2.25) and (2.49). To prove (3.27), we note first it holds for ¢, , .(x).
Thus, if %, (x) denotes the corresponding unitary implementer with positive
vacuum expectation value, its inverse implements the transformation generated by
@reod® =0, , 4x), so that %, (x)*=%_, (x) by uniqueness. This implies
3. 27) by virtue of (3 17). Finally, (3.28) follows from (3.30) and (3.19), and (3.29)
from Lemma 2.3 and (3.21). O

It is understood the above statements hold for all A for which ¢, (x) is defined,
ie., Ae(—1/4,1/4). For coupling constants in (—y,7), where y is defined by (2.55),
we can obtain more information on two-point functions, which is needed in
Sect. 4D.

Lemma 3.5. For any A, Ae(—7,7) and x, ye R? one has
(e_tH(P—),,g(x)Q>e—th)A‘,s(y)Q):‘:oa V8>0, Vtéoa (331)
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and

1 C(2")
0, (0% e, (DS (;> . Va1, Vre(0.3).
(3.32)
Moreover, for x,yeR? with x—y spacelike one has

02,05, (02 L 0 (D)
:gol/,e(y)(p},z(x)((p—i./,a(y)'Qa (P}M,E(X)Q)_lv V)‘7 ;Lle('—y’ '))) (333)

for ¢ small enough.
Proof. We first observe that

(@ e M, (NA=det(1-Z5, U@, Z% ,, Ul D* ).
(3.34)

where we used (3.6). We now recall the formula

det(1+T)=[](1+4), (3.35)

1

where 4, are the eigenvalues of T. Thus the determinant cannot vanish if | T|| <1.
From (2.54) and (3.34) it therefore follows that (3.31) holds true. The relation (3.33)
is now obtained from (3.29) by division, which is allowed in view of (3.31). Finally,
if | Tl <1, it is easy to see that

ldet(1+ D)™ " Sexp(I TI, (1= T ). (3.36)

Combining this with (3.34) and (2.102), (3.32) follows. [

The relation (3.33) is one of the cornerstones of the locality proofs below. Some
simplification would occur if the two vacuum expectation values would be equal
and hence could be omitted. Proving or disproving this would also be of interest,
since the cutoff fields can probably be used to study short-distance expansions. To
explain what is involved here, let us first return to the general situation discussed
at the beginning of this section [cf. (3.19)«3.21)]. The conjugacy relations (2.24)
imply that

det(1—Z, . Z,, )=det(U,__~YU,U,_ U, Y. (337)

This shows, first, that vanishing of the determinant implies (U, U,)__ does not
have a bounded inverse; using the Fredholm alternative one sees the converse is
true, too. Second, it shows that if U, and U, commute, so that (3.20) holds, and if
in addition the determinants are non-zero, the phase factor ¢ is a quotient of
det ABC and detCBA, where A, B, and C are bounded operators with bounded
inverses, such that the products ABC and CBA equal the identity plus a trace class
operator (abbreviated: 14 T). If one of 4, B, C equals 1+ T, it readily follows that
¢'*=1. (Note that in our case the unitarity of U, and U, implies | 4], | B], and |C| are
1+ T, so the unitary operator in the polar decomposition must be 1+ T for this to
be true.) But if this condition is violated, there seems to be no reason why the two
determinants should be equal, though we do not know an explicit example where
e* 1.
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Returning now to the concrete operators U, ., we know from Sect. 2C.3 that
their off-diagonal parts are Hilbert-Schmidt. If the inverses of the diagonal parts
were 1+ T, this would hold for the diagonal parts as well. But then it would follow
that U ...~ 1 is compact, which is clearly false. Thus in our case 4 and C (and
probably B as well) are not 14 T, so that this avenue is closed. Let us make one
more remark on the problem, however. From the relation (2.27) and the definition
of U 2.0 it follows that Z, . commutes with C. But this is easily seen to imply
equahty of the determinants is equivalent to their being real-valued. [Recall (2.23)
and the equality det(1 — AB)=det(1 — BA).] It is not hard to see that reality does
hold for x° =9, and we have some indication this may be true for x — y spacelike
and ¢ small enough to guarantee commutativity, but we were unable to prove this
so far.

We conclude this chapter by introducing a cutoff free Dirac field v, ,, and by
establishing its commutation relations. It is defined by

Yo (x)=e* Py, (0)e™ T, (3.38)

wo,g,“«))z@(W“ (J)) Voo (0= (W‘l (,0)) (3.39)

&

where

[cf. (29) and (3.16)]. Here u/l denotes the upper/lower component and
Jx")=¢"tj(x'/e) is an approximate identity. It is easily verified this implies

Wo.oX)=[dytj(x* — y po(x, y1). (3.40)

Here, v, is the free Dirac field of mass 1,

wo<x)z<4n)‘"'Zfde[a(e)(ee—i) "“’+b*<e)( )e} (3.41)

where
p=(ch6,sh0). (3.42)
Lemma 3.6. The components of v, [(x) are bounded operators satisfying
o . (0> =¢"fdx"j(x")?, i=ul. (3.43)
For x,yeR? with x—y spacelike one has
[wo,(x), wo, (1)*] =0, (3.44)
and
Wo,(X)@;, (y) =explinde(x' — y)]@, (o ,(x), (3.45)

for € small enough.

Proof. The first statement follows by recalling W is unitary and noting that
(@l =ull, VYued, (3.46)
which readily follows from the commutation relation

[D(u), D(v)*], =(u,v), VYu,vel. (3.47)
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The relation (3.44) follows, e.g., from (3.38), (3.39), (3.47) and the finite propagation
speed of exp(iH y1).

We shall now prove (3.45) for the upper component. First we note that the
implementing property of ¢, (y) implies

o, 0= (w0 (] 2

=E(Z} )& (Uﬁ,E*W_ 10, 1) (Jo»

=0, 00 (U O 100500, T ().
(3.48)

By virtue of the definitions of UM and j, and the finite propagation speed of
exp(iH,t), it now follows that

U(y—x, I)I}N* U(y—x, 1)* (]6) =exp[ —inde(x! —y!)] (J(;), (3.49)

provided ¢ is small enough. From this, (3.45) follows for the upper component. The
proof for the lower component is the same. []

4. The Field ¢,

A. Preliminaries

From Sects. 2A and 3A it follows that for Ae(—1/2,1/2) the Bogoliubov
transformation generated by the classical field operator ¢, ,(x) can be imple-
mented in Z() in the form sense. In this chapter we study the implementing
quadratic form on the domain of algebraic tensors Z,,, the quantum field

0,(x)=e*PE(Z))e ™"
=:exp(Z}, _a*b*+(Z3, . —VDa*a—(Z5__—1)bb*—Z5_,ba):. (4.1)

For convenience we repeat the definition of the kernels:

Z355(0,,0,)=explix-[op(0,)—'p(0,)1)Z,;50,—6,), 4.2)
where
P i
i hi0 chl
2,(0)=cosmad() + S0 oS30 chal) 4.3)
2n —1i P
ch36 sh36
and

p(6)=(ch0,sh0). (4.4)
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The implementing property of ¢,(x) is readily seen to imply the relations

P = _4(x), (4.5)

and
U a, N ,(x)U(a, A)* =@ ,(Ax +a), (4.6)
where %(a, A) is the Poincaré group representation (3.22). Both relations hold in

the sense of forms on &, and can also be easily checked directly.
We proceed by noting the function

Ez,w.,w(x)5<%a%(x)%>, /16(—795)’ W1:Wz€<@au (47)

is uniformly bounded and continuous on IR?. From Sect. 2A we also conclude it
has an analytic continuation to the strip S [defined by (2.30)] with the same
properties. It easily follows the quadratic form ¢,(F) on 9, defined by

i, @(F)py) =[dxF(NE; ,, ,(x), FeSIR?), JeS, (4.8)

is continuous on S(IR?) and analytic in S. To study ¢,(F) in more detail we
introduce the dense subspace

D=\ 9y, (4.9)
N=1
where
Dy=PNTF(H), (4.10)

and P, is the spectral projection of H on the interval [0, N). Thus &, consists of
multiples of @, and 9, only contains wave functions describing fewer than N
charged fermions, whose rapidities can only vary over a bounded set (recall the
rest mass equals 1 by assumption).

Consider first the form PyG,(x)P,, on &, for |A|<1/2, where G,(x) is a generic
term in the expansion of the exponential (4.1). We claim this form is the form of a
bounded operator that admits a norm-analytic extension in 4 to C; moreover, the
resulting operator is norm continuous in x and has an x-independent norm for
fixed AeC. To see this, first observe that the kernels Z, (0, —0,) define operators
on L*(—C,C),df) with corresponding properties as long as C<oo; note in
particular the off-diagonal parts are ||-|,-entire in this case. Now recall the
properties of ¥ and Z,, and the relation ||[A®B||=|A4| | Bl|l. Finally, note the
x-dependence is carried by the unitary group exp(ix-P). As a consequence the
form Py@,(x)P,, is (the form of) a bounded operator with the same properties.
(Indeed, only a finite number of terms in the expansion contributes, viz., those with
fewer than N creators and M annihilators.) It follows from this that for fixed
FeS(R?) Pyo,(F)P,, is a bounded operator with a norm-analytic extension to C.
Furthermore, the map F— Pyo,(F)P,, is continuous from S(IR?) to #(&#,).

We return to the generic term G,(x) in the expansion of ¢,(x). If it has k
creators and [ annihilators, its x-dependence is given by a factor of the form

k k+1
2 p0)— X p(%)D. (4.11)

j=k+1

exp (ix-
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Now fix Fe S(R?) whose Fourier transform F has compact support, and consider
the contribution of the generic term to the form ¢,(F)P,,. The second sum in (4.11)
then only varies over an M-dependent bounded region in R?. Since the difference
of the two sums varies over suppF, it follows that the first sum only varies over a
bounded region in R? determined by M and suppﬁ.ﬁConsequently, its zeroth
component is bounded above by some N = N(M,suppF)< oo, so that

@,(F)Py=Py@,(F)Py,. (4.12)

From the previous paragraph we then conclude ¢,(F)P,, is a bounded operator
that is norm-entire in A. It also readily follows from (4.12) that ¢,(F) is a well-
defined operator on &, which leaves & invariant. Furthermore, from (4.5) and
(4.6) one infers that

QAP L D, =¢ _HF), (4.13)
and
U(a, A (F)U(a, A)* = @ ,(F>1), (4.14)
where
FoA(x)= F(A™ Y(x—a)). (4.15)

As another useful consequence of (4.12) we point out that if F ,,—»ﬁ in Z(R?), it
follows that ¢,(F,)P,— @;(F)P,, in norm. Finally, consider the expression

N
1. (F)Q, FeCR?, LeC, i=1,..,N. (4.16)
i=1

Here and henceforth the order of the product is the natural order of the indices.
Clearly, it follows from the above that this expression has a well-defined meaning
as a vector in & _,, which depends continuously on F .€ 2(R?) and which is entire in
the coupling constants A,

B. The Results

With these preliminary observations out of the way, we are now in a position to
state the main results of this chapter.

Lemma 4.1 (A ¢-bound). For any ie(—1/2,1/2) and t,u>0 the forme™ ™ ¢,(0)e*H#
on 9, is the form of a bounded operator, satisfying

1\C®
He—tH(p,L(O)e_“HH=O<<a> ), t,u—0. 4.17)

We shall prove this lemma in Sect. 4C. Here, we draw some conclusions and
prove in particular a corollary of the lemma. First, we note that the product of the
three bounded operators e "“H(e "Hp (0)e " H)e *H equals the operator
e~ WFHp (Q)e 1 T UM gince these operators are equal as forms on 2. It follows
from this that the range of e~ ¢,(0)e  “ is contained in the domain of e*¥ for any
a<t. This in turn implies the operator (e~ ¢,(0)e ™) (e~ H,(0) ") is a function
of s+t, and can therefore be written as e ™¢,(0)e”“""Hp, (0)e ™ without
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ambiguity. Also, if 7 is in the domain of e, the vector (e~ # ¢, (0)e“H)e*Hy, where
u<v, is independent of u, and may therefore be denoted e~ ¥ ¢,(0)y. Of course,
similar remarks apply to the bounded operator e” ¢ (x)e “H=e>F(e~"Hp,(0)
e Mg~ P note, moreover, it is strongly continuous in x and has an x-inde-
pendent norm. More generally, one may replace the factors e by e "7,
where # is in the forward light cone; note that

lle™"Fp,0)e™""|| < llexp(— 7 —Ini[1H) @,(0) exp(—[n3— ;1] . (4.18)

In the sequel we shall use the notation just introduced without comment, in
particular in the proof of the following lemma.

Lemma 4.2 (Temperedness). Let 1,€(—1/2,1/2) and F €D(R?),i=1,...,n. Then the
distribution in 2'(R*") defined by

W, .. F)= (Q 1 (pli(Fi)Q) (4.19)
i=1

is the restriction of a distribution in S'(R*").

Proof. By virtue of the first statement of Lemma 4.1 and the remarks made above,
the function

W —ings s &y — M, 1)5(973-8}1@/11(0)3)‘13[1.(— &y +iny) P ...
@5, Oy exp[i(— ¢, - +in,- 1) P] 9, (0)2) (4.20)
is well defined for £>0, e-independent and holomorphic in the tube. The bounds

(4.17) and (4.18), and standard lore on Laplace transforms [24] imply W is the
Laplace transform of a tempered distribution. Now consider the integral

[dxF(x)e Mo, (x)e™™, Je(—5%%, >0, (4.21)

where Fe S(R?). In view of the above this is a well-defined Riemann integral in the
strong topology, which defines a bounded operator on Z(#). Assuming in
addition suppF is compact, this operator equals the operator e "o, (F)e ™ on
D ., with ¢,(F) defined in Sect. 4A (since the operators coincide as forms on 2,,).
Thus we may write

WEF o F)=1m(@Q, 9, (F e g, (F))...e” Mg, (F)Q)

= y_{%jdxl X, F (). Fo(x,) Wy — Xy —ith, ..., X,y — X, — i17])
(4.22)

where n=(1,0). Using again well-known results on Laplace transforms [24], the
claim follows from this. [J

Assume that F'e C2(R?)— F,e S(R?) in S(R?) for n—>oc0, i=1,..., N. Then the
lemma just proved implies that the vectors

N
[T, FDQ,  Ae(—373), (4.23)
i=1

form a Cauchy sequence and therefore have a strong limit for n—oo. We denote
the subspace of finite linear combinations of such limits by D. Another application
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of temperedness shows that the bounded operator (4.21), where Fe S(R?), acting
on a vector we D gives rise to a vector {, with a strong limit { for t—0. Thus the
operator ¢,(F) defined by putting ¢,(F)y={is well defined on D. A little reflection
also shows that:

i) @,(F) leaves D invariant;

N
i) the limit of (4.23) equals [] ¢, (F)Q;

i=1

iii) @, (F)*'D=¢_,(F); (4.24)
iv) 4%(a, A) leaves D invariant;

V) U(a, A) @ (F)U(a, A)* = @,(F**) on D. (4.25)
We can now state the next lemma, which will be proved in Sect. 4D.

Lemma 4.3 (Locality). Let F, Ge S(IR?) with supp F and supp G spacelike separated.
Then

Lo, F),0,(G)]_p=0, VyeD, ViNe(—13d). (4.26)

Consider now the subspace of finite linear combinations of strong limits of
vectors of the form (4.23), where A, equals either A or — 4, i=1,..., N. We denote
this subspace by D, and its closure by D,. Clearly, D, is a closed subspace of the
charge-zero sector in (). (We believe that D, is equal to this sector, but were
unable to prove this.) Thus, the restriction of %(a, A) to D,, denoted %,(a, A), does
not exhibit isolated mass shells. Therefore the field ¢,(x) in D, cannot describe
asymptotic particles, and hence the problem of asymptotic completeness does not
arise. But it is obvious from the above that all other Wightman axioms are
satisfied, a fact we regard as the main result of this chapter:

Theorem 4.4. The quadruple {D,,%,(a, A), ¢,(x), D,>, where L&(—1/2,1/2), satisfies
all Wightman axioms with the exception of asymptotic completeness.

C. @-Bounds
Noting that

(H+1)"%@,0)(H+1)"*=I()~2 | dt du(tu)*~'e”"®* Vg, (0)e “#*VD >0,
0

(4.27)

one sees the inequality (4.17) implies (H + 1) ““~%¢,(0) (H + 1)~ “®~¢ is bounded
for any ¢>0. [Conversely, boundedness of (H+ 1)~ “@¢,(0)(H+1)~? is easily
seen to imply (4.17).] Thus, for |4] small, (4.17) entails the inequality

I+ 17 12[f dx! (') 9,0, x)T (H+ 1) 2 S C fdx![f(x)],  (4.28)

which would be called a ¢-bound in constructive field theory [42, 43]. We begin
this section by proving Lemma 4.1 and then add further comments pertaining to
@-bounds in the sense of (4.17).
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Proof of Lemma4.1. Using (4.1) and (3.2) it is readily seen that
e Mo (0)e "H=exp(Z2, _a*b*) (e HZ, e H)
T(e HZT_ _e "Myexp(—Z%" , ba) (4.29)
as forms on 2, where the notation will be clear. To prove the first assertion of the
lemma, we therefore need only show the four factors at the right-hand side are

bounded operators for ¢, u>0. For the first and the last factor we use Theorem 3.2
and (4.3) to conclude that

lexp(Z5, —a*b®)| =det(1 +1Z5, _I), (4.30)
and that
lexp(—Z5_ ,ba)| =llexp(Z ,, _a*b¥)| =det(1+|Z%,, _|). (4.31)

Since Z5 _ , is trace class for any s>0 (as we have seen in Sect. 2B), boundedness of
these factors follows.

Now consider the second factors. From the pseudo-unitarity of Z, for
Ae(—1/2,1/2), we obtain

1M ™Z; ce ™ MIP=T(e™ 25, s Z;, e )|

=M™ 1+Z, ,*Z, ,Je ") (4.32)

Using the relation
0<A<B = 0<I'(4)=I(B), (4.33)
whose proof is easy, and noting Z,_ , = —Z,, _ as operators on L*(d6), we now

get
IM(e™Z,, ce ™M ST +e™™Z,, _*Z, e *M)|1?
=det!?(1+e "z, _*Z,, e "H), (4.34)
where we used Theorem 3.1 in the last step. Likewise we obtain [using also
1A =T,
IF(e ™ ZT_ _e ") Sdet*?(1+e M7, _*Z,, e ). (4.35)
But from Sect. 2B we know that e *#Z,  _*Z,, e * is trace class for s>0, so
that these factors are bounded operators as well. This proves the first assertion.
To prove the bound (4.17) we use the inequality det(1 +|T) <exp(|| T|,) on the

four bounds just obtained. We may then use the trace norm bounds (2.42) and
(2.43) and the relation

lim KO(s)/ln(é) =1 (4.36)

to conclude (4.17) holds true. [
Let us comment on the difficulties in extending the bound (4.17) to larger
and/or complex 4, and in proving similar ¢-bounds in related models. Inspection
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of the estimates shows there is no difficulty in extending the bounds on the first
and last factor in (4.29) to the strip S. It is the I'-factors that cause trouble: As
soon as ImA 0, Z, fails to be pseudo-unitary, so that the last step in (4.32) is false.
Worse yet, for fixed ImA+0 it is likely that I'e™"#Z,, , e~ ") (e.g.) is unbounded
for t,u small enough. Indeed, from Theorem 3.1 we know that boundedness is
equivalent to the positive part of |e”""Z, ,e™*"|—1 being trace class. However,
from (2.31) we see that |Z,,  (y)|—>exp(F nIm 1) for y— + oo, so it is plausible that
this is not the case. Of course, the condition is trivially satisfied for ¢, u large
enough. This leads to the Wightman functions being analytic in the strip S in a
subset of the extended tube that shrinks as |[Im4,| increases. More generally, a
similar situation is readily seen to obtain for A,eC. But since we see no way of
making use of this, we have not pursued this further.

In the case of the fermionic Ising model the role of Z, . _(0) is played by the
function Z, _(0)=(2xi)~ *th6/2. The first statement of the lemma can be shown to
hold true, but the difficulty here is to prove the norm does not blow up faster than
a power. It can be seen this is true if det(1 4+|Z°, _|) has this property, but so far we
have only proved the determinant is O((1/t)"™"0/M) Of course, in this case
temperedness is known from [26, 28], but note these results do not imply the
validity of the analog of Lemma 4.1.

For the bosonic Federbush model the analog of Z, is unitary, so that the
I'factors are trivially bounded. The first and last factors can be shown to be
bounded for ¢, u large enough, using number operator estimates. But they are most
likely unbounded for ¢, u small. Of course, this does not preclude that the product
of the four factors may be bounded for any ¢, u>0; this is another open problem.

D. Locality

We begin this section by proving the locality lemma, and then add some comments
on the cutoff fields employed in the proof.

Proof of Lemma 4.3. In the following, the symbol y will be used to denote finite
N
linear combinations of vectors of the form [] ¢, (F)Q, where N0,
R i=1
2,€(—1/2,1/2) and F,e Cg. Clearly, such vectors are dense in D. Thus we need only
show that the function

LGV F D=1 01(G) @u(F)yy), A VeE(=13), (4.37)

where F and G are C{-functions with suppF and suppG spacelike separated,
satisfies

L(F, ;G Ay=LG, N F,A), Vl,Ae(—39). (4.38)
We claim this is a consequence of the relation

(e ™y, 0,(F) 9,(G) 1)
= My, 0, (G 0,(Fyx,), VY1>0, ViAe(—-4,9), (4.39)
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where 0 is a positive number smaller than 1/2. We shall now prove this claim and
then prove (4.39).

First, from (4.39) it follows by taking t—0 that (4.38) holds for any
A, A'e(—3,0). We now assert L has an analytic continuation in A and in A’ to the
strip S. Clearly, from this (4.38) follows. To prove the assertion, it suffices to show
that a vector of the form

qD}.(D)X’ }'e(_%>% s DECF)O> (440)

has a strongly holomorphic extension into S. [Indeed, if the extension is denoted
y,, then pj is an anti-holomorphic extension. Now combine this with (4.24).]
Denoting the projection on the vacuum by P,, it is clear P,¢,(D)y has a strongly
holomorphic extension to €, so we need only prove the extension property for
(1—Pgy) @,(D)y. Now recall that by Stone’s theorem, covariance and temperedness
the polynomial domain consists of C*(H)-vectors. In particular, H is well defined
on ¢,(D)y and we may use these three tools to trade H for time derivatives of D
and the test functions occurring in y. Since we can write

(1—-Py) (p).(D)XzH—N(l—PQ)HN(pA(D)Xr (4.41)

this argument implies the right-hand side may be written as a finite linear
combination of vectors of the form

H M1-Py)¢,(E)x, Ae(—33), EeCy. (4.42)

(Recall our convention concerning the symbol x.) Thus it is sufficient to show that
such vectors have a strongly analytic extension into the rectangle R, with corners
—1/2+1/ntin, 1/2—1/n+in for any integer n, provided N=N, is chosen large
enough.

In order to prove this, consider the vector

(i x, )=(1—Pgle Mo (x)x, >0, Ae(—33). (4.43)

Using the factorization (4.29), we may write i as

e ¥ V(] — Po)exp(Z; . _a*b¥)e” P H((4,x). (4.44)

Now from the fact that ye 9, it readily follows { has a strongly analytic
continuation into S, which is moreover strongly continuous in x. Also, from
Sect. 2B we know that for fixed >0 Z’, _ has a || - || ;-analytic continuation into
S. Thus, from Theorem 3.3 it follows that exp(Z',, _a*b*) has a norm-analytic
extension into S. Furthermore, combining the bound (3.14) with the bounds (2.43)-
(2.46) we infer that

Iexp(Z, . —a*b*)—exp(Z}, . ~a*b¥)] (h—Ag) ™' — Z},, _a*b* exp(Z,, , _a*b™)|
< exp[Cllo) Ko()] (COh ) Kolt) + Cli o) K oft) expL.C(A, o) Koft)])

1 C(40) + C(4, A9)
<cu, 1(,)() , (4.45)

¢
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where we used (4.36). (Also, recall our convention at the end of Chap. 1.)
Telescoping and estimating in the obvious way, it follows from the above that
w(4, x, t) has a strongly analytic extension into S, which is strongly continuous in
(x,t) on R?xIR™, and which satisfies the bounds

C(R)
[ x, D S(C+CAe™ (%) , (4.46)

C(4)
WX 01 S(C+ R0+ e (5] @)

1Tw(4, X, ) = (o, X, )1 (A—Ag) = y/(Zo, X, D)

1 C(40) + C(4, A0)
<C(hJg) et (> .

(4.48)

[Use (3.10) and (2.47) to see (4.47) holds true.] Since C(1) is continuous on S, it is
bounded above by a, < co on the rectangle R,. Fixing N >a,, we infer from (4.46)
and (4.47) that the strong Riemann integrals

(N1 ? dt (V7! [ dx E(x) w(4, X, t) (4.49)
0
and
FONY™ [ de ¥ [ dx B w/( x, (4.50)
0

converge for AeR,. Also, from (4.48) and dominated convergence, we conclude the
vector defined by (4.49) is strongly analytic and has (4.50) as its derivative. Since it
is equal to (4.42) for Ae(—1/2+1/n, 1/2—1/n), our assertion holds true.

We are now reduced to proving (4.39). To this end we shall make use of the
cutoff field operators ¢, ,(x) introduced in Chap. 3. However, we shall also need
three relations involving the two-point function of the field ¢,(x),

WA,A'(X“)’)E[@—A(X)Q, 0, (»E2]. (4.51)

(Henceforth, [ -] denotes tempered distributions.) We begin by deriving these
relations. First, we know already W is the boundary value of a function
holomorphic in the tube and invariant under real Lorentz transformations. It
follows from this by standard arguments [24] that W(x) is real-analytic in the
spacelike region and that

W, (X)=W, ,(-=x), x*<0. (4.52)
We now claim that

W, ) =W, (x), VxeR>. (4.53)

By analyticity it suffices to show this for the Schwinger points. Rotational
invariance of the two-point Schwinger function in turn implies that (4.53) follows
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from
W, (=it,0)=W,, (—=it,0), Vt>0. (4.54)
But using (3.6) we see (4.54) can also be written

det(1+2",, *7, y=det(+2Z"_,,_*Z', ), Vt>0. (4.55)

Since Z',, _*=2Z%, _ as operators on L*(d0), (4.55) follows from the relation
det(1 + AB)=det(1+ BA). Thus, (4.53) is proved. Combining (4.52) and (4.53) we
infer that
[0 (020,02 =[¢_, (N2 ¢,(x)Q], VYALVe(~33),
Vx, yeR?, x— y spacelike, (4.56)
which is the first relation we need.

Also, using the complex Lorentz transformation is, we have for x, yeIR* with
x—y spacelike and x to the right of y (e.g.),

(™Mo _,(x)Q e e, (A=W, ,(i(y* — x"),i(y* - x°)—2¢)
=det(1+T, ,(x,y,t)), Vt=0, (4.57)

where the argument of W, ;. is in the tube (since x is to the right of y), and where
T, ;» denotes a trace class operator. (This follows from arguments that will be
familiar by now.) Moreover, for 4, A’e(—7,7) we have | T, ;.| <1 by (2.54), so that

e o_,(x)2e e, ()Q+0, Viz0, Vile(-y7),
Vx, yeR?, x— y spacelike, (4.58)

which is the second relation. Finally, the Wightman function W, ;. in (4.57) is
analytic for (x,y,t) in the compact region suppF xsuppG x[0,1/4]. Since it
cannot vanish there for |A|,|1'| <7y, it stays a finite distance away from zero, and
therefore we have the relation

F(x) G) (" Mp_ ()2 e M0, (0Q) " 5w
F(x) G [o_ ()2 0,017, ALAe(=n7), (4.59)

which is the third one.

We are now prepared to embark on the proof of (4.39). In view of (4.56) and the
analyticity of the reciprocals for A, A'e(— 7, y) we need only show there is a positive
0 <y such that

[@—,1(X)e_tHX1,§DA'(J’)X2]_ Lol xeo )
WdyF(")G(”( [0 (0% g,ma  ohxed)

=0, V>0, VAAe(—9,0). (4.60)

To prove this let us pick €< 1 so small that (3.33) holds on supp F x supp G when
we take £€(0, ). We can then telescope the difference at the left-hand side of (4.60)
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into eight terms, as follows (to unburden the notation we omit the coupling

constants and absorb the factor e”* into y, henceforth):

Lo(X) 1, (2] (e"’”cp(x)xl,e"”<p(y)x2)} ’
Jaxdy FO) GOTo050 pm@l ~ (@ Poto@.e Pp()2) 0
F(x) G(y) —m —H
Hledy g g [ W ez

—(e"Mo(x)ey e oy e y,)] (i)
(e Ho(x)eMy, e o(y)eMy,)
+ jdx dy F(X) G()’) (e_tHgo(x)Q, e—tH(p(y)Q) _(q)_)q)e)} (lll)

(e o x)eMy, e o (ney) (911, ws(y)xz)} .

dxdy F(x) G -

sy P 60 e (™ = oo o006
—(xey). (4.61)

We shall only estimate the first four terms, since the other four terms have the
same structure.

Term (i). Consider the functions

K (x, )= F(x) GO) (e M o(x)Q,e Mp(y)Q)~*. (4.62)

In view of the above, in particular (4.59), these functions are in S(R*) and have
limit F(x) G(y) [p(x)Q, p(y)Q]~ *e S for t—0, provided A, '€ (—7,7). It follows they
form a bounded set in S. Telescoping (i) into
§ dx dyLo(x) 11, @) 1,1 (Ko(x, ¥) = K (x, )
+ [dxdy K(x, ) [[@(x) 1, @) 11— (e Pp(x) e Pp()2,)], (4.63)

it is clear that the first term vanishes for t—0. The distribution in brackets in the
second term converges to 0 in S’ for t—0 by Laplace transform lore. Thus, by the
uniform boundedness principle, it converges to 0 uniformly on bounded sets in S.
Hence the second term vanishes too for t—0. It follows that term (i) vanishes for
t—0, provided |A|,|A| <.

Term (ii). This term can be written
[dxdy K (x, y) [(e"[1—eTTxy, e Hoplx)e > p(y) 1)
+e Holy)e  op(x)etyy, e 1—e™y,)]. (4.64)

Consider the first inner product. Doing the integration leads to a right-hand side
vector that strongly converges to the vector

[ dxdy K(x,y) 9(x) 9(y) 1, (4.65)

by the argument given for term (i). The left-hand side vector strongly converges to
0, implying the first term vanishes for t—0. The additional factor ™ in y,
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ensures the same argument can be applied to the second term as well, implying
term (i) vanishes for t—0, provided |4}, 4] <.

Term (iil). To handle this term and the next one we make use of the following
simple fact:
Assume F(z,,z,) is antiholomorphic/holomorphic in z,/z, in the region

{z1,2,€C|z;=a;+it,a;e0,CR,0;0pen, t;>0,j=1,2}. (4.66)
Then one has for t,t' >0 and a;e0,
.
Fla,+it,a, +it)=F(a, +it',a, +it)+id, [ ds F(a, +is,a,+it')
t
t t t
—id,, [ ds' Fla, +it',a, +is)+0,,0,, [ ds [ ds F(a, +is,a, +is)). (4.67)
t t t

[Indeed, by dominated convergence we may interchange the differentiations and
integrations. Using the Cauchy-Riemann equations and integrating by parts
it follows that (4.67) holds.]

To apply this to (iii) we note that, e.g.,

e Ho(x)e =exp[iH(x° +it)] (0, x') exp[ —iH(x° +it)] (4.68)

on Z,. From this and the relations (3.31) and (4.58) it is straightforward to
conclude that the assumptions are satisfied for the two terms inside the square
brackets, when (x, y) belongs to supp F x supp G. Hence we may write (iii) as

1/4

[dxdy F(x) G(y) D(x,y, 5, D —1[dxdy(@,F)(x) G(y) | dsD,(x,y,5%

1/4

+i{dxdy F(x)(0,G)(y) | ds'D(x,y, %)

1/4 1/4

+ [ dx dy(0,F)(x)(0,G)(y) | ds | ds'D,x,y,s,s), (4.69)

where we have introduced the difference function

(e~ p(x)e My, e~ Tp(y) e 1,)

(e Hp(x)Q2, e op(y)Q)

De(x’ Y5 S, S,)E _((p_)(pe) (470)

We now claim there exists a §, =7 so that for 4,4'e(—d,,6,) one has

1 1/4
IDg(x,y,s,s/)|§C(§> ; (4.71)

and

li_{% D(x,y,s,5)=0 (4.72)
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for any (x, y)esuppF x suppG and s,s'€(0,5]. Taking this for granted, it follows
from (4.69) and dominated convergence that (iii) vanishes for ¢—0, uniformly in t.
To prove (4.71) and (4.72) we first note that
e p(x)eyy, e o) e y,) — (9~ 0,
lle™Hp(x)Q, ™ Hop(y) Q)|
N e Fpx) e x, e o )e )
lle™ p(x)Q, e () Q) (e, (x) 2,0 () Q)

de”Ho(x)Q, e p(y) Q) —(p—¢,) . (4.73)

[D(x,y,s,8) <

Consider now the first term. We claim it satisfies a bound of the form (4.71) for 4, A’
small enough and vanishes for ¢—0. Since we know already the denominator stays
a finite distance away from 0 as (x, y) and s, s’ vary over supp F x supp G and [0,1]
respectively, we need only prove this claim for the numerator. To this purpose we
use the Schwarz inequality to conclude that

™ p(x) ey, e p(y)e 1)~ (90— o)
< lle™H((x) = @ (x)e 1yl e Fp(y)e ™y, |
+le o, (x)e My, e (@) — . ()e x, - (4.74)
But using Lemma 2.6 we conclude in a by now familiar fashion that

le™ @, (). I Sexp( 2], 1)

1\EA
gc(;) L Ve8], (475)
where p.c. denotes the pure creation part. Likewise, (2.43) entails
1 C(4)
g el SCly) L Ve, 476)

Since C(A) vanishes for A—0, it follows that the right-hand side of (4.74) is
O((ss")~ ¥*) for A, X’ small enough. Moreover, from Lemma 2.5 and Theorem 3.2 we
conclude that

lim e~ [, (X)y . = @y(x)y.c 1 =0,  Vi>0. (4.77)

Using also (2.53) and the fact that y,€ 2, it then easily follows the right-hand side
of (4.74) vanishes for ¢—0, proving the claim. The second term at the right-hand
side of (4.73) can be handled in a similar fashion, except that we now also need the
estimate (3.32) to control the denominator. Thus, term (iii) vanishes for ¢—0,
uniformly in ¢, provided |4, || <3, .

Term (iv). Clearly, (3.31) implies the remainder function

(e o)y, e o (n)ey,)
(e o ()2, e Mo ()

R,(x,,s,5)

(4.78)
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satisfies the assumptions on the function F occurring in (4.67) for any x, ye R2, If
we smear R,(x, y, t,t) with F(x) G(y) and then use (4.67) and integration by parts, we
see that t' may be taken to 0, which implies (iv) can be written

i|dx dy(0,F) (x) G(y) i ds R(x,y,s,0)—i[dx dy F(x) (0,G) (y)ids’ R,(x,y,0,5)
0 o

£ [ dy@oF) (9 @,6) () [ ds [ dS' R (5, 3,5.5). 4.79)
0 0

Arguing now as for (iii) and using the bounds (3.32) and (4.75), it follows there
exists a 6, <y so that for 4,A'e(—0,,9,) R, satisfies

1 1/4

IRs(x, y, S, Sl)l é C (;;) 9 (480)
1 1/4

IR(x,y,5,0)|=C (E) , (4.81)
1 1/4

Rem0sze(y) @82)

for any x,yeRR? and s,5'€(0,1]. Using this to bound (4.79), it follows term (iv)
vanishes for t—0, uniformly in ¢, provided |4, || <4,.

Combining these results we finally conclude that for fixed |A|, |A'|<d=min
(y,d,,0,) we can make (4.61) arbitrarily small by taking ¢ and ¢ small
enough. Therefore it follows (4.60) holds true, so that the proof of the lemma is
complete. [

The reader will have noted that we have made essential, but in a certain sense
minimal, use of the cutoff fields ¢, , in the above proof. This is due to our lack of
knowledge as regards their properties for |4|= + and more generally 1eC, and as
regards the strongest topology in which their Wightman distributions converge to
the non-cutoff Wightman distributions. It is for instance clear from Sect. 2C and
our remarks in Sect. 4A that convergence takes place in &’ for any le(— 4, %), and
the above techniques can be used to show the cutoff two-point function
(2,0, (X))@, [(1Q) in fact converges to [Q,¢,(x)p,(y)€2] in §, but they are
already not strong enough to conclude this for the three-point function.

As concerns large coupling constants, we have already noted in Sect. 2C.3 that
the analytic Fredholm theorem implies ¢, , ,(x)__ has for fixed ¢ a bounded
inverse for any AR but for a discrete set. Thus cutoff quantum fields ¢, (x) of the
form E(Z) do exist for non-exceptional AeR. (On the discrete set the implementer
has a more complicated form, c¢f. Theorem 5.1 in [18].) These fields are non-
periodic in 4, since @, , 4(x) is. Is it perhaps true that they converge in &’ to the
non-periodic fields ¢,(x), although ¢, , ,(x) strongly converges to the periodic
operator @, ,(x)? If so, this would help resolve a puzzle in the literature we have
pointed out previously (cf. [20, pp. 358 and 359]).
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5. The Field v,

A. Preliminaries

The Federbush model describes two species of charged massive fermions.
Correspondingly, one can take the Fock space 7 (#, @ #_,) as its arena, where
H,, s=+1, are copies of the space # = L*(df)* of Chap. 2. The representation of
the Poincaré group will be again denoted %(a, A) and is defined by

N
(%(a’ A)lP) (017817 51 a’ ;91\]7 SN9 5N)Eexp (la Z psl(ej))
=1

0, —0,81,0;...50y— 0,55, 0y), (5.1)

where
p(@)=m(s)(chf,shb), m(s)>0. (5.2)
Thus, %(a, A) (as defined here) corresponds to (m(1)a, A)Q%U(m(—1)a, A) (as
defined in Chap. 3) under the canonical isomorphism Z(#,@H_,)~F (H))
RF(#_,). The energy-momentum operator and its zeroth component will

be denoted P and H, respectively, as before. We now introduce the Federbush
field. It is defined by

v, ()= (X) @, (x). (5.3)
Here, v, , is the free Dirac field of mass m(s),

. 19

) e] (5.4)

m(s)

1/2 e%o )
vo0= (5] b e, @ e e o

and ¢, (x) equals the field ¢ _,(m(s)x) of Chap. 4 on the factor Z (#,). Thus one
has, explicitly,

ie
—ie

05, X)= 1exp(ZTS, ek ek, + (2T L~ ek e,

— (2N Dy o = 2 ey e, ) (5.5)

where the kernels are given by (4.2).

The subspaces &, Dy, and & of Z[(#) have obvious counterparts in
F (A @A) that will be denoted by the same symbols. The field y, (x) is a
quadratic form on Z,, to which the same arguments apply as those in Sect. 4A
concerning @,(x). In particular, for any 1eC and FeS(R?*? with compactly
supported Fourier transform F one concludes that 1.s(F) and its adjoint are well-
defined operators on &, which leave &, invariant and satisfy

W, (F*1 2, =y} (F), (5.6)

and
Ula, ), (F)Ua, A=, (F3™). (5.7)
Here, 7 (x) is the (quadratic form) adjoint of v, (x),
Vi) =5 () o_; - (x), (5.8)
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and

Fod(x)= (‘3_02“ e;’a) Fo4(x) (5.9)

[cf. (4.13)—(4.15)]. Also, the vector in &
N
n Y (F)Q, FleCoR»)?, 4eC, i=1,...,N, (5.10)

depends continuously on F,e Z(IR?)? and is entire in A, in the strong topology.
Here, the notation (*); indicates that either the field or its adjoint (5.8) occurs,
depending on i.

B. The Results

In this section we present the main results of this chapter along the same lines as in
Sect. 4B. The proofs can be found in the next section.

Lemma 5.1 (A y-bound). For any Ae(—%3) and t>0 e ™y, (0)e™™ is a
bounded operator, satisfying

1 2C(A) + %
le™ ;4 {0)e™ | =0((;) ) -0, (5.11)

where C(A) is the same function as in (4.17) and i=u/l denotes the upper/lower
component of p, o

Using this result the discussion following Lemma 4.1 can be repeated with
obvious changes. In particular, it easily follows that the distribution in &'(R*")*"
defined by

W (F . )~(9 [ s, ) he(=1Y), Fea®??,  (5.12)

is the restriction of a tempered distribution. Also, if Fe CZ(R?)?— F,e S(R?)? in
S(R%)? for n— oo, then the vectors

H P (FDQ, he(—59), ‘ (5.13)

strongly converge for n—oco. Again, we denote the subspace of finite linear
combinations of such limits by D. As in Chap. 4, we can then define the operator
Y (F) on D for any Ae(—%,3) and Fe S(IR?)?. The properties i), ..., v) have obvious
analogs for y, ; and %(a, A), and therefore need not be spelled out again. We
continue with a lemma that details the commutation properties of the Federbush
fields.

Lemma 5.2 (Commutation relations). Let A,A'e(—13) and F,GeS(R?)?* with
suppF and suppG spacelike separated and suppF to the right of suppG. Then the
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following relations hold on D :

V(P yi (G)=—v} (G y, (F), (5.14)
Vo), (G)=—v, (G, (F), (5.15)
Vi, P pi _(G)=—exp(in(d' — 1)) v} (G, (F), (5.16)
W, (F)yy, _(G)=—exp(in(A—2)s)w; (G, (F). (5.17)

We now define D, CD as the subspace of all finite linear combinations of strong
limits of vectors of the form (5.13), where all ; are equal to a fixed Ae(—%,3). From
the above it readily follows the Haag-Ruelle theory [33] is valid for the fields
v (F) on D,. Thus the question of asymptotic completeness makes sense. We shall
presently answer this question affirmatively ; in fact, we shall prove that the closure
of the asymptotic spaces equals Z(#,@H#_,). Thus we have the following
theorem, which we regard as the principal result of this paper.

Theorem 5.3. For any Ae(—3,%), the quadruple {(F (A, @H_,), U(a, A), p, (X),
D, satisfies all Wightman axioms including asymptotic completeness.

C. The Proofs

Proof of Lemma5.1. We first recall that for feL*(d0)c(y(f) is a bounded
operator, satisfying

NI =111 (5.18)

Using Lemma 4.1 we now conclude that e™ "y, (0)e™ ™ is a bounded operator of
the form A®B on Z(#,)QF (#_,) for any t>0. Noting that for a>0
1

{ a6 eﬂe—mhf’:o@, t—0, (5.19)

the bound (5.11) follows by also taking (4.17) into account. []

Proof of Lemma 5.2. The proof of this lemma proceeds along the same lines as
that of Lemma 4.3, and we shall therefore use the same symbols to denote
analogous objects. We shall first prove (5.14). We claim this relation will follow
once we show that

[UJ; s(x)e—tHXp w;k’ s(y)XZ]
dxd : :
JdxdyF (x)G(”([m,_S<x)9,<p_x,;s(y)m

[w, e Fxnw, (0)1,]
[‘Pz', - e, @i, - {x)€2]

where & is the same positive number as in the proof of Lemma 4.3 [cf. (4.60)]. [Of
course, the y; are now finite linear combinations of vectors of the form (5.10) with
2,€(—3,%).] The proof of this claim follows from (4.56) and the arguments in the
proof of Lemma 4.3 leading to the validity of the analogous claim made below
(4.38); the presence of the extra free Dirac field only gives rise to an additional
factor (1/¢)*/? in (4.46)~(4.48), so that one should take N > o, +% in (4.49) and (4.50).

):0, V>0, VYA, Ae(=4,8), (5.20)
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Notice this factor is only needed for the term containing the creation part of the
Dirac field: the form [df c, 6)e**% =7+ defines a bounded operator on %,
since the integral may then the restricted to a bounded region.

To prove the relation (5.20), we first observe it holds if the fields are replaced by
the corresponding cutoff fields, provided the cutoff is small enough. [To see this,
use (3.33) and (3.44).] Thus we can telescope the left-hand side into eight terms as
in the proof of Lemma 4.3. These terms can now be estimated in an analogous
way. Therefore we shall only point out the differences. Clearly, (i) and (ii) cause no
problem. To handle (iii), note that in the analogs of (4.71), (4.75), and (4.76) the
exponents should be increased by 1 to take the Dirac field creation part into
account. To conclude that (4.72) holds true, one only needs the additional relation

lim le ™[y, (x) o ()]e "M =0,  Vi>0, (5:21)

which readily follows from (3.40) and (5.18). In (iv) a minor snag is encountered: R,
now satisfies the bound

1 3/4
le(xa ys S, S/)| é C (g) s vxa yEIRZa VS, S/G(Oa %] s (522)
instead of (4.80), which suffices for the third term in (4.79) to vanish as before, but
the exponents in the analogs of (4.81) and (4.82) are 5/4, which is not sufficient to
handle the first two terms. However, for >0 we may write

i{ dx dy(0,F)(x) G(y) i dsR(x,y,s,t)

t 1/4

= jdxdy(aoF)(x)(OOG)(y)j,ds f ds' R(x,y,s,s')

+i[dxdy(0,F)(x) G(y)jEdS R(x, 9,50, (5.23)

and if we now take ¢’ to 0 we obtain an equation that enables us to replace the first
term in (4.79) by two terms that vanish for t—0, uniformly in ¢, by virtue of the
bound (5.22). The second term in (4.79) can be taken care of analogously. It follows
that (5.20) holds true, implying (5.14). The proof of (5.15) is similar.

To show that (5.16) holds, we need only prove that

fdxdy F(x) G(y) ([} (x)e” My, v _(1)12]
+exp(in(X —A)s) [wy ey, v, (X)) =0, V>0, Vile(-4,0),
(5.24)

by virtue of the analyticity argument discussed above. A straightforward calcu-
lation using (3.45) and the fact that suppF is to the right of suppG shows that
(5.24) holds true for the cutoff fields, provided the cutoff is small enough. But then
we may proceed as before, except that now of course no two-point denominators
occur in the analog of (4.61). The eight terms can then be estimated in the same
fashion as sketched for (5.20), which results in the validity of (5.16). The proof of
(5.17) is similar. [



Wightman Axioms for Federbush Model 225

Proof of Theorem 5.3. We need only prove asymptotic completeness and the
relation

D,=F(AH@H_)) (5.25)

(cyclicity of the vacuum), all other axioms being obvious from the above. To this
end we combine a result of Hepp [34] with a result of ours [21]: Define fields

out

tp;ff‘s(x) =S831200,{X)S 1 11, (5.26)

where

(S,w)(01,51,05...;0y, sy, 5N)Eexp[ —inl ), &0~ 0;)(s;—s;)0,0;

i<j

P(01,5,0,5...;04 Sy Op)- (5.27)

This notation is inspired by the following result (Theorem 4.2 in [21]): For any
smooth solution F(x) to the Dirac equation of mass m(s) one has

t—l}S»n fdxl Fs(t’ xl) : <w7 wi,s(t’ x1)§0>

out

= Jdx! Fs(O,xl)-<w, wi“s(O,x1)</>>, Vi, 0D (5.28)

Here, & denotes the subspace of algebraic tensors whose constituent functions are
in Cg(R). Thus the fields (5.26) are the LSZ asymptotic fields for the quadratic
form y, (x) on F (A, ®HA_,) and S, is the LSZ S-matrix. These fields are
asymptotically complete by inspection, in the sense that the polynomial domain
generated by the fields and their adjoints is clearly dense in %,. Therefore it only
remains to be shown that the asymptotic fields of the Haag-Ruelle theory (which
exist in D, since all of its assumptions are satisfied) coincide with the fields (5.26).

At first glance this seems obvious from Hepp’s work, since it is one of his
results that the assumptions of the Haag-Ruelle theory entail that the LSZ fields
exist and are equal to the Haag-Ruelle fields [34]. However, we do not yet know
that the states he uses are the same as those generated by the fields (5.26). Since the
LSZ limits of y, ; could a priori be different if a different set of states is employed,
the result just quoted cannot be used. Recall in this connection that the L!-norm
of F(t, -) diverges for |t|—c0, so that one cannot conclude equality of the limits
from a continuity argument.

However, by using another result of Hepp we can attain our goal, as follows:
First, the one-fermion states corresponding to the fields (5.26) and their adjoints
are clearly equal to those of the Haag-Ruelle fields. Now we make an induction
assumption: Denote the Haag-Ruelle creation operators by c¥5*(6), ex=in, out,
and let

kout N out

N
[Te,5.(Q=8zp, [] ek s(f)Q=0", (5.29)
i i=1
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where the f; are in C§ and supp f; is disjoint from supp f;, , and to the left of it,
i=1,...,N—1. Now consider a negative energy solution of the form

m(s)

1/2 - %9
Fs(x):(ﬁ) [ do (9)( . )eix"’s, (5.30)

where ueCy and suppu is disjoint from suppf; and to the left of it. From
Theorem 6.2 in [34] we then conclude on one hand that

s-limy, (H,F,0)o™=c} ()™, (5.31)
1 pex
where
wl,s(Ha Fsa t)E fdxl Fs(taxl)' jdyH(y)wA,s(t_yosxl —yl) (532)

Here, H(y) is any function whose Fourier transform has the following properties:
(i) it is in CJ(R?);
(ii) it equals 1 on the set

{peR?[p=p(0), Oesuppu} ; (5.33)
(i) its support is contained in the set
{peR?|p®>0,0<p? < [m(s)+2m(—s)]%}. (5.34)

(Note that (i) implies (5.32) is well defined on ¢°* in view of our remarks in
Sects. 4A and 5A; also use this to verify that (5.32) is of the form considered by
Hepp, cf. pp. 195 and 196 in [34].) We now claim that on the other hand

out out
, 1113100(1/), 00" ) =55 et Sasio™ ). Ype@. (539)
To prove this claim, we first observe that the function {y,y; (X)) is

uniformly bounded for xeIR2 By virtue of Fubini’s theorem and covariance we
therefore may write

(., (H,F, )0™)= [dy H(y) K(t, ), (5.36)

where
K(t,y)= [ dx* F(t,x)-(e¥ Py, p, (1, x")e" Po™) . (5.37)
Now it is clear that ¢”Ppe 2, and one also has e” o€ 9, since the operator S, ,

in (5.29) acts as multiplication by a rapidity-independent phase factor due to the
restriction on the supports. Therefore our result (5.28) implies that

lim K(z, y)= [ dx" F(0,x")- {w, piy(=y°, x* = y) 9. (5.38)
t—>1ex 7

It is also straightforward to conclude that K(t,y) is uniformly bounded on R3.
[Expanding ¢ _, (x)in (5.37) leads to a finite sum of terms that are finite products

of uniformly bounded functions and a smooth solution of the Klein-Gordon
equation due to the free Dirac field factor. Now use the well-known fact that such
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solutions have L*-/L'-norms in x! that are O(|t|”/?)/0(|t|''?) for |t|—c0.] By
dominated convergence it therefore follows the limit t—¢** of (5.36) exists, and the
ensuing integrals can easily be done. The result of this is the right-hand side of
(5.35), which proves our claim.

Combining (5.31) and (5.35) we infer that

skout out out

¢, W™ =Sy ¢k W)Sy,,0" (5.39)

since 2 is dense in #,. Using a similar argument for the adjoint field it also follows
that (5.39) holds when the charge index —1 is replaced by 1. Thus we have,
replacing s by s, and u by f, and using (5.29),

*xout

N N
[T e, 5 (=55, [1 ek, (f)Q. (5.40)
i=0 i=0

Hence, it follows by induction that (5.29) holds for any N. From this we finally
conclude that the fields (5.26) are the asymptotic fields of the Haag-Ruelle theory.
This completes the proof of the theorem. [
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