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Abstract. Shock waves in gas dynamics can be described by the Euler Navier—
Stokes, or Boltzmann equations. We prove the existence of shock profile
solutions of the Boltzmann equation for shocks which are weak. The shock is
written as a truncated expansion in powers of the shock strength, the first two
terms of which come exactly from the Taylor tanh (x) profile for the Navier—
Stokes solution. The full solution is found by a projection method like the
Lyapunov-Schmidt method as a bifurcation from the constant state in which the
bifurcation parameter is the difference between the speed of sound ¢, and the
shock speed s.

1. Introduction

Shock waves are one of the most important features of gas dynamics. They can
be understood from several different theories, and for steady plane shock waves
the different descriptions have been well developed mathematically. By the Euler
equations, and the resulting Rankine—Hugoniot conditions, a shock is described
as a jump discontinuity in density, velocity, and temperature from (p_,u_,7T_) on
the left to (p,,u,,T,) on the right, which translates steadily at speed s[4]. If
viscosity and heat conduction are included through the compressible Navier—
Stokes equations, the shock wave is found to be a smooth profile which translates
uniformly at speed s and smoothly interpolates between the asymptotic values
(p_,u_,T_)at x=—o0 and (p,,u,,T,)at x=+ o0 [9,21].

For a weak shock this provides shock profiles very close to those observed
experimentally. But for strong shock waves more realistic results are obtained
from the Boltzmann equation of kinetic theory, which includes a statistical
description of the molecular interactions within the gas. The Boltzmann shock
profile translates uniformly at speed s and interpolates between two velocity
distribution functions F _(£) at x = — o0 and F (&) at x = + oo which are uniform
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Maxwellians given by

F.(§)=p.(nT.)*? exp{— & —u.?/2T.}, (L.1)

and in which (p_,u_,T_), (p,,u,,T,), and s satisfy the Rankine—Hugoniot
conditions. The distributions F, and F_ are independent of x and ¢ and are
equilibrium solutions of the Boltzmann equation. The resulting profiles, determined
either numerically [19] or by analytic approximation [13,20], agree very well with
experiments. The excellent review article by Fiszdon, Herczynski, and Walenta
[7] contains detailed comparisons of the Navier—Stokes and Boltzmann solutions
with experimental results.

In this paper we prove the existence of shock profile solutions of the Boltzmann
equation for weak shocks and demonstrate the agreement of these solutions with
the Navier—Stokes profiles for such shocks. The solution is found as a truncated
expansion in powers of the shock strength. The first term is the uniform Maxwellian
state; the next has spatial variation given by the tanh(x) profile of a weak
Navier—Stokes shock. The higher order terms approach constant values at x = + o,
but at the rate e **! + ¢~ *I* with 0 < f <1, which depends on the intermolecular
force law. By contrast the tanh profile decays like e **I,

The intermolecular forces considered here are those which derive from hard
cut-off potentials as defined by Grad [11]. They are related to power law forces
F(r)=r"%; the decay exponent is then given by f=2(3—7y)"! with y =§—f,
Nicolaenko and Thurber [15] already proved an analogous result for the hard
sphere potential with s=o00 and f=1. The slower decay rate <1 for other
potentials was previously indicated by several authors [17,24,25]. It is caused by
the long mean free paths of molecules of high velocity. Their collision frequency
is given by the function w(&) = (1 +|¢|)” (cf. (2.8)) and their mean free path by
Ev(E) L. For s < 00,y < 1 and the mean free path 1 oo as |¢|1 co. Thus fact particles
travel a long distance before equilibrating, i.e. before becoming part of the
Maxwellian distributions at x = + co. This slow equilibration is balanced against
the small number of large velocity particles in the distribution (1.1) to obtain the
overall decay rate e */*!”, There is a similar phenomenon in the initial value problem
for soft potentials investigated by Caflisch [2] and Ukai and Asano [22].

Shock profiles for a model Boltzmann equation with discrete velocities were
constructed by Gatignol [8] and Caflisch [1]. The agreement between the
Boltzmann equation and the Euler or Navier—Stokes equations away from shocks
was shown by Nishida [16], Kawashima, Matsumura, and Nishida [12], and
Caflisch [3]. The projection method used here is compared with the Chapman—
Enskog expansion in [23].

The nonlinear Boltzmann equation is described in Sect. 2 and Appendix A and
is specialized to Eq. (2.13) and (2.14) for the steady plane shock profile. The main
result on the existence of shock profiles is stated in Theorem 2.1. The equations
are analyzed by a projection method, like the Lyapunov—Schmidt method, in
Sect. 3 to find the weak shock profile as a bifurcation from the constant state, in
which the perturbation parameter ¢ is the difference between the sound speed ¢,
and the shock speed s. This is the same as the method introduced in [14] and
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[15] by Nicolaenko and Thurber. In this problem we are unable to find an exact
eigenfunction for the projection method; instead an approximate eigenfunction is
used. After a partial expansion of the solution and a modification to eliminate the
null space in the second Lyapunov—Schmidt equation, the equations are written
as (3.52)—(3.55). The first two are solved explicitly; the third is a simple near-linear
scalar equation.

The analysis of Eq.(3.55) occupies Sect. 4, 5, and 6. Basic estimates on the
linear collision operator are derived in Sect. 4. These use new estimates on the
collision kernel and a new result, Proposition 4.4, showing compactness in the sup
norm for the collision operator (a more limited result was proved by Grad [11]).
In Sect. 5 these estimates are used to construct a semi-group to solve the linearized
equation. Decay of the linearized solution is demonstrated in Sect. 6. Using this
decay, the full nonlinear equations are solved in Sect. 7.

We use italics for a vector £eR? and non-italics for its magnitude & =|&|. We
also write &, for the first component of &.

2. The Boltzmann Equation for a Shock Profile
The nonlinear Boltzmann equation of kinetic theory is

0

0
(5 ; :-&>F — O(F, F), 21

in which F = F(,x,t) is the distribution function for gas particles with velocity
£eR? at position xeR?> and time teR™*. The collision operator Q is a quadratic
integral operator over ¢ and is described in detail in Appendix A. In the collision
process mass, momentum, and energy are conserved, i.e. for any distributions F
and G

(1,Q(F,G)) =0,
(&, Q(F,G)> =0, i=1,2,3, (2.2)
(&%, 0(F,G)) =0,
in which {f,g> = [ f()g(£)dé. The local equilibrium distributions for the scatter-
ing are distributioI::s F with Q(F, F)=0; the only solutions are the Maxwellians
F(§)=p(2nT) *?exp{— (& —u)?/2T}.

Since x and ¢ are mere parameters in Q, the constants p,u, T may depend arbitrarily
on x and t. For any distribution F, symmetry and positivity properties of F imply
that

[log (F())Q(F, F)(§)d¢ <. (2.3)

A plane steady shock profile is a continuous solution F(&, x, t)= F(£, x — st)
which depends on only one space variable x = x; and translates at uniform speed
s. Its values at x = + co are Maxwellians F, given by (1.1) with p,,u,, T, each
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constant. By shifting and rescaling &, F, and s we can replace them by

FE, —oo)=w_(§) =Q2n) 32 2, (2.4)

F(§, 0)=w,(&) =p,2nT,)*?exp {— ((&, — u,)?

+& +&)2T. 4,

and ask that F solve
(61 2 F = O(F, ), .5)
Next we linearize F about w_ by setting F =w_ + w'?f so that f solves
(€= 9aef =~ LI+ T, 29
S —0)=0,

& —0)=f () =(w, —o_ o ' 2.7)

The operators Lf= —2w-Y2Q(w_,0¥?f) and vI(f,g)=w>"?Q(w!?f,w'?g)
and the function v(é) are described in detail in Appendix A and in [10]. Several
important properties are that

Lf(&)=v&)f(&)—Kf(),
(2.8)

Kf@%=£ﬂ€mfmﬁm
vi(14+ & <v() <v,(1 + &),

with 0<y<1, 0<v,, and 0<v, each constant. The function v(£) is locally
uniformly continuous and the operator L is self-adjoint and non-negative with
N(L) = R(L)* spanned by the orthonormal sequence {,,...,x,} defined by

Xo =02,
x =&l
Ao =671 =32 (2.9)

The operator K is compact in L2(&).

The spatially uniform distributions f=0 and f=f_ are both solutions of (2.6).
The desired continuous solution connecting these two states must satisfy the
following conservation properties, which come from (2.2) and (2.6):

€y —9), f(& %)) =0,  forall x, (2.10)

and for i=0,...,4. For x= o0, these are just the Rankine—Hugoniot jump
conditions for the states (p,,u,,T,) and (1,0, 1) and the speed s, viz.

—spy =)+ pyu, =0,
—spiu, +pui+p,. T, —1=0, (2.11)
~s{p QT +3ul) =3} +pu GT, +3ul) +p.u, T, =0
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Note however that the Rankine—Hugoniot condition (2.10) holds for all x.
From (23) it follows that ga;j (&, —9)FlogFd{ <0 and in particular

[(¢; —s)w_logw_dE> [(&; —s)w, logw, d&. This is the analogue of the Boltz-
mann H-Theorem for the shock problem. The integrals are calculated using (2.4)
to obtain the inequality

s3(log2n+ 1) > p(u, —s)(—logp, +3log2nT, —3).

The entropy function for an ideal monotonic gas as considered here is S =3.
log(3p~%T). So this inequality can be rewritten using (2.11) as s(S_ —S,) >0,
the entropy inequality across a shock in which S, and S_ are the entropies of
the fluid states (o, ,u,,T,) and (1,0, 1) at x = + oo. This is equivalent to the usual
entropy condition

s(1—p,)>0. 2.12)

The relations (2.11) and (2.12) are conditions on the choice of w,. We take
5 = 0; thenif s = ¢, = (5/3)'/%, the sound speed of an ideal monatomic gas, the only
choice is @, = w_ and the solution of (2.6), (2.7) is f=0. If 0 <s <c,, there is a
solution w, # w_ (cf. [4]).

We shall study only weak shocks with ¢, — s = ¢ > 0 small; (2.11) then implies
that w, —w_ =0(¢) (cf. [4]). We shall also find that the spatial variation of f is
at the rate & Thus we replace x, f, and f, in (2.6) and (2.7) by x' =ex, f'=
e 'f,f, =¢ 'f,. Dropping the primes, the equations are rewritten as

(< —S)aif= —lLer vI(f, f), (2.13)
X &
f(éa - OO) = 0’
G 0)=f &) =¢" o, —o ) ' (2.14)

The solution f of (2.13), (2.14) will be compared with the solution of the
Navier—Stokes (NS) equations, which in the original unscaled variables are

0 0
—Sa P 5;(»0“) =0,

2

0 0
—sooput E;(puz +p)= %naz—u, (2.15)

0,0 La 280, du
sap(e+2u )+${pu(e+2u )+pu}—§$/15;e+3na uz— )
p=pT=3pe. (2.16)

The viscosity and heat conduction coefficients # and A are determined by the
first term F, in the Chapman—Enskog expansion [6] as

0
%nau = — (& (& —s)F ). (2.17)
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0
2.0 it o (10l (¢, — ). 2.18)
0x 0x

de
ox
can be combined to yield approximately

0 .
For a weak shock s=c,—¢ and (o' + 0(8))6—1; and the equations (2.15)

$cou? — 2ecqu =%co(n + 5 )uy, (2.19)
with the right hand side given by
Ceoly +38,(& — 9F ). (2.20)
The solution of (2.18), after rescaling as above, is
Ung = S(tanh (— 2(n +12) " x) + 1). (2.21)

Denote the corresponding density and temperature profiles by pys and Tyg and
define

Fns(€x)=wC 1/2(€)PN5(27TTNS)_ 32
exp { — (&, —uns)® + &5 + 32 s} (222
The results will be proved using weighted sup norms on & defined by

1 £l = sup (1 + &y e fE)],

(2.23)
1= 1S o
and function spaces
Gop={f 1S lay <0},
(2.24)
G, =G,
Decay in x will be measured by the function
A(x) = e uixeP 4 pmulxl) (2.25)

in which g, f, and 7, will be chosen later.

Theorem 2.1. Lets,p.,u,, T, satisfy conditions(2.11) and(2.12)withe =cy—s>0
sufficiently small. Let fxg be the distribution defined by (2.22). Then there is a shock
profile solution f of the Boltzmann equation (2.13) and (2.14). It satisfies:

[ f(x) = fus() ]I, < ceA(x),
”f(x) —fNS“a,r é CE.

Moreover f is unique, up to translation in x, among those solutions satisfying (2.26).

It can actually be shown that f is unique, up to translation, among those
solutions which are bounded in G, . This means that F is unique among solutions
of the form F=w_ + O(e).

(2.26)
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3. The Projection Method

We shall solve (2.13), (2.14) by a projection method similar to the Lyapunov—
Schmidt method, in which the principal part of f is found as an eigenfunction ¢,
of the linearized problem (2.13), and the bifurcation parameter is ¢ =c, —s.
Decompose f as f(x, &) = z(x)p () + ew(x, &). The equation for z ((3.32) or (3.52)
and (3.54)) will be fully nonlinear but easily solvable since z is a function only of
x. The equation for w ((3.31) or (3.53) and (3.55)) will be weakly nonlinear since
it makes only a small contribution to f. The function ¢, is chosen to have the
following properties:

(i) f(x= 00,8 — flx=— 0,8)=z,0,() +0(?), for some constant z, so
that ¢, contains the dominant variation of f.

(i) Lo, =et(&; —9)o,, so that ¢, is a generalized eigenfunction for the linear
operator L in which the eigenvalue ¢t can be thought of as the Laplace transform
variable for x.

(iil) ¢, satisfies the constraints (2.10).

This method was used by Nicolaenko and Thurber [15] in their study of a
shock in a gas composed of rigid spheres and further developed by Nicolaenko
[14]. A similar eigenvalue problem was solved in [5,26]. For other intermolecular
force laws, we are unable to solve the eigenvalue problem exactly. The difficulty is
that the (generalized) eigenvalue et is embedded in the (generalized) continuous
spectrum. Since L = v(£) + K with K compact, an easy extension of Weyl’s theorem
[18] implies that the (generalized) continuous spectrum for the problem in (ii) is the
set {T:v(&) = er(£, — s)} which is the whole real line if v(£) satisfies (2.8) with y < 1.
However it is sufficient in the projection method to use an approximate eigen-
function ¢, solving

Ld)s = 87:0(61 - S)¢s + 82#5' (31)
A. The Approximate Eigenfunction

We shall find ¢, as a sum of the form

b, =Py + ey, (32)
V.= ¢, + €0, (3.3)
with ¢, and ¢, independent of ¢ and satisfying
L¢,=0, (34)
Lo, =18y — co)o, (3.5
6, bounded, (3.6)
(& —9po,>=0, i=0,...,4, 3.7
&y =8> = —e (3.8)

By including more terms in the expansion of ¢, we could make the error &?y, as
small as desired, but we are unable to show that the resulting series converges to
an eigenfunction.
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Proposition 3.1. Let ¢ =c, — s> 0 be sufficiently small. Then there are ¢.€G, _;,
useG% _3, and © >0 which solve (3.2)—(3.8) with

llls, 3 =c independent of ¢, (39
i ey = 0. (3.10)

4

Proof. From (3.4) and (3.5) it follows that ¢, = Z o x; and y;, (& —co)dpo > =0.
i=0
The solution, constructed in Appendix B, is

bo= 0o =)o + coxs +(2/3)"*1a), (3.11)

with ¢, =(5/3)"* and @ an undetermined scalar. Let ¢, =o‘c<¢>’1 + i ﬁd(.-) in
which =

Lot =1(¢; —co)dos (3.12)

e #1>=0, i=0,....4 (3.13)

This determines ¢ uniquely. The scalars 7,4, and f§;,, and the function 6, are now
found by the constraints (3.7) and (3.8), which can be written as

o8>+ (€= coto @5 + X Biz; )=0. i=0.....3, (3.14)
(B> + (& — o)l b1) =0, (3.15)
(orbo> +2{(E1 = oo §1)> = — 1, (3.16)
<Xis¢1>+<(él_S)Xi’65>zoa i=0,...,4, (317)

2o, b1 + & = )1, 1) + (&) —5) (200 + 28, +¢°0,),0,> =0. (3.18)

First we can rewrite (3.15) and (3.16) as
1= — L¢3, 91> /{0, P57 <0, (3.19)
2= —t{(Lp}, ¢} > ' =3/10. (3.20)

The remaining equations can be solved for f; and 6, as shown in Appendix B,
with f; independent of ¢ and 60, bounded independently of ¢. From (3.15) and (3.16)
the following useful relation is derived (which is not needed in this proof):

{Po:s oy = = (&1 = o), b1 = L. (3.21)

The error term is y, = 1¢py — ©(&; — s, + LO, which satisfies (3.9) and (3.10) due
to (3.7) and (3.5).

B. The Projection-Operators and the Lyapunov—Schmidt Equations.

Next we define projections

Pf=—(¢ =50, [,
Hf= —8_1¢£<(él _S)¢e’f>a

(3.22)
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with the following properties, which are consequences of (2.9) and (3.1)—(3.10):

@) n*=11, P*=Pp; (3.23)
(i) I (& — 9 /> =0, 0=i=<4,
P&, —9)f=( —9Ilf; (3.24)
(i) 16 (¢, — 9o /> =0, 0<i<4 or (19> =0,0<i<4,
{LPgy=<1lfg>, (3.25)
(iv) L, =( — P)L(I — II) is self-adjoint,
v) (I—PLf=L;+ehy,
PLf=¢et(&, — s)II f+ ¢eh,, (3.26)
hl = - <(él - S)¢s’f>(l - P)lu'e= EZ(I - P)lu's’
hy=—(& =99, {ts . (3.27)

In other words IT and P are adjoints of each other for functions satisfying (2.10),
for such functions P passes through (£, —s) to become I1, and P nearly passes
through L with errors i, and h,. We have replaced ¢, by ¢, in P to eliminate the
factor e 1. If (¢, f> =0, this does not really change P.

Decompose f as

S(&,x) = 2(x)9 (&) + ew(&, x), (3.28)
with
z¢p =11}, w=¢ I -1 (3.29)

The Lyapunov—Schmidt equations are found by multiplying (2.13) once by P and
once by ¢ !(I — P) and using (3.24) and (3.26) to obtain
0
(C1 =85 26, = =11 = )26, — hy + PYI(f, f), (3.30)

(&, —s)ga;w =—¢ 'Liw—e"thy +e I - POI(f, /). (3.31)

If (3.30), is divided by (&, — s)¢, we find

i
3= 1y ey, (3.32)
V==Y, (., 0,)),
hy =g 2y, +w) — (Y, v (2¢,2 + ew, w). (3.33)

C. Removal of the Null Space.

Next we modify (3.31) to remove the null space of L,. Define two more projections

Pof=—(& —co)po 1, [
Hyf= ¢S —co)bos [,

(3.34)
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which are independent of ¢, and denote

Ly f = — Po)L(I —11,) f. (3.35)
Then P — P, = 0O(¢) and L(II — I1,) = O(e) so that
Lif=L,f+¢eLyf, (3.36)

with
Lyf=e"'{~ (P = Po)Lf — L(IT — Iy)f + (PLIT — P,LII,)f}, (3.37)

and L; is bounded. For convenience in notation define
X-1=0; (3.38)
Proposition 3.2. N(L,) is spanned by {y,i= —1,...,4}.

Proof. For any f and h, {f,Poh) = Il f,h) and thus {f,L,f> =<1 —1I,)f,
L(I—-1,)f>. Since L=0 then L, f=0 if and only if L(I — I1,) f = 0 which means
that f solves Lf=cL¢, with ¢ = — {(&; — ¢y)dy, f. Other than multiplication
by a factor and addition of y,(i =0,...,4), this can have at most one solution; thus
dim N(L,) < 6. On the other hand Ly, = I1,x; =0 so that y,e N(L,) for i =0,...,4.
Also by (3.21), L¢, =cL¢,, and ¢, €N(L,), which concludes the proof.

Now define

Kif=<(& =W, [O(& — s, + ‘Zo =9 SO(E1 — ki

K,f= Z L&y =t (& —codis

i=—1
Ky=¢ YK, —K,), (3.39)
3 2
M=L,+K,
My=L,+K,.

The operators K; and M, are bounded. As in (2.8) the operator M, which is
independent of ¢, can be represented as

Mf=v@)f+HS,
H (&)= [K(&,m)f(m)dn.

k(& n) = — k(& n) + Z (& = co)xi&)(my — co)i(m)

i=—1

+ (&1 = co)Po(E)Lp () + L1 (&) (13 — co)doln)

+(&; —c0)po(§) 1, Lpy > (ny — co)Poln). (3.40)
The equation (3.31) will be replaced by the following equation:
0 1 _
(& —s)$w= —EMW—M3W+8 hy, (3.41)

h, = ez — P, + (I — PWI(f, f). (3.42)
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This is motivated and justified by the next proposition.

Proposition 3.3. (i) M is self-adjoint and strictly positive; (ii) If w solves (3.41) and
L&y = SWw) =& —9)yw)=0,i=0,...,4 at x= + 00, then w solves (3.31).

Proof. Since L, and K, are self-adjoint, so is M. First note that K, =0 and L,>0.
In Appendix B, it is shown that det{<{({ —co)ypyi>si=—1,....4,j=
.,4} #0. Now

4 4 4 4 2
< Zlo‘iXi,Kz % o‘iXi>= 21< Z “j<(f1"co)Xi,Xj>> >0,
i=— i=—1 i=—1\j=—1
(3.43)

since at least one of the squared terms must be nonzero. Thus K, is strictly positive
on {) a;x} = N(L,) and the combination M = L, + K, is strictly positive.

To demonstrate (ii) we first rewrite the right hand side of (3.41) as
—¢ YL, + K,)w+¢& 'h,. For any g and A,

Yo (I = Py = (o PR = VI (9, ) = Koty =0, (i=0,...,4).

Therefore the inner product of (3.41) with ¥, and y; results in

¢ <£1 _S)l/jeyw> = —8_1<lpa»K1W>
0x
4
= —8—1{0«51 —S)WY,w) + Z aj<(£1 _S)XjaW>},
=0

O, = 5wy = — & K w)
0x

4
= —ggl{bi«éx = S)w) + Z b;<(&, —S)Xj’w>}7 (3.44)

with a,a; b, b;; constants. The boundary conditions at x = + co in (ii) insure that

(& — s)x,,w> (&, — s, wy =0, so that K;w=0 and (3.41) becomes exactly
(3.31).

D. Elimination of the Asymptotic Values
From (2.11), (2.14), and (3.11), it follows that

fo=¢""a"Yp, — 1§, + g (3.45)

with ¢ (p. — 1) bounded. Therefore the asymptotic values of z and w are
Z(— 0)=wx=—o)=0, (3.46)
o) =2, = =& (& =, [0 = = L& —We fwrs  BAT)
wix=o00)=w_()=¢ I —I)f,=I~1)g,. (3.48)

Since (¢, — 8)$o,g., > =0, w,, is bounded; this justifies the scaling of w in (3.28).
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Relations between z_, and w, are found by applying P and (I — P) to the equation

1
- ELfoo +vI'(f,, f,) =0 to obtain

(3.49)
—& "Mw,—Msw, —z (I — P, +& (I — P (2, + ew o, 20, +ew )} =0.
(3.50)

Define 1, and 7’ by
To =24,y =1—¢t <0. (3.51)

We write z = z, + ¢z, and w = w, + w,. The function z, is chosen to be the dominant
part of z with its complete asymptotic values; w, is artificially picked to assume
the asymptotic values of w. The equations for these functions are

a 2
x0T T %o + 720, (3.52)
wo =3 {tanh(— 3t,x) + L}w,, (3.53)
0
il T T +2yzyz; +a, (3.54)
d 1 1
(& —s)—w; = —-Mw, +-b, (3.55)
0x € €
with
a=—1zy+0z7 + {2y, + W) — (Y, VI 2,z +ew, w) ), (3.56)
0
b= —¢(&; — 5)5;wO — Mw, —eMyw +ez(I — P)y,
+ (I — Pl (z¢, + ew, z¢h, + ew). (3.57)
The solution of (3.52) is
zo(x) = 3{tanh (— $1ox) + 1}z, (3.58)

which is unique up to a shift in x. Comparison of (3.56) and (3.57) with (3.49) and
(3.50) shows that the asymptotic values of z; and w, are

24(= 00) = 2,(00) = w,(— 00) = w,(c0) =0, (3.59)

since a=b=0 at x = + oo with these values of z;, w,. The solution of (3.54) and
(3.55) occupies the remainder of this paper.

We can see the necessity of the entropy condition (2.12) by considering a
solution with s(1 — p) <0. Then we would have s > ¢,, which would change the
sign of a number of terms in the previous section. The result would be that 7 >0
and the solution of (3.52) would not assume the required asymptotic values.

To check agreement with the Navier—Stokes profile we need only show that
the shock widths in (2.21) and (3.58) are identical, i.e. Ty =3(n ++4)~'. One can



Shock Profile Solutions 173

show that F,= —(t,¢,)” '¢}u,; when substituted in (2.20) this shows that
feoln +54) = — {P0.(1oc0) (&1 — co) > =(Toco)” ' (b0, b5 which verifies that
identity.

4. Basis Estimates

In this section we prove basic estimates which will be used in Sect. 5-7 to analyze
Egs. (3.54) and (3.55). First define the characteristic functions

ain= &l <N),
4.1)
%o = 1(1S; — 5] <),
and the (generalized) resolvents
Ry=(M& =)+ M), 4.2)
Sy =W —9)+vE&) (4.3)
which act on G,, and
Ry; = On(UE =)+ M) ™, - (44)

which acts on G, (|¢| < N). The following five propositions are the main results of
this section. In each of them we assume that

reR!, seR', 0=<y=<1, 0<a=<i 0Z0Z1 4.5)

Constant factors are omitted from the following estimates. They are uniformly
bounded in any closed, bounded set of the parameters (r,s,y,a,0) satisfying (4.5)
and are inessential.

Proposition 4.1. Resolvent Estimates. Let |Re A| < 2|Im 4|, then
15 = RAl4p S VA7 [ hlly = y1 -0y (4.6)

IRAE: = hllay S 1A Bl 1 -0y (4.7)

If |ReA| < 2|Im4| or if |Rel| <iv, N7~ then the same estimates are true for Ry,.
Proposition 4.2. EstimatesonS,. If [Re A| <2|ImA| and 0 L0 < 1, then

1%E; —s)’S = (1+ 877079, (4.8)

€ —9)’S)l =1 +8° 7. (4.9)

If IRel| <2[ImJ| or if |Rel| < v—21N”‘ 1 then the same estimates are true for ynS,.

Proposition 4.3. Estimates on H.
[HAl s 5~y S Dl (4.10)
[Hxs((Ey = ) M) las2—y S 01 ° ] (4.11)
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If |Re | <2[Im A,
IHS )kl 2=y (L4 1A) "2 R, (4.12)

If [Re|<2Im/ or |Re/1|<v—21Ny‘1,
IHxnS il g s 2y < (1 + D712 R, (4.13)

Proposition 4.4. Sup Compactness of H. (i) If || f,|,,<1 for all n, then Hf,

has a subsequence which converges in G,,.,_,_,, for any e, >0.
(i) The same is true for H(¢, —s)~°.

Proposition 4.5. Bounds on the Integral Kernel.
The integral kernel k from (3.40) satisfies

[ I = s kE (L4 Te P dg S 511+ &7 e, (4.14)

|'11—S|—<_—5
KEmI<v A+ &+ Texp{— (1= B)Ev> + 38D}, (4.15)

for any 0 < B, <1, in which v=¢& —n and {, is the component of 3(& + 1) parallel
to & —n,(} =328 v+ 0?02

The properties are all still true if the modified operators M and H are replaced
by the original operators L and K after the null space L is removed. Grad [9]
proved the compactness of K as an operator on L?, which can be used to show
its compactness in sup norm; the refined bounds (4.14) and (4.15) enable us to
proveitin G, , even including factors of (¢, — s) ~°. This leads to the strong estimates
(4.6) and (4.7). In Propositions 4.1, 4.2, and 4.3, the factors 2 and 1/2 could be
replaced by numbers with magnitude > 1 and < 1 respectively. The proofs of these
propositions will be presented in five subsections.

A. The Integral Kernel

Proof of (4.15). This was already proved for k(&,#) in Proposition 5.1 of [ 2] (there
is a change of sign in the definition of y). The functions y;, ¢, and ¢, are all in
G4 3 according to (2.9) and Lemma 3.1. Then L, = v(§)¢p, + KPp,€Gy 44, o for
any 3, > 0 by Proposition 6.1 of [2]. This shows that each term in the expression
(3.40) for k satisfies (4.15).

Next we state some auxiliary lemmas.

Lemma 4.6.
02 +407 =282 4+ 202 >0, 4.16)
o0 2 1
e 2wdx<— for y>0, 4.17)
0 2y
1
[ (1=x*)""dx<c (4.18)

1
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Lemma 4.7. (i) Let &',v', &, v, all be =2 0. Denote g(x) = exp{ — k(2x&'v’ + 2&,v, +
v+ ) (vl +0'?)}, then
1/2

[ (1 =x?)""2g(x)dx < c{(? +v'?) 2 V2HEY + 1) + 1], (4.19)
—-1/2

(i) If max {&v,,v"%, v} <LEW, then

(1 —x?)"2g(x)dx < cexp { — 2x(EV)* /(v + v'?)}
121x21/2
Sl 4 EV@W? —v'2)~ VL (4.20)
Proof. Omit (1 —x?)~'? and integrate over all x to get (4.19). To prove (4.20)
estimate |2x&'v" + 2&, v, + v’ + v?| > 1|¢'v'| for |x| > 1.

Proof of (4.14). Denote &=(¢,, &), n=(n,,n"), v=E&—n=(v;,v') in which & =
(&,, &5), etc. Then

v =xE with x=cos<(&,v), 4.21)
dv=0v'(1-x?%)"2dv'dx,
N =ni+ &%+ 02+ 2x¢E 4.22)

If o <4, it follows from (4.15) and (4.16) that
KEm=lny =8 +m) (1 + 97 k(& )
Sy = sl Texp { — k(v? +4(7)
Sy =170} + %) " Pexp { — k(vf + 0
+(2xEV + 2E,0, + 0 H)(0F +v'H ™Y}, (4.23)

for any x <% — « (there is a constant depending on k which has been omitted).
Using the notation of Lemma 4.7, we write

1

I KEmdns | dypgfdv' | dx|n, —s 701 —x?)"?
0 -1

[ni—s| <o |n1—s| <6
V(02 + 0 Y2exp { — k(v + ') }g(x). (4.24)
Now use Lemma 4.7 to estimate this

(1) Let Q, = Q,(&) = {n:ln; —s| < é and max {v'%,v7} > $&v'}. Then

[REmdn< | dyy [ do'lng —s| ™% exp {— x(v] +v')}
o} o

|n1—s|<o

0

— —xv2 — 1 2 g

S [ sty [ eT BT Ay
fni—sl=é 0

éél—ee—Kéf/Z(l +¢:/)—1
S+ 9 (4.25)
by dropping the terms v'(v? +v'2)” Y2 <1 and 2xEv' +v'? +v})*(wi+v'?) "' >0
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in the first step and using (4.17) and the identity v, =&, —n, in the third step.
(2) Let Q,={n:|n, —s|<d and &,v, >%EV'}. In this set v?>LE —y,v,.
As above estimate

[ kg mans | dn fdviy, —s°
2, 0

|n1—s|=o

exp { — 3k} +v'2 + &0 —nvy)}
= j e—%x(v%_mvl)“h —s|"%dn,

[n1—s|=o

§cxp{ k(' + §EV) v’

<51 0 —gxéf(l_l_é/)—l
<54+ (4.26)

(3) Let Qy={n:|n, —s|<é and max{& v, v'%vi} <$&v'. Use (4.19) and
(4.20) to derive

[ KEmans | dyy j dv'ln, —s| 0’0 +0'?) 712
Q3

In1—slso

( +€’U’(Ul+v,2) 1/2) 1 —K(v +v'2)

s Im—SI‘ee”‘”fdmf(1+€’)“1e*’“"zdv’
0

|n1—s| <o
<ot eI+ )
<5 UL+ (427)
Finally (4.14) follows from (4.25), (4.26), (4.27) and the definition (4.23) of k.

B. Estimates on S,

Lemma 48. If a=0,b>0,1=202=0, then

(a+b) ta®<p® 1, (4.28)
If a=0,b=(a/A), 0=0, then
(a+b)~'a? < 2001, (4.29)
Lemma 4.9. If |ImA| >2[ReA| or if E<N and [ReA| <3v,N""', then
A&, —s)+ v > (A& — s)| +). (4.30)

Proof of Proposition 4.2. 1t follows from (2.8), (4.28) and (4.30) that
[(AUE; = 9))°S: < 8JAUE; = )P (IUE, —5)| +v) 7!
S8y, ML+ 9T, (4.31)

which is exactly (4.8) (with constants omitted). Since for & large v(€) > v, |A(&, — s)/A)7,
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(4.9) follows from (4.29) in the same way. The estimates on y,S, are proved
analogously.

C. Estimates on H: Proof of Proposition 4.3

As in Proposjtion 6.1 of [2], (4.10) follows from (4.15). From (4.14), (4.11) easily
follows. We only need to prove (4.12) and (4.13) for large 4; otherwise they follow
from (4.10) and (4.9) with 6 =0. Denote y, = x(|&; —s| <[4~ '?) and y, =1 —y,.
It follows from (4.14) and (4.9) that

VH 21 S3ll s 2=y S 1A 2Ry -y (4.32)

But if &, —s|> A2, then |A(&; —s)+v|>2(ME, —s)| +v) > A2 by (4.30),
so that

IHx oS bl s 2=y S 172 R, (4.33)

using (4.10). This proves (4.12); (4.13) is proved the same way.

D. Compactness of H

The compactness of H comes from continuity properties of its kernel. First we
prove continuity for k, then for k. The formula for k is given in (A.5)—(A.7), and
we use that notation in the following. We also abbreviate “locally uniformly
continuous” by LUC.

Lemma 4.10. I (&, n) = [exp{— 3w +,|*}q(v,w)dw is LUC in ¢ and ».

Proof. The integrand is LUC in &,5,w, but the domain of integration {w_L(§ — 1)}
is infinite and changes continuously as € and 5 change. So the integral I,(&,#) over
[w] < N is LUC for any N.

Now fix £ and # and let ¢; > 0. Pick N large enough that £ <N, n <N, and
e " <¢,. Then {, <N,v <2N and

I&m= | exp{—zlw+0["}q(v,wdw

w22N

S N7e” ON2, (4.34)
using (A.9). Thus if | — &,| < and |p —n,| <, with 6 small enough,
[ (Ep,my) — L& < 5(Eq,my) — 15(Em)]

+11,(&1,m1) — 1,(8,m)]
< 2¢. (4.35)

Lemma 4.11. For any ¢, >0, o <3, and any r

(U4 )7 277 oo = (1 + &y e k(E, ) — (1 + &y e k(& )| dy — 0,
(4.36)

as &— & locally uniformly in E.
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Proof. Denote
h= (14 &y (L4n) 2777 k(g y). (4.37)
According to (4.15) for k instead of k,

[lnldn =1+,
(4.38)
§ Ihldp=(1+N)™,
n>N
which shows that large & and # can be ignored. Let ¢, > 0 and pick N large enough
that N ™% <¢,. According to (4.37), (A.7) and Lemma 4.10, h = g, + v~ g, in which
g, and g, are LUC and uniformly bounded. The integral in (4.36) is

[Ih@ n) — h(Em)dg <2N~, if E>N,
SONH 4 [ (@) —hEmldn, i E<N.  (439)

Estimate
[ 1h& n)—h(En)|dy < SN {19:@m) — g (& m| +1E —nl~2lgoEn) — g(& m)|
nsN n<
+1g2(EmI 1€ —n| =2 — & —y|~2|}dn. (4.40)

By the fact that g, and g, are LUC and the integrability of |¢é — 5| ™% in n <N,

the first two integrals go to 0 as & —¢& Furthermore | dn||é—y| % —
n<N

|E, =] 3 < cN 73, and g, is uniformly bounded. Therefore the integral in (4.39)
can be made arbitrarily small by first taking N large, then |& — &, | small, which

proves (4.36).
We say that h(¢) is LUC in G, if heG,, and

(1 + &ye*h(E) — (1 + &e*’h(é) -0, (4.41)
as & ¢ locally uniformly in &.
Lemma 4.12. (i) If y(¢) is LUC in G, ,, then Ly(§) is LUC in G, ; (i) If y(&)
is LUC in G,,, and k(¢)€G, ., with Lk =, then x is LUC in G, ., .
Proof. Since v(§) in LUC, v(§)y(§) is LUC in G, ,,,. By (4.36)
(1 + & Kp(@) — (1 + e K@) < W[, f (1 + 1) "e ™"
(L4 27 ne k(& ) — (1 + &y 2770 k(E, ) dy — 0, (4.42)

as & > & locally uniformly. Since 2 >y + ¢,, this shows that Lu = vu — Ku is LUC

inG,,,,
AS in (4.42) we have Kk LUC in G,, . Thus x(&) = (&)~ (KK(&) + Y(&) is
LUCin G

Proposition 4.13. The kernel k(&,n) satisfies (4.36).
Proof. The functions y; (i=0,...,4) and ¢, are LUCin G, —,. By Lemma 4.12,

o,rtyr
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¢;isLUCin Gy, ,_3. It follows from Lemma 4.12 that every term in the expression
(3.40) for k+k is LUC in G,, for any o <3 and any r. An easy estimate shows
that k + k satisfies (4.36) (for k replaced by k + k) and hence so does k.

Finally a use of the inequality (4.42) with k replaced by k shows

Lemma 4.14. Let | f|,, <c, then Hf is LUC in G,,.,_,_,,, with a modulus of

continuity which depends on c.
To show compactness we shall employ the following version of Arzela—Ascoli

theorem.

Lemma 4.15. Arzela—Ascoli. Let h,(x), xe R™ be a sequence of functions with

(@) |h, ()| = g(|x]) with g(|x])—0 as |x|—> oo and g uniformly bounded; (ii) A,
uniformly (in n) equi-continuous, locally uniformly (in x), i.e. for each ¢ >0, N >0,
3 6> 0 such that if |x| <N, |x — y| <, then |h,(x) — h,(y)| <e.

Then f, has a subsequence which converges uniformly (in x).

Proof of (i) in Proposition 4.4. Let | f,|,,<c By (4.10), h,=(1 + & +27r =
Hf (&) < c(1 + &)~ Y22 for any ¢, > 0. Thus h,, satisfies the uniform bound required
by (i) of Lemma 4.15; by Lemma 4.14 it also satisfies the continuity requirements
of (ii). Therefore H f, has a convergent subsequence in G, ,,5_,_,,-

Proof of (i) in Proposition 4.4. Denote y; = x(|£, —s| <d)and ;=1 — y; Lete> 0
and pick J so small that

| H (¢4 —S)—ef;l”a,r+2—y§51—8§8> (4.43)
using (4.11). By part (i), Hy;(u + £,) " f, has a convergent subsequence with indices
n; so that if j> N, i > N, then [[Hyy(&; —5)"°(fo, = f,) lay+ 2 -y~ =€ and so the

same is true of H(&;, —s)~°(f n,— fu)- By a diagonalization procedure there is a
subsequence of H(¢; —s) ™’ f, which converges in G, ,,,_,_,,.

E. Resolvent Estimates

Proof of (4.7)in Proposition 4.1. Suppose to the contrary that there are 4, satisfying
|Re 4,| <2|Im 4,] and s,, f,, g, such that s, are uniformly bounded and

R/ln(él - Sn)gfn =YGn
“f;l ”a,r—y(l -6) = 19

Ignllay=2naw @, 0. (4.44)
Denote k, =a, ' f, and ¢, = Ala; 'g, so that
[l =1,
Ay =5k, = (A& —5,) + v+ HY, (4.45)

Multiply by S, , which is bounded according to (4.9), to get
A€y = )86, =, + S, HY,, (4.46)



180 R. E. Caflisch and B. Nicolaenko

From (4.8) and (4.44), it follows that
”’12(61 - Sn)OSZ.nKn “a,r é ”Kn “a,r— y(1-6) - 0 (447)

Also, ||y, ll,,= 1 so that by Proposition 4.4 there is a subsequence of , (which
we again call ,) with Hy, > ¢ in G, ,,,_,_, and hence also in G,,. Since §; is
bounded uniformly, ¥, + §; ¢ —0in G,,.

Now by taking a subsequence we may assume that s, — s < co. Also either
Ap— Ao, With [A ] <00 or [4,]—» oo after possibly taking a subsequence.

1. Suppose A,—A4,#0. Then |Rel,|<2Imi,| and §, ¢S, ¢=(1,
¢, —9)+v '¢=—-¥inG,,,, and so y,— ¥ in G,,. Since Hy, - ¢, we must
have ¢ = HY, ie.

A& =5 )P +VP + HY =0. (4.48)
Moreover || ¥, =lim|¥,]|,, = 1. But this is impossible, since M =v + H is self-

adjoint and positive {¥*,(v+ H)¥ ) >0, and A, is complex, s, is real, and { P*,
Ao(€y —5,) W) is complex.

2. Suppose [4,]—> 0. We show that y,—0. Let ¢ be small and write
Yo =Wa+¥2 with ¥y =yl <. Then since S, -0 on [& —s,/>¢,
(Y2 1,,— 0. For n large enough [|HYZ|,, <. Also

“Hl//r} ”a,r < 81’ (449)

by (4.45) and (4.11) with 6 = 0. It follows that Hy, —0, ¢ = 0 and hence ||y, |,,— 0,
which contradicts the fact that ||y, ||, , = 1.
3. Suppose that 4, - 0. We show that

Y, —vlg=", (4.50)

which implies that MY = HY + v¥ =0. This is a contradiction since M is positive.
To show this we split ¢ = ¢* + ¢, ¥, =y, + ¢ with

' =dlgze  Va=Vuligza- (4.51)

1., . .
Then clearly 2 — —;qbz in G,,. But ||S; ¢'|,, < A™>"* since ¢'€G,, a7,

and |S,] <(1+¢&)77. Similarly ||v !¢'|, £ A4~ 2"*. By choosing n and A large
enough we can make

w =y o0, <la = v 192, + Wy — S5, |, +11S,,0" —v7 1o |,, (4.52)

as small as we please which shows (4.50), and finishes the proof of (4.7).
The rest of Proposition 4.1 is proved in a similar way.

5. Solution of the Linearized Lyapunov—Schmidt Equation

We shall solve the linearized Lyapunov—Schmidt equation

(¢4 —s);;w= — Mw +h, (5.1)
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as aminitial value problem integrating forward in x over that part of 4 corresponding
to negative spectrum and backward in x over that part corresponding to positive
spectrum. Define contours

={l=z z2 04},
(5.2
={A=—z42iz,z20},
and operators

U,(x)=Qni)"! | e*R,dA, for x <0,
" (5.3)

U_(x)=(2nmi)~ ! j e’ R, dA, for x > 0,
Wh](x) = j U_(x — 2)h(z)dz + f U, (x — 2)h(z)dz. (5.4

Theorem 5.1. Let h be a continuous function of x with values in G,,_, with
0 <o <4. Then w(x)= W[h](x) solves (5.1) and is continuous as a function of x
with values in G, satisfying

sup W)l = sUP [ G- (5.5

This is proved with the aid of
Proposition 5.2.
liTrgl (&, —9U (x)+ lig)l & —sU_(x)=1. (5.6)

Proof of Proposition 5.2. We use the resolvent identity
R,=S,—R,HS,. (5.7)
First estimate
I, — RHS By, (&4 — )" "RHS
<)0- ﬂ’uHSlhua,Hg_gy
S+ AR,
SA+A)TPA AP A,y (5.8)
for 0 <y =<1, & small. So this quantity is absolutely integrable along I', and

f({l—s)RlHSlhdl— fo (¢, — )R,HS, hd, (5.9)

—ico

by a shift of contour. Next evaluate

@ui)~" [ (¢, — €S, dA = Qi) ! [ A+ (& — o) 'dA (5.10)
Iy I

For x <0, the exponential factor assures absolute convergence and the contour
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can be closed (with arbitrary accuracy). There is a singularity at A= — (&, —s) ™ !v
if £, —s5<0, and no singularity if £, —s>0. So the integral is e'**™9™"* or 0
in these two cases and

lm (2m0) ™ [ (& = 95,4 = {(1) gi:gig (5.11)
So

lim (&, U () = (&, =5 <0) + (2m) " T (& — IR HS, i, (5.12)
and similarly ’

lim (&, — shu(x) = (63 = > 0) = @2m) ! T (& = IR,HS, 2, (5.13)

—io0

with the minus sign coming from the orientation of I' _ in the direction of decreasing
imaginary part. The result (5.6) comes from combining these.

Proof of Theorem 5.1. First we prove (5.5) to show that W is well defined. Using
(5.7) we rewrite

j U,(x—2h(z)dz = j dz | 73S, — RyHS h(z)dA(2mi)~ . (5.19)

x I+

(i) By differentiating we see that

0
G RAHS; = = Ry(&, — ORHS, — RHS, (£, —5)S,. (5.15)

Use Proposition 4.1, 4.2, and 4.3 to estimate
[RHSN(E, —9)S, lap S A” T+ [4)~ I/ZHhHa r—2+p(1-7)

<AV Ry (5.16)
”RAHSA(Q_S)SAI"HW_A 1+B(1+|'U) ”zllhllar 2+p(1-y)
<A Ry (5.17)

after choosing = 1/2. Now use integration by parts to obtain

[ dz | die”**"?R,HS,h(z)

x+1 r;

a,r

j' dz(x —z)~1 j dAe**" (R (&, — )R,HS,

x+1

+ R,HS, (& — 9)S,} h(z)

a,r

<csup 1hz) | 4r -, j dz(x — z)~ 1je“" D)2}

x+1

< csup [[h(2) - (5.18)
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(ii) Estimate

IRHS;hll,, = |HS;h

ar = ar—y
S+ Rl - (5.19)
So
x+1
[ dx | dAe*™*"DR,HS,h(z)
x I+ a,r
x+1 ©
< | dx [ die’™ (1 + )~ V2 sup ||h(z) lor—2
x 0 z
S csup |h(z2) g, - (5.20)
(iii) Finally by a contour integration
_ 2mi(E, —s)e”Crm9Thma g 5 <0,
Mx—2)g 1 — 1 5.21
rj+e A {0’ £ —s5>0, (5.21)
and
J (€ —s)e o emagz =y 1 if (¢, —s) <0. (5.22)
So
[ dx [ die**"9S;h(z)|| < csup |h(2),, -, (5.23)
x Iy a,r
Combining (5.18), (5.20), and (5.23) using (5.14) yields
[ dzU (x = 2)h2)| S csup [h@) ], (5.24)
A similar inequality can be found for U_ to deduce (5.5).
(iv) Next we show that w solves (5.1). We can differentiate to get
0 .
(1 —9)7 W) = liTm (€1 —)U _(x —2)h(z) + hfﬂ (&1 —9U 4 (x — 2)h(2)
+ [ dz | dAAe*™"I(E — 9)R;h(z)
— I-
+ [dx | dAAe* (& — )R h(z). (5.25)
x I+

By (5.6) and the continuity of A, the sum of the first two terms on the right is h(x).
A resolvent identity tells us that A&, —s)R,= — MR, + I. By deformation of
contours we easily see that

[ &72dA=0, x-z>0,
r_

[ e 2d) =, x—2z<0, (5.26)

I+
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and so the sum of the last two terms on the right side of (5.25) is:

- j dz j dAe*>" MR ,h(z) — jdz j die** "I MR;h(z) = — Mw. (5.27)
Therefore

0
(& - S)EW(X) =h(x) — Mw. (5.28)
6. Decay of the Linearized Solution
Define the decay function A(x) as in (2.25).
Theorem 6.1. Suppose that h(x, &) is continuous in x as an element of G, , and that

SUp [|(x) o,y - = o, (6.1)

IR, = ¢y Alex). (6.2)

Then w defined as in Theorem 5.1 is continuous in x as an element of G,, and
satisfies

sup [|w(x) |, = cco, (6.3)

W), = c(co + c1)Alex), (6.4)

if u <2720y,
The proof of this theorem depends on a proper choice of N, the cutoff used
in Sect. 5, as a function of x. Choose

N) = (/o) ?IxP2, p=2B-y)""

=V gy N (6.5)
so that
N? = u|x)
Ly N7t =2p|x|f 1. (6.6)

We use two elementary lemmas
Lemma 6.2. If N is large enough and if £ <N,
(€, =)™ @l > v, N7 (6.7)
If also x > 1, &, —s>0,
(&, —s) texp{— (& — )" W(E)x} < N eV 7'x, (6.8)
Lemma 63. If0< <1,
Ixelf ™ e — 2] + [z = IxI7, (6.9)

Ix[?~Yx — 2| + ¢lz| = min (|x|’, &]x]), (6.10)
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[ee]
| N7~ 1oV 7= 0max (e~ #1941’ e~ 4l2l)dz < max (e HI”, e ~2l¥), (6.11)

X

Proof of Theorem 6.1. The bound (6.3) was proved in Theorem 5.1. To prove
(6.4), we split the velocity space into two parts: {|{| <N} and {|¢| > N} and define

an = 2] < N),
Iv = 2] > N),
Ry, =(xn(ME, —8) +v+ Hpy) ™,
Sna= (A —9) +v)7 1,
Sva=In(ME =) +v) (6.12)

We define Ry, Sy, and Sy, on G, (€ R?) in the natural way, i.e. Ry, f =g means
that yy(A(&, —s)+v+ H)g = f and suppg < {|¢| < N}. Then

(ME, =)+ v+ xnHyy) ™' =Ry + Syz, (6.13)
R, =Ry, + SNA)(I —(tvH + xnHyn)R))

= RN}. + SNA - T).’ (614)
T, = Ry;xnHinR; + Sy, inHR,. (6.15)

Integrate each of the three terms in (6.14):

(i) By contour integration

© -1
w1 Ax—-2)T _ ) ifé, —s<0, [{|>N,
(2mi) £ f[ e SyadAdz { 0. otherwise, (6.16)
' @)™t | | 798y, h(z)drdz | <cliyhll,-,
x I r
<ccoe” ™
< ccge M, (6.17)
A similar estimate is proved for the integral over I'_.
0 _ _
aTA = — Ryy(&; — RyaxnHINR, — RyaxwHInR(E — R,
— Syiléy = 9)SyidvHR, — SyanHR(E; — 5)R;. (6.18)

Now estimate using first (4.6) for R, and (4.8) for Sy, with § = 0, then the resolvent
identity R, = S,(I — HR)), and finally (4.12), that
IT3h 1, = 1 HinRR I, -, + [InHR A, -,
SHS iy — HR)h||,—, + lliyHS (I — HR)A ||, _,
S(+ A Pe k| (6.19)

a,r—2°
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Similarly we find that

0

Y < j—1/2,—aN?
i I R L (6.20)

a,r—1*

r

These are integrated as in the proof of Theorem 5.1. Employing (6.20) we get

| dz | dAe**"PTh(z)
I

x+1

r

«Q 0
[ dz2x—2z" | da e“"‘”b—i T,h(z)
Iy

x+1 r
<ccpe” N,
(6.21)
Using (6.19) we estimate
x+1
[ dx | die**"OT,h(z)|| <ccoe™ ™. (6.22)
x r, r
Therefore
[dz | dAe*™*"DT;h(z)| <ceoe™ ™. (6.23)
X I r
(i) Define new paths
Vi ,
Z,= {ENV + x + 4ix, ng},
(6.24)

2_={—v—21N’"1—xi4ix, xgo}.

By proposition 4.1 the contours I', and I'_ can be deformed to X, and X_
without passing through singularities of Ry,. Thus

[ € Ry,di= [ eRy,dA. (6.25)
I P

Next calculate

Ry,= Sy, — Ry, HSy;, (6.26)

0
s RSy, = = Ryy(&1 = )Ry HSy; + Ry HSy; (&4 = )8y (6.27)

and estimate
IRy:HSy kI, (1 + 272 ||h|,_,, (6.28)

0
“ S RyHSyh | ST, (6.29)

oA

r
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Calculate the integral in three parts. By a contour integration,

— S)— lo=@1=9)" ‘v(x—z)XNh(Z)

[ dz | die’™*9Sy,h(z)

x P r r
S N7 [ emnNiemamax (e ety dz + v TN TV Aex), (6.30)
x+1
é CCIA(EX),
using (6.2) and Lemmas 6.2 and 6.3. Next use (6.28) to obtain
x+1

| dz | dre’™~?Ry,HSy,h(z)
x Z4

r

x+1 ©
Scp [ odz | dA1+ )TV A(ez) £ ey Alex). (6.31)
x  (1/2)viNv—1

By integration by parts in 4, (6.6), (6.9), and (6.10), we can estimate

| dz [ dre®*"?Ry,HSy;h(z)
4

x+1

¥

j dz(x —z)~ 1 f die*> - z’—(RNAHSNA)h(z)

x+1 r
<c¢ | drx—2)7! [ T+ A"V A(ez)dA
x+1 (1/2)le~/-1
< ¢, A(ex). (6.32)

Combining (6.30), (6.31), and (6.32) and using (6.25) and (6.26) shows that

< ccy A(ex). (6.33)

r

| dz | dAe**"PRy;h(2)

X r,

Estimates similar to (6.17), (6.23), and (6.33) can also be obtained for the integrals
over I'_. Combining these and using (6.14) results in (6.4). By setting y = ¢~ *x we
can change Theorem 6.1 to:

Corollary 6.4. The solution of

(51—S)iw=8_1Mw+8‘1h, (6.34)
0x
with
sup A0 |5, - = Cos (6.35)
[hx) [, = ¢, Alx), (6.36)
satisfies
sup Iwx) |, = cco, (6.37)

[wx) I, = clcy + c1)A(x). (6.38)
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Finally we also make estimates on the linearized version of equation (3.54)
with asymptotic conditions (3.59).

Lemma 6.5. (i) For any 7, >0,
[erntmmuehlgy < o(xe mF 4 e HeT XA, (6.39)
[0}

(ii) Thereis an X >0 and L1, > 1, >0, such that

-1+ 2yzo(x) > 21, if x> X,

< =21, ifx<—-X. (6.40)
Theorem 6.6. If
[b(x)] £ coA(x), (6.41)
then the solution z, of (3.54) and (3.59) satisfies
|z,(X)] = ¢ cA(x). (6.42)

7. Solution of the Nonlinear Equations

Using the preceding estimates on the linearized version of Eq. (3.55), we are
ready to solve the full nonlinear equations (3.54) and (3.55) with the asymptotic
conditions (3.59).

Theorem 7.1. There is a solution of (3.54), (3.55), and (3.59) with

|2,(x)] = cA(x), (7.1)
Wi s, = c, (7.2)
Wi, = cA(x), (7.3)

for any r, 0 Lo <3 and for u,p as in (6.5).

Once this is proved we have finished the construction of the shock profile and
the proof of Theorem 2.1. First we make estimates on the inhomogeneities a and
b in (3.54) and (3.55).

Lemma 7.2. Suppose that

1Z1(x)] = coA(x), (7.4)
W, 00) o = 4, (7.5)
Wi (x) [, = ¢, A(x). (7.6)
If & and b are defined by (3.56) and (3.57) with z, = Z, and w, =W, then
la(x)] < (1 + ecq + ¢, + elco + ¢,)?)A(x), (7.7)
180 gy -y S (1 + &lco + ¢1) + EX(co + 1)), (7.8)
1B(x) [, -, < e(1 + eleo + ¢5) + 2(co + €2))A(X). (7.9)

Lemma 7.3. Suppose Z, and z, both satisfy (7.4) and W, and W, both satisfy (7.5)
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and (7.6). Let (d,b) and (a, b) be defined by (3.56) and (3.57) using (,, W,) and (Z, W,)
respectively. Suppose also that

I(Z; — 2)(x)| = do A(x), (7.10)
[0F; =W )X) o = dy, (7.11)
Wy =W)X, = drA(x). (7.12)
Then

(@ — a)(x)| = {(edo + d;) + &(co + ¢2)(do + o) } Alx), (7.13)
(b — b)(x) loyr—y S &ldo — dy) + e%(co +¢,)(dy +dy), (7.14)
16— B)(x)”r—y < {eldg +dy) +8%(co + ¢3)(do + dy) } A(). (7.15)

These will be proved using the following estimates on z, and w,:
|zo(x)| S e~ WPmlxl | x <, (7.16)
|zo(x) — 2, | S e~ WDmlxl x>0, (7.17)
[Wo(x) ||, S e~ WDl x <0, (7.18)
wo(x) = w* [l S e~ WPl x>0, (7.19)

and a nonlinear bound coming from Proposition 5.1 of [2].
Lemma 74. If 050 <4,

VI D e = UL SNNG Ny + NS Natr MG e+ 1S a4y = 119 g 45— 1)- (7:20)
Proof of Lemma 7.2. Denote

dy = — 7'z + (e ZoW, + Wo) D — Y, V(20,2 + £, Wo) ),

a, =eyzt + {pg ez, + Wy ),

Gy = — {p, VI 2ep,z; + eWy, wo + Wy) + vI(2p,zo + ewg, Wy)). (7.21)

By (7.16)~(7.19), (3.49), and (3.51), |4, (x)| < ce~"/?"Ix. By (7.4) and (7.6), |d,(x)| <
(ecd + eco + ¢y)A(x). By (7.16)—(7.19), (7.4), (7.6), and (7.20), |ds(x)| < c(eco +
€CoC, + 8¢, +6c3)A(x). These estimates imply (7.7) since a=a, +a, +a, and
7, <11,. Denote

~ 0
by=—¢(& — s)awo — Mwy —eMywy + ezo(I — P)

+ I — PWI(zy¢, + ewg, 2P, + W),
52 == 8}\43‘;{}1 + 8221(1 - P)#sa

53 = (1 - P){ZSVF(Zod)E + EWO’ 21¢s + Wl) + 82VF(21¢£ + wl’ 21¢£
+0,)}. (7.22)

< ce”(1/2rolxl By (7.4)—(7.6),

a,r =

By (7.16)—(7.19) and (3.50), ||5,(x)||
” Ez(x) “a,r § (8(’10 + 82c1)3

15201, = (ecq + e7c,)A(x). (7.23)
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By (7.16)—(7.19), (7.4)—(7.6), and (7.20),
||E3(x) ||a,r é {8(c0 + Cl) + 82(CO + Cl)z}s
1201l -, < {eleo + €1) + &%(co + ¢1)* JAX). (7.24)
Combining these yields (7.9).

froof of Lemma 7.3. In notation like that in the previous proof, 4, —a, =
b, — b, =0. This eliminates the term contributing the “1” on the right side of (7.7)-
(7.9). The remaining terms are estimated as above to find (7.13)—(7.14).

Proof of Theorem 7.1. We are now ready to solve Eq. (3.54), (3.55), and (3.59) by
iteration. Let z% =w{ =0, define a" and b" by (3.56) and (3.57) with z, and w,
replaced by z; and w?,and let 2} * ! and w} * * solve (3.54), (3.55), and (3.59) with a and
b replaced by a” and b". Then z¢ and w? satisfy (7.4)—(7.6) (for suitable ¢y, ¢;, ¢,). The
estimate (7.7)—(7.9) for a° and b° combine with Theorems 6.1 and 6.6 to find
estimates on z} and w}. By iterating the procedure we obtain uniform estimates on z;

and w’. Choose C,, C,, and C? such that
c(14+6eCy+C,+e(Cy+ C,)")ECy,
c(1+&Cy+Cy)+eXCo+ C)HECy,
(L +&(Co+ Cy) +e3(Co + C)H) < C,.

Then z{ and wi satisfy (7.1)-(7.3) with C =max(C,, C,, C;). Lemma 7.3 shows
that  A(x)7'zi" =24 Wit () —wix) ], and  AQG)TH W) — wik)
are decreasing algebraically fast. Therefore z} and w' converge to z; and w, with
bounds (7.1)—(7.3). By a standard argument, they are seen to be solutions of (3.54),
(3.55), and (3.59).

To show the uniqueness of the solution we first write f as f =(z, +&z,)¢ +
&(wo + w,) as in Sect. 3. Then z, and w, solve (3.54), (3.55), (3.59). Assuming (2.26),
we wish to show that A(x)™'|z,(x)], [lw,(x)ll,,. and A(x)”!|w,(x)|, are bounded
independent of &. From (2.26) and Lemma (7.2) we find that |b(x)|,,-, and
A(x)” 1 b(x) -, are bounded. Then Corollary 6.4 implies bounds on ||w;(x)[,,
and A(x)"!|w,(x)l,. Using Lemma 7.2 again we find bounds on A(x)™*|a(x)|, and
again Theorem 6.6 implies bound on A(x) ™ *|z,(x)|.

Next we suppose that f and f are two such solutions with w, —w, and z;, — Z;
bounded in the above norms by a constant c¢. By Lemma 7.3 we find that a — g,
b — b are bounded by ec. Then by Corollary 6.4 and Theorem 6.6 we find that
z, —z; and w; —w, are bounded by &c. Continuing this we find that w, =w,,
z, =%, and thus f = f.

Appendix A. The Collision Operator

The nonlinear collision operator is

2n /2

Qg =11 [ [ {fDE)+ fE)g(E) — f(E)g(&)

30 0

= f(€)g(&,)} BO, V)dbdedE,, (A.1)
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in which
V=28 —-¢
¢ =¢&+aV),
§1=8 —alxV),
o = (cos 6,sinfcose,sin fsing), (A2)

and B(6, V) is (the collision cross section)- V. For an inverse power force F(r) = kr ™3

-5
with 3 <s and r the intermolecular distance, B, V)= V’p(6) with y =ZTI—.
In particular for inelastic collisions between spheres, B(6, V) = V cos 8sin 0. Define

n/2

v =2n | [ B(O,n—&wm)dodn,
R
(&) = (2m) " 2e™ %12, (A.3)

We shall consider only hard potentials with an angular cutoff in the sense of
Grad [11], i.e. we assume that

v+ 8 = v = vy (1+2),

B(6,V) < cV¥sinfcosb|, (A.4)
in which v, v, and c are positive constants and 0 <y < 1 and that B is continuous
in V. Power law forces do not satisfy these constraints; some modification is
required to eliminate grazing collisions with 6 small.

The linearized collision operatoris Lf = — 2w~ Y2Q(w, 0’2 f). Using (A.2) and
positivity and symmetry properties of B, one can show that L is self-adjoint and
non-negative, with N(L)=span{y;,i=0,...,4} [11]. It can be represented as
L =v(€)— K with

Kf©)= | k&n)fmdn,
R3

k=—ky +k (A.5)

>

Ky(Em) = 2m0@) Pl | BO, V)do, (A6)
0

k(&) =2(2m) 20" 2exp { — v* — 3(1}

Jexp { = 2Iw + &, 1%} q(v, w)dw
(A7)

in which
v=n—¢=aV),
w=V —a(aV),
Ly =v(v-3(& +m),
2=3E+m) ¢, (A.8)
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Note that w is perpendicular to v and the integral in (A.7) is over the two-
dimensional plane with v held constant. Also we define

q(v,w) = (2|sin 0| " '[B(6, V) + B&— 0,V)}) < cvo(v® + w?)~ 17772, (A9)
The bounds (4.10) for H replaced by K and (4.15) for k replaced by k were
derived in [2] along with the bound
IKhl3,-,=cl fle (A.10)
These can be used as in [11] to show the following:
Lemma A.l. If y<1, H=e*"v(&) 'Ke ¢ is compact as an operator on L?.

Lemma A.2. Let heG,, with {y,h)=0,i=0,...,4, then Lf =h has a solution
with feG,, ...

Appendix B. The Summational Invariants

The summational invariants y,...,x, defined in (2.9) form an orthonormal
basis for the null space of L. The sound speed ¢, is found as a root of

det ((x;, &y — o)y )= —calco = 3), ie. co=1/5/3. One could also use c,=
—./5/3; the roots ¢, =0 correspond to contact discontinuities rather than
shocks. The function ¢, = Zo;y; is found through a null vector («,) of the matrix

(61 —co)uy»s (,j=0,...,4) which is ag=1, a;=cy, 0, =03=0, a,=./2/3
as in (3.11).
4

3
Next we solve (3.14), (3.17), and (3.18). Rewrite Y B, =p'do+ Y. Biti-
i=0 i=0
Then (3.14) is

3
<(€1 — Co)is 'Zo ﬁ}Xj> = =0 — (& —codxi Py, i=0,...,3.
i=

(B.1)
Since ¢, is to be independent of ¢, (3.18) implies that <{(&, —co)d,, d,> =0.
This is just a linear equation for B’ with coefficient 2<{(&; —co)do, @1 =
207 (L1, d1> #0.

Also we calculate det ({(&; —co)xix;») (bj=—1,...,4) with y_, = ¢,. From
(3.21) and (3.14) we have {(&; —co)yi®1> = — {i»Po,. This makes it possible
to calculate the determinant to be cjo*(—cg— 3cd+5%¢c,—%) #0. Since
det ({x;(&; —co)x; D), j=0,...,3)= c3(c2 —1)#0, (B.1) has a unique solution

3
Bos--.,B5. Look for 0, and 0, = ) 7,1+  will be choosen to satisfy (&, — 8)y;

i=0

6> =0,...,3. Then (3.17) for i =0,...,3 becomes

3
<(€1 — ) D, V,-Xj> =1y,  i=0,....3. (B.2)
j=0

Since det ({y;,(£; — s)y;») is bounded uniformly in ¢ near 0, the y;’s are determined
uniquely and are uniformly bounded. For the last equation of (3.17) we can replace
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%4 by ¢,. This and (3.18) give us two equations for ’ and :
(o, 1) + (&1 — Co)go, 0>+ O(e) =0, (B.3)
2{¢po, 1> + (&1 — o)1, P> +2{(E; — Co)¢0»g> + 0(g) = 0. (B.4)
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