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Abstract. We consider the motion of a particle in a weak mean zero random

force field F, which depends on the position, x(t), and the velocity, v(t) = x(t).

The equation of motion is X(t) = eF(x(t), v(t), w), where x(-) and v(-) take values

in RY d >3, and w ranges over some probability space. We show, under

suitable mixing and moment conditions on F, that as ¢ — 0, v°(t) = v(t/e?)

converges weakly to a diffusion Markov process u(t), and &*x(t) converges
t

weakly to [v(s)ds + x, where x = lim &2x%(0).
0

1. Introduction

For simplicity we do not discuss the general situation in this section, but restrict
ourselves to force fields which depend on position only.

Let F(x),xeR? be a random vector field, a random force field, which
is stationary and has mean zero. Let x(t) be the coordinate of a particle of unit
mass moving through this force field. The equation of motion is

X = F(x). (1.1)

with given initial position and velocity. Suppose that the force is weak and weakly
correlated for points that are far apart. Then one expects that after a long time
the velocity x will behave like a diffusion Markov process and the position x
like the integral of this diffusion process.

To be more specific, suppose that the root mean square of the force field F
is proportional to ¢ so that we may replace (1.1) by

% = eF(x) (1.2)

in which F(x) is of order one. Rescaling of time ¢ into t/e? and putting X(t/e?) =
v¥(t), x(t/%) = x*(t) leads from (1.1) to the system.

) 1
dt _szv(t)
do@) 1,
it —CF(X (t)) (1.3)
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It is proved in the following sections that under suitable conditions on F, v* conver-
ges weakly as ¢ — 0 to a diffusion Markov process v(t) whose generator is given
t

explicitly. Moreover, e2x(t) converges weakly to [v(s)ds + x, where x = lim £2x%(0),
ase— 0. °

The Eq. (1.2) describes for instance the motion of a charged particle in
an electromagnetic field, and several authors have obtained formulas for the
limit process by perturbation methods or similar procedures [1-5]. We now
give such a formal derivation of the relevant results for (1.3). We note that the
method used in [6] for the much simpler problem than (1.3)

ax*(t) 1 1
dt( ): i + EF(xs(t)),

does not work well in the present situation.

Let f(v) be a bounded and smooth function on R? and let u’(t, x, v) = f (¢v°(t ;x, v))
where x*(t;x, v), v(t;x, v) is the solution of (1.3) with x%0)=x,v%(0)=v. As a
function of t, x and v, u® satisfies (the adjoint) Liouville equation

ot 1 ouw 1 ou*

=y Z F(x) —

o &' ox +e ) ov’

u*0, x, v) = f(v), (1.4)

Here 0/0x and 0/0v denote the x and v gradient operators and - stands for dot
product in RY. We now attempt to solve (1.4) by a formal series expansion u° =
uy + eu, + ¢*u, + .... Inserting this into (1.4) and collecting terms leads to the
equations

t>0,

ou,
ou, du,
ﬁuz ,6“1 Ou, _
v + F(x) Er 0, et. (1.7

From (1.5) we conclude that u, = u,(t, v) and u(0, v) = f(v) (to satisfy (1.4)), but
u, is otherwise undetermined at this stage. We consider (1.6) and note that we
can write the random function u, in the form

0
u,(t, x, v) = x(x, v)‘ﬂ (1.8)
ov
where x(x, v) satisfies
0
0% 4 Fx) = 0. (1.9)
Ox

One may write formally y(x, v) = jF (x + vt)dt but of course this expression does
0
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not make sense. We retain it anyway with the understanding that some conver-

gence factor has been introduced (like je"”F (x+ vt)dt>.
0
Now we use this in (1.7) and demand as usual that the expectation of

0 0 . cpp . .
F -%——gt—o be zero. This gives a diffusion equation that determines u,(t, v).
Specifically Eu,(t, v) satisfies
0Eu
at°=$Euo, t>0, uy0,v)=f(v) (1.10)

where ¢ is given by

F= jE{ (x): —(F(x + vt)- ai)}dt
49 0
- X a_< 0) 6vk> (1.11)
with
A, lv) = ofE{Fj(x)Fk(x + vt) }dt. (1.12)
0

When the correlations in the force field die out rapidly enough, the diffusion
coefficients A ,(v) are well defined if v+ 0 but they are necessarily singular at
v=0. (Note that .# is not always self-adjoint if F depends on v as well; see (2.3)
and (2.4) below.)

The problem then is to show that v*(t) converges weakly to the diffusion
generated by . of (1.11) under some suitable hypotheses. The theorem of the
next section gives such conditions for convergence. It is discussed further there.
Some specific examples are given in Sect. 4.

It is of interest to point out some special cases of (1.11) and (1.12) here.

Let

R,(x)=E{F(x+yF»} jk=12...4d, (1.13)

be the covariance of the force field F. It is assumed that it decays rapidly with x;
in fact much stronger asymptotic independence assumptions are introduced
in the next section. Let us assume also that the symmetry condition

R;(x) = R;(— x) (1.14)
holds. Then (1.12) may be written in the form

A, ()= a;(v) :% of R (vr)dt. (1.15)

— o0

If we introduce the power spectral density R jk(l), then

R,(x) = | "R, (0, (1.16)
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and (1.15) becomes
ay(v) =7 [ 8(I-v)R,(hdl (1.17)
Rd

where («) is the delta function with unit mass at zero. The expression (1.17) for
the diffusion coefficients is useful when F(x) is the gradient of a potential V(x).
If we set

R(x —y)=E{V(x)V(y)} (1.18)
then (1.17) yields
ay(v)=m | 8(I-o)l L R()dl
[Rd

_g< y Ilz>(5"" H2> J 800}, (bl

From this we see that in the potential case the limiting diffusion operator is
degenerate. The limit diffusion process is concentrated on the sphere |v|= v,
where v, # 0 is the starting velocity. (Since a(v) v =0 and L(v*)=0-) (2.6) is
automatic when |v| is constant, but unfortunately, our theorem as stated does
not allow g, (v) to become singular, and hence does not apply without modification
to the above case. One such modification of the theorem is given in Remark 5 of
Section 4. The conclusion of the theorem remains valid if (4.2) and (4.3) hold,
even when a(-) becomes singular. This comment also applies to other cases where
|v(t)| remains constant (e.g. when F(x, v) is always perpendicular to v, such as
when F(x,v) is of the form F(x,v)=uv A I['(x)).

2. Statement of Theorem

Throughout (22, %, 2) denotes our basic probability space. On this space F(x, v, w):
R?Yx R x Q > R? is a random field with the following properties:
(I) F is jointly measurable with respect to # x # x Z where 4 is the Borel field
in R?. As a function of (x, v), F(, w) is almost surely in C3(R? x RY).
(I) F is strictly stationary in x, ie. for any x,, vieR" the joint distribution of
F(x, +h,v,),...,F(x, + h,v,) is independent of heR?. Equivalently, the process
{F(x,",w)}  ga is stationary in x. In addition

E{F(x,v)} =0, x,veR" (2.1)
(III) For A = RY, set

4, =0{F(x,v,"):xeA, veR}

= sigma field generated by F(x,v,"), xe 4, ve R%.

For A,, A, = R define

oA, 4,)= sup |P(B)— P(B|A)|.

AS?A‘,BE‘@AZ

Also, set

Blp) = sup{a(A,, A,): A, A,€eB with d(A,, A,) = p}.
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Here
d(A;, A,) =inf{|x, —x,|:x,€4,}.

Assume that

{B()}**dt < . (2.2)

O = 8

Note that (2.2) is in a sense a measure of the rate at which F(x,,-) and F(x,,")
become independent when |x, — x, | - .
(IV) For some constant C, and all voeR", 0= |B| <2andr=16d + 64

E{ sup [D”F(x,v)"}§€0.

|x|S=1,|lv—vo| =1

As usual B stands here for a multi-index and D? for the corresponding partial
derivative. Thus D?F(x, v) can be any mixed derivative of F.
(V) Let

a;(v) = T) E{F 0, )F (tv,v)}dt, (2.3)

b(v)= Z jE{ dd F{tv, v)}dt

J

A 0
_ g g[us{ F{0,0) o F (v, u)}

E {F 10, v) % F(tv,v) } }dt. (2.4

Here (0/0v)F(tv, v) =[(0/0v)F(x,v)],_,, The integrals in (2.3) and (2.4) can be
shown to be absolutely convergent on the set {v # 0} and to be bounded as |v| - o
by means of (III) and (IV) (use Theorem 17.23 of [7] or Lemma 20.1 of [8]).
Assume that g, (v) is strictly positive definite on {v # 0} and that a,(-) and b(-)
are C* functions on {v+0}.

For any f € C*(R?) define

0* of
D,

1
ff(u)=§§aij(v)wf(v)+;bi(v) 3 v#0. (2.5)

Let V, be a diffusion with generator ¥ and starting-point v, # 0 (see Remark 1
below). Assume finally that for each v, # Oand T < o

M-x

lim P”°{| V|- for some t < T} 0. (2.6)
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Last, let {v(t), y(t) } = {v*(t, w), y*(t, ®) } be the solution of the equations
dy* 1

a2
v 1
o F(y (1), v¥(1))
v%(0) = v, # 0, y*(0) = y,. (2.7

These solutions exist and are unique with probability one by the argument in
step (ii) of [ 6]. Denote by Q° the probability measure on C = C([0, «);R¢) induced
by {v5(0)},5.6-

Theorem. If d >3,v,+0 and F(-) satisfies conditions (I)-(V) above, then Q°
converges weakly on C as €0 to the measure Q corresponding to the diffusion
process in R* with generator & and initial point v, (i.e., Q((0) =vy) = 1).

Corollary. Under the conditions of the theorem the measure R® induced by
(), &2y*(*)) on C([0, 0);R? x RY) converges weakly to the unique measure R
which is concentrated on the set

{X, Y:Y ()= in(a)do, X(0) = vo}
0

and whose marginal distribution of X(*) coincides with Q.
(Here X ,(t),..., X, (t), Y (t),..., Y, (t) are the coordinate functions on
C([0, 0);R? x RY).

Remark 1. The diffusion V, on R?\{0} can be constructed by “patching together”
local diffusions. The local diffusions can be obtained as solutions of suitable Ito
equations (see [9], Ch. 4.3) or by semigroup theory (see [10]). It is also possible
to define the diffusion V" which has generator % on

Cn={veRd:|v| >1},
n

and is killed at time t, = inf{¢: V"¢ C,}. For m = n, V™ up until time 7, is equiva-
lent to V™ ([11], Corollary in Chap. 5.24), and V, can be viewed as a limit of the
o,

Remark 2. In our most important examples (see Remark 3) the coefficients
a,{(v) and v(v) are singular at the origin so that one should not replace (V) by the
simpler condition a,(-), b(-)e C*(R?).

In Remark 6, Sect. 4, we shall discuss a replacement for the condition
d =3 and a,(-), b()e C*(R\{0}). We shall also give some sufficient conditions
for (2.6). For the definition of the spaces C([0, c);R?), D([0, c0);R?) and weak
convergence on these spaces see [ 12] and [13].

Remark 3. Note that under R the process {X(t), Y(t)},,, of the corollary is a
singular diffusion; the Y-part has zero diffusion coefficients. By itself the Y-part
is not Markovian, let alone a diffusion.
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3. Proof of Theorem

The basic outline of the proof is the same as for Theorem 3 of [6]. We first introduce
a truncated process (in step (i)). The truncation will be removed only in the last
step. The second step proves the basic mixing lemma which is used in step (iii)
to show tightness of the family of measures (indexed by ¢) induced by the truncated
processes. The remaining steps identify the limit process as the solution of a
certain martingle problem.

Step (i)

In contrast to [6] we need here not one, but several cutoff functions. These will
depend on parameters #,d, M, N, which remain fixed until step (v). We shall
not exhibit these parameters explicitly in the notation before step (v); it is under-
stood, though, that all constants C below may depend on these parameters, the
dimension, d, and the length of the time interval, T, but not on e.

As will become apparent it is best to define the cutoff functions as nonanticipa-
tory functionals which depend in addition on a variable which ranges over R%
We begin with the velocity cutoff. Let D = D([0, c0);R? and # > 0, and for X (-)eD
set

X(kn)
x, =1 |X(an)]
(1,0,...,0) if X(kn)=0.

if X(kn)+#0

In addition let ¥, :R? x $*7' x §971 - [0,1] be a C* function (S*~' is the unit
ball in R?) such that

1
Wolu, xp,x,) =0 if |u|§m or |u|=2M

1 1
or (uaxl)éﬁ or (u>x2)§ﬁ; (31)

o1
Yolu, x,,x,) =1 if M§[ul§M and

1 1
(u,x,) gﬁ and (u,x,) gﬁ (3.2)

Throughout we take M so large that
1
M = Ivol =M.

Now define ¥:[0,0) x D x R by

lpo(wnXoaXO) if 0§l’<7]

Yow, X, _ . X)) if knSt<(k+ k=1 (33

‘I’(t,X,w)={
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To prevent the y® path at any given time to come too close to a value taken
on before another cutoff function is needed. It will be seen in step (ii) how this
guarantees a certain amount of independence between the present and the “distant
past” for the truncated process, and thereby allows us to prove the mixing lemma.
We construct a function ¢, : D x R?— [0, 1] which is smooth in its second argu-
ment, uniformly in the first argument and k. The principal requirement for ¢,
if k > 1 is that for fixed X(-)eD,

¢ (X,2)=0 if inf  |z—[X(0)dt| <9,
0<us(k—1)n 0

P X, 2)=1 if inf [z— [X(t)dt|=23. (3.4)
0Sus(k—1)n 0

To construct such a function we take

u

z— [ X(t)dt

0

)

me=f< inf

0Sug(—1)n
where ¥ is continuous, 0 < 5 <1 and

- (0 if |y|=3s
X(”“{l it [y|z32o.

Also we take for 4(-) a nonnegative function C*(R?) with support in {|z| <d/4}
and such that

[ A(z)dz=1.
R4

Then
X, 2) = | Az — x)y, (X, x)dx (3.5)
Rd
satisfies (3.4). Finally we define @ = ®_:[0, ©) x D x R? by
o1, X,z)=1 if0<t<py,
O, X,z)= ¢ (X, 6%z —y,)) ifkn <t <(k+nk=1. (3.6)
Lastly, we set
G(t, X, z,w) = G (t, X, z,w) = P(t, X, w)P (t, X, 2)F(z, w) (3.7)
and we define our truncated process u(-), z(*) as the solution of
dz 1
i 2 w(t)
dw 1
—E - E G(t> W( )7 Z(t)a W(t))

w(0) =v,, 2(0)=y,. (3.8)
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As in [6] this means that z and w are continuous functions which satisfy

)=y, + siz [w(o)da,
0
w(t) = v, + % jG(a, w(+), z(o), w(o))do . (3.9
0

Note that G is continuously differentiable in its last two arguments and for
kn <t < (k + 1)y depends on w(-) only through the values of w(u) on u < k#. In parti-
cular, for t <#, G does not depend on its second argument and (3.9) has w.p. 1
a unique solution on t <# by the argument of step (ii) of [6]. Once a solution has
been found for ¢ < k#, the dependence of G on its second argument is determined
up to time (k + 1) and by step (ii) of [ 6] one then obtains w.p. 1 a unique solution
fort < (k+ .

Of course w(-) and z(-) depend on ¢. When necessary we shall indicate this
by writing w¥(t) and z*(t). In particular we denote by R® the measure induced on
C([0, ©);R% or D= D([0, 20);R?) by w(-). Towards the end we shall write
R%(:;M, N, n,90) to indicate the dependence of R®* on M, N, #,d. For brevity we
shall write

G(t,w,z) = G(t, w(*),w, z)

for w, ze R* and w(-) the solution of (3.8). Similarly
Y, w)= W, w(-),w), @(t,z)= D, w(*),z).

Before turning to the proof of tightness of the family of measures
{R%( ):0<¢ <1} we need some simple observations. First, G(t,w, z) is constant
in t over each of the intervals [kn,(k + 1)n). Second, for every T there exists a
constant C, = C (T, M,n,6) such that

a\ a\
I<5£> D(t, X, z) <%> P(t, X, w)

for all XeD,w,zeR,0=<t<T,0<¢ <1 and |B| <1. Formula (3.10) is obvious
for ¥ from (3.3); for @ it follows from (3.5) and (3.6). Indeed, for kn <t < (k + 1),

o\
‘<6—2> (p(t, X, Z)

Lastly, for any z of the form z(&) +

<C,e¥, <C, (3.10)

= g2l

éNMﬂrqm—mmxnw

<&l [ | DPA(x)|dx.
R4

¢

g

3_2 w(¢), @ (t, z) does not depend explicitly
on ¢ but only through {w(u):0 <u<¢& v ((k—1)y)*}, when kn <t <(k+ ).
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Indeed for such ¢, the above zand u < ((k — 1)y)*

¢

o —
82

g {z@) e - yo} ~ Twlode
0

&
= [w(A)dA + (o — EW(E).

Finally, we have the following simple

Lemma 1.

1
— <|w(t)| <2M  forallt 2 0.

2M
1
w(t),w,_,) = N and (w(t), w,) = N
for kn <t < (k+ L)y,
w(jn)
where w, = ———=, (W_,=w
7 w(jn)] =)
|2(t) — 2(s)| £ = |t —s|, t,520;

P{|w(t)—w(s)| >t —s|e”®  for some0<s,t < T} SCet

(3.11)

(3.12)

(3.13)

(3.14)

Proof. Formulas (3.11) and (3.12) are easily proved by induction on k. If they
hold at t = k#, then they must hold up till (k + 1)y because Y(t,w(t)) vanishes
as soon as (3.11) or (3.12) fails. Formula (3.13) is immediate from (3.9) and (3.11).

Lastly, for (3.14) observe that

|w(t) — w(s)| =% [ G(A, z(A), w(i))di'

t—s
él | sup | F(z(2), w(2))]
|[Al=sT
so that by (3.11), (3.13)

S P{|w(t) — w(s)| = |t — s|e™%/® for some 0 <s,t < T}
< P{sup |F(z(2), w(2))| 2 ¢~ 1/8}
IAST

gp{ sup |F(z)|ge‘”8}.

|zl = (2M/e)T + |yol,|w| = 2M

(3.15)

Formula (3.14) now follows from the fact that the set {(z, w):|z| < (2M/e})T + |y, |,
|w| £2M} can be covered by at most C,((T + 1)/e?) cubes of edge-length one,
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and for any z,,w,
P sup |F(z,w)| = ¢ /8
lz=zo| = 1,|[w—wo|=1
8 . 8
<¢BE sup |Fz,w)|'l <¢78C,
lz=zol£1,|lw—wo|£1

(by (IT) and (IV)). Thus, the left-hand side of (3.14) is at most

T4y
C3<——; > §15C, = CoCy(T+ 1)tg7/5 2

— C,C(T + 1)%. (3.16)

Step (ii)

This is devoted to the fundamental mixing Lemma 4 and some of its consequences.
The preparatory Lemma 3 gives a bound for expectations along the path of z
which will be used frequently. Both lemmas rely on the possibility of “predicting”
z(c) by the linear function z(¢) + ((o — &)/e®)w(€), which depends only on the
path up until time & A crucial role is also played by the measure theoretical
Lemma 2 which follows directly from the definition of the mixing coefficient f.
For convenience we extend the definition of f§ by setting

Blp)=2 for p=0

We also replace B(+) by its left continuous modification. This can always be done
without invalidating (III) because f(-) is nonincreasing. We need a further conven-
tion. For 0= (0, 0")eR? x R?,7,F will denote the random field whose value at
(z,w) is given by

1,F(z,w) = F(z+ 0, w+0")
If h is a function of the F(z,w) which depends only on {F(z,u):ze A, weR?} and
such that h(F) is ¢, measurable for some A = R% then we see immediately that

h(t,F)is %, , measurable. In the next lemma we shall take 0 itself also random.
Lastly, we set

F = o{z(u), wlu), F(z(u), wu)) :u < t} (3.17)

Lemma 2. Let X be an #, measurable random variable with E{|X |} < o0 and
let g, =(g;,9;) be R*x R? valued random variables, measurable with respect to
F , and such that

min{|g, — z(u)|:u <t} = p (3.18)

a.e. on the set {X #0}. Lastly, let h; be Borel functions of {F(z,w):ze4,, weR%}
for Borel sets A, = R? with

Oed4,, diameter 4, =k (3.19)
and

lhi(F )| < A everywhere. (3.20)
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For 0,eR* x R? set
UJ0)= E{hi(toF)}, v,, 92) = E{h 2(92)}

Then
|E{Xh,(t, F)} — E{XU (g,)}| < 2A4B(p — ©)E{| X |}, (3.21)
and
|E{Xh,(x, Pz, F)} — E{XXV(g,,9,)}| <242B(p — OE{| X |}. (3.22)
If (3.18) is replaced by
min{|g, —zw)|:u <t} =p and |g,—g,|Zp (3.23)

a.e. on the set {X # 0}, then

|E{Xh,(c, F)h,(c,,F)} — E{Xh,(z, F)U,(g,)}|
<2A4%B(p — 2K)E{| X|}. (3.24)
Proof. We only prove (3.21). First we change g,, g, on the set X =0 such that
(3.18) holds everywhere. Since {X = 0}€.#, we can do this in such a way that the
modified g; are still &, measurable. Moreover this modification does not affect
(3.21). We may also assume p — x > 0 since we took S(p) = 2 for p 0. Now take

0<t<(p—x)/2andlet C ,C,,... be a sequence of disjoint cubes whose union
is all of R? and such that diameter (C,) <. Let

Di: {Zld(z,Ci)gp—‘C}
={z:d(z,C))> p — 21}
I, = indicator function of {g) €C,},

and last,

R={z(u):u =<t}.

R is the (random) range of z(-) up until time ¢, and it follows from (3.18) that if
g, €C,, then R must be contained in D,. Consequently

E{Xh,(, F}—ZE{Xh (z, F)I ZE{Xh (t, IR < D). (3.25)

Now E; is an open neighborhood of D,, and we proceed to show that for any
Z , measurable random variable Y one has

YI[R = D] is 4, measurable. (3.26)

To verify (3.26) it suffices to consider only Y’s of the form

¥ = TTK et vl Flu. i)

with 0 Su; <t and K;: R’ x R? x R! > R? bounded Borel functions (e.g. by [14],
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Theorem 1.20). Now let {:R? — [0, 1] be a smooth function such that
3t
1 if dzC)zp——+

)= 2
0 if z¢E,
and set

G*(t, w(*), z, w) = G(t, w(*), z, w)(2).
Also, let z*(+), w*() be the solution of

t

1
¥ =y, + o [w*(o)do
0

w¥(t) = v, + % ;G*(G» w¥(+), z%(0), w*(0))do (3.27)
One can obtain z*, w* by the usual iteration procedure, i.e. z*, u* = lim (z™,u™),
where z9(t) = y,, w (1) = v, and o

2@ =y, + siz ;f w™(o)do,

w () = v, + % jG*(a, w®(+), z2(a), w"(0))do . (3.28)

For fixed z, w and t <#, G*(t, w(*), z, w) is clearly %, measurable and hence by
(3.28) so are z™V(t), u™(¢). It then follows by 1nduct10n on 7 from (3.28) that (z™(¢),
w®(t)) and also z*(t), u*(t) are %, measurable for all r <#. This remains valid
for t = by continuity and the argument can now be repeated for # <t < 2y etc.
It follows that (z*(t), u*(t)) is ¥ measurable for all t. However, it is also clear
that z*(¢), u*(¢) coincides with z(z), u(t) for all t < S, where S = inf{v 2 0:d(z(v),C,) =
p — 37}. In particular this holds until the first time z* leaves D, and

YI[R<= D] =Y*I[R* = D] (3.29)
where Y* and R* are defined by replacing z(+), w(+) by z*(*), w*(+) in the definition
of Y and R. Since the right-hand side of (3.29) is %, measurable, this implies

(3.26).
Now set

F,={z:d(z,C) Sk}

and %, = the collection of Borel sets of C; x R%. Then the map from C, x R x Q
into R given by (0, ®) — h,(t,F) is %, x g measurable, because for fixed 0 =
(0',0MeC, x R, 0+ 4, F, and hence h (roF) is 4, measurable in w. Moreover,
for fixed w, 7 F is contmuous in 6. We now combme this with the fact that for
any Borel set Bc C, xR, XI,I[g,€BlI[R<= D] is %, measurable (by (3.26))
to conclude that

XLI[R < D,)h,(z, F)is %, measurable. (3.30)
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In addition

dE,,F)zdC,E)—Kx=p—21—K,
so that

| P(AB) — P(4)P(B)| < P(A)(p — 2t — k) (3.31)
whenever A€9, , BeY, . Let Q be the probability measure on ¥, . which is

defined by Q(AB) = P(A)P(B) whenever Ae%,Be% . Q is well defined since
Y is generated by such sets AB. We can then rephrase (3.31) as

E,UF,

| P(4B) — Q(AB)| £ P(A)B(p — 2t — x). (3.32)

Now let Z be @ E, measurable and I be 4
we shall show that (3.32) implies

|{ZrdP — [ZrdQ| <2B(p — 2t — k) sup | ' |E{| Z|}. (3.33)
Indeed it suffices to prove (3.33) if Z and I are of the form
Z=2z1,, I'=2Xy 1, 3

with 4,€%, and B €% . But for such Z and I,
|fZrdp — [ZrdQ)|
< 2|zl PA) 2] 7, | P(B,|4,) — P(B)|
k l

éE{lzl}SuNF’mf‘X;'P(BllAk)_P(Bz”

measurable. Following [8], p. 171

E;UF;

<2f(p — 2t —x)sup|T'| E{| Z|}.

The last inequality is just (20.27) on p. 171 of [8].
We can apply (3.33) to

Z XII[R<D;], T'=LI[R<D,]lhz, F),
for which
jzrdQ = E(XI[R = DJIU,(g,)}.
As a result (recall (3.20))
|E{XLI[R = D/Jh,(c, F)} — E{XLI[R = D,]U,(g,)}|
<2f(p — 21 — KAE{| X|1}.
Taking into account (3.25) we obtain after summation over i

|E{Xh,(c,,F)} — E{XU\(9,)}| =24B(p — 2t — 1) E{| X |}

Formula (3.21) follows by taking the limit as 7| 0. O
We define
o—¢
L& 0) =20 + —5—w(0), (3.34)

(s, &, 0) = sz(g) + (1 — s)L(&, 0). (3.35)
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Lemma 3. Let
H(t,z,w) = DPG(t,z,w) or H = D’F(z,w)

for some | | <2 and D* only involving derivatives with respect to z and w. Then for
each fixed T, M there exists a constant C, such that for all
00T, (c—¢&*)"£¢<0,05551,0<e= 1. (3.36)
one has
E{ sup |H(o,r(s,&0),w)[*} <C§. (3.37)
|wl2M

Proof. We only consider an H of the form
H(t, z, w) = DP*¥(t, w)DP>®(t, z)DP*F(z, w)

where D?! involves only w-derivatives and D#? only z derivatives. D’G(t, z, w) is
a finite sum of such terms, and the same estimates can be used if H = D?F(t, w).
We shall also restrict ourselves to

0<e<nA@N) 8 AT 10deC=8-4d)! (3.38)

(r = 16d + 64 again), since (3.37) is immediate from (II) and (IV) for ¢ bounded
away from zero (and hence (s, &, o) bounded above, on account of (3.11) and

(3.13)).
Let
B3 1 B3 <
KA(zw) = DPF(zw) if |DP3F(z,w)| < 4
0 if |DPF(z,w)|> 4, (3.39)
and
HA(t, z,w) = DPrP(t, w)DP2@(t, 2)K4(z, w),
AAt, z,w) = H(t, z,w) — HAt, z, w). (3.40)

We begin by estimating the error introduced by replacing H by H* in (3.37).
Since D?1¥(t,w) and DP2®(t, z) are uniformly bounded in t < T, w, zeR? (cf. (3.10))
and

|7(s, ¢, 0)]| g%ﬁia +|y,] (cf. (3.11) and (3.13)),

this error is
E{ sup 'ﬁA(O-a I’(S, 57 0)7 W, 8}

lwls2M

<E{ sup |DPF(r(s,¢ 0),w) — KA(r(s, £, 0), w}|®}
lwl=s2M

< A%TE{ sup | DP*F(z,w)|"}

|z| S 2Ms~ 26+ 3ol
lwi<2M

s d
< CSAS"<8—2 + 1) (by (IV)).
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Next we shall replace r(s, £, 0) by
x(s, 7, &, ) = sL(t, 6) + (1 — s)L(£ A 7, 0)

N s[z(r) +— w(r):, (1— s)l:z(f A T) 427Nt é R T w(E A r)]

where 7 will be chosen later in such a way that

(=t <t<é<o or (60—t <t=Z0—E"4 (3.41)
We claim that
P{|r(s, &, 0) = x(5,7,&,0)| 21} SCee ™ (0 — 1)¥ (3.42)

Indeed, by (3.9), (3.11) and (3.13),

Sizf[w(/l) - w(r)]d/ll

]z(o) — L(z, a)| =

1 a
=|5 [dpGp, (p), W(P))‘

1
<—~(c—1?  sup F(z,w)|. (3.43)
3
& |2] £ 2Me = 2T +|yo
< 2M

Therefore, as in (3.15), (3.16)
P{|z(0) — L(z, w)| = 1}
gp{ sup ’F(z,w)|;s3(o—‘c)‘2}

|zl =2Me~ 1T+ yo|
Iwls2Mm

§ C68~2d—-3r(o_ _ ,E)Zr- (344)

Similarly, for 7 <,
PIILE A )= Lie 2
e }+P{ — (@) — w0 ;;}
SCe™ (0~ r)Z’. (3.45)

< P{ 2(&) — z(

For 7 > ¢ the first member of (3.45) vanishes. This proves (3.42), since the left-hand
side of (3.42) is bounded by the sum of (3.44) and (3.45). From (3.42) we deduce

E{ sup |H%a,1(s, & 0),w)[%}
lwls2M
<E{ sup  |H%o,x(s,7,&,0) +, w)lg}
= y=1|w£2M
+ ABP{|r(s,&,0) — x(s,7, £, 0)| 2 1}
<C,E {Sup | DP2&(a, x(s, 7, &, 0) + y) |
yls1
sup  |K4(x(s,7,&,0) + ), w>r8}
Iyl £1,lwls2M

+ C A% 24730 — 7)™, (3.46)
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Now notice that x(s, 7, , 0) is # -measurable. If we further choose k such that
kn <o <(k+ 1)y, then also sup D*|¢(a,x(s,7,&,0) + y)| is F -measurable be-

Iys1
cause ((k—1)y)" <t by (3.41). We shall now apply Lemma 2 to estimate the
first term in the last member of (3.46). We choose ¢t =7,

X = sup | DP2¢(0, x(s,1,,0) + y) |5,
Iyl=1
g’l — X(S, T, é, 0’), glll = 0’ hl = Sup IKA(y’ W)IS, (3-47)

IyI£1,lw|s2M
To apply (3.21) we need a lower bound for
min{|x(s,7,& 06) — z(u)|:u <<} =p’ A p’,
where
p'=min{|x(s,,& 0) — z(w)| :u < (k — Dy},
p” =min{|x(s, 7, & 0) — z(u)|:(k — )y Su <1}
By definition of ¢,

0 ~
g ga—z— 1 on the set {X # 0},

and we merely have to worry about p”. Again by (3.9)

82[2(6 AT)+ a——fiﬂw(é AT)— z(u)]
=?}Mﬂi+w—£AﬂMéAﬂ‘ (3.48)

By (3.41), (3.36) and (3.38), ¢ A T =((k — 1)n)* so that for (k—1)y)" Su=<é A,
the inner product of (3.48) with w,_, = |w((k — 1)n)| ~*w((k — 1)n)(|w(0)| ~ *w(0)
if k = 0) is by virtue of (3.12) at least

A 1 1 1
. - = —u)—=(0 — T)—

’j: 2Nd/1+(0 éAr)zN (o u)2N=(o T)2N'

A fortiori, if 1 £ ¢

inf |2 A1)+ T80 e A 1) — o)

(k- Dnsust €
> — 7). 4
=2N82(G 7) (3.49)

The same estimate holds if (£ A 7) is replaced by 7. Unfortunately (3.49) does
not necessarily hold for £ <u. This can occur for some (k— 1 <é<u<t if
¢ < 1. In that case we can only conclude that the inner product of (3.48) with
W, _, 18 no less than

Ent

(6 —wW(E A )w,_)— [} IW(Z) —w(& A T)|dA

2 (0 W3y~ (0 &) sup [w(h) —w@)]. (3.50

EsAst
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Consider the event (which belongs to #)

{ sup [w(d) —w(é)| (o — 5)8‘9’8}, (3.51)

¢sase

and denote its indicator function by J. Then on the set {J # 0}, i.e., when the
event (3.51) occurs, the right-hand side of (3.50) is at least

(0~ 55— (0 =" 20— 1) 1

(by (3.36), (3.38), and (3.41)). Together with the above estimates this shows that

’ ” 5 1 "
N ;<S—Z—I>/\W(a—r)ontheset {XJ+#0).

We can now apply (3.21) with X = XJ and ¢ , and h, as in (3.47). We then obtain
|[E{XJ sup |KA(x(s,7,&0)+y,w)|®}

yI=1,|wl22M

§E{|)~(|[Ul(x(s,r, ¢,0),0) + 2A8ﬁ<832 _ 3) + 2,48;3(21;8; - 2)]}

where

E{|X|} <(E{| X|*})"* < sup(E{|D"*¢(0,2)|'})"/* < Cq4 < o0,

and (by (IV))
U, (x(s, 7, &, 0),0) = E{ sup | KAz +y, w)|8}

yI=tlwl=2M
gE{ sup |D”3F(y,w)|8}§C9.

yl=1,lwl22M

z=x(s,7,£,0)

Of course, by Schwarz’ inequality we also have

|[E{X(1—J) sup |K*x(s,7,&0)+y,w)[®}
MESRMESSY

< (E{X"Z})I/Z(P{J — 0})1/2A8
S CgCl2A%*  (by (3.14) and (3.51)).

Combining all these estimates. we finally obtain that the first term on the right-
hand side of (3.46) is at most

0 oc—7
The left-hand side of (3.37) is therefore bounded by (3.52) plus

d
CSAS"<§2 + 1> + CgABe™ 2 ¥ (0 — 7). (3.53)

It remains to choose 4 and 7 so that (3.52) and (3.53) are both bounded. We
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may assume that

(4
2

v

72 16N (3.54)

since, if (3.54) fails, then by (3.13)
(s, &, 0)] 2M-16N + |y,
and (3.37) is immediate from (IV). If (3.54) holds we choose

d(r—8)-1
ag
A= =
&

£2\8d(2r(r—8) !
0 — T =min< g, g4+ 3/2r —) (3.55)

g

Note that the second expression in (3.55) is at most ¢ < (by virtue of (3.38)
and (3.54)) so that the requirement t = (¢ —#)* of (3.41) is satisfied by (3.55).
If we take into account that ¢ < T we immediately see that under (3.54), (3.52)
plus (3.53) is bounded by

A ) o—1
c10{1 *(:) [ﬂ<8—2—3>+ﬂ<m—2>]} (3.56)

Now observe that
B(u) = o(u™?*),u — oo, whence f(u) < C, (u+1)"* (3.57)

by virtue of (2.2) and the fact that f(-) is nonincreasing. Therefore (recall
r = 16d + 64) also

o \8dr—8)"1 5
()7 ez

If the min in (3.55) equals o, then we take v =0 (which always satisfies (3.41)
since £ =0) and the remaining term in (3.56) becomes’

o \8dr—8)"1 .
C10<8—2> ﬁ<4N82_2>§C13

as above. If the min in (3.55) equals
83/2 +d/(r— 8)0.— 8d(2r(r—8)) ! g 83/2 +d/(r— B)T— 8d(2r((—8)) !

>4, (3.58)

(use (3.38) for the last inequality) then o — 7 is given by the left-hand side of (3.58).
In this case,

o \3r=-87" /(5 1 8-t 16dr—g)- 1 1
<s_2> ﬁ<4N820—2>§T8d( Ve <4N8”4_2>

which (again by (3.57)) is uniformly bounded in ¢€(0, 1]. The proof is complete.
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Corollary 1. ForOStgogT,pg&lﬁng,
E|D*G(a, 2(0), w(0))|? < C
and
1/p 0._.[2
( {z(a)—z(‘c) }) §C4( p ) .

(3.59)

(3.60)

Proof. Formula (3.59) is immediate from (3.37) with s = 1, £ = o (so that r(s, &, 0) =
z(6)), and (3.11) and Jensen’s inequality (3.60) now follows from Holder’s inequality

and

(o) — z(1) =

(see (3.9)).

Lemma 4. Let
0<0,,0,<T, kn=<o,<0,<(k+ 1)y,
0<2,,4,,4;Z0,, (0,—&)" ¢, <0,

1>72° 1
(0-1 25/16)+ é 617 62 éo-l

1 a
==/ u dpG(p, z(p), w(p))

(notice o, in both sides of the last inequality) and set
v=max{kn, A, A,, 45, ¢, &)

Let { be an & F 1 measurable random variable with E{* < o and
H,(t,z,w) = DP*¥(t, w)D">&(t, z)DP*F(z, w),

and
H,(t,z,w) = D"*¥(t, w)DPs®(t, Z)DP°F(z, w),

where all derivatives are with respect to w or z. Set
V(zy,w,,z,,w,) = E{DPF(z,,w,)D’F(z,,w,)}.

Then (see (3.34) for L(-,"))

|E{{H,(0,, L&, 0,), wA)H,(0,, L, 0,), w(A,) }
— E{{D"*¥(o, w(4,))D*Y(o,, w(2,))D"*P(s, L&, 5,))
DFsd(a,, L(E,, 0,))V(L(E,, 0,), w(,), L, 0,), w(2,)) }|

ccamere ()51

Also, with

Uz,,w,) = E{D"F(z,,w,)}, m=max{kn, 1 ,2;,&)
'E{éHl(O-l P L(Cl 5 01)3 W(’il))}
— E{{D""¥(a,,w(A,))DP*®(a,, L(¢,, 0,))ULE,, 0,), w(,))}]|

(3.61)

(3.62)
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< C,(E{) W[/W( ) ﬁ‘”( e —1)+ez] (3:63)

C,,isindependent of o, ¢;, A, and e.
Proof. We only prove (3.62). Define K{, H# and H{ as (3.39), (3.40) and set
VAz,, Wy, 2y, w,) = E{K{(z,, w,)K{(z,, w,)}.

We first replace H; by Hi and V by V' in the left-hand side of (3.62). The error
introduced by the replacement is at most

E{ | CHA 61 B L(él H 1): W(Al))H (627 L(éza 2 W(/lz))l
+ E{|{H{(0,, L(&,, 0)), w(2,))H3(0,, L(&,, 0,), w(L,))| }
+ CYE{|{| |V(L(E,, 00), W), LIE,, 0,), w(4,))
— VAL, ,0,), w(i,), L(E,, 0,), wA,))|} (3.64)
We estimate the first term of (3.64); it is easily seen that the same bound applies

to the other terms. By using (3.10) and (3.37) twice we see that the first term in
(3.64) is at most

C2E1/2{C2}E1/4{|H2(o'2,L(éz, 2 W(/l |}

EY4{|DBF(L(E,, 0,), wA,)|*I[| DPF(L(E,, 0,), w(Z,))| > 4]}
< C2C EMX{(PY A~ EY4{|DPF(L(E,, a,), w(A,)[|®}
< CAC3ATEVR{?).

From here on the proof is very similar to Lemma 3. We shall apply (3.22).
We make the following choices:

D= (D"¥(a,,w(A,))D**¥(a,, w(h,))
DP@(s,, L(¢,, 0,))DP*®(c,, L(E,, 0,)),
= (L(S;, ), w(4y),

h, = DP3F(0,0)I[| DP*F(0, 0)| < A], h, = D#*F(0,0)I[| D’*F(0,0)| < 4]. (3.65)
Also we define

p;=min{|L(;, o) — 2(u)| :0 Su < (k — D},

p = min{|L(&,, o) — )] :(k — Dy Su <},

J, = indicator function of { sup |w(i) —w(&)| S (v — &) 8}.

GEASY

One easily checks that X is # -measurable. Indeed ¥(a,w(4,)) depends only on
w(4;) and w((k — 1)») and w(kn), and for the ® factors we already checked the
appropriate measurability just before (3.47). As in Lemma 3

0
Py = on the set {D"*d(o, L(¢,, 0,)) # 0},
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and similarly for p),. Also as in Lemma 3 (cf. (3.48)-(3.50)), on the set {J, # 0},

1
20—y 08 sup () —w(E)|

> (0~ V) g~ (0, — &6~ "

>(0,~ Vg~ (by G6D).

Thus
min min { IL(é" O-i) - Z(u)| }

i=1,2 usv
=p'1Ap’zx\p’l'/\p’ég%/\<—2—]\%(al—v)—l> (3.66)
on the set {X # 0}, where
x=XJJ,.
Moreover, by (3.14)
P{J,=0} <C,e8 i=1,2.
Now the left-hand side of (3.62) with H, and V replaced by H7, respectively,
V4, equals
|E{Xh,(z, F)hy(z,,F)} — E{XV*(g,,9,)}]
<|E{Xh,(x, F)hy(1,,F)} — E{XV4g,.9,)}]
+E{|X|[( = J) + (1 =Tk, Py, F)|}
+E{|X|[(1 =T )+~ T)]|[V*g,.9,)]} (367
The first term on the right-hand side of (3.67) is at most

2000} (5 )+ (G -1 |

wesemolo )i

on account of (3.22), (3.66) and (3.10).
As for the second term in the right-hand side of (3.67) notice that

E{|X|(1 = J)|hy(z, F)h,(z, F)|
= E{|{|(1 = J)[H{(oy, L&, 0,), w(A ) H3(0,, L(E,, 0,), w(A,))]}.
§E1/2{|C|2}E1/4{(1 _ Ji)4}
(E{|H (0, L&, 0,), W) [} E{|H (0,, L(E,, 7,), w(A,)) [*})"/® (3.68)
By (3.37),
EY¥{|H{o,, LE;, 0,), w(2))|*} £ C,
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so that (3.68) is at most
CIE'A{(L]PH(P{J, =0}
= CﬁC§/4E1/2{|C]2}82. (3.69)

By (IV), | V4(z,, wy, z,, wz)[ < C, and hence by (3.10) the third term on the right-
hand side of (3.67) is bounded by

2C,CIEY*{(?}C)/%e*.
Collecting all contribution we find that the left-hand side of (3.62) is bounded by

i3}

Formula (3.62) now follows if we take

=)o) -

Remark 4. For the sequel we set

u 1/3
P(u) = {ﬁ(m - 1>} (3.70)

We then have (see (3.57))

-8 )
Yu) = o(u™®), yu) < CI? (5% +1 > and [ up(u)du < oo, (3.71)
0

and from (3.61) it follows that we may replace the right-hand sides of (3.62) and
(3.63) by

Ci6EV{0% {82 " y<018; v>} respectively C, ,E'*{(?} {82 " y(O-lSz_ TC)}
(3.72)

Lemma 5. If the hypotheses of Lemma 4 hold, as well as ¢, =¢,=¢ and
E{F(z,w)} =0, then the left-hand side of (3.62) is also bounded by

C”E‘/Z{CZ} {82 + V<6182_ v)}uz {32 I 7’<028_z 61>}1/2 673

Proof. We shall show that the left-hand side of (3.62) is also bounded by

ClsE”z{Cz}{ez +v<02 _6‘>}. (3.74)

82

Formula (3.73) then follows by taking the geometric mean of the bounds (3.71)
and (3.74). Formula (3.74) is proved in the same way as (3.63). We choose X, g;> b
and J; as in Lemma 4 (see (3.65) and the preceding lines) and again we take X =
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X J,J,. This time we begin the estimate of (3.62) with the term
|E{LH{(0,L(&;, 0), w(A,)(H}(0,, L(E,, 0,), w(A,) }|
= |E{)?h1(rglF)h2(rng)}|
<|E{Xh,(z, F)hy(z,,F)}|
+E{X|[A—=JT)+ 1+ )]k, Fh,, F)}
In the present situation
U,(0) = E{h,(t,F)} = E{D**F()I[ | D**F(0)| < A]}
= E{D**F(O)I[|D**F(0)| > A]},
because (2.1) implies
E{D?*F(0)} = 0.
Thus
[UL0)] £C A1
In addition, by (3.12)

1
|95 = 91| = L& 0,) = L&, 0))| = |0, — 0, [ [W(O)]

2 INg2 %2 -

Therefore, by (3.24) and the lower bound for p), A p) in Lemma 4,

|E{Xh,(c, F)h,(z, F)}|

glE{Xhlag,F)Uz(gz)}l+2A2E{IX|}{( ) ﬁ< 2Ng?

syt ]

The second term on the right-hand side of (3.75) is at most
2C‘2‘_C;/4E1/2{C2}82

(3.75)

(3.76)

(3.77)

as in (3.68), (3.69). We combine this with the estimate for (3.64), and as before

we take

(g

There results

|E{CH (0, L(, 0,), w(A,))H,(0,, L(£, 0,), u(2,)) }|

< CZOEI/Z{CZ}{SZ—I— 7<028—201>}‘

(3.78)
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Lastly, it follows from (3.76), (IV) and Theorem 17.2.3 of [7] or Lemma 20.1 of
[8] that

[V(z,,w,,z,,w,)| = |E{D"*F(z,,w,)D"**F(z,,w,)}
<2C20Y%(|z, — 2, ). (3.79)

For z; = g; = L(£, 0,) we obtain from this and (3.77)

| ECVLE, 0,). wdy), LIE 0,), w(Z,)) }|
<2562, — 2, DEAJCL

§2C§E1/2{C2}{82 +y<628_2 °1>}. (3.80)
This, together with (3.78) implies (3.74). O
Step (iii)

In this step we prove that the family of measures {R*("):0<e=<1}=
{R*(-;M,N,n,8):0<¢ <1} introduced in step (i) is tight in D.
As pointed out in step (iii) of [6] it certainly suffices for this to prove

E{L|wiw) — w(o)|2) £ C, (u— DEV4{(*) (3.81)

For { &, measurable and 0 <t <=u < T. To prove (3.81) it suffices to restrict
oneself to

kn<tsu<(k+1y (3.82)
for some k < T/n. For once (3.81) has been proved for such ¢, u, then it also holds
by continuity for kn <t <u < (k + 1)y, whereas for (k + 1)y =u < (k + 2)y, (3.81)
(with k replaced by (k + 1)) gives

E(C|wu) — wik + 1)|*} £ C,,(u — (k + Dn)EY*{(*}
so that (3.81) under (3.82) for each k < T/ implies that also forkn <t <(k+ 1)p <
u<(k+2)m,

E{C|w(u) — w(@)]*} < 2E{{|w((k + 1)) — w(®)|*}

+ 2E{{|wlu) — w((k + D) [*} £2C,,(u — nEY*{{*}.

For t =(k+ 1)y and u =(k+2)y we would have u —t =n and then (3.81) is
trivial with C,, =4Mn~" since |w(u) — w(f)] <4M by (3.11).

The proof of (3.81) under (3.82) is very similar to step (iii) of [6]. We shall
use the summation convention and write

D, J.G(a, z(a), w(o)) for % G(a, z(0), u(o))

and similarly for D, ;- We take
&= ¢o)=max{t,g —&"*}. (3.83)



44 H. Kesten and G. C. Papanicolaou

Then, by (3.9)
) = W0 = [ G, 20), W) (o) — D)o

= % }Gi(m 2(a), w(&)) w{(&) — w(t))do

+%?dof[D3, G (0, 20), wi2)) (w(h) — wit))
+ 96, G(O‘ z(a), w i))]G (4, z(A), w(A))dA

i,joi

=1 +1,.

In I, we replace z(o) by L(¢, o). More precisely, we write (in the notation of
(3.34), (3.35))

o }G(G» L(&, 0), w(&)) (W (&) — w{t))do

+: jdajDszl a,7(s, &, 0), w(&)) W(&) — w,(1))

[z J(O') Lj(f o) ]ds
=J,+J,.
By (3.9) again
J, = 2 fdafdA[D3J (o, L(&, 0), w(h) (w/(A) — w(t))
+ 5”G,(0 L(&, 0), w(A)) ]G (4, 2(2), w(2)).
Moreover, by (3.63) and Remark 4 with { replaced by
{w(4) — wi(D)G (4, 2(2), w(4))
we have for fixed i and jand 4 < ¢,

|ELLD,G(o, LI, 0), w(2))w(A) — w0)G (A, 2, (i) }|
= CuEVH{ LW {R) — wi0)G (4, 2(2), w( A))I }

ool faeucaminfen(t59)

(recall that by (3.82) and (3.83) ¢ =t = ky and that (3.76) holds; in the last step
we also used (3.59)). The other term in J, is handled similarly, so that

|E{¢J,}| g%E”“{(“}}dafdi{ez + y(a; é)}

<C,EVH{{* - t){T + Ofoy(t)dt + Ts‘zy(s‘”“)}
SCLEYH{{*w—1) (see ?3.83) and (3.71)).
Next we replace r(s, ¢, 0) in J, also by L(,0). Note that for 0 v <1,
vr(s, &, 0) + (1 — v)L(&, 0) = r(vs, &, 0)
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(see (3.34), (3.35)), so that

5= do 10,60, LE, 0 ) (40 = w0)
’ [Zj(a) - Lj(éb O')]dS

+§}d6fdsfdszzDz,Gl(ff r(vs, &, ), w(&))(w(&) — wi(t))
0

t 0
: [ZJ.(O') - Lj(é, O-)]S[Zl(o- - l(éa G)]
=K, +K,.
As in (3.43)
2
_4

1

}dUDZJG,G L(&, 0), w(£)) (wi(&) — wy(1))

ag

gl du dpG (p. z(p), w(p) )L .
& ¢

Again by (3.63) and Remark 4, this time with { replaced by
(G (p, 2(p), w(p)) (w{(&) — w(D)

we find
|E{tK,}| < C16E1/4{C“}jdojd/1§dp{8 +y< p)}

£oe
=2C, E”“{C“}jdo’jdps a—p){e +y< p)}
<C, E”“{C“}(u - t) (again use (3.83) and (3.71)).

Finally (K, can be estimated directly by (3.11), Holder’s inequality, (3.60),
Lemma 3 and (3 83),

|E{(K,}| < E”“{C‘*}fdajdsjdvE”z {|z(0) = L(& 0)|*}
t 0

-EY4{|D,,D, G0, r(vs, 5 ), w(&) )14}

5)4 < C E1/4{C4}

< 4MC,E"{7%) [do

Thus all pieces of {I, are of the order claimed in (3.81). {I, is handled in the
same way. For brevity denote the expression in square brackets in I, by
K j(a, z(o), w(A)). Then

= 2 Jao 22K 0, LE. 0, 0)G . 220, w(2)
t 4

u 4 1
+ 832 [do[difds(D, K (o, (s, & o), w(h))
i ¢ 0

"G (4, 2(4), w(A) [z/(0) — L&, 0)].



46 H. Kesten and G. C. Papanicolaou

The first part of {I, can again be estimated by (3.63) (compare {J,) whereas the
second integral is at most

C,, ! E”“{C“} jd jdx 5)

< C 81/4E1/4{€4} (u _ t)

on account of (3.37), (3.60) and (3.83).
This completes the proof of (3.61) and hence the tightness of {R°*:0 <& <1}.

Step (iv)

It follows from step (iii) that any sequence ¢, | 0 can be refined such that
11 11
R‘“(-;M,N,—,—)-—»R(-;M,N,—,—) on D (3.84)
b q P q

as n— oo for all quadruples of integers M, N, p,q =1, with R(-;M, N, 1/p, 1/q)
some probability measure on D. We denote by X(¢) the t-coordinate function on D,
and the corresponding o-fields of subsets of D are given by

M = o-field generated by {X,:u <t <v}.

The first step towards proving the convergence of Q° will be to show that
t
(X)) = J@&N25f) (o, X)do (3.85)
0
is an (R(-;M, N, 1/p, 1/g), #?) martingale for any C* function f: R?—> R with

compact support and the following definition of IMN»4: Take n=1/p and
0 =1/q and let

Y. (6, X) =PV X) = P, X, X(2))
where ¥ is as in (3.3) for given M, N and n = 1/p. Also take
t
D, (t, X) = P21, X) = qSk(X, | X(u)du)
0

for k/p <t <(k+1)/p, where ¢, is as in (3.5) for = 1/p, § = 1/q. One easily
checks (compare the observation just before Lemma 1)

D, (&, w(*)) = ®(t, w(*), z(1)). (3.86)
Further we define for veR? the following coefficients:
+ o
a,(v) = | E{FJ0, v)F (tv, v) }dt,
¢,o, X, v) =)Mo, X, v)

=Y, X,v ftE{F (0,0) 5 - F(tv, )}
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0
of course — F(tv, v) = iF (x,v) here ),
Ox. O0x : =0

J

d, (0, X,v)=d}l"N¥(a, X, v)

= <i ¥Y(o, X, v)) TE{F.(O, v)F (tv, v) }dt,
ov, o J !

J
eij(o', Xa U) = e?]’.l,N,p(O.’ X> U)

=0, X,v) [ E {F 10, v) % F(tv,v) }dt,
0 j

<—a§— F(tv, v) has the same meaning as in (2.4)),
j

bo, X,v) = b NP(g, X, 1)
= i {e,(0, X, 0) +dyfo, X,0) + ¢, (0, X, v)}.
Finally, a
(LNPf) (6, X) = ¥ (0, X)PX(o, X){% AL X)aij(X(a»a—j—a% F(X(@)

i
+ 20", X, X(0) 5 - f (X(o))}- (3.87)

As shown in step (v) of [6], to prove that (3.85)is an (R(-;M, N, 1/p, 1/g), #?)
martingale it suffices to show that

lim E{[ f(w*()) —f(w™(6)) Jw™(-)) }

n— oo

- EM{ JUXEDE 41, X)da} (3.88)

for t <u and {(X(-)) a bounded continuous function of X(t,), X(¢,),..., X(t,)
for any 0 <t, <t,<...<t, =t It is clear that it suffices to prove (3.88) for
kn <t <u<(k+ 1)y for some k. Indeed, if it is true for such pairs ¢, u, then by
continuity it also holds for kn =t <u < (k + 1)y and the general case can then
be obtained by iteration. E.g. if kn <t <(k + 1)y Su < (k + 2)y we merely have
to write the left-hand side of (3.88) as

lim E{[f(w()) — f(w(k + 1)) ]}
+lim E{f (w((k + 1) — f (w(®)) I}

and to apply (3.88) to each of these limits separately.
From now on we assume ky <t <u < (k+ 1)y. As in [6] we rewrite the left-
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hand side of (3.88) by means of (3.9):
AL fw(®)]
5 6))G (0, 2(0), w(s))do

j w(&))G (o, z(0), w(&))do
1

'f w[ OT (w66, (o), wi2)

ow jawi

ow 3,j7
=1, +1,,
where we take
¢ =¢(o) =max {t,0 — ¢">/8}. (3.89)

We shall only analyze I,. I, can be handled in the same way. As in the previous
step we start with replacing z(o) by L(&, o), i.e., we rewrite I, as

+ af (w(2))D, .Ga, z(0), w(i))]Gj(/l, z(4), w(4))

i

j w(€))G (o, L(&, 0), w(&))do

= {dc gdsé%i(w(é))uz, (6, 7(s,£,0), W(&))

-[zj(a) —L(¢, o)]=J,+J,.
By (3.63) and Remark 5 with { replaced by {(df/ow,)(w(£)),

B} S Cpsup| 5 421

e {55

so that E{{J,} » Oas |0 (see (3.71) and (3.89)). As in the analysis of J, in step (iii)
we replace r(s, é, a) again by L(¢,0) in J,:

—fd ( (©)D, ;G (o, L, 0), w(&))
[Z,(J L& 0)]
1u 1 1 af
+~[do [ds [dv~ (WE)D, D, ,G(o, rvs, & o), w(&)
& o o W
'[zj(a) — Lj(é, 0)]s[z(0) — L&, 0)]
=K, +K,.
As in the estimate of (K, in step (iii)
(60—
e®

-0

|E{CK,}| = C,s BV - Id
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as £} 0 (use (3.89)). K, is rewritten by means of (3.43) as

1t 4 A af
;I do [dAf dp 5 - (W())D, ;G (0, L, 0), w(c))
t & 4 i

"G (p, Z(p) w(p))
d
84§d fd/lfdpaf

t

G(ps Z(p) W(é))

1% 0
+5d awwaf
t

(©)D, ;G {0, L(, 0), w(&))

2,/0i(0, L(E, 9), w(&))

[deDs G (p, (p), w(D)G (5, 2(2) w(c)
4
=L, +L,.

By Holder’s inequality and Lemma 3,

l=of wfuif)-ofjur )
€yt ek ‘ €
=o(1) ase¢lO.

Similarly we may in L, replace G p, z(p), w(&)) by GJv.(p, L(&, p), w(&)). So far we
have shown
1 u 4 A af
E{lI,} =o(1) +?E{jdo§dﬂyjdp . w(&)
t 4 & i

"D, G0, L(, 0), w(&)G (p, L, p), w(&))C} -

2,5

We now apply (for the first time) Lemma 5. We obtain with (we still use the sum-
mation conventions)

,\

V(y,w,.z,w,)=E { 0w - Fifz, Wz)}

VV,'j(Ya W1aZ>W2) = E{Fj Y Wl)Fi(Z, Wz)}’
that

(0, w(&))

1 u o A Al
E{{I,} =o(1)+ ETE{jdafdﬂdp 60;:
t & ¢ i

“W(o, w(&))P(p, L(E, P))[@G, L(&, 0))V{L(E, p), (&), L(E, 0), w(&))

¥ a—‘p(o, LEE, W, (L, p) wiE), L(E, ), w(é))]

ol teduiule e () o5 )
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=— (0, L&, )W, (L(, p), w(&), L(E, o), w(&))

The last error term is again o(1) by (3.71) and (3.89). Also, by (3.10), (3.79) and
(3.77)
09 a—p\|Y?
< 2 —F
oz, =Gt {B< 2N82)}
and this term too can be dropped. This almost gives us the required form. We
still observe that for kn St <é<p=o=u<(k+ 1)y
¥(p, w(&)) = ¥(a, w(&)) = (&, w(&))-
Similarly, by (3.10) and (3.11),
|@(p, L(&, p)) — @&, 2(8))| = |¢(€, L(, p) — D&, 2(8))]
< C,&|L(E p) = 2] = C,(p — O W]
=2C,M(p =),
and the same inequality holds when p is replaced by o throughout. From these
observations, (3.79) and (3.10) we see that

. 0
E{l1,} =o(1) + f doE {% WENLPEW(E)P(E, 2(8))

1 a
—4§ dp(o — p)V{L(S, p), w(&), L(E, 0), W(é))}
£

Last, if we take into account the stationarity of F (see (II)),

1 a
w2 [dp(o — pV(LLE, p), w(E), LIE, o), w(&))
¢

e 2(0—¢&
=P(EwE) | )tE{Fj(O’ w)a—a—Fi(tw, w)} dt
0 Zj w=w(&)

=Y e, (& w(), W) + 0( ] tﬁ”z(tIW(é)Ddt) (by (3.79))
J e”2(0—¢)
= Ve & W) (@) + (1) (by (389), (3.57) and (3.11)).

Thus

E{{I,} =0(1) + :jdoE{;V{;

.ZCi j(fa W('), W(f))
of

, W(&))P(E, 2(8))

=o(l) + fde{ WP WENDE, 2(8) )¢, (& w(), w(©))-

J
The last equality results merely from the fact that o =& + &*5/® except on an
interval of length ¢'°/®. Finally, we view w(*) as an element of D. Then the expecta-
tion in the last integral can be written as an integral over D with respect to the
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measure R*(-;M, N, 1/p, 1/q) and integrand

%(X(f))C(X(‘))T*(é, X())PLUE, X('))Z_cij(é, X(+), X(9)) (3.90)
i J

(This is where we use (3.86)). As observed already in [6] it follows from (3.81)
and (3.84) that for each fixed o, X(-) is continuous at ¢ with R(-; M, N,1/p,1/q)
probability one. From this one easily derives that (3.90) is a continuous function
of X(-) a.e. on D with respect to R(-;M, N, 1/p,1/q) (in the usual J, topology).
Thus, if we write EM-NP? for the expectation operator with respect to
R(*;M, N, 1/p,1/q) and let ¢ — 0 through the sequence ¢, then (3.84) yields

lim E{(1,} = [dEEMNPAL(X()¥, (& X())

0
(PG X()) Ly (& X, X(i))a—vj:_(X(i))‘-

which is one of the terms of the right-hand side of (3.88). The other terms come
from E{(I,}. This proves the claimed martingale property for (3.85).

Step (v)

We complete the proof of our theorem in this step by removing the truncations
in N,#%,6 and M (in this order). It is convenient to return first to the space C =
C([0, ©);R?%. We assumed that the convergence in (3.84) takes place on D. How-
ever, by definition R%(-;M, N, 1/p,1/q) is concentrated on C, and if we can show
that R(-;M, N, 1/p,1/q) is also concentrated on C then (3.84) implies

11 11
R£"<';M,N,—,—>=R<';M,N,”“,—>OnC (391)
P q b q

(see [8], p. 151). But the fact that R(-; M, N, 1/p, 1/q) is concentrated on C follows
immediately from the martingale property of (3.85), Theorem 2.1 (especially
inequality (2.1)) of [15] and the fact that

¥ (0, X)02(o, X){| ¥, (0, X)a,(X(0))| + [B}NP(X(0))| }

< sup {[a ]+ |p}MP0)|} < 0
1/2M < [v|S2M
(because ¥ (0, X) =0 for | X (0)|¢[1/2M, 2M]; see (3.1)).

From now on we can assume (3.91) and all further manipulations take place
on C. With a slight abuse of notation we also use X, for the t-coordinate function
on Cand ./ for o{X,:u <t <v}. Formula (3.85)still is an (R(- ; M, N, 1/p, 1/g), M?)
martingale, even with the convention that R is a measure on .42 and .}, /°
o-fields in C. We now define {.#°} stopping times, S, T, U and Vas follows:

S =S(X();N, p) = lim S,,

n—oo
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where X is asin step (i) withn = 1/pand

1
Sn=inf{t;0: forsomek;0,§§t<k—:—

and

1 1 1 1
(Xk~1,X(t))<N+50r(Xk,Xt)<N+;z}.
S, isan {4, } stopping time and for ¢ not of the form k/p
1SSty =S, <tjed?.

For t = k/p.
1
{S<t}= <ﬂ {s, < t})u((X(t), X)) §F>E%‘o
so that indeed S is an .4 stopping time. Similarly,

T = T(X(");M)) = lim T,,

1
Tn=inf{t;O:|X(t)i <—+1 or | X(t)] >M—1},
M n n

U=UX();p,q=1m U,

Un=inf{t20:forsomek;1andu§(k—1)p,k/p§t<(k+1)p and
! 1 1
{X(v)dv <5+;}
Lastly,
V=SATAU.

From these definitions it follows that

0
Y. (0,X)=1 and 5;?’(0,X,X(o))=0 forea<SvT
Jj

and
¢*(0,X)=1 foro < U.
Thus

tAV

fX,5) = | @Nr) (o, X)do
0

tAV

=f(X,.,)— | Zf(X(0))do
0

tAV
=f(X,,,)— | 2" (X(0))do, (3.92)

0
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where & is given by (2.5) and

f(v)+ZbM )—f(u)

PMf(v) Zau v)

for any choice of the coefﬁ01ents af‘f(v), bf”(v) which agrees with the aij(v) and
b,(v) of (2.3), (2.4) on the set {% <|v| £M} and which makes the a}/ and b’

twice continuously differentiable on R? and a strictly positive definite.

Now let ™ be the measure correspondmg to the diffusion process Z™ and
initial point v, and let Q be as in the theorem. Then (3.92)isan (R(- ; M, N, p, q), /?)
martingale, by virtue of the optional sampling theorem (cf. [14] Theorem V1.7
and 13) and the martingale property of (3.85). (3.92)is also a (Q, .#°) and a (O™, .#?)
martingale by Dynkin’s formula ([11] Corollary 5.1). Moreover, by (3.91)

Q(X(0) = 0) = O™(X(0) = v,) = R(X(0) = vy ; M, N, p,q) = 1 (3.93)
We claim that this implies
OM(B) = Q(B) = R(B; M, N, p, q) whenever

Beu?® (3.94)

(see [16] for the definition of the last o-field). Indeed if v is any of the measures
OM,Q or R(-;M, N, p, q) then one can use Lemma 3.6 and Theorem 3.4 of [16]
and the martingale property of (3.92) to construct a measure u on .#° which
agrees with v on .4 and such that

V(MNpq)’

fX) = [ 2" (X(0))do
0

is a (u, ) martingale and (by (3.93)).

W(X(0)=0)=1.

By the uniqueness theorem 6.2 of [16] such a p is unique. Thus all three choices
for v give rise to the same yu which implies (3.94).
We apply (3.94) to

B=B(M,N,p,q) ={S(N,p) A Ulp,q) < T(M) A t}
for fixed t. This gives
R(B(M, N, p,q);M, N, p,q) = QB(M, N, p,q)). (3.95)

We shall show in Lemma 6, Section 4 that as a consequence of assumption V,
for each fixed p,

lim U(p, q) = o ae. [Q]. (3.96)

q—>©
This of course implies

lim Q{U(p,q) ST At} =0.
4o
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In addition, for N = 2M
lim Q{S(N, p) < T(M) A 1} =0

P~ ®©

because | X(a)| = 1/M for all ¢ < T(M) and X(-) is continuous. It follows that
the right-hand side of (3.95) can be made small for any N =2M by choosing
first p, then g large.

It is now easy to remove the cutoffs. Fix ¢t and any bounded positive continuous
functional f on C which is measurable with respect to .#°. Let ¢, — 0, and if
necessary refine the sequence such that

lim E{f(v*(")); T(v*, M) >t}

exists for all integers M, and such that (3.91) holds for all integers M, N, p and q.
Here we view v° as an element of C and T(v°, M) is the value of T(M) evaluated
at v°. Fix M and « > 0 and choose N, p, g such that

QBM ~1,N~1,p,g 1) <QBM,N ~2,p,q—2)) S«

and
Q(BIM, N, p,q)) <o

(B denotes the closure of B in C.) Finally note that v’(t) = w¥(t; M, N, p, q) for all
tSVQE;M,N,p,q)=V(Ww*;M,N,p,q) (3.97)

because the Egs. (2.7) for v* and (3.8) for w* coincide up until this time V. This,
together with (3.91) and (3.94), implies that

lim sup E{ f(v™("));V(™;M — 1,N —1,p,q — 1) > 1}

n—>

=limsup E{f(w("));V(w*;M — 1, N — 1,p,q — 1) > t}

n—oo

< EMNpal £(X(-));V(X;M, N, p,q) > t}
= [f(XCOI[V(X M, N, p,q) > t]dQ.

Moreover, by our choice of N, p, g, the last member here differs from

IfXC)ILT(X, M) > t]dQ

by at most

sup| f|Q(B(M, N, p,q)) Sesup| f|.
Finally,

lim sup| E{f (v"(")); T(w™, M — 1) > 1}

— E{f(™(-));V ("M —1,N — 1, p,q — 1) > t}|
< sup | f|lim sup P{S(v*;N — 1, p) A U@w";p,q — 1)

n— oo

<T@ (M = 1) A 1)), (3.98)
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and (again by (3.97), (3.91) and (3.94)), the lim sup in the right-hand side of (3.98)
equals
lim sup P{SW*™;N — 1,p) A Uw™;p,q — 1) S T(w™;(M — 1) A 1)}

n—oo

=limsupR*(B(M — 1, N —1,p,q—1);M, N, p, q)

<R(BM—1,N—1,p,q—1);M,N,p,q)
=QBM—-1,N—1,p,g—1) <.
Since « is arbitrary these estimates show that for each M, ¢,

lim sup E{ f(*(")); T(v™, M — 1) > t}

< [fXCI[TX, M) > t]dQ. (3.99)
Finally, we take the limit as M — c. From (3.99) we see that
lim sup P{T (v, M — 1) >t} < Q{T(X, M) >t}

and this can be made as small as desired by taking M large, on account of assump-
tion (2.6) and the boundedness of g, j(') and b(-) away from the origin (see [15],
formula (2.1)). Thus

lim sup E{ f(v™(-))} < [f(X(*))dQ.

Since any sequence ¢, — 0 contains a subsequence to which this applies we have
proved

lim sup E{ f0*(-))} < [f(X(-))dQ.

el0

As shown in [8], p. 13, and [6], Sect. 3, Step (vi), this implies that the measures
induced by v*(-) on C converge weakly to Q on C. The proof is complete.

4. Properties of Diffusions and Examples

We begin this section with Lemma 6 which immediately implies the relation
(3.96) which we needed in Step (iv) of Sect. 3. The proof of this lemma is entirely
independent of Sect. 3.

Lemma 6. Let V, be a diffusion with generator £ as in(2.3)-(2.5) and initial point
vo # 0. Assume that (a,(*)) is symmetric and strictly positive definite on R4\ {0}
and

a; (), b{(-)e C*(R\{0}). (4.1)
Ifd = 3, vy # 0 and (2.6) holds, then for alln >0, T < <,

sl0

lim P*° {

t
[V do <5forsome0§s,t§Twith]t—s\gr]}=0. 4.2)

Remark 5. A check of the proof in the previous section shows that the only place
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where the smoothness of the a;; and b; and the strict positive definiteness of a;;
played a role was in the proof of (3.94), and more precisely for the uniqueness
of the measure p in that proof. For this uniqueness we only need

(a,(+)) is nonnegative definite and twice continuously differentiable on R\ {0} ;
4.3)

(see [17], Theorem 2.3 and Remark 2.1; note that the b(v) of (2.4) is uniformly
Lipschitz continuous and bounded on any set {veR*:|v| = 5}, 5 > 0, by (I)-(IV)).
The stronger requirement (4.1) and the requirement d = 3 are used only to prove
Lemma 6. Therefore, our theorem and corollary will remain valid in any dimension
if in (V) we only require (4.3) of the coefficients and (2.6), provided we add (4.2)
as a separate hypothesis. Actually, it is likely that even for Lemma 6 only a finite
number of derivatives of aij(~) and b(-) are needed, but we have not pursued this.

The proof of Lemma 6 will come after we discuss a sufficient condition for
(2.6), and (III) and explicit examples. Formula (2.6) can often be verified by means
of the following criterion of Khasminskii’s [18] (see also [9], Chap. 4.5).

Lemma 7. Let # and V,beasin(V). Forv+# 0and I' = (I, ;) a nonsingular (constant)
d x d matrix define (I'' = transpose of T') A(v)= A(,I') =Y (Fa(v)" ), (Tv){I');,
i

A*(r, ') = max A(v,T),

B_()=B"(.TI)

= min !
iroj=r A, )

[2X(Tb(@) o), + Y.(Tao)r), ],
and

C_(r,IN= exp{ - }sB_(s, F)ds}.

If there exists a nonsingular T such that

} tdt } C_(s,1)
2C_(61)] A, (s,T)

then (2.6) holds.
Remark 6. Take d =3 and
J a., 0

R Nt ¥ I
o, |v] v,

ds = o, (4.4)

for some constant symmetric positive definite matrix o, as discussed in Remark 4.
Then (4.4) holds for I' = .~ /2 (the positive symmetric square root), so that also
(2.6) holds in this case. In general the criterion of Lemma 7 is only helpful if for
some I" the diffusion {I'V,}, . , is close to being radially symmetric (see the examples
in [9], Chap. 4.5). -

Lemma 7 too will be proved later. First we discuss two situations which
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guarantee the mixing conditions (III). (a) (I1I) holds for what we called the trivial
Gaussian examples in [6]. These are Gaussian fields {F(x, v) }, , gax g« With mean
zero, stationary in x, and such that the correlation function

rij(y, v,,0,) = E{Fx, v)F (x +, v,} 4.5)

vanishes for all i,j,v,,v, as soon as |y| = L where L < o is some constant. In
this case ¢, and %, are actually independent as soon as d(A,, 4,) > L. Thus
B(p) =0 for p > L and (2.2) certainly holds. (It is not hard to show that for these
stationary Gaussian fields it is actually necessary for (2.2) that f(p) vanishes
for large p). One can obtain such examples by taking (p is the complex conjugate
of p)

1 vy, 0,) = Y iy +z v))p; (2 0,)dz (4.6)

k Rd

for any measurable complex matrix valued function p on R? x R? with p(z,v) =0
for |z| 2 L/2, as long as

[ 1pz)|*dz < oo for all i.

R4
It is easy to see that (4.6) is indeed positive definite, hence a correlation function,
and has support in |y| < L. This leads to the following explicit example: The
Theorem and Corollary apply if d =3 and {F(x,v)} is a mean zero Gaussian field

independent of v and stationary in x, with correlation function given by (4.5) and
4.6) with

p(y, v) = p*(y) = p*(|y])
(depending on l y| only), whenever p*e CXR*) and the following properties hold:
p*(z)=0 for |z|=1L. 4.7)

j ( 9 )2&(2 +u)_(i>2pﬂs(z) szK<10gL>a |
) o oz, ) P = 1] (4.8)

Rd
for some K < co,00>1 and all{u| < 1,1 <i,] < d, and finally,

o= fdt | pilte + 2)p% (2)dz

k O R4

is nonsingular for e = (1,0, ..., 0). (4.9)

In this case

(4.10)

See below for a proof.

(b) (I1I) also holds for the following special case of the “Poisson blobs” of [6]:
Let P, be a Poisson point process on R? with intensity p, i.e. N(B) = number of
points of P, in the Borel set B = R? has a Poisson distribution with mean p|B|
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(|B| denotes the Lebesgue measure of B). Moreover, if B,,..., B, are disjoint,
then N(B,), ..., N(B,) are independent. In addition, let H°, H', H?, ... be indepen-
dent identically distributed random fields, independent of P, and with the follow-
ing properties:

Each H™ is indexed by R?, i.e. H” = H"(x, ), xe R%, w in our basic probability
space. H®(x) = 0 for |x| = L for some constant L.
Let

K(x)= i H"(x +p,) 4.11)

n=1

where p,,p,,... are the (random) points of P ,» and let f be some deterministic
function from R? x R? to R?. Then the field

F(x, v) = f(K(x), v) (4.12)

satisfies the mixing condition (III). Again we can make this into an explicit example.
Assume that H also has the following properties:

The joint distribution of H®(x,) and H®(x,) is the same as that of H®(Ox,)
and H®(Ox,) for any x,,x,eR* and orthogonal matrix O.

E{HO(x)} =0, xe R? (4.13)
H is twice continuously differentiable and
E {max lD”H‘O’(x)IP} <c¢,, (4.14)
lx[sL

for |[B| <2,p <16d + 64.
The d x d matrix with entries

o, =p [dt | E{H®()H\"(te + z)}dz,
0 R4
is nonsingular (e =(1,0,0,...,0)).
Then our Theorem and Corollary apply if we take d = 3 and
F(x,v)=Y H"(x + p,) (4.15)
(independent of v; corresponding to f(K,v)=K in (4.12)).
In this case
0 1 0
F=Yo . —r—=—.
2% 5 To] 30

i,j i
We turn to the proofs.

(4.16)

Proof of Lemma 6. We are indebted to Daniel W. Stroock for pointing out how
to use hypoellipticity in the first part of this proof. Let

t
Z,= (V. do.
0
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Then (V,, Z),., is a singular diffusion with generator
&0
L+ i=zl v; 6_Zl

Since the coefficients of ¥ may be badly behaved at the origin we first replace
£ by

+Z

i,j b;

for any choice of the coefficients a'f(x), bM(x) which agrees with the a, j(v) and
1 ~ ~ ..
biv) of £ on the set ¢ - <|v| =M} and which makes a!f and b} infinitely

differentiable on R and af symmetric and strictly positive definite on R?. (V, Z)
will be the corresponding process replacing (Z,, V,). For the time being we shall
suppress the superscript M. Let

0? 0
G* = - Zau( )6060 +Z<—a (U)>a—v;

0 0% . 0 ~
~Y'bv) 6—0, -, 52_, + Ez—aviavj a; (v) — ;ézbi(v)

be the formal adjoint of the generator
Zau(v 00, 6 +Ybw ) +Zvl o

of the process {V,,Z Jezo- For fixed initial point (w, y), let
U(t,dv, dz|w, y) = P{V,edv,Z,edz|V,=w,Z, =y}

be the distribution of (I7t,Z~t). Then the formal density u of U is a distribution
solution of the equation

<—a—at+G*)u=Oon (0, ©) x R* x R4, 4.17)

More precisely, for any function jeC>((0, ) x R? x R?) (Cy denotes the C*®
functions with compact support)

0

fdt | U(t,dv,dz)(a—at—i-G)j(t,u,z)=0

0 (v,z)eRd x Rd

(see [9], p. 61). We now show that — d/dt + G* is hypoelliptic by means of
Hormander’s theorem 1.1 in [19] For this purpose let (c;(v)) be the positive
symmetric C* square root of g, (v) (see [9], p- 83) and define the linear differential
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operators

0
X,(v) = Zcij(v)%, 1<i<d,

1 0 0 0
XO(U) - E i’JZ’k Cik <év_k Cu> 55]_ - 5{
0 - 0 ~ 0 0
+§<a—vjau>év—_zbtal Z La
Then
0 1 1 0% . 0 ~
Y v =_V y2 o WS SR
6t+G 22Xi +X0+2Zaviavja”(v) ,Za”i b(v)

A simple calculation verifies that each of the operators 0/0t, 9/0v, and 6/621 is a
linear combination of the X(v) or [X(v), X (v)],0=<ij=<d. This is clear for
the 0/dv,, because c(v) = a'/ 2(v) is nonsmgular Moreover

0
[X,X,]=-Y¢ k(v) —— + linear combination of the —
o 0z, ov
Thus also the d/0z, and hence /0t are in the Lie algebra generated by the X,.
By Theorem 1.1 of [17] this guarantees the hypoellipticity of — d/dt + G* and
we conclude from (4.17) that we can write

i

Ult, dv,dz|w, y) = u(t, v, z|w, y)dvdz,

for some u which is in C®((0, ©) x R? x R as a function of (t, v, z). For our
purposes it is necessary to have u a continuous function of all its arguments
(t,v,z,u,y) on (0, ) x (RY)*. Following McKean ([9], p. 64) this can be done
by combining the forward and the backward equation. u (as a function of all
its arguments) is a distribution solution of Ku =0 on (0, ) x (R%)*, where

0
K=-2—+4+G* +G
at + u,z+ w,y

One shows as above that K is hypoelliptic which gives the desired conclusion.

We need only a very weak consequence of the existence of a smooth density
u. This is that for every M,0<#n =T, 4 there exists a K=K(M,n, T, 1) < ©
such that

P{|ZM —z|<p|V,=w,Z =y} <Kp",
O=s=T, n=t=T,

(4.18)

Now let ¢ >0, T < o, and choose M = M(e, T) such that

P”O{lV|_ or|V,| = —forsomet<t}
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For such an M we have
[V, do

t
-~

t
§8+P{jl~/§‘do—<(3f0rsom60§s,t§T

N

<5forsomeO§s,t§TWith[t—s|gn}

With]t—s|>n,while%§|r/a|<MforallagT}. (4.19)

-2

This is so because if V_ is killed at the first time | V | leaves (1/M, M) and similarly
for VM, then the killed processes have the same dlstrlbutlon ([11], Chap. 5.24).
Clearly

C—

VMdo §§When |t —s| <=
and

[VMdo| <TM, s,t<T,
0
on the set {| VM| < M/2 for ¢ < T}. We can use this to estimate the probability
on the right-hand side of (4.19) by looking only at times which are multiples of
p=T/N for some integer N with 6/4M < T/N <6/2M. The probability in
question is bounded by

i _

[ VMdo

2 P{
osi<jsn  Uip

jmiznp! _
and |ZM STM}

0 ~

< N? max P{
lt—slzn
0<s,t=T

lw S M/2.Iy| £ TM

N e——c

For d = 3 the last expression tends to zero with J so that (4.2) follows from (4,19).

Proof of Lemma 7. Apart from going over to the diffusion W, =TV, and letting
the origin play the role of co, the proof of this lemma is in [9], Chap. 4.5. It is
based on the observation that if u is the positive function on [0, 1] which solves

2\ t e (s) 32

then
Y=e " u(|IV, P/2)

t
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is a positive supermartingale, where 7 =inf{t 20:|V,| =1}, and on the fact
that u(r) —» oo as | 0 if (4.4) holds. (We have C_ in contrast to C, in [9] because
our u is decreasing rather than increasing). O

Example a. We already remarked that if r,, in (4.5) vanishes for |y| > L, then
(2.2) trivially holds. If we take in addition r;; of the form (4.6) with p(y, v) = p*(|y|)
then g;; and b, of (2.3) and (2.4) become
+o0
a,(v)= | dr (tv,v,v)

- o0

+ o _
2§ de | (o + z])pk (| 2| )dz
R4

I

-0

Il

k
1o -
Mggdt fp;‘,‘(([te+z|)p;.’;(|z|)dz,

Rd
1 0
bv)= 5 Z——aij(v).
25 6vj

In this case .Z has the form (4.10). With this .# (2.6) is valid by Remark 6. Condition
(IV) can be verified in the same way as for the Gaussian examples of [ 6], Theorem 4,
since (4.8) and (4.9) assure that

0 2( 0 )2 .
= ) | 5= ) r:(v) exists, and
(@yk> oy, ) "

0 \?/ 0 \? o \%/ 0 \? 0 \*
<w> (W) rﬁ“’*(%) (5?) rult) =0<’°g|‘u‘|> | =
k 1 k 1

Example b. 1t is clear that any field F of the form (4.11), (4.12) is stationary in x,
because of the translation invariance of the point process P,. It is also clear that
the randomness in K(x) and hence in F(x,v) depends only on the position of
the points p, within distance L of x and the corresponding H™. This is so because
all H"(x) vanish for |x| = L. In particular F(x,,v,) and F(x,, v,) will be indepen-
dent when |x, — x,| > 2L. More generally 4 and %, will be independent when
d(A,, A,)> 2L and hence f(p) =0 for p > 2L. Formula (2.2) is again immediate.

Let us now specialize to (4.15) with the distribution of H®(x,) and H"(x,)
invariant under the change x, - Ox,, and (4.13), (4.14). Clearly, E{F(x)} =0
by (4.13), so that (II) holds. (IV) is easily derived from (4.14), and (I) holds for F
because the H™(x) are assumed to be C*(R). As for (V), the coefficients a,(v)
and b(i) of (2.3) and (2.4) now are

a;{v) = +§OO dt ) E{H"(p,JH!"(tv + p,,) }

—o  nm

= T dtY E{H"(p,)H{"(tv +p,)} (by (4.13))

— n

+ 0
= | dtRj; pdzE{H ﬁo’(z)H}O)(tv +2)}

— 0



Stochastic Acceleration 63
2p 0 0

=" {dt [ E{H"(2)H"(te + z) }dz.
‘ Ul o ' !

[0 e

(v=|v|Oe for some orthogonal 0), and

1o 0
bv)= 5 Z a—u.""f(”)'

This & is given by (4.6) and (2.6) is again guaranteed by Remark 6.
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