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Abstract. We solve explicitly and without approximation the problem of a
quantum-mechanical particle in R® subjected to point interactions that are
periodic in R® with periodicity of the type Z, Z2, and Z?. In the first case we get
a model of an infinite straight polymer, in the second case we get a model of a
monomolecular layer and in the third case we get a model of a crystal. In all
three cases the unit cell of the Bravais lattice is allowed to contain any finite
number of interaction sites (atomes), placed arbitrarily and with arbitrary
interaction strength. In the case: one interaction site per unit cell we find explicit
formulas for the resonance bands and energy bands and their corresponding
wavefunctions.

Introduction

The one-electron theory of solids is based on the study of a Schrodinger particle in
a periodic potential. This theory contains a large body of results that are obtained
by perturbation methods or by symmetry arguments. However, it has not been
possible up to now to check the perturbation results, which are necessarily only
approximate, against an explicitly solvable three-dimensional model.

A class of non-separable two- and three-dimensional generalization of the
Kronig-Penney model [1] has been solved in a recent paper by Sutherland [2].
The interactions in [2] are, however carried by lines (in two dimensions) or by
planes (in three dimensions) which do not have a direct physical interpretation.

However it has been known for quite a while that there exists a Schrodinger
operator with a point interaction in three dimensions. These operators and
relatives of them have a history going back several decades. Their study started
with Breit, Thomas, Wigner, and others as a model in nuclear physics for potential
with short range interactions [3]. They observed that potential scattering
converges in the low energy limit to scattering from a point interaction. In the late
fifties, Huang, Yang, Lee, Luttinger, and Wu studied multiparticle operators with
point interactions in low order perturbation theory [4].
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Beginning in the early sixties a series of papers by Danilov, Minlos and
Faddeev was published concerning three-body operators with two-body point
interactions [5]. The physical motivation was to compute the bound state of
tritium. A survey article by Flamand [6], covers this part very well.

The many-center point interaction in three dimensions was first studied by
Albeverio, Fenstad and Heegh-Krohn using methods of non standard analysis
[7]. Further work on the many-center situation is to be found in [8] and [9].

As we see the point interactions has a long and venerable history. What we do
in this article is to put the point interaction at work in the important field of solid
state physics. We show that it is possible to use the point interactions to construct
realistic models of solid states, models which may be built after specification. For
instance in the crystal we may specify the lattice, the number and positions of
atoms per lattice unite as well as their relative strength. With this input we
construct the corresponding Hamiltonian and give explicit formulas for the
resolvent kernel of the reduced Hamiltonian.

In Sect. 2 we give the general formula for a Hamiltonian with a potential with
support on a discrete subset of R* and R® We call such Hamiltonians,
Hamiltonians given by point interactions. It is worth mentioning that point
interactions exist only in dimensions, 1, 2, and 3.

In Sect. 3 we apply the results of Sect. 2 to construct models of polymers, i.e. we
consider point interactions in R*® which are periodic with only one period. We
compute the resolvent and scattering matrix explicitly up to the inversion ofa n xn
matrix where n is the number of atoms per polymer unit. In the case of one atom
per polymer unite we get completely explicit formulas for the resonances and
energy bands.

In Sect. 4 we consider monomolecular layers, i.e. point interactions in R* which
are periodic with two independent periods. Again we compute the resolvent and
the scattering matrix. The Bragg reflections come out of the scattering matrix in a
very explicit manner.

In Sect. 5 we consider the crystals, i.e. point interactions with three inde-
pendent periods. The resolvent kernel of the reduced Hamiltonian is given
explicitely up to the inversion of an n x n matrix where n is the number of atoms
per lattice unit. In the case of one atom per lattice unit we give the energy bands
and corresponding wavefunctions explicitely.

In Sect. 6 we consider the case of the grating or the linear interferometer. Again
we give explicit formulas for the energy bands and its corresponding wave
functions. There are also formulas for the reduced resolvent kernel and the
corresponding scattering matrix.

2. Point Interactions or Potentials with Discrete Support

Let Y be a discrete subset of R® such that the distance between any two points in Y
is greater than a positive number d. We want to consider Hamiltonians of the form

— A=Y 2,5(x—y). 2.1)

yeY
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In the Fourier transform representation (2.1) is given formally by the operator?

p*— Y @2n)~3 lyeiy(p -9, (2.2)
yeY
For finite subsets Y such Hamiltonians have been considered in [8]. The result of
this discussion is that (2.2) makes sense in R* (and in R?) if 4, is chosen suitably
infinitesimal. (For a discussion on this point see [7].) It is possible to extend these
results to infinite discrete subsets in the following way.
Let first Y be a finite subset of R3, then

Ho=p*= 3 Ip><vs), 23)
where
P(p)=(21) 32 (A () 1, (p)e? , (24)

%,(p)=11if |p| S w and zero if not, is a well defined self adjoint operator on L,(R3), if

we remark that [pg > <{yPlf =y, y;.
We consider H® to be an approximation to the formal expression (2.2). Hence

the problem is to choose 4 (w) such that H” converges to some self adjoint
operator as w—» 0. Since

Ve=73 [pPH{wsl (2.5)

yeY

is a bounded operator we have for complex E
(H°—E)"'=(p*—E)"'?[1-(p*—E)""?V°(p*— E)” 2] " (p ~ E)” 2. (2.6)

Using now the fact that V® is an operator of finite dimensional range we may
compute (2.6) explicitely in the following way. Set

A=(p*—E)"?Ve(p*—E)" 1?2 2.7)

then
A'=(p?*—E) Y2ve(p?—E)" ' ... Ve(p*—E)” V2, (2.8)

Let

92, =W, (P> —E)"'ypY) (2.9)

then

e*i(x*y)p
g8, =22 @A @) 2m) 0 | ——dp
Iplgs0 P"— E

= )P (0)Gx—). (2.10)

Let g” be the n x n matrix with elements gy | x,ye Y, n=|[Y|. Then (2.8) takes the
form

A’=(p2~E)’“2[ 2 (gl (p*—E)7 12, (2.11)

x,yeY

1 In (22) and in similar formulae we use a hybrid notation; p? is a multiplication operator, and
&7~ 9 an integral kernel
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where g'~ ! is the (/— 1)™ power of the matrix g¢,. From (2.11) we get that if 1 is not in
the spectrum of A then

(1—A)_1=1+(p2—E)'”2[ > [1—g‘*’];yllw@(w;”l}(l?z—E)_”2- (2.12)

x,yeY

Hence by (2.6)
(H°—E) '=(p*—E) '+ (p*—E)" ‘[ Y - g“’]xy‘ltp?><w;”lJ(p —E) 1,
” (2.13)

where [1 —g] are the elements of the inverse n xn matrix of 1—gg, =0,,— 9%
Let now

@%(p)=(2m)"3%1,(p) 2,px (2.14)
then
(H°—E) '=p*—E) "'+ Y [6,,— A ()i (w)Gax—y)]"!
x,yeY
A )2y Hw) @<
hence

(H?—E)"'=(p*=E)""'+ ¥ [ (@)d,,—Ggx—»1"o<eyl, (2.15)

x,yeY
where [ ]~ ! stands for the inverse n x n matrix.
Let now 4, (w) be given by

Ado) =027 | = +a,

plso

where o, is independent of w. Then

(H*=E)'=(p*~E)'+ ¥, [(ax—"g)éw—é‘;(x—y)]— 02> <03, (2.16)

x,yeY
where
- —i(x=y)p
Gex—y)=2m)~2 | 5 dp if x—y+0 (2.17)
lplgo -
and G20)=0. Let
- e~ Ux—yp
GE(x—y)=(2n)“3_f 5 dp if x—y=+0 (2.18)
R3 p '—E

and G,4(0)=0. Then we see that for complex E (2.16) converge strongly as o— co to
(H,~E)"'=(p*’-E)" '+ Z

. E - —1
[ e o]

i(px—qy)
Q3 .
o he B’ 0
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where « is a real function defined on Y such that a(y)=o, ye Y, and [ 17 1is the
inverse n x n matrix n=|Y)|.
The Fourier transform version of (2.19) is given by

; -1
(=B 50 =Ger—3)+ 3 |[on= Tk Eo— G-

£, Fey
Gpx—=X)GE(y—7), (2.20)
where
1 eVEIx—yl
Gelx—y)= EW’ (2.21)
and

Gu(x)=Ggx) for x+0 and G(0)=0.

Let now X be a discrete set and «(x) is function on X which is bounded below.
Let YCX be a finite subset of X and o, the restriction of & to Y. Let now HY be
the self adjoint operator, the resolvent of which is given by (2.19). Since

I (w)= <cxx+ i)_l (2.22)

2n?
is positive for w large enough we see that
Y—HY

is a monotonically decreasing function from finite subsets of X into self adjoint
operators, i.e.

Y,CY,=H">H". (2.23)

This implies that the corresponding resolvents for large negative E are monotoni-
cally increasing, i.e. for E<E’ we have

Y,CY,=(H"' —E) '<(H":—E)"!. (2.24)

Here E’ depends on Y,. We shall see however that it is possible to pick E’
independent of Y,.

From (2.21) we have that for E<0 we have that G,(x—y) is the kernel of a
bounded operator on /,(X) which tends strongly to zero as E— co. We use here the
fact that X is discrete and the fact that G,(x) tends exponentially to zero in x. Since
o, is bounded below we see that

o il/E
* Ax

is positive as a self adjoint operator on I,(X) for E large negative. Let now E, be
the largest negative value of E such that (2.25) is still positive, or if there is no such
largest negative value we set E,=0. We observe that if (2.25) is positive as a kernel
on [,(X) it is also positive as a kernel on [,(Y) for any subset YCX.

)%— Gylx—y) (2.25)
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Let now Y be a finite subset of X : then

e m B ma [(ax— if>5xy_c~;£(x—y)]—l

x,yeY Y

elrx—ay)
(»*—E)(¢*—E)’

where [ ]y ' is the inverse kernel in [,(Y). It follows from (2.26) that the spectrum
of HY is the interval (0, oo) plus at most n=|Y| negative eigenvalues E! where
E=E! are the points in (— o0,0) where (2.25) as a kernel on ,(Y) has eigenvalue
zero. From this we get that E is a uniform lower bound on the spectrum of H for
all finite subsets X of Y. In particular, we get the uniform norm bound for E<E,

I(H;—E)" " | S(E—Eo) ™| (2.27)

for all finite subsets YCX. From this uniform bound and the monotonicity (2.24)
we get that the strong limit
(H¥—E)”!=stronglim (H! — E)~* (2.28)

YcX
[Y|<oo

-(2m)~3 (2.26)

over the filter of all finite subsets YCX exists. Since the strong limit of resolvents is
again a resolvent, (2.29) is the resolvent of a self adjoint operator HX which is
bounded below. From the strong convergence (2.28) and (2.26) it follows that the
resolvent (HX —E)~! is given by
iVE
4n

HY =B '=0*-E) "'+ )} [(“x—

x,yeX

-1

)5xy—GE(x—y)

X
ipx—ay)

(p*—E)(¢*—E)’

where [ ]; ! is the inverse as an operator on [,(X). The sum in (2.29) is absolutely
convergent in the sense that if we integrate with respect to L,-functions of p and ¢
respectively, then the sum is absolutely convergent. Hence we have the following
theorem.

Theorem 2.1. Let Ybe a finite subset of R® and let o be a function defined on Y. Let

-2m)~? (2.29)

~ 1 . ~
Gg(x)= me‘vf"" for x#0 and G,(0)=0. Let H® be the self adjoint operator in

L,(R®) given by
(LHN=(£)—2n) 72 ) Afw)

yeY

| r (p)e””’dplz-

plsw

. )
If ﬂ,y(a))z' (OC_\.-F 57?
(H®—E)"'>(HY—E)~ ! strongly for complex E, where the limit operator is given
by

s N -1 2 =3 ,i(px—gx)
(H:_E)—1=(pz_E)—1_xéy[(ax_ lf)éxy—GE(x—y)L (E)%E—)e(cf——E)’

-1
) then H® converges in the strong resolvent sense, i.e.

where [ ]y ! is the inverse as an operator in L,(Y).
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Let X be a discrete subset of R* and o, be areal function on X which is bounded
below. Let YCX be a finite subset: then Y —(HY —E)™! is a monotonic function
for EXE, where E, is independent of Y. Moreover

(H¥—E)~'=stronglim (HY —E)~ !
YCX
Y| <o
exists and defines a self adjoint operator HX bounded below. The corresponding
resolvent is given by

~ ~ il/E . ~1 (2m) " 3eiex—a)
R A (R oL NEEN ey
x,ge:X 4n Y £ X (p>—E)(¢>—E)
where [ ]y ' is the inverse as an operator in [,(X). If we integrate with respect to
L,-functions in p and q the series is absolutely convergent.
There is an analog theorem in R?, the proof of which is completely analogous
to Theorem 1.1.

Theorem 1.2. Let Y be a finite subset of R* and o, be a function defined on Y. Let

1

ixp

Gp)=2m) 2 | —2

dp
g2 D°—E

for x£0 and GE(O)=0. Let
1 -1
A ()= (— In(w?+1) +ocx)
47

for xe Y and let
UHD= (o) =Cn)™* S ol | S rat

define a self adjoint operator in L,(R?). Then (H®—E)™'—(HY — E)~* strongly for
complex E where the limit operator is given by

hm)/-E\. - 1 (2) el ey
(“x 2n )5’” GE(X_”L (P> —E)(¢*—E)’

Let X be a discrete subset of R?; then the analog statement of Theorem 1.1
holds.

(Hy=E)'=p*-E)"'- }

x,yeY

3. Infinite Straight Polymers

Let A, ={an,neZ}, acR™ be a discrete subgroup of R. We consider A, to be a
discrete subgroup of R® by the injection A, CR—+R?* x R. If X is a finite subset of
R3then Y=/, +X is a discrete subset of R? invariant under the group A,. Ifaisa
real function on Y which is invariant under the action of A, ie. o, =, for ke A,
and xeX, then H,=H} of Theorem 2.1 is invariant under the unitary group
A—U,, ke A, where (U, f)(x)= f(x— A). We consider H, to be the Hamiltonian for
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a model of an infinite straight polymer. The points y in Y are then the sites of the
atoms in the polymer while o, are the relative strengths of the interactions at the
site y. o, is actually the inverse scattering length of the atom at the site y. Since
U,H,U;'=H, we have that

H,= | H(Kk)dk, 3.1)
Ay

where A, is the dual group of 4, and (3.1) is the direct integral over the spectrum
of the unitary representation Ai—>U,, AeA,. A, is the circle of radius a~! or

- 2
Ay =R/I'; where I' | = {%n,neZ}. By Theorem 1.1 we have

(H,~E)"'=p*-E)~'-@m~>° ¥ ¥

x,yeX A,A'edy
-1

il/E ~
K(x - %) 83— Gulx— y+ A— 1)
eipxeipl e—-iqye—iq].’

pZ_E qz_E

(3.2)

We may now utilize the fact that what is inside the square bracket above is
translation invariant under e A, to simplify the expression (3.2). We recall that
[ 17! means the inverse kernel in

LX xA)=L,X)®I,(4,),

and the method for simplification is to use Fourier analysis in I,(4,). To compute
the Fourier transform of the square bracket in (3.2) we first compute for
Y

Vs
a a

hex—y, k)= Y Gplx—y+ie ", (3.3)

AedAy

T T
- —,—
a

where we have identified ( with A, by the mapping k—e'**. For x— y¢A,

we have by the Poisson summation formula

h(x—y,k)="Y Gylx—y+Ae *
Aedy
eip(x -y ei(ps —kA

=@n) > ¥ | ———dp

Jed; R3 p
, P11 =y) F p2(x2 = y2) + (7 H (x5~ y3)
=(2m) Z j

Vel R2 pi+p;+(+k?—E

dp,dp, .

Hence for x—y¢A, we have

hex—y, k)= Ko([/(0+k?—E)/(x;—y)? +(x,— p,)})el@ 07y (34

yel'y
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For x—y=A1eA, we have that

hg(4, k)= e“"hE(O, k) (3.5)
while
(0 k)__ Z G &)e—llk
i* 0
1 1 )
= _ ll/Fa]n[ —iank
4ma ; || ¢
= Ea— [In(1—e™VE=0) 4 n (1 —e@VETRY],
Hence

1 . .
hy(0, k)= — %ln [e*VE 2 cos (ak)eVE+1]. (3.6)

In terms of hg(x—y, k) (3.2) now takes the form

(H,~E) '=(p*~E) '-Q2n)~3 Y [(ocx— ig)éxy—hE(x—y),k) -

x,yeX

eip1x1t paxa T (y+R)x3) o~ iqiy1+d2y2+ (' +K)y3)

ok—k

where p;=y+k, g; =y +k, with y,y’el’, and — — <k kE<— and [ 171t is the
inverse n x n matrix, n=1|X|. Hence we get: the reduced Hamlltoman H (k) of (3.1)
is given by its resolvent kernel on L,(R* xI') by the following theorem

Theorem 3.1. Let A, ={an,ne Z}, ac R™, be a discrete subgroup of R considered as a
discrete subgroup of R® by A, ={(0,0,an),neZ}. Let I'; = {%’En,neZ} so that the
dual group A,=R/I',. By k—e* jeA,, we identify A, with the Brillouin zone
[— g—,g . Let X be a finite subset of R® and set Y=X+A,, and let o, =0, be a

A, -invariant real function on Y. Then H, = HY of Theorem 1.1 is invariant under A,
so that

n/a
H,= [ Hkdk= | H(kdk,
A1 ~n/a

where we have identified fll with [— g, SJ Let hy(x—y,k) be given by (3.4)—(3.6).



96 A. Grossmann, R. Heegh-Krohn, and M. Mebkhout

Then the reduced Hamiltonian H (k) is a self adjoint operator on the reduced Hilbert
space L,(R* x I';) with resolvent kernel given by

(H(k)—E) '=(p?+p2+(y+k?—E)~*

—en Y [(ax—if)éxy—h,s(x—y,k>}_l

E
x,yeX 47:
elP1x1tpaxat(y+hyx3) o —ilquyitqay2+ (' +ky3)

PApit (KR —E @+l +kP—E

>

where [ 17! stands for the inverse n x n matrix, n=|X|.
Let H_ =p? be the free Hamiltonian in L,(R?); then
H, = | H_(k)dk (3.8)
Ay

with
(Ho(k)—E)"'=(pi+p3+@y+k>—E)"! (3.9)

since H  is invariant under the group of translation A,. To prove that the wave
operators

W, (H, H_)=stronglim e~ "HegiH = (3.10)

t—>t o
exist, it is enough to prove that the wave operators
W, (H (k), H ,(k))=strong lim ¢~ "Ha®itH =) (3.11)
t—> too

exist for almost all k, since

W.(H,H,)= Af W (H k), H ,(k))dk . (3.12)

Since the scattering matrix S(H,, H ) is given by

S(H,H ) =WiH,, H,)W_(H,H ) (3.13)
we get in the same way that

S(H,, H,)= | S(H,(k),H,(k)dk, (3.14)

so that the scattering matrix S(H (k), H ,(k)) for the reduced pair H (k), H (k) is
actually the reduced scattering matrix and correspondingly for the wave
operators.

From the formula for the resolvent kernel of H (k) in Theorem 3.1 we see that
the kernel (H, (k)—E)~ ! is analytic in a neighborhood of the cut [k?, c0) with
smooth boundary values on the cut from above and from below. This implies by
standard techniques that the reduced scattering matrix S(H(k), H (k)) exists.
Hence we have the following theorem
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Theorem 3.2. Let H_ = p? be the free Hamiltonian in L,(R®), and let H, be as given
in Theorem 3.1. Then the wave operators

W.(H,, H,)=stronglim e~ HepiH «

t—> oo

exist. The corresponding scattering matrix S,=W¥W_ is given by

SApiP2P34149293) =90y —q1)0(p, — 45)0(p3 — q5)

. eilpixitpaxa+(y+R)x3], o —ilgiys +q2y2+ (0 +R)ysl

+ (k= K)S(pT +p3+ 0+ 0 —gi - a3 = (' +K)),

-1
)5xy—hE+i0(x—y’ k)}

T T

- —,—

where E=p3+p5+p3, ps=7-+k, q3 =7 +k with y,y'el'; and k, k'e

hgi0(x—y,k)=hg(x—y,k) is given by (3.4)-(3.6), while hy_,o(x—,k) is the
analytic continuation around the cut [k co). Hence for x — y¢A,

thio(x“y,k)

KO(_ V(V"‘k)Z—E' l/(xl _Y1)2+(x2‘y2)2)ei(y_+k)(x3wy3)
[y +k|<VE
+ Y Ko(V k)P —E- [ (xy = y)? + (o, — yy)?)el TR0 =)
|y +k|>VE

and hy_ (A, k)=e~*hy_,0(0, k) with
— 1 —2ia/E —iaVE
hg—10(0, k)= — %ln [e —2cos(ak)e +1].

For a qualitative understanding of the reduced scattering matrix
S(H,(k), H ,(k)) the resonances are important. We see from the formula of
Theorem 3.1 that the reduced resolvent kernel (H,(k)—E)~! is a meromorphic

function of ]/E on some covering Riemann surface. The structure of this Riemann
surface is quite complex and we see that there is actually a logarithmic branchcut
along each of the halfline [(y+k), 00); recall that K,(x) has a logarithmic
singularity at zero. The resonances are the poles of this meromorphic function on
its Riemann surface and the eigenvalues of H (k) are special cases of these poles for
which the corresponding wavefunctions are square integrable.

Let now X consist of one point only and we may by translation invariance take
X ={0}. In this case we have from Theorem 3.1 that

0-B =tk n o VE o)
T (3.15)

1 1
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Hence (H (k)— E)~* has the same Riemann surface and the same poles as

( £ h(0, k)) . (3.16)

In particular the resonances are given by the equation

. | .
o VE _ £ In [~ 2 cos (ak)e ™+ 1] (3.17)

which is equivalent to
e~ 4man, glaVE — o21aVE _ ) cos (ak)e'®VF + 1
or

eZial/E_ (2 cos (ak) + e—47taa)eial/f+ 1=0. (318)

Hence if z,(k) is a solution of

22— (2cos(ak)+e” *"*)z4+1=0 (3.19)
then
]/E_——iln(z (k))+2—" (3.20)
n— a 0 a n .

are all the solution of (3.17). If z, is one solution of (3.19) then z; ! is the other,
hence if z,(k) is the solution in the upper half plane then

EX(k)= %(ii-ln (zo(K)+27m)?, n=0,1,... (3.21)

are all the solutions of (3.17).

There are two different cases

@) 2cos(ak)+e 4> 2 (3.22)
then (3.19) has two real solutions z,(k) and z,(k)~'. Hence (3.21) is real only for
n=0 and we find only one value

Eq(k)=— —(ln(zo(k)))2 (3.23)

From (3.15) we have that the corresponding eigenfunction is
1

,Da 7 k)= 3.24
Yo(P1s P27 k) P+ pi+ (0 k) —Eo(k) (3.24)
which is square integrable. The other solutions
1
EX(k)= —2( iln(zy(k))+2mn)*, n=1,2,... (3.25)

are complex resonances.
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The other case is
(i1) |2 cos(ak)+e ™4™ <2, (3.26)

in which case (3.19) has a pair of complex conjugate solutions z,(k) and z,(k) with
|zo(k)| =|Z,(k)| = 1. So that In(z,(k)) is imaginary and (3.21) are all real solutions. If

1
2 largz, (k)| =liln(z,(k))| < |k| then again

1
Eq(k)= Zl_z(arg(zo(k)))z (3.27)
is an eigenvalue of H (k) with eigenfunction given by (3.24) if %| argz,(k)| >|k| then

E(k) is a resonance. EX(k), n=1,2, ... given by (3.25) are all resonances imbedded
in the continuous spectrum [k?, o0) of H (k). Hence we have

Theorem 3.3. Let X ={0}, then the essential spectrum of H (k) is absolutely
continuous and is the half line [k2, o).

In addition H (k) has at most one simple eigenvalue E (k) which satisfies
E,(k)<k?. Let z, be one of the solutions of

22 —(2cos(ak)+e~ 4"z 4+1=0.
Then
Eg(l)= — 5 (n(z(k)?

and the corresponding eigenfunction is
Wo(P1, P2, 73k)=(pT +p3+ (2 +k)? —Eo(k) ™"

If E,(k)=k? then E (k) is a resonance imbedded in the continuous spectrum. The
other resonances are given by

1
2

EF (=~

[+ilnzy(k)+2mn]*, n=12,....
These resonances are complex if 2 cos(ak)+ e~ *"**>2 and they are all real and on

the line [k?, co) if |2 cos(ak) +e~ 4™ <2,
We see that 2 cos(ak) + e~ *™*> 2 for all k if e~ *™**>4 or —4nao>21In2. Hence

. 1 . .
ifoa<— 2n—aln2 we are in case (i) for all k. Hence we have

Theorem 3.4. Let X = {0}, then the spectrum of H, is absolutely continuous and if

1
1/ > - = N
(Y] o= ra In2 then spH,=[e;, ),
. 1 _
(i1) o< — %ln?. then spH,=[ey,eq JU[0, ),

where ef <0 and

1
o5 =——[n(Fl+ge™*+ [/(Fl+ie * >~ 1)]*.
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4. Monomolecular Layers

Let A,={n,a,+n,a,; (n,,n,)e Z*} where g;e R? be a discrete subgroup of R?
We shall identify A, as a discrete subgroup of R* by the standard injection of R?
into R3. Let X be a finite subset of R?; then Y=/,+X is a discrete subset of R?
invariant under the group 4,. Let « be a real function on Y which is invariant
under the action of A, so that o, =a_. Then HY of Theorem 1.1 is invariant
under the unitary group A—U,, Ae,, hence

H,= [ H (k)dk, (4.1)
4,
where the dual group A,=R,/I, and I, is the reciprocal lattice i.e.
Ir,={nb,+n,b,,(n;,n,)eZ*} and (a,b)=2md;; Let B, be the corresponding
Brillouin zone i.e.
B,={s;b,+s,b,, —3=s; <3,i=1,2}. 4.2)

As in Sect. 3 we start by computing

he(x—y, k)= Gpx—y+ie *. (4.3)
A.EAZ

For x—y¢ A, we have
hg(x—y, k)= > Glx—y+Ai)e *

Aedy
eip(x -, ei[(Pl —k1)A1 +(p2—k2)A2]

=(27’£)—3 Z j Z_E dp

2eA; R3 p

S RN

Ael, R
ei[(v 1+ k1)(x1 = y1) +(y2 +k2)(x2 = y2) + pa(x3—y3)]

P§ +(7, +k1)2 +(, +kz)2 —E

dp,.

Hence for x—y¢ A, we have

e—l/(7’1 +k1)2(y2+k2)2—E-|x3—y3|

he(x—y, k)=
£ yszrz 2)/ (s +k)*+(,+ky)*—E

Ll T k) —y) + (2t k)2~ y2)] (44)

For
red,  hg(A k)= e‘i”‘hE(O, k) 4.5)
and
hg(0, k)= Z Gg(de™ ik
Aedy
%0
Hence

i]/E'

hg(0, k)= lim (2n)“3[ > %[(vl+k1)2+(?2+k2)2—E]_”2—47rw}— y=
|

@—> 0 ytk[Zw
Yela
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Let now ggz(x—y,k)=hg(x—y, k) if x—y=+0 and

. _ _ w
g50,k)= lim (27) 3% Y L0tk Otk —E] =S (46)
o 1%

Theorem 4.1. Let A,={n,a,+n,a,; (n;,n,)eZ*}, where a, and a, are two
independent vectors in R*. We consider A,CR?*CR? to be a discrete subgroup of
R3 by the standard injection of R* into R®. Let X be a finite subset of R®; then
Y=A,+ X is a discrete subset of R> invariant under A,. Let o be a real function
on Y which is invariant under the action of A, so that o, . .=o.. Then H, of Theorem
1.1 is invariant under A, so that

H,= | H(kydk,
i

where A, =R,/I,, [, ={n;b, +n,b,, (n,, n))e Z*}, (a,, b;)=2mo;;. Let gy(x—y, k) be
given by (4.6); then the resolvent kernel of H (k) is

(H()—E)™ " =((y; + k) >+, + k) +p3—E) "' — Y [0,0,,—gslx—y,k)] "

x,yeX
ellr1+k)xi+ (72 +k2)x2+ p3xsl

(p,+k )+, +ky)> +pi—E
e i Tk)yi + (22 +k2)y2+4q3y3]

) +k )+ 0o+ k) + g3 —E’

as a kernel on L,(I', x R), where [ ]~ is the inverse n x n matrix.
We may also compute the wave operators and the corresponding scattering
matrix as in the previous section, and we get

Theorem 4.2. Let H = p? be the free Hamiltonian in L,(R®). and let H, be given in
Theorem 4.1, then the wave operators

W, (H,, H )= strong lim e~ "H=e"H =

t—+ oo

exist. The corresponding scattering matrix S,=W*W_ is given by

S,(P1,P2P33d1542,93)=0(p; — 40P, — 4)0(p3 —q3)— Y.

x,yeX

[O{xéxy_gE-H‘O(x—y):k)]_ !

Ll T k)xi+ (2t k) x2+paxsl, o —il(yi kDY + (72 +k2)y2+g3y3]

“O(ky — Ky )olk, — ky)o((y, + k1)2 +(y,+ kz)z

+p3— (K= 0y + k) —a3),
where E=pi+p3+p3, py=y,+ky, py=v,+ky q,=y\+k and q,=y,+k),
(v v,)els and (k,, k)€ B,. g5 _o(x — v, k) is defined by analytic continuation around
the cut [0, co].
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Let now X ={0}; in this case eigenvalues and resonances are the solution of
a=gx0,k), ie.

a=(2m)"3 lim F Y [(yl+k)2+(y2+k)2—E]'”2—4naj. 4.7
o-o| y+hzo
AR )

Since g0, k)— — 00 as E— — oo and g4(0, k)— + 00 as E—>k* we see that (4.7) as a
unique solution E(k) in the interval (— oo, k?). E,(k) is obviously the bottom of the
spectrum of H (k). E,(k) is the only real solution of (4.7) and it is an eigenvalue with
corresponding eigenfunction in L,(I, x R)

1
(74 +k1)2 +(7, +k2)2 +p§ "Eo(k).

Vo, 3 k)=

The resonances are the complex solutions of (4.7).

Theorem 4.3. Let X={0} then the essential spectrum of H (k) is absolutely
continuous and consists of the half line [k?, 00). In addition H (k) has exactly one
simple eigenvalue E,(k) <k* with corresponding eigenfunction

1
(i + k1)2 +(y,+ky)? +P§ —Eyk)

Yo(¥ 15725 Di3s ky,k,)=

5. Crystals

Let A={n,a,+n,a,+n,a;; (n,,n,,n;)eZ>} where a,, a,,a, are three linearly
independent vectors in R3. A is then a discrete subgroup of R3; let X be a finite
subset of R*. Then Y=/A+X is a discrete subset of R® invariant under the lattice
group A. Let o be a real function on Y which is invariant under 4, i.e. o, ; =0 for
AeA and xeX. Then H, of Theorem 1.1 is invariant under translations in 4, i.e.
U,H,U;'=H, so that

H,= [ H(k)dk, (5.1)
a

where H (k) is the reduced Hamiltonian for fixed lattice momentum ke A=R3/I
where I’ is the reciprocal lattice, i.e.

F={nby+n,b,+n3by; (ny,ny,ny)e 2%},
with (a,b)=2nd,. The projection R®*—->R*/I'=A is given by k—e™. Tt is

J A
convenient to identify A with the Brillouin zone

B={s;b, +5,b,+s3b3; —5<s5,=3}

by the identification k«se** From Theorem 1.1 we have that
H,~E) '=@*=k)"'-2n)™> Y ¥

x,yeX A, A eA
iVE .
. [(a _ %) 8,03 — Galx—y+2— 1)

-1 etpxeipl e—iqye—tql’

p*—E ¢*—E ’




Periodic Point Interactions

1
4r|x—y|

where GE(x —y)=

103

eVEF if x —y+0 and zero if not, and [ ]7* is the

inverse kernel as operator on (X X A)=1,(X)®I,(4). As in the two previous

sections we compute
he(x—y,k)= Y Gylx—y+A)e ™*
Aed
If x—yé¢ A we have that
he(x—y, k)= Gylx—y+ e *

AeAd
P(x =y pip k)i

=) (2ﬂ)_3§*ﬁ—dp

ied

which by the Poisson summation formula gives
PUCRRYICInd]

hE(x—y,k)=(2n)_3Zrm for x—y¢A.

For x—y=JeA we have
he(A, k)=e™ " h (0, k)

while
hi0,k)= 3" Gg(A)e™
Aed
A*0
. 1 dp
=1 _3’7 — A -
Jm Qo)L i .p,ipr—E}’
LIv+kl=e B
hence
[ 1 i)/E
h,(0,k)= lim (27)~3 S - .
AO0=Jn CO L GiaeE 4”‘”} in
Liv+kl=o
Let now
gex—y,k)=hg(x—y,k) for x—y=+0
. 1
0,k)= lim (2x)3 . — R
9:0,1= m (2n) ,:yzr [y+k?—E ”w}
[y +klsw
Then

il/E ~ .
> Kocx — _Zl/n:) 00104, — Gplx—y+ /1)} e =06, —gyx—y,k)

ps

which implies that (5.2) takes the form

(H,—E)"'=((+k?*~E) "' =2m)> ¥ [06,,—ggx—y. k)]

x,yeX
(S(k _ k’)ei[(" +h)x— (' +k)y)

(r+k*=E) (' +k)*~E)’

(5.3)

(5:4)

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)
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where p=y+k and g=7y'+k' with y,9’el’ and k and k' in B and [ ]™! is the
inverse n x n matrix. Hence we have proved

Theorem 5.1. Let
A={n,a, +nya, +nya,;(n;,ny,ny)e Z>}
be a discrete lattice subgroup of R3,
I'={n,b, +n,b,+n3bs}, (a,b)=2md,;
the reciprocal lattice and
B={s,b, +5,b,+s,b;;1<s; <4}

be the corresponding Brillouin zone. Let X be a finite set in R® and Y =A+X and let
oy, =0, be a A invariant real function on Y. Then H, of Theorem 1.1 is translation
invariant under translations Ae A hence

1

H,= | H(Kdk=— [ H(dk,
i [B| 5

where we have identified the dual group A with B via the mapping k—e**. The
reduced Hamiltonian H (k) is a self adjoint operator on 1,(I') given by its resolvent
kernel

(Hk)—E)"'=((y+k’—E)" 10,

ei(y+k)x e—i(y’ +k)y

I o e

where gg(x—y,k) is given by (5.7) and [ 17! is the inverse n x n matrix n=|X|.

It is well known that if H is a Hamiltonian which is invariant under 4 then the
corresponding reduced Hamiltonian H(k) has discrete spectrum with eigenvalues
E (k) [10]. The functions E, (k) over the forms A=R3/T are called the energy bands
of the Bloch Hamiltonian H. A detailed knowledge of the energy bands E (k) is of
considerable interest in the study of the solid state.

Let us therefore consider the case |X|=1, ie. X ={0}. In this case Y= and
o, =0 for all Ae A. From Theorem 5.1 we have that

1
(H(k)=E)" ' =((y+k)*—E)"'9,,—(2m) (e~ g50,k)~* 0T —E
1

(' +k?—E’

(5.10)

where

=0 yel’ (y+k)2—E

ly+klsw

g0, k)= lim (27'5)_3{ Y L —47ra):l ) (5.11)
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The eigenvalues of H (k) are the poles of (5.10). There are two possibilities for such
poles, first the zeros of & —g,(0, k) and then the zeros of (y +k)? — E, which are the
eigenvalues of the free Hamiltonian. Let us first consider the solutions of

o—gg0,k)=0. (5.12)
Since
dgg(0,k) 1

we see that E —g,(0, k) is an increasing function everywhere on the real line, g,(0, k)
has a positive pole of first order at the points |y +k|?, ye I" with a residue equal to
the number of points in I" which are mapped into |y +k|%. Hence there is exactly
one solution of (5.12) in each of the bounded intervals I,, n=1,2, ... where

R—|T+k2>= ) I, (5.14)
n=0

and I, are open intervals numbered in increasing order from left to right and I is
the unbounded interval to the left. Observing that g,(0, k)= — o0 as E— — o0, we
find that there is exactly one solution in the unbounded interval I,. All these
solutions are obviously first order poles of (H,(k)— E)~ ' and are therefore simple
eigenvalues of H (k). The eigenvalue which is the solution of (5.12) in I, is obviously
the bottom of the spectrum of H (k) and called E(k).

The other possible poles of (5.10) are the points E=(y + k), ye I’ which are the
eigenvalues of the free Hamiltonian. It is easily seen that if (y,+k)* is a simple
eigenvalue of the free Hamiltonian i.e. if there is only one ye I such that (y +k)?
=(y,+k)* and that is y=7y,, then E=(y+k)? is not a pole of the resolvent (5.10)
because the poles in the first and in the second term in (5.10) exactly cancel each
other. If however (y,+k)* has multiplicity m+1, ie. there are exactly m+1
different elements y,, ...,7,, in I such that (y, + k)>=(y, + k)*=(y,, + k)%, then (5.10)
has a pole at E=(y,+k)* and the corresponding eigenspace is m dimensional and
is spanned by the vectors

1z .
53’)’1'_ mizoéwl, ]=1, am, (515)

where {y,, ...,7,,} is the inverse image of |y, + k|* under the map y—|y+k|*

Let now E (k)<E,(k)< ... be the eigenvalues of H (k). If E (k) is the unique
solution of (5.12) in an interval I, then E, is simple and from (5.10) we get that the
corresponding eigenfunction is w¥(y)=((y+k)*—E,(k))~'. Hence we have proved

Theorem 5.2. Let X consist of only one point, i.e. X ={0}. Then the corresponding
reduced Bloch Hamiltonian H (k) is given by its resolvent kernel on [,(I")

(H, (k)= E) ()= (1 +K)* — B)~',,,—(2m)~ (&= g5(0, k) *
1 1
Gk —E ¢/ +E7—E’
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where

@ — 00

950, k)= lim (27:)—3[ 3 W%Z———E —4nw} .
Iy

H (k) has a pure point spectrum and is bounded below. Let R— | +k|*= [ ) I*

nz0

where I* are open intervals, I, unbounded. Then there is exactly one simple
eigenvalue E (k) in each I* with corresponding eigenfunction
v =((y+k)*—Ek))~*. In addition H (k) has eigenvalues at the points [y +k|?
for which the map I'->R™* given by y—|y+k|? is not simple. The multiplicity of the
eigenvalue |y, +k|* is one less than the multiplicity of the map y—|y+k|? at the
point |y, -+ k|. The corresponding eigenspace is spanned by the vectors

1 = .

m—m—Hi=O e J=1,m,

where {y,,...,7,} is the inverse image of [y, +k|* under y—|y+k|*.

We shall consider the eigenvalues E, (k) of H (k) of Theorem 5.2 to be periodic
functions over R® with periods I, i.e. E, (k+y)=E,(k) for yeI'. From Theorem 5.2
we see that there is a natural correspondence between the elements yeI' and the
eigenvalues {E,(k)} of H (k) ie. y—>E (k) where E. (k) is the largest eigenvalue
smaller or equal to |y+k|% Let y +7 be such that |y’ +k|? is a largest element in
[F+ki*> smaller or equal to |p+kl2 If |y+kl><|y+k|*> then
E(k)e(ly’+kI?, [y +k|?) and if [y"+ k[ =y + k|* then E (k)= [y + k[*.

7= E.(k) preserves multiplicity and E (k)= E (k) for y =y if and only if there is
ay”el different from y and y’ such that [y+k|*> =y’ +k|>=|y" +k|*. Since E (k) are
solutions of (5.12) they are different branches of one and the same analytic function
of k. There is a unique lowest band E(k) which is smaller than all the points
[y+k|? yel. All the other energy bands are connected.

To prove this let y be arbitrary in I" such that E,(0) is not the unique smallest
eigenvalue Ey(0), and let E, (0) smallest eigenvalue of H,(0) larger or equal to E,(0).

We want to prove that there is a ke R® such that E(k)=E (k). If E(0)=E(0)
we are finished and if not |y|*<E,(0)<[y|* and E,0)<[y|*. Since E,(0)>E(0)

there is a y”e I’ such that E.(0) is a largest eigenvalue smaller or equal to E,(0), and

P SE0)=h|*<E, )<k (5.16)

Moreover from the definition of E.(k) we have that

' +k*<E(<ly+k>SE (K =|y +k (5.17)

in the neighborhood of zero where

" +kIZ <l +k2 <l +k7. (5.18)

By a theorem of Euclid there is a point in R? such that

" +kl=ly+kl=|y+K, (5.19)
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in fact (5.19) defines a unique line in R®, namely the line through the centre of
the triangle (y,y’,7") and orthogonal to this triangle. This line intersects the
neighborhood given by (5.18) and on this intersection we get from (5.17) that E (k)
=E, (k). Hence we have proved.

Theorem 5.3. Let the assumptions be as in Theorem 5.2. The energy bands E, (k) are
branches of an analytic function of k, periodic over R® with period I'. There is a
unique simple lowest eigenvalue E(k) which is the only eigenvalue smaller than
Il +k|>. Moreover Ey(k)<E,(k) for all n#0. There is a natural correspondence
y—E (k), ye " between I" and sp H (k), where E.(k) is the largest eigenvalue smaller
or equal to |y + k|2 7= E (k) preserves multlpllaty in the sense that the multiplicity of
E (k) is the number of elements in the inverse image. Moreover if y'el is so that
[y’ —1—k|2 is a largest element in |+ k|* smaller or equal to |y+k|? then |y’ + k| < E (k)
Sly+k?, and if |y +k><|y+k|* then |y'+kI><E[k)<|y+kI>. All the energy
surfaces E.(k) apart from the lowest Ey(k) are connected and E (k) is connected with
other surfaces along lines given by |y" +ki=|y+k|=|y +k| for y, y', and y" three
different points in I'.

It follows from (5.11) and (5.12) that E,(k) takes its minimum at k=0 and
maximum at k=k,=(3b,, ébz, 1b,). Moreover we see that the minimum E(0) <0
and the maximum E(k,) is negative if and only if a <o, where

1
0y =90, ky)=(2m) "3 lim ——— —4nw|. 5.20
0 0 0 Pt I —z’ler (y'l_ko)z ( )
y fo

Hence we get the following theorem

Theorem 5.4. Let the assumptions be as in Theorem 5.2. Then the spectrum of H, is
absolutely continuous and

if oza, then spH,=[E\0),c0),
if a<a, then spH,=[E\0),Ey(ky)]Ul0,00) with Eyky)<0

where

1
0, =g(0, k) =(2m) "> lim —— —A47w
P WL ey

[y +kl Lo

and ky=%(b;,b,,b;).

6. The Grating (the Linear Interferometer)

In this section we consider a potential with support on a set of equally spaced
parallel lines in the plane spanned by the second and the third axis in R®. We take
the lines to be parallel to the third axis and we want the potential to be translation
invariant along the lines and equally strong on each line. This is the potential of a
grating which is often used as an interferometer in spectroscopy. The correspond-
ing Hamiltonian is now translation invariant in the direction of the third axis, and
therefore the third component of the momenta is conserved. Hence the problem
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reduces to a problem in the plane orthogonal to the third axis, and the lines are
represented by a string of equally spaced points along the second axis in the plane
spanned by the first and the second axis.

Hence the problem of the grating is that of a Hamiltonian in R? with a
potential with support on a discrete subgroup of the second axis and the potential
being translation invariant under this discrete subgroup.

Let A, ={na, neZ}, acR™ and consider A, as a subgroup of R* which is a
subgroup of the second component of R x R=R? Let Y=/, and let « be a real
function on Y invariant under 4, i.e. o, =a. The corresponding Hamiltonian H, is
given by Theorem 1.2 as

(H—E) '=(p*~E) '~ Y (a—m—H) . A’)}

A, M ed; 2n
ipAd e—iq/ll
on-2-% 6.1
Cr) g (6.1)
where
- eiP(A—2)
Gg(A—A)=(2m)" zj dp for A (6.2)
and G(0)=0.
Now set .
hg(0, k)= 2 G(A)e 4
ey
ey | S
= 7‘[ e .
o e PR pi—E TP
Hence

=0 y+k|<w
veli

hy(0,k) = lim [%l Y ((y+k)2—E)"”2—%ln(a)z—i-l)J—Zl;ln(—E), (6.3)

2n . . L .
where I} = {— n, ne Z}. Since H, is translation invariant under 4, we have that
a

= [ H(k)dk= f H (k)dk (6.4)

—n/a

{k)

where A, =R/I is identified with the interval

- g —} From (6.1) and (6.3) we
then have
(H(k)—E)"'=(pi+(+k)?*—E)~*

Coaf. In(—E) ! 1 1
3o 2 10 PO+ —E 4G TR E

(6.5)

We have the following theorem
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Theorem 6.1. Let A, ={na,neZ}, acR™ and consider A, to be a subgroup of the
second component in R*=R x R. Let o be a real function on A, and invariant under
Ay, ie. o, =o. Then the corresponding Hamiltonian H,=|H (k)dk where H (k) is a

2
self-adjoint operator on L,(R xI}), I} = {771 n, ne Z} with resolvent kernel
(h(k)=E)~*=(pi +(y+k)?>—E)~"

—2m) (e gy(0, k)" ! !

pi+(+k?—E qi+(+k*—E

where
. 1
gz(0,k)=lim |3 Y ((y+k)?*—E)""?— —In(w?*+1)|.
00| |ytklzo 4n

Now on the interval (— 0o, k?) g(0,k) is a monotonic function of E with range
equal to R. Hence for any ae R there is a unique solution E(k, o) of the equation

a=gg0,k) (6.6)

with Ey(k,o)<k? It follows from the expression for the resolvent kernel in
Theorem 6.1 that E,(k,a) is a simple eigenvalue of H (k) with corresponding
eigenfunction
. 1

P>+ +k)?—Eqg(k,a)’

We see that this is the only eigenvalue of H (k). Hence we have

(6.7)

Yo(p,y; k)

Theorem 6.2. The essential spectrum of H (k) is absolutely continuous and equal to
[k?, 00). H (k) has exactly one simple eigenvalue E,(k,o) and this lies below the
continuous spectrum with corresponding eigenfunction
_ 1

P>+ +k)? —Eq(k,0)°

Remark. The scattering matrix may be computed in the same way as in Sect. 3 or 4.

Yo(p, 75 k)
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