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Abstract. We study continuous statistical systems interacting via a regularized
dipole potential in the grand canonical ensemble. In the explicitly given region
of high temperature (or low density) we show that the effective potential between
two parallel dipoles is not absolutely integrable (it is, however, square inte-
grable), which implies that the effective potential does not fall off faster than
|x|~? in some directions.

We consider continuous statistical systems interaction via a dipole potestial in
the grand canonical ensemble. Since the dipole potential is not stable, we regularize
the potential at the origin so that the system is well-defined. In [ 3] we have shown
that the thermodynamic limit of correlation functions and the pressure exists.
It is of great interest to know whether there exists some kind of screening. By
defining an effective potential between two dipole moments in the grand canonical
ensemble it turns out that the effective potential between two parallel dipoles is
not absolutely integrable in the explicitly given region of high temperature (or low
density). On the other hand, we will show that it is square integrable. The result
implies that the effective potential does not fall off faster than |x|~3 in some
directions (for high temperatures or low densities). This is in contrast to dilute
coulomb gas for which Debye exponential screening occurs [1].

Since the dipole potential is of long-range, the method of the cluster expansion
[7] cannot be applied. The technique used in the proof is the Gaussian integral
formalism of statistical mechanics, which has already proved to be a very powerful
technique [2, 3,4, 6]. We primarily follow the notation of [3] and use some of its
results.

We first briefly introduce the notation and the model we are interested in.
The regularized dipole potential between a particle with dipole moment seR3,
at position xeR? and one with dipole moment ¢’ at position x’ is defined by

V(o,x;0',x") = (2m) 2 [d>ke™ =g k) (o’ - k)k 2| k(k) | 1)

where %(k) is the Fourier transform of a regularization function «(x) in Cg(R?)
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which satisfies the following conditions:

K(x) = (| x]), [dxx(x)=1,

k(x)=0 if |x|> R for some R > 0. )
Since the function «(x) is isotropic, one may apply Newton’s law to see that for

|x — x| > 2R the regularized potential equals the usual dipole potential. Further-
more |V(g,x;0’,x')| < oo for all 6,6",x and x’. We set

(G)N=(O-1a~~~9O-N)> (X)N=(x1,...,xN)
N N

Jisapd(@)y - = f( [Td% (o) - 1)> ey d00)y = [T dx, 3)
j=1 j=1

The potential for N-dipole particles at position (x), and with dipole moments
(0)y is given by
U((G)N,(X)N) = Z V(Gi,xi ;O-jrxj) (4)
1Zi<jEN

We also write that for o, '€ R

Ulao, x; 0’0", x;5(0)y (x)y) = Wylao, x;0'0", x5 (0)y, (x)y) + U((0)y, (x)y) )

Wyao,x;0'0’,x';(0)y, (x)y) = aa'V(0, x;0",X)

N N
+oy V(o,x;0,,x) +o Y V(d, X'36,,%).
j=1 j=1

One may check that W is the change of the potential energy when one introduces
two dipoles with moments ag and o'¢” at x and x’ respectively. For a system of unit

dipoles the grand canonical partition function in a compact region A < R3 is
defined by

gA('B’Z)= i ;]_Ny .‘. d(a)N .‘.d(X)Ne-ﬁU((G)N’(x)N) (6)

N=0 . (SZ)N AN

where we set the term corresponding to N = 0 equals to one. Let

p (B.z300, %00, x') = Z (B,2) " i %ﬁ [ do)y | d)y
=0 T (SN AN
z2exp[ — BU(ao, x;d'a", X3 (0)y, (X)y) ] (7)

The function p , is the two particle correlation function (distribution) with dipole
moments ao and o’'a’ at the positions x and x’ respectively. We define the effective
potential between a particle with dipole moment ¢ at x and one with dipole moment
g’ at x' by
2
W (B, z;0,x;0,x)= ——=—— L, Z,00,X,0'0',x 8
Bz )= = 7 s PP ) ®

a=a'=0

It is easy to check that the effective potential becomes the dipole potential (1)
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for either z = 0 or § = 0. From the results in [3] it follows that the thermodynamic
limit
W(B,z;0,0";x —x)=W(B,z;0,x;0,X)
=lim W (B, z;0,x;0",X) )
AR
exists and is translation invariant. We will discuss the existence of the thermo-

dynamic limit in more detail later.
We now introduce our main result. We denote

K =1V(6,0;0,0)< @ (10)
for |o| = 1. Our main result is:

Theorem 1. (a) For (4n/3)zBefX < 1, the effective potential W(B, z;0,0;x) between
two parallel dipoles separated by x€R? is not absolutely integrable.
(b) Forany B =20 and zeR, W(B,z;0,0;x) is square integrable.

Remark. (1) Part (a) of the theorem implies that for (4n/3)zBe’X < 1 (i.e. the high
temperature or low density region) exponential screening does not hold for the
dipole system. In particular, it implies that effective potential does not fall off
faster than | x| ™3 in some directions. The theorem (b) suggests that it falls off faster
than | x| ™32 for all B and z.

(2) The result is in contrast to the dilute coulomb gas for which by a slight
modification of Brydges method [1] one may show that the effective potential,
defined in the manner similar to that of (8) and (9), falls off exponentially.

The rest of this note is devoted to the proof of Theorem 1. As in [2] we will
express the partition function and the effective potential in terms of a Gaussian
integral. For details we refer the reader to [3]. Let du(¢) be the Gaussian measure
with mean zero and covariance given by V{(o, x;0’,x'). (Notice that V(o,x;0’,x")
is of positive type.) Let V be the operator on L*(R* x R3) defined by its kernel
V(s,x;0’,x"). For pe ¥ (R® x R3) and fe #(R? x R?) we have

[ du(@)e®D = e~ 1125V (11)
o

where { f,g > = [dc [d*xf (0, x)g(c, x). We define Wick ordering by
L) = ([ dpet) 1D 12)

From (11) and (12) it follows that

Iduﬁ:ei¢‘ff):=exp[~ Y <f,-,Vf,~>}

Jj=1 1<i<jsSN

By taking (0", x') - \/E(S(a’ —0,)0(x’ — x;) one concludes

N
fdu I1 < oIVB@ix)) . = o= BUWOIN,(X)N) (13)
j=1
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We define

Ch(¢) = Sj2d30'£d3x :cos(v/Bd(a,x)): (14)
From (13) the partition function can be written as

Z ((B,2) = [due” (15)
For F(¢)eL'(du) we write

(FY(B,2)=Z (B, 2)™" [duF(¢)e* (16)
Using (13) one may check that

P (B, 2300, x;00", X) = 22 1 @WBHO g VBTN (B 7) (17)
and so the effective potential can be written as

W (B, 230, x50, x") = { plo, x)plo”, X) ) (B, 2) (18)

The above somewhat formal derivation can be justified rigorously [3].
We summarize some results in [ 3] for our system. In [3] we have shown that
for fe #(R3 x R?)

< ) >(B, z) = lim < ei¢(f ) >A(B’ z)

ATR3

exists and it is the characteristic functional of a translation invariant probability
measure on #'(R* x R?) (Theorem 4.2, [3]). Furthermore, the limit

CH(NP()>(B,2) = lim <P (N)P(f) 4B, 2)

ATR3

exists and satisfies the bound (Theorem 4.3, [3]).
CHNGS)> B, 2) <KLV (19)

for all B and z. The above results are consequences of correlation inequalities [3]
(also see [6]). We will need the following result:

Proposition 2. For any fe #(R> x R?)

CHND)> (B, 2) 2 (1 — (4n/3)zBeP )£ V>

where K is defined in (10).
We postpone the proof of the proposition to the end of this note.
Using the translation invariance of the expectation { »(f, z) we write

{P(0,00¢(0,x) ) (B,2) = { $(o, — x/2)¢p(0,x/2) ) (B, 2)
= (2n) 32 [d*ke™*W (o, 0 k; B, z) (20)

We write

V(o,0;k) = 2n)~3? [d®xe **V(a, — x/2;06,%x/2)
=(0"k)*k 2|k (k)|? 1)
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Lemma 3. a) For (4n/3)zBeX? < 1 there exist a constant a > 0 such that

W(o,0';k;B,2) = aV (0,0 k)
b) For any ff and z
W(o,0;k;p,2) < V(o,0:k)

Proof. By choosing a sequence of function {f,},f, €%, such that
| fe', k)2 = 8(0" — 0)3(k' — k)

the lemma follows from Proposition 2 and the bound (19).

Using Lemma 3 we now prove Theorem 1. Without loss of generality we may
choose o = ey, the unit vector along the positive z-axis. From (18) and (20) it
follows that

W(x)=W(B,z;e;, — x/2;e,,x/2)
= (2ﬂ)—3/2fd3keik>xﬁ/(k) {22)

W (k)= Wley, e, :k; B, z) 23)

Proof of Theorem 1. (a) We assume that
fIw(x)|d*x <M

for some M < co. By deducing a contradiction we prove the theorem. From
Lemma 3 and (23) it follows that for (4/3)zBe# < 1 there exists a positive constant
a > 0 such that

k§ S 2 £ kg
a1z k(k)|* < W(k) §E7
where k= (k,,k,,k;). We assert that W(k) is not continuous at the origin if
(4n/3)zp-eXf < 1. Choose a sequence {k™}, k™ = (5*",5%",6"),0<d < 1.Asn— o0,
k™ —(0,0,0). From the left inequality of (24) and the fact that (0) = 1 it follows
that lim W(k™) > a. Next, choose a sequence {k®}, k™ = (5" 6" 52"),0< 5 < 1.

From the right inequality lim W(k) = 0. This proves our assertion. We note that

Wik) — W(K) = (2m)~ %2 [(e™* — e %)W (x)d>x

By the assumption and the Lebesgue dominated convergence theorem we conclude
that

R(k)|? (24)

Wk)—W(k) as k —k for all keR3

i.e. W(k) is continuous for all k. But this contradicts the previous deduction that
W (k) is discontinuous at the origin. This proves Theorem 1(a).

(b) Theorem 1(b) follows from the right inequality of (24). Thus we have proved
Theorem 1 completely.

We now prove Proposition 2.
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Proof of Proposition 2. To show Proposition 2 we will use integration by parts [5]:

[dud(, )F($) = | du[f Eo [dxV(o,x;0,x) = — 4)( 5 (¢)}
0
o¢(o, x)

The above formula is a consequence of the gaussian nature of the measure du(¢)
and it can be justified by finite approximation of du(¢).

dlo',x") = (g — 0")o(x — x') (25)

Remark. Alternatively one may derive the inequality (28) below directly (without
using (25)) in the following way: expand exp [ zC% ] by Taylor series in the both sides
of (28) and compare the coefficients of z¥. Using the gaussian integration (13) one
may compute the coefficients of z¥ of the both sides of (28) explicitly. These co-
efficients are

%fdaafd:’xjd%’jd%’f(a, x)f (0, x)
~f d)y | dx)y Wy(o,x;0",X;(0)y, (x)y)e L™

(SZ)N AN

where

Wy(0,x50",X'5(0)y, (x)y) = V(0,x;0,x)
N
- ﬁ[ Y. Vio,x;05,x )][ ) V(c’,X’;oj,xj)]
j=1 ji=1
In this way one may prove the equality of (28) directly. In this sense we do not need

(25) to show Theorem 1.
We now use (25) to derive (28) below. Define

Aﬁ(‘f’) = ”d36d3xf(o, x)V(o,x;0',x") 5¢(¢f’, 9 Cﬁ(qﬁ)
= — /B [ & [&*x(Vf)(0,x) :sin(\/B(0,x)): 26)
s? A
Bi(¢)= + 5d3afd3xf(a,x)V(a,x;a’,x)54)( 9 Ab(9)

= — B [ &0 [&x|(V[)(0,X)|* :cos(/Bp(o,x))
S2 A
where
(Vf)(o,x)= [dc’ [d*x'V(e,x;06",X)f (0", X') 27

From (25) and (26) we obtain

[o(Ne(NeCadu= £V Z (B,2)
+ 2% [du| A%(9)|?e*4 + 2 [ duB’(p)e* (28)
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The second term of the right-hand side in (28) is positive. Since

| :cos(y/Be(a,x)):| < K

where K is defined in (10), we conclude that
OGS aB2) 2L L VS D — zfef Sf2d30 /{d3x[(Vf)(o,x)[2 (29)
We write
F(k) = [d3a(a- k)f (0, k).
We now use the definition of Vin (1) and the fact that
[d&c [&x|(V)(0,x)]? < [ &o [dx|(VS)(o,x)|*
52 A S2

Kk(k)| <1 to obtain

= {0 ek R Rl Fuoruo
S2

<(@n/3)[d%k k—12 | R(k)|? F(k)F (k)

= @n/3) L VD (30)
Using (30) and taking the limit ATR> of (29) we complete the proof of Proposition 2.

Note. After the completion of this manuscript we learned that J. Frohlich and T. Spencer have obtained
a result similar to ours by a different method [8].
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