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Abstract. Distinguished self-adjoint extensions of Dirac operators are charac-
terized by Nenciu and constructed by means of cut-off potentials by Wiist. In
this paper it is shown that the existence and a more explicit characterization of
Nenciu’s self-adjoint extensions can be obtained as a consequence from results
of the cut-off method, that these extensions are the same as the extensions
constructed with cut-off potentials and that they are unique in some sense.

In the Hilbert space H': = (L*(IR3))* the minimal Dirac operator of a spin 3 particle
with non-zero rest mass under the influence of a potential ¢ :IR3 —»IR (R3 : =IR*\{0})
q measurable, is given by

T:=(p+p+q9ID,,
Dy:= (C3(RY))*
(cf. [2, 6, 10] for more details).
We consider Coulomb like potentials g, i.e. potentials g with
i =sup [xg(x)| <o .

Then T is essentially self-adjoint if <2 ]/5 (cf. [6]) and in general not essentially
self-adjoint if u>4 ]ﬁ

But as long as u< 1, physically distinguished self-adjoint extensions of T still
exist :

By means of cut-off potentials we have shown in [8-10], that for ¢ semi-
bounded from above (or from below) and u<1

T:=T*ND(T*)nD(r )"
is a self-adjoint extension of T (cf. the appendix for not semibounded potentials).
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1 For aeR we denote by #* the closure of the multiplication operator
R,:Dy—H, u(x)-|xu(x) (ueD,, xeR3).
The multiplication operators g, r*q are defined analogously
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The physical interpretation of this operator T is that all states in D(T) have
finite potential energy. Obviously, T is the unique self-adjoint extension of T with
this property (cf. the introduction in [4]). For if S is a symmetric extension of T
with D(S)CD(r~'/?), then SCT (cf. proof of the theorem).

If ¢ is not necessarily semibound, but still £ <1 holds, Schmincke proved in [7]
by another method that T is self-adjoint (cf. Kalf [1] that T is closed).

Finally, if

Too:=(a-p+p)IDy,

Ty =Ty
denotes the operator of the free particle and u<1 is satisfied by ¢, Nenciu [4]
showed that there exists a unique self-adjoint extension T of T such that

D(T)CD(T,|"?)

where the inclusion can be interpreted as the fact that only states with finite kinetic

energy are in the domain of T,

We show in this paper that in the case of semibounded potentials g with x<1
the existence and uniqueness of such a self-adjoint operator T is an easy conse-
quence of the results in [10] and that T is explicitly given and equal to T.

The results are still valid without the assumption of semiboundness of g as we
sketch in the appendix. But, since the case where I_i_I__I(l) g(x)= — lim g(x)=co has no

X x=0

physical interest we restricted ourselves in [9, 10] and in the main part of this
paper on semibounded potentials.

Theorem. Let q:R3 >R be a measurable function, semibounded from above or from
below and

pi=sup Ixg(x)|<1.

Denote
T:=T* N D(T*)nD(r~V/2))

T:=T* H(D(TND( T, ")
(T, T, as above).
Then T, T are self-adjoint and

T=T. (1)

Moreover, T and T are the unique self-adjoint extensions of T with domain
contained in D(r~''?) or D(|T,|*'*), resp.

First, we prove the following

Proposition. Under the assumptions and with the notations of the theorem
D(T)CD(Ty|*?) @
holds.
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Proof. Let {q,}, , be a family of bounded cut-off potentials as in [10, Theorem 4]
and

T:=Tyo+tgq, (t>0).

Then {T}},. , has a strong resolvent limit which is self-adjoint and equal to T8,
10].
The multiplication operators rg, (t >0) are uniformly bounded and

s— lim 7q,=7q . A3)

t— 0

r~ 12 and r ! are relatively bounded with respect to T, and so with respect (o | Ty
(cf. [9, Lemma 3] with ¢=0, or [10, Lemma 3] and [2, §V.54]).
¥~ 12 is also relatively bounded with respect to T For, if ueD(T) then there
exists a family {u} .o with lim u =wand lim Tu,=Tu. But then {r™ 'y} ., is
weakly convergent to r~*?u (see the 2nd step in the proof of the theorem in [9]),
thus [[r~ 2 <lim |~ "?y,|. By Lemma 3 in [9] we have
(L=wllr™ 2 < Tu | + 20w ]| (>0)

and so

(L= wllr "2u| < Tull +2lu|  (ueD(T)). 4)

Moreover, 0 is in the resolvent set of T,, T, (t>0) and T (cf. [107). Therefore the
following operators are everywhere defined and bounded:
r—'lTO—l’ (],—17'2)-1)*:7;)—‘11,“)
V— IITO! ! k)
}.~1/2|TO|—1/2 (},~1/2|Tol-1/2)*=|—7§|7m’
(cf. [S, Theorem X.187)
,.—1/2TO~1’ (I,~1/2T071)*:7‘~T1'“—r‘1/2

0
Ry

5

)

Using (3), (5), the strong resolvent convergence of {7;},., and the second
resolvent equation we have for ue H

T =T+ Ty T T rgT
=Hm (=T g, T+ T rg T ul=
t—=w
<Tm | T, T Y (g I 1T tu—T tul
t— oo

+ 17, ~ T T~ ")
:O N
which gives the representation

T =Ty =T, 5 Vg T (6)
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For ueH and veD,
(T, T TrqT 'u, Too0)— (T, T Prgr= V2T 1y, Toov)
=g T 'u,r~ )= (r~Y2rq T~ tu,r~120)
=0.
Since TyoD,, is dense in H,
To o lrqT =T, r Prgr 2771, )
The Egs. (6) and (7) together with the inclusion
R(Ty 1)=D(To)=D(T,) CD(IT,| ")
show that it is sufficient for (2) to prove
AT, T DT, ®)
But by the functional calculus for self-adjoint operators (cf. [5, VII])
ol T ! T2
is a densely defined and bounded operator, therefore
Ty =Tyl AT Ty T 2T 2
=Tol ™ IT 2 Ty T Tl ™12
and with (5)

TO_ 1}‘_ 1/2 ITOI_ 1/2]T0I1/2T0— llToll/leor 1/27‘_ 1/2 ,

which proves (8).
Proof of the Theorem. r~*' is relatively bounded with respect to | T,|'/?, therefore
D(T,I"*)cDr™ ).
Together with the proposition this inclusion gives
D(T)=(D(THND( Ty ) C(D(THND~12)
=D(1)=(D(T*)ND(D) (DTN DT, 2)=D(T),

which proves (1).

The self-adjointness of T is proved in [107]. Finally, since every symmetric
extension of T is a restriction of T* and therefore every symmetric extension S of T
with D(S)CD(r~/?) or D(S)CD(|Ty|'"?) has to be a restriction of T or Tresp., T
and T are the unique self-adjoint extensions with these properties.

Appendix

We sketch the way how the results can be proved in the case of a non-
semibounded potential g by means of a double cut-off procedure.
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Let ¢:R3 —»IR be a measurable function and

ur=sup|xg(x)|<1.
R

Denote
q"(x): =min {1, g(x)} (xeR3,7>0)
q9(x):=max {—t,q7(x)} (xeR3, >0, t>0)
O =Ty,+q? (t,7>0)
TO =T, +q® (>0)
T =Ty+q.

For each 7>0 we can apply Theorem 4 in [10], which shows that the strong graph
limit T of the family {T\"},., exists, is equal to the strong resolvent limit of
{T\™},., [8], that

TO = TO* N D(TO*)D(r~V/2))

and T® is a self-adjoint extension of T® .
Moreover, we have

D(T®)=constant  (t>0) ,
TO-T=¢"—¢®  (1,7>0)

and

T0ul2 {1 V=l weD(T >0

(cf. [10, Theorem 5]).
This allows us to apply the convergence theorem [8], and [10, Theorem 1] a
second time, now with respect to the family {T®™}_. . Thus, the strong graph limit

T:=g—1lim T®
exists is a self—adjoint extension of T and has at least the spectral gap

( [ 1—=u=, |/'1—u?|(see [3] for a best possible result). Since (4) holds
1+p I 1+u +u

for T® uniformly in ©>0, the argument in the second step of the proof of the
theorem in [9] shows

D(T)cD(r=1?) . )
By definition of 7 for every ue D(T)

u=lim lim lim w7,

T—>0C {00 H— 0

Tu=lim lim lim TOul),

T—00 [0 n—=>0

hold with a suitable family {u"), =0 in D,
>
neN
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Then the method in the first step of the proof of the theorem in [9] allows us to
show that

D(T*)D(r~?)CD(T) .
From this and (9)
T=T*ND(T*)nD(r~ 1) =:T

follows.

To get the results of the theorem in this paper for a nonsemibounded potential
g, we only need to show that (4) and (6) are still true for the above operator T. (4) can
be proved in the same way, because it is true for T, uniformly in 7> 0. (6) follows
immediately from the fact that the multiplication operators r¢!” (>0, t>0) are
uniformly bounded in ¢, >0 that

s-lim s- lim r¢? =rg

i andive] =00
and

s-lim s-lim 70 ' =5-lim 7O '=T"1.

>0 t— w0 T %0
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