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Abstract. Distinguished self-adjoint extensions of Dirac operators are charac-
terized by Nenciu and constructed by means of cut-off potentials by Wust. In
this paper it is shown that the existence and a more explicit characterization of
Nenciu's self-adjoint extensions can be obtained as a consequence from results
of the cut-off method, that these extensions are the same as the extensions
constructed with cut-off potentials and that they are unique in some sense.

In the Hubert space H: = (Z.2(IR3))4 the minimal Dirac operator of a spin \ particle
with non-zero rest mass under the influence of a potential q :1R+->R(1R+ : =IR3\{0})
q measurable, is given by

D0:=(C»(IR3

+))4

(cf. [2, 6, 10] for more details).
We consider Coulomb like potentials q, i.e. potentials q with

μ : = sup \xq(x)\ < oo .
R^

Then T is essentially self-adjoint if μ<2 ]/3 (cf. [6]) and in general not essentially

self-adjoint if μ > \ J/3.
But as long as μ< 1, physically distinguished self-adjoint extensions of T still

exist :
By means of cut-off potentials we have shown in [8-10], that for q semi-

bounded from above (or from below) and μ < 1

f :=Γn(D(Γ*)nD(r-*))1

is a self-adjoint extension of T (cf. the appendix for not semibounded potentials).

* On leave from Universitat Zurich, Schόneberggasse 9, CH-8001 Zurich. Supported by Swiss
National Science Foundation
** On leave from Technische Universitat Berlin, StraBe des 17. Juni 135, D-1000 Berlin

1 For αelR we denote by rα the closure of the multiplication operator

RΛ:D0->H, ιφc)->|xfXx) ("e£>0, xeIR3

+) .
The multiplication operators q, rΛq are defined analogously
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The physical interpretation of this operator f is that all states in D(f) have
finite potential energy. Obviously, T is the unique self-adjoint extension of T with
this property (cf. the introduction in [4]). For if S is a symmetric extension of T
with D(S)cD(r~1/2)5 then Set (cf. proof of the theorem).

If q is not necessarily semibound, but still μ < 1 holds, Schmincke proved in [7]
by another method that T~is self-adjoint (cf. Kalf [1] that f is closed).

Finally, if

T — T1o ~ -Όo

denotes the operator of the free particle and μ < 1 is satisfied by q, Nenciu [4]
«

showed that there exists a unique self-adjoint extension T of T such that

D(T)CD(|Γ0|
1/2)

where the inclusion can be interpreted as the fact that only states with finite kinetic
«

energy are in the domain of T.
We show in this paper that in the case of semibounded potentials q with μ < 1

the existence and uniqueness of such a^self-adjoint operator t is an easy conse-
quence of the results in [10] and that t is explicitly given and equal to t

The results are still valid without the assumption of semiboundness of q as we

sketch in the appendix. But, since the case where lim q(x) = — lim q(x) = oo has no
χ-»0 χ_>0

physical interest we restricted ourselves in [9, 10] and in the main part of this
paper on semibounded potentials.

Theorem. Let g:lR+-»]R be a measurable function, semibounded from above or from
below and

μ : = sup \xq(x)\ < 1 .
Rl

Denote

(T, T0 as above).
Then T, T are self-adjoint and

f=T. (1)

Moreover, f and f are the unique self-adjoint extensions of T with domain
contained in D(r~1/2) or D(|T0|

1/2), resp.

First, we prove the following

Proposition. Under the assumptions and with the notations of the theorem

D(t)cD(|T0|
1/2) (2)

holds.
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Proof. Let {qt}t>0 be a family of bounded cut-off potentials as in [10, Theorem 4]
and

Then {TJ ί>0 has a strong resolvent limit which is self-adjoint and equal to T [8,
10].

The multiplication operators rqt (t > 0) are uniformly bounded and

s— lim rqt^=rq . (3)
t ~~* oo

r~ 1 / 2 and r~ί are relatively bounded with respect to T0 and so with respect to |T0|
(cf. [9, Lemma 3] with q = 09 or [10, Lemma 3] and [2, §V.5.4]).

r ~ 1 / 2 is also relatively bounded with respect to f. For, if ueD(f] then there
exists a family {ut} f > 0 with lim w t = w and lim Ttut = fu. But then {r~1 / 2w f} ί > 0 is

weakly convergent to r~ί/2u (see the 2nd step in the proof of the theorem in [9]),
thus \\r~1/2u\\ g j l im | |r~ 1 / 2w ί | | . By Lemma 3 in [9] we have

(i-μ)\\r~^2ut\\^\\Ttut\\+2\\ut\\ (ί>0)

and so

( ί - μ ) \ \ r - u 2 u \ \ ^ \ \ f u \ \ + 2 \ \ u \ \ (ueD(f)) . (4)

Moreover, 0 is in the resolvent set of T0, Tί(t>ΰ) and T (cf. [10]). Therefore the
following operators are everywhere defined and bounded:

_ _
/ -1/2|T | -1/2\*_ |Y I -1/2 -1/2

. ' v M o l / ~ ~ M o l ' '

(cf. [5, Theorem X.I 8])

(r- 1/2T0-
 l}* =

Using (3), (5), the strong resolvent convergence of {7J}ί>0 and the second
resolvent equation we have for

-0,

which gives the representation



174 M. Klaus and R. Wust

For ueH and

~lu,TOQv)

= 0.

Since T00D0 is dense in

= T-1r-1/2rqr-ί/2T-1 . (7)

The Eqs. (6) and (7) together with the inclusion

show that it is sufficient for (2) to prove

^~™ Ί2Y (8)

But by the functional calculus for self-adjoint operators (cf. [5, VII])

is a densely defined and bounded operator, therefore

τ0~
 l = |T0r

 1/2|

and with (5)

Tπ- l r - l/2_ | T | - l / 2 j π π 11/27— 1 IT- I 1 / 2 IT | - l / 2 y - l / 21o r ~~Mol Mol 1o Mol Mol r '

which proves (8).

Proof of the Theorem. r~ 1/2 is relatively bounded with respect to |T0|
1/2, therefore

^(|T0 |
1/2)CD(r-1/2).

Together with the proposition this inclusion gives

which proves (1).
The self-adjointness of f is proved in [10]. Finally, since every symmetric

extension of T is a restriction of T* and therefore every symmetric extension S of T

with D(S)cD(r~1/2) or D(S)CD(|T0|
1/2) has to be a restriction of T or T resp., t

and T are the unique self-adjoint extensions with these properties.

Appendix

We sketch the way how the results can be proved in the case of a non-
semibounded potential q by means of a double cut-off procedure.
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Let q :1R+ ->R be a measurable function and

Denote

qM(x) : =min {τ, q(x)}

-t,q(τ\x)} ( xeIR;, τ>0, ί>0)

jv> :-Γ0 + ̂ τ) (ί,τ>0)

T^ : = T00 + q(τ} (τ>0)

T :-T00 + q.

For each τ >0 we can apply Theorem 4 in [10], which shows that the strong graph
limit T(τ) of the family {T/τ)}ί>0 exists, is equal to the strong resolvent limit of

{7™} t>0[8],that

f(τ) __ J(τ) * f (/5(7Xτ) *)n/}(r- i/2))

and T(τ) is a self-adjoint extension of T(τ).
Moreover, we have

D(f(τ)) = constant (τ>0) ,

and

(cf. [10, Theorem 5]).
This allows us to apply the convergence theorem [8], and [10, Theorem 1] a

second time, now with respect to the family {'F(τ)}τ>0. Thus, the strong graph limit

exists, is a self-adjoint extension of T and has at least the spectral gap

" 71 — μ2,- - I/I— μ2 (see [3] for a best possible result). Since (4) holds
±+μ v " Ί+μ

for T(τ) uniformly in τ > 0, the argument in the second step of the proof of the
theorem in [9] shows

D(Γ)cD(r~1 / 2). (9)

By definition of TJ for every ueD(T)

u = lim lim lim w j τ ) ,
T-»OO ί-»oo tt-+ oo '

7Ίw= lim lim lim T(τ)ι4T)

t t.n
T~>00 I ~* 00 Π~^OO

hold with a suitable family (tίr

(^}τ>0 in D0.
ί > 0
neN
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Then the method in the first step of the proof of the theorem in [9] allows us to
show that

D(T*)nD(r~1/2)cD(t) .

From this and (9)

follows.
To get the results of the theorem in this paper for a nonsemibounded potential

q, we only need to show that (4) and (6) are still true for the above operator f. (4) can
be proved in the same way, because it is true for T(τ), uniformly in τ >0. (6) follows
immediately from the fact that the multiplication operators rq^ (ί > 0, τ > 0) are
uniformly bounded in ί, τ > 0 that

s- lim 5- lim rq(

t

τ) = rq
τ-> GO ί-* GO

and

s- lim s- lim T τ ) ~ l = s- lim t(τ) ~ ' = f ~ 1 .
τ-»oo
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