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Abstract. For infinite classical systems a class of spatially homogeneous
perturbed states is defined, and used to give a direct proof of the fact that
global thermodynamical stability implies the (classical) KMS-condition.

§1. Introduction

The classical KMS-condition or the equilibrium condition on the state of a
classical finite system is known for a long time (see e.g. [1]). It is however only
recently [2,3] that it has been studied as equilibrium condition for an infinite
system. This equation for an equilibrium state should be supported by its connec-
tion to properties of stability. It has already been proved [4] that dynamical
stability, supplemented with cluster properties leads to KMS-states, exactly
as in the quantum mechanical case [5]. It is known that the variational principle
for the free energy, yields the KMS-property.

This property can be seen to hold true, via an indirect proof, through D.L.R.
equations, Kirkwood-Salzburg equations under some conditions [2,3,5,6,7].
In this paper we close the circle by giving a direct proof which gives itself an insight
in the physical mechanisms which are involved, in particular we present the
variational principle as a notion of what could be called thermodynamical stability.

We formulate the variational principle for infinite classical systems under
some conditions which are general enough to include the results of [8] and [9].
The main point is now that we give explicitly a class of states of the system which
are spatially homogeneous, slightly perturbed from the equilibrium states in a
dissipative way. The physical idea behind this dissipative perturbations, in contra-
distinction with automorphic perturbations, (see the notion of dynamical stability
in [4,5]) is that the system can be looked upon as a subsystem in interaction
with a heat bath. As such the variational principal becomes then a notion of
thermodynamical stability or “open system stability”, exactly as in the quantum
mechanical case [ 10, 11]. We do not give the perturbations in terms of a semigroup
of positive, unity perserving maps of the algebra into itself, as in the quantum
case, but we perturb the states.
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$2. Homogeneous Perturbed States

First we introduce the algebra of observables and a set of states associated with a
family of density distributions as in [12].

The algebra, a suitable class of functions on the phase space, is not at all
unique. We choose the algebra of [13] which is generated by the exponential
of a class of testfunctions.

The use of this algebra was essential in [3]. We denote by A always a bounded
open set of R”,veN. Let A be the set of infinite countable subsets x of R” x R*
such that x4 x R contains only a finite number of elements. 7" is called the
set of configurations. Let ¢ be the set of real C*-functions of compact support
in R" x R". For each element f €@ define the function Sf from " to R by: for

x=(x)2 =(q, P2 EX
(5)09 = Y. (x,).

We denote by W(f) the bounded function on #" defined by

W(f)=expiSf.

Finally the algebra of observables " is the abelian algebra generated by the
set {W(f)| fe0}.

Now we consider a subset of states #. For every 4 < R” and neN, let i, be a
positive measure on (4 x R")", symmetric in its arguments; (%)% ; is a family
of density distributions, if the following conditions are satisfied:

a) normalization:

S (A x Ry = 1.
n=0

b) compatibility:

if feO®
with support in 4 x R then for all A'> A
Z ) & " i ¥ s
Z fdps (xy,...,x,) Z fdui(x,,....x,)e =

Given any family (1), a state @ on ./ is determined as follows: for each
f €0 with support in 4 x R

o(W(f) = fduyx,,....,x)expi ), f(x,).
nz0 k=1
The set of states obtained in this way is denoted by #. A subset # of Z is
the set of states satisfying moreover the following conditions:
() The measures p% are absolutely continuous with respect to the Lebesgue
measure, with differentiable weight functions ¢” i.e.

1
AH(X) = - (X)dX
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where X =(x,,...,x,),dX =dx, ...dx,.
(ii) The states are translation invariant i.e. for all aeR"

" (X)=0", (X +a)

where X + a is a shorthand notation for (¢, + a,p,,...,q,+ a,p,).
(iii) For f=(f*, f2,..., f*) where the f" are real bounded differentiable functions
on (R?")" with g-support in A, define Sfon " as

(SO(Xyseennx,) =, i Zn:f"(xil,...,xip),

p=0ij=1 ip=1

the following sequence Y, u(Sf) converges (see also [3] where an analogous
n=0
condition is imposed).

(iv) Finally a condition on the existence of the kinetic energy density ; the following
limit exists

lim ZfZ pAiduA(xl,...,x")

A-swnz0 i=1 <M V(a)

where m is the mass of the particles and V(A) = [dx. The limit A4 — oo will always

A
be understood in the sense of increasing cubes.

Our next task is to introduce a suitable class of homogeneous perturbed
states. For each we# and ¢ element of R small enough (see later) we define a
new state o, also belonging to F.

Let u and v be any pair of elements of .7 of the form

u=yY(Sf);v = P(Sg) (1)

where V, ¢ are real linear combinations of sin and cos on R; f and g elements
of O with g-support in A,.

For any he® with support in 4 x R” and for ¢t small enough, let

(W) =Y. [dupX)W(h)(X,) )

nz0

where

! 0 )
W(h)(X)=expi Y. hig, +t | u/(X) 5. 0 X)da, p — ¢ fu(X) 5 taX)da)
k=1 RY Dy RY qx
and
u(X)=uX — a),v,(X)=v(X —a),

I'2 A= A+ I'(0);I'(0) is the unit cube in R® with center zero; the summations
in the arguments of & are understood to be component by component.
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Remark that

ju (X) v J[(X)da

<vialel |#1| %) = ®

where

]l = sup [u(x)]

d
| @] = sup| -~ ¢(x)
t “ » |20a: p)l'
Analogously

jua(X );{; v(X)da|< N

4

where M and N are finite constants. Hence for ¢ satisfying

0<|¢| <min(1/N, 1/M)

) . ~ ) 0
each configuration (x;,...,x,)¢(Ad x R")" yields (g, + tfu, . vda,...,p,
0 1
—tfu “6 v da)¢(A x R,

Therefore outside of the support of W(h). By the compatibility condition
of (i), , definition (2) is independent of I' and therefore defines a state on .«/.

Lemma 2.1. For any weF and small teR, the state w, on </ determined by (2)

belongs to F ; the corresponding family of measures (ut Wnzo 18 defined by: for
all he O with g-support in A,

Y Jdu OWRX) = Y. [dus(X)WH)(X,). 5)

nz0 nz0

Proof. The family (47 ,),, of density distributions is uniquely determined by
the relation (5) as the induced cylinder measures which are also absolutely conti-
nuous with respect to the Lebesgue measure by (i). That the weight function
is differentiable is ensured by the assumptions on u and v.
As the perturbation is homogeneous, also w, is space translation invariant.
Using the boundedness of the functions in @, condition (iii) is immediate.
Finally we verify (iv):

nz0 i=1

0 i
V(A) L) ,Zl (i = tfu, 5 vl dy5(X)
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ZJ uAp?——Zf MAZPJU

n>0 n>0

S | du i;(fuaaiq‘:day.

nz0

V(A)
The first term converges as A — oo by (iv).
Using the translation invariance and the compatibility of (u), the second
term converges to — 2tw<T(S f )(b’(Sg)S(p g%))
The third term equals

t? . T ov ov,
V(A) nz jd‘uz z jda[u aqijdbub 0q; ]a

20 i=1

and so converges—for the same reason as the second term-—to

2] w(t//(Sf)w(Sf) #(59)'(S9) S< g ag“))da

where the last integral is over a bounded set.

For any pair W(h) and W(]) of generators of the algebra .oZ, their Poisson
bracket is given by

(W), W)} = iW(h+ DS{h.1}

oh 0l  0h 0dl
h =t —

where {h, I} (x) %4 o p 0

Remark that the right hand side of formula (2) is differentiable with respect to
tatt =0 term by term.

After summation of the differentiated terms

giwt(W(h)) = [olu {W(h),v,})da. (6)
t=0

Because of (iii) and

| feolu (W), v} )dal < [ull | ¢']| [dac(S| {.g,}])

formula (6) converges.
Finally we remark here that if the map w — w, is formulated as a map of

[ee]

@ (R*")" into itself, it is clear that it does not always represent a physical evolution
because the local finiteness condition might be violated after an infinitely small
time delay ¢.

§3. Variational Principle and KMS-Condition

We start with a formulation of the variational principle or the global thermo-
dynamical equilibrium condition.
Suppose that for all 4 = R”, the local Hamiltonian H, with open boundary
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conditions is given by: for any configuration X = (x, ..., x,),x,€4 x R",

2
HX)= ¥ o4 T 6. )
xi=(qi,pi)eX Ysx
The interaction part is determined by the potential ¢, a real function on the
non empty finite subsets of the physical space R’ ;¢ can be considered as a symme-
tric function on () (R)":
nz1

d(X) =y, 9,

Furthermore we suppose
(i) translation invariance; for all aeR": (X)) = ¢(X + a)
(ii) at most k-particle interactions: ¢(q,,...,q,) =0if >k
(i) there exists finite sequence of functions e(¢p) = (e',e?, ..., €"); the e are real
bounded differentiable functions on (R?*)' with compact support and such that
for A large enough

Y. #(Y) = [daSe($)(X — a). t)
YeXx A

The motivation for these conditions is found in [9] and [8] where they are
proved to hold for bounded pair potentials respectively for the hard core system.

However we have the more restrictive condition of finite range interaction.
Remark further that the kinetic energy T, :

TX)= Y p?/m

xi=(qi,pi)eX
also can be written as follows: for A large enough up to boundary effects,
T (X) = [da(St)(X + a) ©)
A

where t(q, p) = &(q)p*/2m, and ¢ is a C*-function on R’ with support in I'(0) such
that | e(q)dg = 1.
F(O) .. . .
Conditions (iii) and (iv) imply now:

Condition 3.1. We restrict # to the states w, for which the following limit exists

- o(H,)
lim "= 0(S(e +el6)

This set is also closed under the perturbations.

Definition 3.2. Let @ be an element of  and ¢ an interaction as defined above;
and s(w) finite, where s(w) is the entropy density of the state w [14] given by

s(w) = /1‘120 inf SV“’((//:))

o is called globally thermodynamically stable (G.T.S.) at inverse temperature
piffor all pe & :

Bo(S(t + e(9))) — s(p) 2 BexS(t + e(¢))) — s(w)
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1
Sol) = = %, -5 [dXa(X) log o7(X).

nz0"""

Remark that,if X < (4 x R*)"thenforall A’ > A the expression {H ,,, W(h) } (X),
he0 is independent of A’, expressed by

{H, W(h)}(X) = lim {H,, W(h)}(X).

Furthermore w(W(f){H,W(g)}),f,ge0 exists as can be checked analogously
as was done for formula (6).

Definition 3.3. Any state weZ is said to satisfy the static KMS-condition [1,2,3,4]
at inverse temperature f for a Hamiltonian H if for all f, g€ O:

Bo(W(f){H,W(g)})=o({W(f),W(g)}).
Now we formulate our main result:

Theorem 3.4. If weZ satisfies GTS (Definition 3.2) then w satisfies KMS (Defini-
tion 3.3) for the same temperature and the same interaction.
The proof of this theorem is based on the following steps.

Lemma 3.5. With w,,seR defined as in (2):

lim (&S_—“’)(sa + e$))) = ou{H,v}).

s-0
Proof. From (6) and condition (iii) and (iv) on w

lim ((”S—_‘”-)(S(t + e(¢)))

s=0 S
= [o(u,{S(t + e($)), v,} )da.
Using the spatial invariance of w and the relations (8) and (9) we get the lemma. [

Lemma 3.6. With the notations of above:

Ss(@) = lim infw > o {u,0}).
t>0+
Proof. Consider (I'(m)),, an increasing absorbing set of cubes of R". First
suppose that w is such that for all n and 4, ¢"(x) > 0 for all xe(A x R’)". Using
the definition of the entropy density (Definition 3.2)

55(e) = lim inf @2 =)
t—>0*
L1 So(Tm) . S (F(m))]
= lim inf —| lim inf —2——= + lim sup — -2 .
t—=0+ [ m-— V(F(m)) m p V(F(m))
There exists a subsequence (I'(m,)),, such that
lim sup SO _ ().
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hence

5s(e) = lim inf lim sup S 7%) = Su(L(m,))

t—>0* My 0 tV(F(md))
N
= lim inf lim sup{ — lim ) I ax[o} r (X) 110 07 r
150%  mymw U Nown=0 (Fme) xRy T T
1
— O';l.(md)(x) log O';(m“)(x)] m} (10)

There exists a net (€2, ;); of compact subsets of (I'(m,) x R")" such that

[ dax[...]= lim [ ax[...].

(I'(mg) x RV)? Qn,j=(L(mg) x RV)" 4,5

As we supposed that the weight functions are strictly positive on compact sets
the function

s— X0 o y(X) lOg 0% 1 ()
24,

do}
is differentiable, and u51ng—”;1@"~“)—~ fda{v,, u,07 oy} (X) +tC"(Y) for some

Y between x and x,, obtained from (6), after partial integration, C" is obtained
from the mean value theorem. Because of (3), (4): | C( Y)| < nP where P is a constant.
As the correction term vanishes if I'(m,) — oo in (10), from now on we disregard
this contribution, and:

lim { f dx[]}
nj_'(r(mm)XRv)“ an

d
= g:lj IdS E j. dXO's T(my, )(x) lOg O'S I'(my, )(x)

= lim jds §dx [da[ {v,,u,07 1} (x) 10g 07 1. (x)

an 0 an

+ {U U, sI“(mu)}] (11)

The second term of this expression adds up to %a)s(l)=0. Therefore we

drop it from now on.

Due to the compact support of fand g (see (1)) for 2, ; large enough the right
hand side of (11) is independent of this domain of integration. Remark that all
integrals are over compact sets, such that the orders of integration can be inter-
changed. Then performing partial integration we get, using (10) and (11):

iminf lim sup fim 3 % i U} ()
0s(w) = liminflimsup lim ) -——|ds|da|dx Ts.Lm) Ma> Va) )
t=>0* ma—'oop N-w nzo n! j I j V(F(ma))
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Using the compatibility and the translation invariance of the states:

0s(w) = lim inf lim sup lim Z ~1—— fds

t-0*  mg—>o0 N n=0

V(S
[Vér((’:a:;; Jdxa§ 4, (x) {0} (x)

1
+ mmj dafdxo? p ., () {u,,v }(x):l
where S(m,) = {a€l'(m,) — AOIF(ma) —a=24,} and R(m,) is the complement
of S(m,) in I'(m) — A,. Remark that
V(Sim,) _
V(I(m,))

. V(R(m a)) _
i Fm))

lim

My

therefore by condition (iii) only the first term survives and

2 11
ds(w) = lim inf ). =7

t=0* n=0

i ds {dxa? , (x){u,v}(x)
0

The lemma is proved if we prove that the map s — w({u,v}) is continuous.
This follows from:

o, — o) (o} < 3

n=N

N-1
+ 2 fdu(o)] {u, v} (x) = {w, v} (x)].
n=0

fdpn(x) {u, v} (x,)| +

The first and second term are small for N large enough independent of ¢ and
s in some small interval around zero by (iii) and the boundedness of the derivatives
of Y, ¢, f and g. The last term is small for |t — s| small enough by the uniform
continuity of {u,v}(x),x =(x,...,x,),n<N.

Finally we eliminate the positivity condition on the weight functions. If w
does not have this positivity property consider then the state o = (1 — t)w + 1p;
te(0,1)
where p is the state with weight functions (see [13])

oy(x) = exp[ — V(A)n""?] exp[ -2 p?]~

It is clear that peZ and that the state o has the positivity property for all
1€(0, 1). From the above argument we have

ds(w") = w*({u,v});7€(0, 1).



200

B. Demoen and A. Verbeure

As the entropy density is affine [ 14] we get
(1 = 1)3s(e) + 105(p) = (1 — oo { 8}) + ({11, 0})

Because ds(p) is finite, we get the result, letting T tend to zero.

Proof of Theorem 3.4. Suppose that w satisfies GTS, then for w_ as in (2)

lim inf

s—=0"*

OO+ ) 2 a50)

by Lemma 3.5. and 3.6. we get

Bow{H,v}) = o({u,v}).

As this also holds for u replaced by — u, we get the equality

Bo(w{H,v})= o({u,v}). (12)

Choose subsequently u = cos Sf; sin Sf and v =cos Sg, sin Sg. By linearity of
the Equation (12) we get the theorem.

Acknowledgement. The authors thank Professor H. Araki for numerous suggestions to improve
the paper.

References

. Kubo, R.: J. Phys. Soc. Japan 12, 570 (1957)
. Gallavotti, G., Verboven, E.: Nuovo Cimento 28, 274 (1975)
. Aizenman, M., Goldstein, S., Gruber, C., Lebowitz, J. L., Martin, P.: Commun. math. Phys.

53, 209 (1977)

. Aizenman, M., Gallavotti, G., Goldstein, S., Lebowitz, J. L. : Commun. math. Phys. 48, 1 (1976)

Haag, R., Kastler, D., Trych-Pohlmeyer, E. : Commun. math. Phys. 38, 173 (1974)

. Lanford, D. E., Ruelle, D.: Commun. math. Phys. 13, 194 (1969)

. Ruelle, D.: Commun. math. Phys. 18, 127 (1970)

. Gallavotti, G., Miracle-Sole, S.: Ann. Inst. Henri Poincaré 8, 287 (1968)

. Gerardi, A., laniro, N., Maffei, C., Marchioro, C.: J. Math. Phys. 16, 438 (1975)

. Verbeure, A. : Algebras of operators and their applications to mathematical physics. Proceedings

on the Marseille Conference, 1977 (ed. D. Kastler, D.W. Robinson). (to appear)

. Fannes, M., Verbeure, A.:J. Math. Phys. 19, 558 (1978)

. Ruelle, D. : Statistical mechanics. New York: Benjamin 1969
. Pule, J. V., Verbeure, A.: J. Math. Phys. 18, 862 (1977)

. Robinson, D., Ruelle, D. : J. Math. Phys. 5, 288 (1967)

Communicated by H. Araki

Received November 11, 1977; in revised form March 27, 1978





