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Abstract. The integrability conditions for a certain second order ordinary
differential equation in two variables are studied via the concept of decom-
posability of the associated differential operator. The results are applied to
regain in a unified manner the known exact solutions for locally rotationally
symmetric, spatially homogeneous cosmological models. In addition, new
solutions are obtained.

1. Introduction
Einstein’s equations
R, —3Rgy + A9, =T, (L.1)

for a spacetime metric tensor g, , where R, is the Ricci tensor, R =R}, and A
is the cosmological constant, can be solved exactly only in cases of rather high
spacetime symmetry, and for relatively simple forms of the energy-momentum
tensor T ;.

In this paper, we consider exact solutions of (1.1) for spacetimes in which
local coordinates (x?)=(t,x*)(a=0,...,3;a=1,...,3) may be chosen so that
one or more of the field equations, or combinations thereof, take the generic form

X y X2 V2 X Y Xy
A1Y+A2?+ 3X2+A4Yz+A +A

X 7XY+H(X Y,1)=0

(1.2)

where 4.€R(i=1,...,7), a dot denotes differentiation with respect to t, and
X(z), Y(t) are metric component functions. This is the case, for example, when
the spacetime is locally rotationally symmetric and admits a 1-parameter family
of homogeneous hypersurfaces (see, ¢.g., Refs. [1-3]). If a first integral of (1.2)
can be found, then together with the remaining field equations and the conser-
vation equations T,";” = (), this often allows us to obtain a reduction of the system
of equations to quadratures, or to a single ordinary differential equation in one
variable, plus quadratures.
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To study the integrability conditions for (1.2), we define a differential operator
on functions of differentiability class C¥k = 2)
L,:CHR) x CKR) - C*"*(R)
by
L[u,v](0)= a,i(t) + a,i{t) + a;i*(t) + a,v°(z) (1.3)
+ agu(t) + agi(t) + a,ult)i(t)

where a2 + aZ #0.

L, will be said to be decomposable if there exist a function F = F(u,v,t), of
class C* in its arguments, and a function G = G(u, i1, v, 0, t), of class C**! in its
arguments, such that

L,[u,v](®) = F(u,v,)G(u, it, v, 0, ). (1.4)
If L. is decomposable, then the differential equation
L[u,0]©)=0 (L5)

is integrable, with integrating factor F~*. In addition, (1.2), which is of form
L,[u,v](t) + H(u,0,t)=0

where u=1log|X|,v=1log|Y|, and a=(A4,,4,,4;+ A, A, +A,,A5,4,,4,),
then has a first integral

du dv ’ ’ ’ ’
G(“)W9U’W)t(t)>— tO t (tOER)
where

, H(u(t), u(z), 7)
‘0= Fun. 0.0

In§2, the complete characterisation of decomposability of operators of form
(1.3), is found. Although this does not lead to the full integrability conditions for
(1.5) (since in general an integrating factor for (1.5) will depend also on # and ),
it is sufficient to lead to the regaining of all known exact solutions for perfect
fluid spacetimes which are locally rotationally symmetric and spatially homo-
geneous (as listed by MacCallum [4]). Together with these known solutions,
new exact solutions are given in §3. §4 contains some remarks on possible exten-
sions of the method.

2. Integrability Conditions
Theorem 2.1. L, is decomposable iff

ata, +a3a, —a,a,a,=0 (D1)

ala, +aZa, —asaga, =0. (D2)
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Proof. Necessity. Suppose (1.4) holds. Then, by (1.3)

G
F *5; =4a, (21&)
0G
oG, 0G. 0G|_ ., 2 . . .
Fliﬁ_uu-’__@;l”"é—t—J_%u + a, 0" + asi + agd + a,ud. (2.1c)
By differentiating (2.1) with respect to # and ¢ we obtain
*G
m =4, (223,)
0*G
= 2.2
do00 (2.20)
G 9*G
iy P 2.2
F [ dado 61’)6u:| @ (220
0 G oG
“le-"p-—"2p1=0. 2.2
at[G o o "] 0 (2.2d)

Casel:aja,+0
By differentiating (2.1a), (2.1b) with respect to u, v (respectively), and using (2.2a),
(2.2b), we obtain expressions, which, with (2.2c), yield (D1).

Also, these expressions, together with (2.2) and (D1), give expressions for
as,ae, which, when differentiated with respect to v,u (respectively), and sub-
tracted, yield

0
2 2
a,a,a, — a,a,a5 = [aja, — aja,] o log F

while differentiation with respect to ¢ gives, using (2.1a), (2.1b) and (2.2d), and
subtracting

oF
(a,as — alaG)E =0.
Hence
(a,a5 — a,a4)(a,a5as — a,a,a5) =0 23)

(D2) follows from (D1) and (2.3).

Case2:a,=0
By (2.1b) and (2.2b)

a,=0
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which is just (D1) for a, = 0.

(D2) is obtained by steps similar to those in Case 1.

Sufficiency
Case I: a,a,#0
Case I(a): a;=0=aq,
(D1) implies a, = 0, and hence we can set
F=1
G=au+ a0+ au+ag.
Case I(b): a3 + a2 +0
(D1), (D2) imply (2.3), and hence we can set
F=exp[at—a—3u—g‘£v:|
a, a,
G=F Ya,i+a,o+ p)

where o and f are defined as follows:

if aya5 — aa;=0then o= — 3= — % and =0
a, a,
ifa,a; —a,a,#0then a=0and f = s i a; #0

3

a,a, .
—2-6 ifa, #0.
a,
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The remaining case (Case 2: a, =0, Case 2(a): a; =0=a,, Case 2(b): as +

a2 +0) is treated similarly.

In all cases we obtain F(u, v, t)G(u, i, v, b, t) = L,[u, v] (£).

O

We now investigate the behaviour of the decomposability conditions (D1),
(D2) under transformation of variable. Define differentiable functions

D,;R">R  (6=1,2)
by
Dl(xi) = (x)2x* + (x¥)2x3 — x1x2x7
Dz(xi) = (x1)2x4 + (x6)2x3 _ x5x6x7
where
(1 + (x»)* +0.
Then
2 =D;'(0)nD;(0)
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is a 6-dimensional differentiable variety of R7, and {L,|ae@} is, by Theorem 2.1,
the set of all decomposable operators L,.
A transformation of variable (u,v,t) > (W', V', t'), given by

u= ¢ w,v,t)
0= 62,0, 1) (2.42)
t= ¢, v,1)

results in a transformation

Jdu v dv d*Y
La[u, U] (t) H M(u 971;7’ W, v, Ea —dt—/za t >
If
M, ... ,t) = Lo [u, 0] () (2.4b)

where a’eR’, the transformation will be said to be form-preserving. Let % denote

the group of form-preserving transformations, and denote by %* the group of

parameter transformations a  a’ of R induced by ¥. (2.4b) implies that ¢* =

¢3(t') and hence it is shown readily that ¥ preserves the property of decompos-

ability. & is therefore an invariant variety of ¥*: if L, is not decomposable, no

form-preserving transformation (2.4a) of the variables can render it decomposable.
(Explicitly, ¢ is given locally by the transformation equations

u=g + g*v' + g%t + g8
U=g3u/+g4vr+g7t/+99
t= g5t/ +gIO

where g2eR(4 = 1,...,10),(g'g* — g°¢°)g° #+ 0,and

{EME)

Then
D,(a)=(g"9* — 9°9°)*(g°)°D,(a)
9°\ (g’
D,(d) = (9'g* — °¢*)X(g°)*D,(a) + (4aja, — a%)L,[(g—s)t’ (?){I
verifying that & is an invariant variety of %*).

3. Examples

In this section we show, by means of illustrative examples, how in a cosmological
context the foregoing results sometimes allow a reduction of Einstein’s field
equations to one or more ordinary differential equations involving only one
dependent variable. We shall assume throughout that the large scale matter and



278 R. Maartens and S. D. Nel

radiation distribution in the universe is represented by a perfect fluid obeying the
equation of state p = (y — )y, where 1 £y < 2.

Example 1: Orthogonal, Locally Rotationally Symmetric,
Spatially Homogeneous Models [1]

For these models, there exist co-moving co-ordinates (t, x, , z) such that
ds* = — dt* + X3(t)dx* + Y*(t) [dy* + f*(y)dz*] — X*()h(y)[2dx — h(y)dz]dz

where
sin y 2ccosy 1
f)= vy )= —=c?* |fork=| 0
sinh y —2ccoshy -1

and ¢, keR are parameters related to the symmetry group of the space-time.

0
The fluid 4-velocity is u = 7L and the field equations are

XXy ¥ ,x

J— —_ J— 2—_= —_
X+XY+Y+C 73 1=ypu+4 (3.1a)
Y Y’+k ,X?
ll —3c2_=(1- 1
2Y+ 72 3¢ 73 I—=pu+4 (3.1b)
XY Y?+k X2
Z—Y + 2 o=u+4 (3.1¢)

xy vz Sy

while the conservation equations reduce to
R a2 o (3.1d)

Using the reduction technique described in this paper, we have been able to
regain all the hitherto known exact solutions of (3.1) (of which we are aware [4]).
These are:
¢ =0: Bianchi I(k = 0): General solutions for 1 <y < 2; Vacuum.
Kantowski-Sachs I(k = + 1), II(k = — 1): General solutions for y = 1,5(A4 =
0), 2(4=0); Vacuum.

¢ # 0: Bianchi II(k =0): Special solutions for 1 <y =2; General solution for
y = 2(A4 = 0); Vacuum.
Bianchi VIII(k = — 1), IX(k = + 1): Vacuum.

Detailed references may be found in [4].

In addition, we have obtained the (apparently new) general solution for the
case ck # 0,y =2 (Bianchi types VIII and IX) and a general reduction to one
second order o.d.e. and two quadratures for the case ¢ # 0,k =0 (Bianchi II)
(in both cases with A = 0). These are as follows.
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Case (i): ck # 0,7 = 2. (Bianchi types VIII and 1X)
(3.1a) and (3.1c) decompose to

[Y(XY)] = —kX. (3.2

If we define a new time parameter T by

©(t) = [ X(t)dt (3.3)
(3.2) may be integrated twice to give

(XY= —kt>+at+b. (34)

Substituting for p=d*X ~2Y *(deR) from (3.1d) and for Y from (3.4) into
(3.1c), yields an equation for X:

[ )] = [(a® + 4bk — d)X =2 — 4c?](— ka® + at + b)~? (3:5)

where ' = I

Since (3.5) is separable it integrates immediately to give X = X(t), and then
Y = Y(7)is found from (3.4).

Thus the full solution is obtained in parametric form, where the proper time
t is related to the parameter t by (3.3).

Note that the vacuum solution (1 = 0) is given by setting d = 0 in (3.5).

Case (ii): ¢ # 0,k = 0. (Bianchi II)
Using (3.1a) and (3.1c) as before, we find after substituting for x4 from (3.1d) and
decomposing

[YXY)] =Q-pdXY?)' . (3.6)

If y =2, we proceed as in (i) and obtain (3.5) with k= 0.
If 1 =y < 2, we define a new time parameter #n by

n="[(2—y)d>C "2 X(0)Y*()]* ~dt. (3.7)
Then (3.6) may be integrated to give

X Y _

5 + 7= pe= My —1.) (3.8)

d
where’z% and n,eR.

X Y . .
Now (3.8) and (3.1d) allow us to express 5d and 7 purely in terms of u. Substi-

tuting this into the linear combination (3.1) [ (b)-3(c)], we obtain a second order
equation for y in terms of #:

' — @)% =80 — no)uw — 6yn — 0o ut” + [y — y(y + 2)/22 — )
2B =0, 39

After solving (3.9) to obtain u = u(#), the solution is completed by the quad-
ratures
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X = ap” exp[2{p® =" — n,)dn]
Y =bu~ " exp[ — [u® (0 —ny)dn]
where a,beR.

Example 2: Tilted, Locally Rotationally Symmetric,
Spatially Homogeneous Models [2]

For these models, (invariant under a group of Bianchi type V), there exist coordi-
nates (¢, x, y, z) such that

ds? = —dt* + X*(t)dx* + Y*(t) exp( — 24,x)(dy* + dz?)
where 4 €R, 4, # 0, and the fluid 4-velocity is

u = (cosh d/)%+ (X ~*sinh xp)%,

where ¥ is the hyperbolic tilt angle.
The field equations are (with A = 0)

X Xy _A

Y 2%y 22 = 2@ +ousinh?y (3.10a)
;§+§—z+%—2;—§=%(2—v)u (3.10b)
2—;9(§ — ;) = ypu sinh ¥ cosh Y (3.10c)
-i—; + 2?{—; -3 %22— = pcosh? Y + (y — D sinh?y (3.10d)

while the conservation equations can be written as
. 24
[log(w’XY?coshy)] = 70 tanh v/ (3.10e)

[log(u®~ VX sinh )] =0. (3.10f)

We shall solve these equations for the case y = 2. This appears to be the first
exact solution for this class of model with non-vanishing pressure.
By (3.10e),

= AZ(osinh yX)~? (3.11)

where aeR.
Substituting (3.11) into (3.10a) and (3.10b), we find

% E—(a +1) —(oz +1) §2+(a —1)—=0 (3.12)
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By rescaling the x-coordinate, we may set a® = 1, in which case (3.12) satisfies
the conditions of Theorem 2.1, and decomposes to

[X2(x~'Y?*)) ] =0. (3.13)

Furthermore, (3.10b) decomposes to

[X(Y?)] =242Y*Xx"! (3.14)
which, after the introduction of a new time parameter &, defined by

&)= [X~Y(r)dt (3.15)
becomes

(Y2 —242Y*=0

where ' = Edf

Hence

Y? = a sinh(24,¢) + b cosh(24,¢)
a,beR, and by (3.13)

X = cY? exp(—dfY%()dd)

where c,deR.
The hyperbolic tilt angle ¥ can be found from (3.10c), (3.14) and (3.16) to be

Yy =arccoth[Y *(YY' +4d)]

and now u is determined by (3.11).

As in Example 1, the full solution is thereby obtained in parametric form.

The Farnsworth dust solution (y=1) [5] can be regained by our method
after changing to comoving coordinates (t, x, y, z) in which

ds? = — dt? + 2F(v)drdx + [W3(t) — F*(t)]dx? + Y?(t) exp(— 24,x)[dy* + dz*]

and u=—

Example 3: Tilted, Non-Locally Rotationally Symmetric,
Spatially Homogeneous Models [2]

The method we have developed can be extended easily to the case where the
generic Equation (1.2) contains more than 2 dependent variables. Even without
this extension, however, it is sometimes possible to obtain the necessary decom-
position by defining new variables in such a way that the problem involves essen-
tially only 2 dependent variables.

For example, a certain class (the case Bianchi II, X,, =0, in the notation of
[2]) of tilted, spatially homogeneous models may be given by

ds? = — dt? + X2(t)[dx — f(t, 2)dy]* + YXO)dy* + Z*(t)dz*
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where

ft,2)= —/2aZ — J2b[Y()[X3(8)Z(t) ]~ 'at
a,b > 0, and the fluid 4-velocity is

u=cosh|ﬁ§t—+Z“sinhn//£.

The field equations are (with A4 = 0)

X Xy xz X\ b

?*ﬁ*ﬁ”(ﬁ) ~xizz T2k (-168)

Y Yz Xxvy XV, b

e Rl Wl (eiall — =10 3.16b

Y'Yz XY “(Yz) T xazz =12 (3:465)

Z XZ YZ X\, o

Z + X7 + Y_Z - a(ﬁ) = 5(2 — YU+ yusinh® ¢ (3.16¢)

(yuXYZ?sinh y cosh )" =0 (3.16d)

XY ¥z Xz , (¥V , b , .

oS4 L =) - = -1 2 .

X7 + vz %7 2“( YZ) %7 ucosh® y + (y — Dusinh?® ¢ (3.16e)
and the conservation equations both integrate to give

WXYZcoshy=d (3.16f)

p~ O Zsinhy =e (3.16g)
d,ecR.

We obtain a reduction of these equations for the case y =2. By (3.16a) and
(3.16b),

[2(XY)] =0 (3.17)
which suggests introducing a new time parameter &

&)= [Z Y pdt (3.18)
so that (3.17) may be integrated twice to give

XY =g~ &) (3.19)
g.¢,€R.

Using (3.16a), (3.16b) and (3.19), we can now derive an equation for X, which
may be written as

WW" —W?2+(E—E) "WW +g(E — &) ' W(@W?3 —b)=0 (3.20)

where ' = % and W =X*[g(¢ - ¢)] "

Equation (3.20) is a special case of the defining equation
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SS" — 8% —¢7188 — ¢ Ya,8* + a,8) + a,8* + a, =0

of the 3rd Painleve transcendent [6].
Having solved (3.20), we obtain Y from (3.19), and ¥ from (3.16f) and (3.16g)

¥ = arc tanh [ (eg/2d)(¢ — &) ].

Now (3.16¢) constitutes a linear, first order equation for Z2, which may readily
be solved to complete the solution.

4. Extensions

The method developed in this paper has enabled us not only to obtain in a unified
manner the known perfect fluid, Locally Rotationally Symmetric exact solutions,
but also to obtain some new solutions. In addition it should be possible to regain
the known exact solutions for those L.R.S. spatially homogeneous spacetimes
which admit a non-vanishing magnetic field by use of this method (see [4] for
references to these solutions).

A natural extension of the results of this paper would be to obtain the de-
composability conditions for the case where there are n dependent variables.
For n =3, this could be applied to the non-L.R.S. spatially homogeneous space-
times containing a perfect fluid or magnetic field. In this way, it should be possible
to regain the known solutions [4], and perhaps to obtain new solutions (one
new solution for n = 3 was given in §3, where a new choice of dependent variable
reduced the problem to n = 2).

It may be that the differential Equation (1.2) occurs in contexts other than
the cosmological. In general, the concept of decomposability (corresponding
to a restriction on the functional dependence of the integrating factor) could be
applied to other types of differential equation (corresponding to operators other
than L,), to obtain useful integrability conditions.
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