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Institute of Physics*, University of Salerno, Salerno, Italy

Abstract. Wilson’s lattice approximation allows us to apply classical statistical
mechanics ideas to the study of Scalar Quantum Electrodynamics. Our main
tools are Griffiths-Kelly-Sherman inequalities, the transfer matrix formalism
and exponential bounds. Our main result is the existence of the infinite volume
limit for every value of the coupling parameters.

1. Introduction and QOutline

In 1974 Wilson [ 18] suggested the interesting possibility of performing the Yang-
Mills [ 197 step of promoting a global symmetry to a local one after introducing a
lattice ultraviolet cutoff on the globally invariant theory. This procedure not only
gave a very convenient gauge invariant prescription for the ultraviolet re-
gularization of gauge theories, but also, due to the use of a Euclidean space-time
lattice, as compared to the space lattice-continuous time of the alternative
Hamiltonian approach [10], opened the possibility of using classical statistical
mechanics methods for the study of quantum gauge fields in the spirit of the general
program of Quantum Field Theory as Classical Statistical Mechanics [5,9, 13]. An
analysis of the structure of the statistical mechanical models thus introduced and a
preliminary exploration by mean field techniques of their properties was given in
[1]. An extensive rigorous discussion, in the strong coupling regime, of the
thermodynamic limit and of the existence of a mass gap was given in [14, 15].
Important upper bounds holding for any value of the coupling constant for the pure
U(1) model were given in [6]; a very promising step towards the full understanding
of the critical behavior of the same model is in the analysis of [7] based on a
mathematically rigorous examination of the role of Polyakov’s instantons [16]:
this method suggests that there is no mass generation at sufficiently low coupling
for d=4, as opposed to the d=3 case.

This paper is devoted to the study of Wilson’s version of Scalar Quantum
Electrodynamics on the lattice briefly described in Section 2. In Section 3 we discuss
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GKS inequalities for this model. The resulting statements of monotonicity in the
cutoff volume must be supplemented by suitable upper bounds in order to insure
the existence and non triviality of the thermodynamic limit; these bounds are
discussed in Section 5 in which use is made of the transfer matrix formalism
introduced in Section 4

2. The Model

We consider a two component Euclidean field ¢@(n)=(p,(n),p,(n)eR?* self
interacting through a quartic interaction and coupled with a U(1) gauge field on the
space-time lattice ¢Z¢ &> 0.

It is convenient to introduce polar coordinates by

@y(m)=c(m)cosO(n), @ (M)=e(n)sinb(n), om0, —n=bn)=n.

The Euclidean action in the cutoff volume A is then given by:

S,= ZA P(o(n))— B, ZA o(n)e(n’)cos (0(n) — O(n') — A(n, n))
+ =B, cos (0A(P)).

Pca

Here n,n’ is a couple of nearest neighbor sites, A(n,n)= — A(w,n) is an angle
variable associated to the ordered link n,n' n<w/, P(g) is an even fourth degree
polynomial bounded below and f,, 8, are suitable non negative constants. The sum

> extends to all “plaquettes” (elementary squares on the lattice) in A and if n,, n,,
PcA
ns, n, are the four consecutive vertices of the plaquette P, dA(P)=A(n,n,)

+ A(ny, n3)+ A(ng, ny) + Alng, ny).
The averages {-) of functions of the fields are taken with respect to the
normalized measure:

dp,=Z, exp {—U }dw (0)d0,dA,=Z ] exp{—~U ,}do,

where df ,, d4 , are the normalized product measures for the variables 0, 4, dw ,(0)
=[] do(o(n)) with

ned

dw(g)= L]! eXp{—P(Q)}QdQ} ~texp {—P(o)}ode

and U, is defined as U, =S,— ) P(o(n)).

neA
This measure is invariant under local gauge transformations
0(n)—0(m) +x(n),  Aln,n')—>Aln,n')— x()+ x(n).

We will refer to the boundary conditions considered up to now as to “free”
boundary conditions. In the following we will consider also periodic (P) boundary
conditions corresponding to the choice of a parallelepiped as cutoff volume with the
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convention of considering as nearest neighbors corresponding points on opposite
faces. Corresponding to the links added in this way there will be new link variables
A and new link and plaquette terms in the action. As a final remark, we observe that,
as we do not commit ourselves to a particular choice of the sign of the quadratic
term in P(p), the considerations which follow apply to the lattice version of the
Higgs model as well as to Scalar Quantum Electrodynamics.

3. Griffiths-Kelly-Sherman Inequalities

Our starting point is the following result of Ginibre’s analysis of GKS inequalities
[4]:

Lemma 3.1. Let K be the direct product of a finite number of copies of the circle group
T, let do be the normalized Haar measure on K. Then for every n and for every choice
SisS2s - 1, Of functions in the multiplicative convex cone generated by the set S of the
real parts of the characters of K, the following inequalities hold :

Fdatpdo(x) [T () 6 20

from which GKS inequalities follow.

It was observed in [ 2] that, at least in the case when the scalar field variables are
restricted to range on the unit circle, our model falls under the hypotheses of Lemma
3.1 and it was therefore possible to prove the existence of the thermodynamic limit.

Now we wish to extend the GKS inequalities apparatus to the full model of
Section 2. |

For any subset M in ¢Z* call L(M) the set of links in M andset K, =X X T;

ned leL(A)
call S, the set of the real parts of the characters of K ,, R, the set of monomials
[1 Lomy3™
ned

with p(n)e{0,1}, O, the set of polynomials of elements of S, and R, with non
negative coefficients and H , the collection of functions of the form

ZA a(n, n')e(n)e(n’)cos (0(n) — 0(n') — A(n, n")) + q;ZA b(B)cos (GA(B)) + ), c(na(n)

with non negative coefficients a, b, ¢, where the sum extends to sites, links and
plaquettes in A ; then:

Theorem 3.2. For he H ,, Z, = [ da yexp {h}, {f>,=Z; * [do . fexp {h} the following
inequalities hold :

i) Z,=21.
i) {f>,=0.
i) {fgr,={fOlg>y for any f, geQ,
W) Zy 4,22, % Z,,.
v) {fexp h1>h2§<f>h2<eXP hin, for hy, hyeH  and any feQ,,.
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Proof. Use the elementary inequality

[ dol@do(@) [] (@ +¢"20,  ref0.1},

Ry xRy

Lemma 3.1 and classical arguments of Ginibre [4].

Corollary 3.3. If hy, hyeH 4, then {f, ., =<{f>;, for any feQ ;.

From Theorem 3.2 and its Corollary we derive, in particular, the inequalities
Z,z21,{f>,20,{fg>,=Lf>{9>, for any f, geQ ,, and the conclusion that, for
free boundary conditions, { /) , is monotonically increasing with /4 for any feQ ,.

We also remark that (/> , <{fHPVfeQ,, where (- >P refers to the expec-
tation with periodic boundary conditions.

Our first result concerning the thermodynamic limit refers to the existence of the
pressure:

Theorem 3.4. Set U, (r)=U —r Y o(n) with r20, Z ,(r)=[do exp {— U 4(r)} and

neAd
o, (r)=|4|"tlog Z ,(r). The limit ocm(r)=]irr}iocA(r) exists finite.
A7

Proof. By Theorem 3.2, Proposition iv), o ,(r) is monotone increasing with A and we
need only an upper bound. Now

exp{—UA(r)}éexp{ﬁpnsp(A)HZQ(H)+B, 5 Q(n)em')}

neA n,n'ed

gexp{ﬂpnmm)w S on)+df, Y Q(n)z},

ned ned

where ng(4)=0(|4]) is the number of plaquettes in A.
Then:

a,(r)Sconst. x f,+log | daw(o)exp {ro+ Bido*}.
R

4. The Transfer Matrix

We choose some direction, say direction 1, in eZ? to be called the direction of
transfer t. For the sake of definiteness we take the cutoff region A to be of the form:

A=[—¢Ly,eLIx A, A=[—¢eL,,eL,]x ...x[—eLynel,], LeN.

Call g={o(n), An, i)}, 1= {0(n),0(n), A(n,n")}, , ; a generic configuration of
the system at “time” 0, with the convention of identifying A with the intersection of
A with the x; =0 plane, and call Q the space of such configurations.

The partition function Z‘? in a periodic box can be written, within an inessential
constant normalization coefficient, as:

Ly
Z(/f)= j H T(ql', q;+ 1)in,

i=—Ly



Scalar Quantum Electrodynamics on the Lattice as Classical Statistical Mechanics 205

where

do=[]d*emn) |] dA(n, i)

ned n,n's.—{T 27.6

and

T(q.q9")=F(g)!(q.4)F(q)
with

F(g) { i Z (o(n))+ /; Y. _o(n)e(n’)cos (0(n)—0(n') — A(n, n'))

neA n,n'ed
L’l Z A \B }
BC /

and

I(q,q')=exp {‘4‘: P(Q(”))}

)1&1T

x| [ Il d};g' {/3 Y. o(n)g'(n)cos (0(n) — 0'(n) — x(n))

neA neAd

[*brc.nl'f”

+B, Z cos (A(n,n+m)— A'(n, n+/11)+,\'(n+m)-—x(n)}

ned
m

exp {—:’; )3 P(Q'(”))}
IIG/T
(here m ranges in the set of primitive translations of ¢z 1).
We are interested in the integral operators Tand I with kernels T(-, -)and I(-, -)
on the Hilbert space # = L*(Q., dQ). T will be called the transfer matrix of the model.

Lemma 4.1. T is a bounded, selfadjoint, positivity improving operator on A .
In particular all the consequences of the Simon-Perron-Frobenius theorem [17] hold
for T.

Proof. T(-, -) is symmetric [just change x(n) into — x(n) and use the parity of the
cosine function]; moreover it is a Hilbert-Schmidt kernel, so that T'is bounded and
compact on #. The positivity improving character of T follows from the
observation that T(qg,g')>0.

Notice that the same conclusions hold for the operator I.

In the following Section we will be interested, more generally, in perturbed
forms of the transfer matrix, namely in operators T(F,,F,) with kernel
F()I(q,q)F (q'), where F, and F, are continuous functions in #. We also define
T(F)="T(F,F) and call T,(-, -) the kernel of such an operator.

Lemma 4.2. For any continuous Fe A, Tg(-, ) is a continuous non negative Her-
mitian kernel (8) with
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Proof. Let b=supl(q,q), then [T(q,q)qQ=<b|F|3<+co. Continuity and
qeQ

Hermiticity are evident; we need only check that for any continuous f with
compact support

[ 7@)I(q,9)f(q)20.
Now, by expanding

cxplf, 3 o m)os (00~ 00) - x00)}
ned

in a power series and by performing the ¢ integrations first, the integral
[F(@)I(q,9)f(q) can be cast into the form

; § doda v g(@)hlo— & Y (2),
where o and o’ are the angular parts of g and ¢’ and h, by GKS inequalities, is a
function of positive type. By a limiting argument it then follows that {y, T(F)yp)» =0
for every we .

By standard arguments [8] one can conclude that T(F) is trace class for every
continuous F and that

Tr T(F)= | Ty(q, 9)dQ -
The previous results are collected in the following theorem :

Theorem 4.3. For every continuous Fe #, T(F) is a self-adjoint non negative trace
class operator. In particular the transfer matrix T is selfadjoint, trace class, non
negative and such that Z'P) =Tr (T?1*1),

T is a positivity improving operator having || T| as its highest eigenvalue ; this
eigenvalue is simple and the corresponding eigenvector can be taken to be positive.

A brief comment is in order here about the relation between the transfer matrix
T and the transfer matrix Tj in the “A,=0" gauge [11, 14, 15], with kernel

To(q,9)=F(@)1,(q,9)F(q),

where

e d)=exp {1 3 P(a(n))} x exp{ﬁl 3. ot n)cos 601~ 0 )

ned

+B, Y. cos(A(n,n+m)— A'(n,n+ V_Vl))}

o {1 % Pet).

Due to the fact that periodic boundary conditions are best suited to the
developments of next Section, we prefer to use T'instead of T;, [itis in terms of T, not
of T,, that Z'P can be expressed as Tr(T***1)] in spite of the fact that T, being
strictly positive (as can be seen from a slight improvement of Lemma 4.2 and of
results of [11]), can lead to a well defined Hamiltonian formalism for the underlying
quantum field theory.
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The connection between the two definitions is explicitly given by
T=PT,P,

where P is the projector on the gauge invariant subspace 5, , of ', namely the

subspace of vectors invariant under the (unitary) transformations

(@)= (@) =v(xq)
with »
70(n)=0(n) + x(n)
1 A(n,n)=A(n,n')+ y(n)— x(n').

As a concluding remark of this section, we wish to observe that the ground state
of the Hamiltonian H ; constructed from T through the definition T, =exp (—&¢H ;)
coincides with the eigenvector of T belonging to the eigenvalue || T|.

Call @ and Q,, respectively, these vectors; by the Simon-Perron-Frobenius
theorem both Q and Q, can be taken to be strictly positive, and therefore are not
orthogonal. Due to the uniqueness statement of the same theorem and to the fact
that T and T, commute with time independent gauge transformations both vectors
must transform according to characters of the gauge group, but, as T vanishes on
HOH ,,,,Qmustbein s, —and therefore Q,, in order not to be orthogonal to Q,
must itself transform according to the trivial character, namely it must belong to
H .., s0 that | Ty =|T].

The equality on and Q, follows then from the uniqueness part of the Simon-
Perron-Frobenius theorem.

For a discussion of the gauge invariance of the ground state in the Hamiltonian
framework we refer to [12].

5. Existence of the Thermodynamic Limit

In this section we study the existence of the thermodynamic limit for the generating
functional

Cexp {iLA(m)+(J)]}),
where
A(m)= > m(n,n)A(n,n'),m(n,n')eZ; ZJ -(n), J(n)eR?
and some of its properties.
Call
aD(r)=|A|"*log | do sexp {~ UpP+r) Q(Il)}, r=0,
ned

then the main estimate is:

Lemma 5.1.

(2] (da, exp{—U&m}exp{zr(n)@(n)}<exp{2[a("> n)— a%”(on}

neA neA

moreover the limit ocg)(r)zlir;ld aPr) exists finite.
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Proof. We follow the methods of [3] to which we refer for more details. We must
only prove that for F,, F, continuous and square integrable T(F , F,) is trace class
with

Tr (1 T(Fy, F)) S [Tr (T(F )] 2[Tr (T(F))]"?

and that

L 1
< T (Tr[T(F,)* 1))+t

J=-L

L
Tr< IT T(FJ,FJH))

J=-L

for F; continuous, square integrable and always different from zero. We know that
T(F,) is a trace class non negative selfadjoint operator with

Tr (T(F,) < const | F, |2

and the first result is a consequence of the elementary inequality

<y, T(F 1, F)po| < Cp, T(F ) 12K, T(F )y '

because the operator I is a non negative bounded selfadjoint operator and for y and
¢ of compact support {yp, T(Fy,F,)p)>=<{F,p,IF,p> so we can use Schwarz
inequality and, by a limiting argument, prove the previous inequality for any
vectors p and ¢.

From Holder’s inequality for traces we get

L 1
< ] [Tr(T(F, Fyp QPR H12E0

J=-L

Tr( ﬁ T(F,,F,H))

J=-L

Now, call

A=|T(F;,F;,,), TWF,F;.)=WA, B=W*T(F)W, C=T(F,.,)
then, again by using Hoélder’s inequality, we get

TI’ (A2L+ 1) é [TI‘ (B2L+ 1)]1/2 [Tr(c2L+ 1)}1/2 .

As F, , , is continuous and nowhere vanishing, exists continuous and if f, is a

J+1
sequence of square integrable functions of compact support which is convergent to

fe# we have

F,(q)
Fy\ 1)

100 = (T (2 1) @

J+1

(TEN LD =[ FAla d)Fy (@) [

This means that RanT(F;)CRanT(F, F,,,) from which it follows that
WWHT(F;)=T(F,) because WW* is the projection on RanT(F,F;,,)
Now Tr(W*T(F,)WW* ... WW*T(F ,)W)=Tr (WW*T(F,)*:* )< Tt (T(F,)***1)
so we get the required inequality.

The first part of Lemma 5.1 follows from the inequalities just established by the
same methods as in [3]; moreover of(r) is decreasing in A and non negative by
GKS inequalities, so the thermodynamic limit «£)(r) exists finite.
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Now we focus our attention on some correlation functions. First of all we have
for O(p)=>_ p(n)0(n), p(n)eZ:

Lemma 5.2. For free boundary conditions the limit
/}1’1;1(1 Cexp {id(m)} exp {i0(p)}e(ny) ... oty

exists finite and is reached by monotone increase.
Proof. First of all
<exp {id(m)}exp {i0(p)}e(n,) ... e(ng)) 4= {cos (A(m) +O(P))e(n,) ... e(ng)),

and monotone increase follows from GKS inequalities. From GKS inequalities it
follows also that

Cexp {id(m)yexp {i0(p)yo(n,) ... o(ng)> 4= Lo(ny) ... o))y

< <eXp {Z r(n)Q(n)}> vl

for a suitable field r of compact support and non negative. Lemma 5.1 provides then
the upper bound which completes the proof.
As the correlation functions {exp {id(ny,n})} ... exp {iA(n,,n,)}p; (1, )

e Qi (M ) a
Le{l,2}, ny.oomyg,  n,.med

are linear combinations of expectations of the type
Cexp {iA(m)}exp {i0(p)}o(m, 1) ... 01y ) 4>

there exists the thermodynamic limit
AILHQd exp {iAm)}@;,(y 1 1) - @;, (M x) D4
=exp {iAM)}@;, (1,1 1) - @y (4 ) -
Now define the generating functional in the finite volume A by
W(m, J) = exp {iLA(m)+ ()]} 4

with m and J lattice fields with bounded support M contained in A. Of course, for
fixed m, W ,(m, J) is an entire function of Je€C*™|. Our main result concerning the
generating functional is:

Theorem 5.3. W, (m,J)= lim W,(m,J) exists and is an entire analytic function of the
Azd
complex variables J ={J (n)},_, ,C*™.
neM
Proof. By Vitali’s theorem [17] we must only prove that

supsup |W,(m,J)| < + oo
A JeK
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for each compact set K c €™l But

IWalm, DI = <exp{nEZM ROTEC }> < <exp{n§4 r(n)g(n)}>;"’

with r(n)=sup ||J(n)|| which is uniformly bounded in 4 by Lemma 5.1.
JeK

Obviously W, (m,J) for JeR*™!is a positive definite function on the dual group
of TE™) x R?IMl 50, by Bochner’s theorem there exists a probability measure u,, on
TEM  R2IMI gych that

W..(m, J)=[ dpyrexp {iLA(m) +o(J)]} -

We can go even further and prove that for every continuous bounded function f of
the local configurations in M there exists the thermodynamiclimit lim (f),={f)
Arze

and that (/) = [ du,, f, so the collection of measures {u,,} ;. ,« will define a state on
the C*-algebra o7 = U o/, where of,, is the C*algebra of continuous bounded
M

functions of the local configurations {¢@, A} in M; this state is obviously
translationally and gauge invariant. First of all we give the following useful bound:

Lemma 5.4. Define the probability measures uiy by pi(f)=<f>,ADM for any
fest y; then the measures pijy are bounded, uniformly in A, by a fixed measure vy, of
finite total mass.

Proof. For f=0
<f>A:Z/Il de'Aexp {(=U4Sf
<z, IdO'MeXP {— UM}f[Z/I\}W j dO'A\MeXp {—= Ut exp {B, 1o}

-€xp {ﬁz Z Q(n)@(n’)ﬂ

(by GKS inequalities), where n,,, is the number of plaquettes around the boundary
of M and in the sum ) o(n)o(n) nedM and n'e A\M with [n—n'|=1. Now

exp{ﬂ, Y Q(n)Q(n’)}=exp{ » r(n’)g(n’)} for a suitable lattice field r(n') =0 and by
n,n’ n'eA\M
GKS inequalities and the estimate of Lemma 5.1

Z;MdoA\Mexp{—UA\M}exp{ » r(n)g(n)}gexp{ » a;”(r(n»},

neA\M neB(M)

where B(M) is the set of points of A\M which are nearest neighbors of points in M.
Using the elementary estimate o'P(r) < A + Kr*? with suitable positive constants A
and K, we see that the function

@ A({e(M)}crr)
=exXp {ﬁpnﬁM}Z/T\}W j dO'A\M exp{—U q\u} eXp{.Bl Z Q(n)Q(n/)}

is bounded, uniformly in 4, by a function ¢({¢(#)},.,,) summable with respect to the
measure Z,,'exp {— U, }do,,.
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In the following we will use the symbols P and Q in order to denote
trigonometrical polynomials P(g)=) cgexp {igp(J )}, Q=) cpexp {id(my)} of
K K

variables {@(n)},.,,e R*™M and {A(n,n)}, ,opre THM.
We know from Theorem 5.3 that there exists the thermodynamic limit
lim (PQ),={du,PQ. Now, for fe#(R*™)) there exists a family {P;} of

A 7e
trigonometrical polynomials with the following properties:
i) There exists a>0 such that ||P,]|, S aVi.
ii) For every compact set K ¢ R?™! and for every ¢ >0 there exists P, such that

[f(x)—P(x)|<eVxeK
SO
SO~ f‘lﬂMfQ| SHQNLS =Pl 4+ 1Ol LS =Pl wolAekD 4
+101 . jdﬂMLlf_ Pilyx 1O N f = Pill o (CK) + [KP.O> 4
= [y PQl

for every P; and every compact K. Now by Lemma 5.4 we choose K such that

1€l e a +IQU L = Pill it CK) < 5

for every A and P,, after which we can choose P, such that

: &
101 <If = Pilugo 4+ 101, ‘ ditglf = Pilyx < 3
uniformly in 4 and by choosing A large enough, in order that

[KP.0Y 4= [duy POl < 5, we have [([0Q),~ dity /0] <e. Now every ge CO(TH)

can, by the Stone-Weierstrass theorem, be uniformly approximated by tri-
gonometrical polynomials Q and, by the inequality

IS a= T fA =20 111, 19— QI +1KfQ4— [ dun fQl
we see that Ain;d<fg>_4 ={dufyg.

But every continuous function ¢ of compact support in IR*™I can be uniformly
approximated by functions fin % (R?™) so the same argument proves that, for any
such @, lim {pg) A= {duyeg.

A~7d

Now we want to remove the restriction to observables which factorize in the link
and site variables. Let K be a compact interval in R*™l »  its characteristic
function, we want to prove that /}iﬁnlld<PQZK>A=§dyMPQ;(K. Let V be an open

interval containing K; now, by Urysohn’s lemma, we can find a continuous
function p of compact support contained in Vsuch that 0 <y <1and y(x)= 1Vxe K.
Then

[<PQyk>a— [ duy POyl
SKPOWY .« — [ duy POyl + | PO I — 1xl>« + I PO | dityglyp — 2kl -

Given ¢>0, by a suitable choice of ¥V and by Lemma 5.4 we can have

. &
PO (<l = 7xl> 4+ [ iyl — 7)) < 5 VA s moreover for A large enough [(PQy) ,
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— | dp\ POy < %, 80 [{PQyx> 4 — | duy POyxyl <& Having shown that the thermo-
dynamic limit exists for any Zy, with Z=)" P,0,, we can complete the argument in
1

this way: let f be any continuous bounded function on R2™! x T 2™ then for K
large enough

IS 4= e | SIS x> 4 = o ptnd + 15 | o(Cterd 4 + 13(CK))
< g‘ +Kfrx>a— ijKdﬂM|-

Now, on K x THM™ f can be uniformly approximated by polynomials Z so that:

Af=Zlxgoat jdyM|f—Z|XK<§

and
Kfoa— jfd,uM’ é%ﬁ +| j ZyxAipy —<LZyx) 4l -
We summarize this discussion in the following theorem:

Theorem 5.5. The measures iy, weakly converge, for A 7Z* to the measure ji,,, which
is absolutely continuous with respect to do,,.
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