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Abstract. The properties of “induced” (or multiplier) representations of groups
which act in Hilbert spaces with a reproducing kernel are investigated. A
resumé of earlier work is followed by a discussion of criteria for the irreducibility
of such representations. The notions of reproducing kernel and positive
definite spherical function are found to overlap. As a result, functional equations
(analogous to those of Godement for spherical functions) are found for the
reproducing kernel. The abstract theory is illustrated by certain discrete
series representations of the conformal group and by their “limit points”.
In particular the so-called ladder representations (which give rise to the
conformal symmetry of zero mass particles) are analysed from this viewpoint.

Reproducing Kernels
1. Introduction

This paper is mainly concerned with developing some results on group representa-
tions in Hilbert spaces with reproducing kernels. The ideas were motivated by
the papers of Ruhl [2] on the conformal group, Bargmann’s basic work [3] on
the commutation relations and the paper of Perelomov [4] in which he points
out that the notion of “coherent state” and reproducing kernel are the same.

The theory has its origins in the papers of Krein [9] and Aronszajn [10]
although the foundations for the ideas developed here were laid by Kunze [1].
Subsection 2.1 is devoted to a resume of the results of [1]. This is followed by
a discussion of criteria for the irreducibility of “induced representations” in
reproducing kernel Hilbert spaces. The rest of Section 2 is concerned with the
relationship between spherical functions and reproducing kernels. The existence
of functional equations for reproducing kernels and their relationship to the
functional equations satisfied by spherical functions of height one (see Godement
[5] for this terminology) is investigated.

The general theory is illustrated by using the work of Graev [6] and Ruhl [2]
on the discrete series representations of the conformal group [which for our
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purposes will be SU(2,2)]. (Note that it was observed by Langlands [7] that
the holomorphic discrete series representations of a semisimple Lie group can
be constructed in Hilbert spaces with reproducing kernels.) In particular, we
consider a series of representations labelled by a positive integer n which, for
n=4, lie in the discrete series but for n<4 may be regarded as “limit points”.
An example of physical interest is the case n=1 which corresponds to the zero
mass, zero helicity representation of the conformal group. This leads us to consider
the construction of the so-called “ladder representations” of SU (2, 2) [8] in Hilbert
spaces of functions holomorphic in the field theoretic “future tube”. The re-
producing kernels for these spaces are exhibited and the relationship to the usual
infinitesimal form of the ladder representations [8] is determined by the fact
that the Minkowski space wave functions are the boundary values in a “limit
in mean” sense, of the holomorphic functions. Connections are made with the
classical formulae for solutions of the wave equation.

2. General Theory
2.1. The Work of Kunze

In this subsection I will review the results of [1] and introduce the basic definitions
and notation.!

Definition 2.1.1. Let X be a locally compact Hausdorff space, V' a complex Hilbert
space and H a Hilbert space whose elements are functions from X to V which
are continuous in the norm topology on V. Suppose there exists a function
¢: X x X—B(V) (the bounded operators on V) such that

(i) the functions

y= o oY P(x, y)*v, velV.

lie in H for all xe X,

(i) {ds*v, F)p={v, F(x))y

for all FeH and veV,
then H is called a reproducing kernel Hilbert space with kernel ¢.

Remarks. 1. The functions ¢, *v are the “coherent states”.

2. We use the adjoint ¢(x, y)* of ¢(x,y) in the definition to accord with the
notation of the examples of Section 3.

Let G be a locally compact group with X of the form G/K, K some closed
subgroup of G.

Definition 2.1.2. A strongly continuous function 7:X x G—B(V) is a cocycle if
(i) t(x,e)=1I (I, the identity operator and e the identity of G),
(i) ©(x, g192)="1(X, g1)1(g1 "X, g5)-
If K fixes the point x, say, in X, then (i) and (ii) imply that k—1(x, k) is a
representation of K. Call this representation o.

! Note that our notation and formulation differs in several important respects from that used in [1]
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If H is a Hilbert space whose elements are functions from X to V such that
the equation

(U,F) (x)="1(x, 9)F(g~ " -x) 2.1)

defines g— U, as a strongly continuous unitary representation of G then we call
U the representation induced by the cocycle t and write ind,(H). This definition
can be seen to be equivalent to the usual one (Varadarajan [10]) in certain cir-
cumstances. To see this define b: X —B(V) by

b(x)=1(x0, ()"

where y: X —G is a regular Borel cross-section [10] of G— G/K such that y(x)-xq=Xx
and y(x,)=e. Now define

(BF) (x)=b(x)F(x) .

Then provided BH < L*(X, V, ui) where p is an invariant measure on X, it is not
difficult to show that B intertwines ind,(H) with the representation induced by the
cocycle

0.,(X, g9)="1(Xo, %) "gy(g™ ' -x)).

Hence whenever o,(x, g) is unitary for all x,g then B sets up an equivalence of
ind, (H) with a subrepresentation of the representation of G on L*(X, V, u) induced
by o. In general however, this is not the case. Examples of such representations
will be considered in Sections 3 and 4.

The first result of [1] is as follows.

Theorem 2.1.3 (Kunze). If H is a Hilbert space (whose elements are functions
from X to V) having reproducing kernel ¢, then the formula (2.1) defines a strongly
continuous unitary representation of G if and only if ¢ satisfies the covariance
relation

dlg™ "%, y)*1(x, g)* =(r, g~ p(x, g-y)* . (2.2)

Now, the kernel ¢ on the homogeneous space X may be “lifted” to a kernel
on the group G. Following [1] define:

X(gls gz)* = T(xo’ g2 h 1)¢(x> y)*f(xm g1 - 1)* (23)
where g, -xo=x and ¢,-x,=y. Then it is straightforward to verify
(i) (g1, 92)*=x(g2> 91) [note that by definition @(x, y)*=(y, x)1,
(i) x(991,992)* =x(91>92)*, 24
(iti) x(g1ks» goko)* =1(x0, k™ )t(g1> g2)*7(x0, ky ¥ 2.5)

We can also “lift” the Hilbert space H by defining for each Fe H a V-valued
function on G by

F(g)=1(xo,9 ™ )F(g-Xo)-
The functions F~ form a Hilbert space H™ with inner product
(F, FYYECE Fyy .
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Hence,

Qg™ 0, F) =, t(x0: 9~ v, Fy
=<0, (X0, g~ F(g-Xo))y
=<v, F(g)y -
So H™ has reproducing kernel y and carries a representation W defined by

(W,F)(g0)=F1g™"90) (2.6)

which is equivalent to ind_(H).

Let us assume that k—1(x,, k) is unitary. Let H be as above. If we make the
further restriction that the maps E.: f— f(x) from H to V have dense range for
all xeX, then Kunze has characterized those group representations which may
be constructed in a reproducing kernel Hilbert space. (Note however that there
exist reproducing kernel Hilbert spaces which do not satisfy this restriction,
cf. Section 4.)

Definition 2.1.4 (Kunze). Let U be a continuous unitary representation of G on
a Hilbert space H, K a closed subgroup of G and ¢ a strongly continuous unitary
representation of K on a Hilbert space V. If there exists a closed subspace V'
of H, which carries a representation of K unitarily equivalent to ¢ and is such
that the linear span of {Uvlge G,ve V'} is dense in H,, then we say that U is of
type o.

Given a representation U of type g, and A:V—V’ a unitary transformation
setting up the equivalence of the preceding definition, define &:G— B(V) by

{u, D(g)v) =Au, U, Avy,,  u,veV. 2.7
Now, defining x(g;,9,)*=P(g9, 'g,)* Kunze shows (Theorem 5 of [1]) that

there is a reproducing kernel Hilbert space H™ (with kernel y) consisting of
continuous functions from G to ¥, such that y satisfies

291k, g2ka)* = alky ™ x(gy, g2)*alky). 2.8
Furthermore, the representation of G defined by
(9-F)(go)=F(g™"go) (FeH') (2.9)

is equivalent to U.

The above discussion establishes the main results of [1]. The remainder of
this section is concerned with developing some elementary consequences of the
above definitions. Note that the assumption that E, has dense range for all
xeX will not be made (this leads to a more cumbersome notation than that
adopted by Kunze).

(i) Let H be as above and H,, a subspace of H. Then H, has a reproducing
kernel y: X x X — B(V) defined by

WX, y)*u, v)y = (POFUY), vy (2.10)

where P is the orthogonal projection from H to H,,.
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(ii) If we drop the continuity requirement from the definition of H then it
can be shown that a Hilbert space of functions from X to V has a reproducing
kernel if and only if every element F of the space satisfies

IFX) |y £ wX)|F|ly forall xeX,

where w(x)>0 depends only on x. (This requires some work to prove.)
(iii) Quite often H will be a subspace of a larger Hilbert space H,. Then ¢
defines the orthogonal projection onto H, by f —F where

o, Fx)py=<d.*0, fdn,» SfeH;. 211

(iv) By the Cauchy-Schwarz inequality we have the useful bounding property
of ¢:

<0, F)DyI < <o, ¢x, )03/ | Fll g (2.12)

for all ve V.

For the remainder. of the paper we will assume that k—1t(xq, k) is unitary,
that ¢(xo, xo)=1 and that H carries the unitary representation ind (H) of G.
With these assumptions we prove (cf. Theorem 4 of [1]):

Lemma 2.1.5. Denote the restriction of ind,(H) to K by k—S,. Then the vectors
{¢,,*vlve V'} span a subspace Vi, of H carrying a representation of K equivalent
to o. Further, the projection P, onto this subspace is given by

Po(¢*u) (y) = plxo, Y)*P(x, Xo)*u
=, (X, Xo)*u(y) - (2.13)
Proof. By virtue of (2.2),

S, * ) (x) =X, k), *u(k ™" -x)
= ¢, (%0, k™) *u(x).

Hence S,¢, *u=¢, *o(kju. Clearly therefore, S acting in the space ¥, gives a
representation equivalent to ¢ (note that the map V-V, defined by

v, *v
is an isometry).
Consider the operator P, defined on the vectors ¢, *u by (2.13). Observe that

the space H, defined as the linear span of {¢ *vjve V,xe X} is dense in H. So
extending P, linearly to H, makes P, densely defined. Further, if

F= Zx,ulx(px*u

is an element of H,, then by direct computation
[ PoF |2 = (F(xo), F(x0)Dy -

But by (2.12) we have
[FGo)ll S IFIf -

So P, is bounded on H, and hence on H. As ¢(xq, xo)=1I so Pi=P,. It is
straightforward to check that Py= P,* thus completing the proof.
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Remark. Acting on an arbitrary Fe H, P, has the form
(PoF) (x)=(x0, X)*F(xo) -

2.2. Criteria for Irreducibility
Following Krein [9] we introduce the

Definition 2.2.1. Let H, ¢ be as for Lemma 2.1.5 and denote the strongly continuous
V-valued functions on X by C(X, V). Call ¢(G, K, V)-zonal if the conditions:
(i) thereisa functiony: X x X — B(V)such that both y and ¢ —y are reproducing
kernels for Hilbert spaces of functions contained in C(X, V),
(ii) v satisfies (2.2), force y to be a multiple of ¢.
Note that whenever v satisfies (i) we can define

A(d)x*u’ ¢y*v) = <1P(x> y)*us v>V .

A can be extended to a sesquilinear functional on H,x Hy (H, as in the proof
of Lemma 2.1.5). Since ¢ — 1 is also a reproducing kernel we have

AF, F)<<F,F)y

for all FeH . Thus A4 is continuous from H,x Hy to € and therefore extends
uniquely to H x H. By the Riesz representation theorem there is a bounded
(self-adjoint) operator A™: H—H such that

(AF,F’>=A(F,F)

forall F, F'e H.
Now let us record the

Lemma 2.2.2. If B: H—H is bounded then B has a kernel b: X x X — B(V) such that
<u, (BF) (x))y =<b,u, F

where b (y)=b(x, y) is defined by
<b(x, yyu, vyy=<B*¢,*u(y), v)y .

Further, B is in the commuting algebra of ind (H) if and only if b satisfies (2.2).
The proofis straightforward so we omit it. The point of the preceding discussion

lies in

Lemma 2.2.3. ¢ is (G, K, V)-zonal if and only if ind, (H) is irreducible.

Proof. Suppose ind (H) is not irreducible and P is a non-zero projection onto

a proper invariant subspace. Now PH has a reproducing kernel say y and hence

the kernel for (I — P)H is ¢ —y. Now applying Lemma 2.2.2 to P forces y to satisfy
conditions (i) and (ii) of Definition 2.2.1. So ¢ is not zonal.

Conversely, let y satisfy conditions (i) and (ii) of the definition with v not
a multiple of ¢. By the remarks preceding Lemma 2.2.2, ¢ defines an operator
A":H—H.Now by Lemma 2.2.2 4" is in the commuting algebra of ind, (H) (noting
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that A” necessarily has as its kernel, ). Since v is not a multiple of ¢, .this forces
the commuting algebra to be non-trivial. Equivalently, ind (H) is not irreducible.

Our object now is to determine conditions under which a given kernel is zonal.
As before denote the restriction of ind,(H) to K by k—S,.

Theorem 2.2.4. Let H, ¢, ind,(H) be as above and P, be the projection defined
in Lemma 2.1.5. Suppose that

k—1(xq, k)
is an irreducible representation of K and there exists a subgroup G, of G such that
the following condition holds: there is a projection P, with Py=P,, lying in the

centre of the commuting algebra of the representation ind (H) restricted to G,.
Then ¢ is (G, K, V)-zonal.

Remark. One way in which the condition on P, may be realized is if there is a
subspace P_H of P,H, such that on restricting ind, (H) to G, one obtains a maximal
primary (or factor) representation of G, (in the terminology of Mackey [11])
in P H.

Proof. Suppose that ind, (H) is not irreducible and that P is the projection onto
a proper invariant subspace. Define the kernel v for PH by (2.10). From the
hypotheses on P, we deduce that P,P,=P,P, and P ,P= PP, Further, the map
v—¢, *v is an isometry from V onto PoH and therefore P, defines a projection
P say, on V. Hence, for ue PV

Yo *u=P¢, *u=PP ., *u=Py, *u. 2.14)
Further v satisfies (2.2) and hence the relation
P(Xos Xo)=(X0» k™ (X0, Xo)T(X0, k) .

But k—1(x,, k)=0a(k) is irreducible and so y(x,, X,) is a multiple: AI of the identity.
Now (2.14) implies that y, *u lies in PoH and hence that

<¢x0*v’ wxo*u>H= A’<U’ u>V
for all ve V. From this it follows readily that y, *u=A¢, *u for all ue P,V. This
forces A=1 and since ¢ is irreducible we must have

P(xo, X)* = (x0, X)* .
Now let g-x,=x so that from (2.2)

(%, y)*1(x0, g~ N* =11, 9)P(x0, g~ Y)¥
=1(y, g)p(xo, g~ - y)*
=p(x, y)*t(xe, g~ )*.

Hence ¢=v, implying that P is the identity; a contradiction. So ind, (H) is
irreducible.

Corollary 2.2.5. If the multiplicity of the representation ¢ in the restriction of
ind,(H) to K is one then ¢ is (G, K, V)-zonal.

Proof. Set P, equal to P,
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Remark. In this context I should mention the very important result of Kobayashi
[12]. With the notation as before suppose that X has the structure of an
n-dimensional complex manifold with quasi-invariant measure p. Form the
holomorphic vector bundle E over G/K with fibre V (this is the induced bundle).
The representation o acts in the fibres and on the space of holomorphic n-forms
on G/K with values in E, it induces a representation U of G. Kobayashi shows
that there is a reproducing kernel ¢ for the Hilbert space H of square integrable
holomorphic n-forms. Furthermore whenever H is non-trivial the restriction of U
to H defines a unitary representation of G so that ¢ satisfies an analogue of (2.2).
Kobayashi then shows that this representation is always irreducible. In Section 3
we will see the idea behind Kobayashi’s proof used in a particular example.

In the case where ¢ is not irreducible it is more difficult to find conditions
for zonality. In this direction we have the following result. Recall the definition
of H', the kernel y:G x G—B(V) [Eq. (2.3)] and the representation W of G defined
by (2.6).

Proposition 2.2.6. If P, lies in the centre of the commuting algebra of the repre-
sentation k—W, of K then the commuting algebra of {W,ge G} is isomorphic
(as a von Neumann algebra) to the algebra of operators which commute with

{x(9)lge G}.

The proof is not difficult and so we omit it. We conclude this subsection
with the remark that there are close connections between the ideas discussed here
and Naimark’s notion of “quasihomogeneity” [13]. In fact when o is irreducible
and K is compact it is not difficult to show that ind,(H) is quasihomogeneous
in the sense of [13]. One should compare Proposition 2.2.6 with Naimark’s
Theorem 5.

2.3. Functional Equations

We lead into the connection between spherical functions and reproducing kernels
with a brief introduction to Godement’s work [S]. Suppose that K is a compact
subgroup of G, that Tis a representation of G on a Banach space B and that in the
restriction of T to K, ¢ occurs with finite multiplicity. Denote by B(o) the closed
subspace of B formed by taking the linear span of those vectors which transform
under the representation k— T, of K according to ¢. If there exists a continuous
projection E(c) of B onto B(c) define

d49)= Tr(E(@)T), geG.

Then ¢, is called a spherical function for G, K and Godement proves [5] that
¢, satisfies

Sx$olkg k™g')dk=,(9)$,(9") (2.15)

if and only if ¢ occurs once only in the representation k— T, of K. Let 1 denote
the trivial representation of K and set

T= ind, (H)

where H is a reproducing kernel Hilbert space with kernel ¢.
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Suppose that 1 occurs once only in k— T, and set
Xxol9)* =P (g Xo)* = Tr(PoTy-1).
So ¥, is a spherical function and the functional Equation (2.15) becomes:

fxbxokg k™' x0)dk = §.(g- X0) (9 -Xo)
Using (2.2) this reduces to:

[k elg' " kg™t xo) dk= | Ti-1¢y (g™ " -Xo)*dk.

But [ T dk is the projection P; onto the fixed point set of the representation
k— T, of K. So the functional equation is

(P19,*) ()= du(x0)* b (¥)*

for all x, ye X (setting ¢'-xo=x and g~ !-x,=y).

Now remove the compactness assumption on K and return to the general
situation with the assumptions as in the preamble to Lemma 2.1.5. We impose,
for the remainder of this section, the additional restriction that ¢ be irreducible
(and hence that the criterion for zonality given by Corollary 2.2.5 is valid). With
k— S, denoting the restriction to K of ind,(H) write ((S) for the commuting
algebra of S. By Lemma 2.1.5 there is a subspace of H, say H(c), which carries
the representation S~ of K satisfying (see Mackey [11] for the terminology):

(i) S”is maximal primary.

(ii) Every subrepresentation of S™is quasiequivalent to o.

[To see this one takes the central support in C(S) of P,.] As a consequence
of Lemma 2.1.5 we have

Theorem 2.3.1. With the restrictions of the previous paragraph, the projection P,
onto H(o) satisfies for allueV, xe X :

PoFu= o, lx, xo)*u (2.16)
if and only if the multiplicity of ¢ in ind,(H) restricted to K is one.

In the particular case where G is unimodular and K is compact P, has the form

(P.F)(9)= [x Ok) F(k™g)dk C@17)

for FeH, where C(k)=d, Tro(k) with d, the dimension of ¢ (see [5]). Recalling
the definition of y [Eq. (2.3)] we have

Corollary 2.3.2. With the assumptions above, the irreducible representation ¢
occurs once only in the restriction of ind,(H) to K if and only if

[k CR) x(gy, k™ 2ga) dk =y (g, 2,.(e)* . (2.18)

Proof. Apply both sides of (2.18) to some ve V and then substitute from (2.3).
The result then follows directly from Theorem 2.3.1.

When ¥V =C we can interpret the theorem as asserting that the function y,
is a positive definite spherical function of height one (see [5]). For, in this case

k) 1g,(92)* = 2,900
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and so
Jxxlgs ™ k™ g k) dk =y (g2)* 1y, (e)* .

Noting that a reproducing kernel is always a positive definite operator valued
function [1], this suggests we consider the converse problem of when a positive
definite spherical function is a reproducing kernel. Following Warner [14] we
introduce the following assumptions and definitions.

(a) Let G be unimodular with K a large compact subgroup and let x be a finite
dimensional representation of K acting on a Banach space V.

(b) Define a p-spherical function to be a continuous function

Y:G—-Hom(V, V)

such that
Y(kigk,)= p(k,)P(g)ulky) .

(c) Let U be a topologically completely irreducible strongly continuous
representation of G in a Banach space B such that in the restriction of U to K,
a given irreducible ¢ occurs with multiplicity m=0 (necessarily finite as K is
large in G). Let u be the representation mo (i.e. the direct sum of m copies of o).
Suppose further that there is a continuous projection P, onto the space of vectors
in B which transform according to ¢ under k— U, and define

¥YY(g)=P,U,P,.

Then PV is a u-spherical function. All spherical functions 1, “of type ¢ and height
m” (see [5]), have the form y(g)= Tr ¥Y(g) for some p-spherical function P? [14].

Now, on V=P, B we can define an inner product such that 4 is unitary. Then
1 defined by

w(g)= Tr ¥J(g) (2.19)

is positive definite whenever ¥V is such that

g—<v, PUgv)y

is positive definite for all ve V. In this cése we call ¥V a positive definite u-spherical
function. One may now use Theorem 1 of [1] to obtain a reproducing kernel
Hilbert space for which

9:90~P0(g™"90)*
is the reproducing kernel. Alternatively consider the following interesting argument
(due essentially to K.C. Hannabuss).

Define YV as above to be a positive definite p-spherical function. For con-

venience write ¥ for PY. Let Cy(G, V) be the space of strongly continuous V-valued
functions with compact support in G. Define:

P(f)(go)= J6 ¥(9™"90)* f(9)dg

for all fe Cy(G, V). Denote by ¥(G, V) the image of Cy(G, V) under the map
f—=%(f). On P(G, V) there is an inner product

CPU P D= ] {SfGo) P~ 90 f'(9)>vdgdg, .
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Positivity of the inner product follows from the positive definite property of ¥.
If for some f, <Y(f), Y(f))e=0 then {P(f"), P(f)p=0 for all f'e Cy(G, V)
by the Cauchy-Schwarz inequality. Equivalently,

o <f"(g1 ¥(f) (@))ydg =0

for all f'e Cy(G, V) and hence ¥(f)=0. So {, Dy is non-degenerate and we may
complete ¥(G, V) to give a Hilbert space H(¥) say.

Lemma 2.3.3. H(¥) is a reproducing kernel Hilbert space with kernel g,gy,—
P9~ "'g0)*.
Proof. Let 6, be the Dirac measure at the identity and as usual write ¥ *v for
the function go—¥(g~ 'go)*v(ve V). Then by taking an approximate identity
{f:}eeq for G it is not difficult to see that ¥(f,v) converges weakly in H(P) to
Y(6.v). Hence ¥,v(go)*=¥P(6,0)(go) and it is straightforward to verify that
do, 9—P(go " 'g)* has the reproducing property for functions in ¥(G, V). An
arbitrary element Fe H(¥) may be identified with the function F~ defined by
v, F(9))y={¥,*v, F)y (cf. Theorem 1 of [1]).

Returning to the main argument, observe that on H(¥) we can define a strongly
continuous unitary representation by

W,2()(9)= [ P90 '9)V* (g™ 'go)dgo -
As the elements of H(YP) satisfy F(xk)=pu(k™')F(x) the representation g— W, is
of the “induced” form we have been discussing to date.

Now let

(i) V, be the space of vectors {¥ *vjve V}.

(i) P, be the projection onto ¥, given by (Lemma 2.1.5)

Py¥ *v="*¥(g, e)*v.
Then we have for all u,veV

(W Fu, PoW, PP *oy =< u, Y(g, e)*v)
so we have, from the definition of ¥ =¥,

¥ (9)=EWU E(p)=PoW,P, . (2.20)
Lemma 2.3.4. The representations U and W are Naimark equivalent (see [14]).
Proof. Let B, denote the dense subspace of B spanned by {U,plgeG,veV}.
Let Hy be the span of {¥ *vlge G, ve V}. Following Kunze [1] define

SUp=¥*v.
Extend S linearly to B,. Then clearly S is one-one and onto Hy and satisfies
SU,=W,S on B, To complete the proof we will show that S™!: Hy,— B, is closable.
For this, it is sufficient to show that if {F,}< Hy, is a sequence converging to zero
in H(¥)and S™'F,— feB, then f =0.

IfF ,(g)=(z i g% j(g))(’) then, as norm convergence in H(¥) implies pointwise
convergence we have

(zj T(gj" 1g)*vj)(')—>0 forall geG.
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That is, E(u) U,-i(}; U, )" -0 [using (2.20)], for all geG. Equivalently
E(wU,f =0 for all geG. But U is topologically completely irreducible and so f
must be zero.

We have now almost proved

Theorem 2.3.5. (i) If vy is a spherical function of type o and height m defined via
(2.19) in terms of a positive definite p-spherical WYY (where U is topologically com-
pletely irreducible and p=ma) then there is a unitary irreducible representation
W of G in a Hilbert space H(¥) with reproducing kernel

9: 90— ¥35(g™ 'go)*
such that U is Naimark equivalent to W. Further, with P, denoting the projection
onto the subspace of H(¥) spanned by {¥ *vlveV},

p(g)= Tf(PoVVgPO)-

(ii) The reproducing kernel satisfies the functional equation

[ Q)P (k™ gy*dk="P (g)* P, (e)* . (2.21)

Proof. (i) It remains only to prove that W is irreducible. This follows from the
remark on page 305 of [14].

(ii) If we can show that P,= P, then the proof is complete. This follows from
Proposition 4.5.1.6 of [14] (cf. also 6.1.1.8 of Volume 2 of [14].)

The theorem asserts the existence of a functional equation for positive definite
u-spherical functions of arbitrary height. Note that only in the case where the
height is one does there exist a corresponding equation for the spherical function

ylg)=Tr¥%(g).

Further, the reproducing kernel approach allows a reinterpretation of the
functional equation as asserting (when the multiplicity of ¢ is one) a sufficient
condition for the irreducibility of the representation determined by the kernel.

3. Application to SU(2, 2)
3.1. Notation

Throughout this section G= SU(2,2) and K= SU(2)xSU(2)x U(1) is the
maximal compact subgroup of G. The notation and preliminary results are to be
found in Ruhl [2]. The usual form of SU(2,2) consists of 4 x 4 matrices

u=(e o)

(where A, B, C, D are 2 x 2 matrices over €) such that
M*E=EM™!, detM=1, (3.1
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with

a, O
E= ,
(0 —0'0>

g, being the 2 x 2 identity. We will consider the form of SU(2,2) obtained from
that above by letting

U=2"112 ("0 _”O)

0o Op

and defining the map M—>UMU 1.
This takes SU(2,2) onto the group of matrices of determinant one which

0 .
preserve (a (I)O). In this realisation G/K is naturally homeomorphic to the
0
future tube [2]
T={x+iylx, yeR*, yo>|yl}.

(Here we will use the usual notation of relativistic quantum mechanics.) SU(2,2)
acts on T by

g-W=RW+8)(TW+Q) !

=(WT*+Q* Y{(WR*+85%) (3.2)
where
R iS A B\ _,
=S g)=vle v

and W=wy0,+Ww-0(6=(0,, 0,, 03) being the Pauli matrices).

The representations considered by Ruhl [2] are those of the holomorphic
discrete series of SU(2,2) (see Harish-Chandra [15] and Graev [6] for the general
theory). These may be regarded as representations induced from the compact
Cartan subgroup of SU(2,2) or equally, from the maximal compact subgroup
K (cf. Langlands [7]). We will consider only a subclass of these representations.

Consider the Hilbert space K, whose elements are C-valued functions holo-
morphic in T and satisfying

IFIZ = JIFW)P(y*) = *d*W < o (33)

where y*=y2 —y?, d*W is Lebesgue measure on €* and n>4 is integral. Acting
on this space is a unitary irreducible representation of SU(2,2) defined by

(UF) (W)= det(— TW*+0*) " "F(g~*- W) (3.4)
where

[ R iS)

g“(—iT o)

The proof of this fact may be deduced from [6] using the results of [2]. We will
give a proof, which depends on the reproducing kernel for K,, at the end of
Subsection 3.2.
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3.2. Limit Points

We are interested in the cases n=1,2,3 treated briefly by Ruhl [2]. The case
n=3 (but not n=1, 2) is actually covered by the general theory of Knapp and
Okamoto [16] so this analysis has some interest as a worked example. We follow
the treatment by Gelfand et al. [17] of SU(1,1) and introduce a new normalisation
for the inner product. Define

R, =" *0o)0(y*)/[(n—2) T(n—3),
where 6(y,)0(y?) is the characteristic function of T. Define
<F5 F>n= j(t“ |F(W)|2Rn(y)d4W .

Recalling the definition of the generalised function (y?)% of Gelfand et al. [18]
we see that

R,(0)=0(yo) *) */T(n—=2)I'(n—3).

Itis infact an analytic function of the index n, the factor I'(n — 2)I"(n — 3) “cancelling”
the poles of the numerator.
This generalized function takes the values

R3(»)=06.(y*)=0(y0)3(»*)
R,(y)=(r/3) 6(y)
R,(y)=(m/4) Oo(y),

for n=3, 2, 1 respectively. Substitution in (3.3) gives

IF (5% = [es [FW)120 ., (y*)d*xd*y 3.5
where w=x+iyeC* and
IF 2% = (m/3) fau IF(x)|*d*x (3.6)

where IM=Minkowski space. As |F|,* is degenerate we will reserve the n=1
case until the next section.

From the work of Ruhl [2] one can deduce that there are Hilbert spaces
K3, K, of functions holomorphic on T carring unitary representations of SU (2, 2)
given by (3.4) for n=3,2. One may also deduce that K5 and K, have norms given
by (3.5) and (3.6) respectively. I will give an independent treatment of these facts
which illustrates some of the reproducing kernel techniques.

Let

0T = {x+iylx, yeR*, y*=0, y,>0}.
Consider the Hilbert spaces L3(IM) and L?(0T,dv) where dv is the measure

d*xd3y/2y, on OT. Given feL*(IM) and f’e L*(0T, dv), define functions F and F’
holomorphic in T by

F(wy)=(n/3) C, [uy f(x) (W1 —x)*) "?d*x 3.7
Fwy)=Cs fgu f'W) (g —w)?) " d*xd*y5. (%) . €RY)
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where w=x+iy and C, and C; are normalisation constants. These integrals
exist as the functions

x=(w,—x)») "%, xeM

wo((w, —w)?)"3,  wedT
lie in L*(IM) and L*(0T, dv) respectively for all we T (see below). We define function
spaces K, and K; by (3.7) and (3.8) as the holomorphic extensions into T of
elements of L?(IM) and L*(0T, dv). It remains to show that K; and K, are Hilbert
spaces with norms given by (3.5) and (3.6). To do this we follow Ruhl [2] and

use the Fourier-Laplace transform.
Let

V= {peR*po>0, p>>0} (3.9)
and define Hilbert spaces Hj from functions h: V," —»C satisfying
(h, h),= (/2) [ 1h(p)I*B(po)0(p*)d*p(p*) ~* < o0

where A=20. Now define Hilbert spaces HY of functions holomorphic in T via
the Fourier-Laplace transform .#:

(Zh) (w)= | h(p) exp (ip-w)B(po)0(p*)d*p (3.10)
where p-w=pow,— p-w. Observe that the functions k! defined by

ki(p)= exp(—ip-w)(p*)
are in HY for all we T Hence (3.10) is defined as an ordinary integral being just

the inner product (k, h),. Now Ruhl shows that H?_,=K, for n>4. Further,
the reproducing kernels for these spaces are defined by

P"(wy, wy)* = f expip-(w, —w,) (p?)'~2d*pb(p,)0(p*)
= C, det (%(%—Wﬁ)) " (3.11)

where C, is a normalization factor (see [2]). The reproducing property follows
from the relations

(Zh)(w)=Fw)=(ky, 2 h),,

=(ZLK 2, Zhy,

=<¢:‘v*’F>n’ FGK,,.
Now, for n=2 the above formulae still hold provided we define {(¢2*, F), by
(3.7) (for a suitably chosen constant C,). The relationship between F and its
“boundary value” f in (3.7) is determined by the fact that if F=_%h then f is the
Fourier transform of h. Further, the function F, defined by F (x)=F(w), w=x+iy
converges in the L? norm on M to f as y—0 (see [2]).

When n=3 we need to do a little more work. Define a map  from H? into
L*(0T, dv) by setting

(7 1) (x+iy)= fy; expip-(x+iy) f(p)d*p, x+iyedT,
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for those fe H} which are integrable with respect to Lebesgue measure on V.
J is norm preserving and so defines an isometry of H? onto a closed subspace
of L*(0T; dv) (it is not difficult to show that 7 cannot map onto L*(9T, dv)). Setting
f'= h for he H? we see that

(Lh) (w)=F'(w)=(ky, h),
={T kL, Thy,
={u* [
That is, K5 is just the image under £ of H? and the norm (3.5) is well defined
provided the “boundary value” f’ of F'=%he K, is defined to be I h.

We now derive proofs of unitarity and irreducibility of the representations U"
defined by (3.4). The covariance relation (2.2) follows directly from the identity

G~ Wy =g~ W) =(W* T*+ Q%) (W, — W, *) (TW; + Q)"

where

“’-1=(—1§T lg)

using the definition (3.11) of ¢". Unitarity now follows from Theorem 1 of [1]
(i.e. Theorem 2.1.3 of Subsection 2.1). Irreducibility may be obtained in several
ways. The following argument may be found in Kobayashi’s paper [12] and in
Bargmann [3].

Let yp"* be the kernel for some non-trivial invariant subspace of K,, then yp™*
necessarily satisfies the covariance relation

Vg™ Wy, g™t Wy)* = det [(W,* T* + Q%) (TW, + Q)" y"(W,, Wy)* .
Since SU(2,2) acts transitively on T we can write
(W, W)= det[(W*T*+Q*)(TW + Q)I"y"(io, i)

R is\! o
where( iT IQ) takes ioc, to W. But equally ¢"(W, W) satisfies a similar
relation and so

(W, W)=d,¢"(W, W),
for some d,eIR. Define a function " by
KWy Wo) =d,§"(Wa, W) (W, W)
Make a change of variable by setting
(=W*+W,, n=(W*-W)i.

Then {, n—x"({, n) is holomorphic in { and # and is zero when W, =W,. This is
precisely when (,n are both real forcing y"=0. Hence the representations U”
are irreducible.
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4. The Ladder Representations of SU(2, 2)
4.1. Preliminaries

The ladder representations [8] are those which give rise to the conformal symmetry
of zero mass particles. They have the interesting property that on restriction to
a Poincaré subgroup of SU(2,2) they remain irreducible [8]. Our intention in
this section is to give a treatment of the ladder representations which makes use
of the reproducing kernel techniques. We begin with some facts about the zero
mass representations of the Poincare group (see [19] for an elaboration of the
results listed here).

We will take the Poincare group P to be R* ©SL (2, €). Write IP* for momentum
space and let X = {pelP*|p,>0 and p?>=0} be the surface of the forward light
cone. The P invariant measure on X is

dpo(p)=0.,(p>)d*p=0(p)o(p*)d*p .

Let ¥, be the (2s+1)-dimensional Hilbert space carrying the representation
o, of SL(2, €) labelled (s, 0) (see [19] for this labelling) where the norm is chosen
so that g restricted to SU(2)CSL(2, €) is unitary. Let du, be the measure

d*p/2|pl*** =pg 0, (p*)d*p
on X§ and define a non-unitary representation N of P on L*(X¢§, V,,du,) by
(N,f) (p)=0A) exp(in-p) f(A™-p) (4.1)

where g=(n, A)e P.
I will take the Lie algebra of SL(2, €) to be spanned by {J,, L;ji=1, 2, 3} with

)= gl [Lp Li]=—igipdy
[Ji3 L]] = isijkLk .

Denote by p” the element (1,0, 0, 1)eIP* and let x(p) be the unique vector of
norm one in ¥, such that

o(exp (A 3))x(p) = exp(ids)x,(p) - 4.2)
If p is any point on X% let

lp:pA_)(pO’ 07 Oa Po)
be the SL(2, €) matrix

(5 o)
0 p

and R, be the rotation taking (po, 0,0, po) to (po, Py, P2, p3)- Putting the above
together we define

1p) =0 (R, )xp) -

Now, the zero mass (positive energy) helicity s representation of P(s=0,
1/2, 1, 3/2, ...) is constructed on the subspace I'; of LX(X,", V, du,) consisting
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of solutions of the equation:

Zis= 16(J)p: f (P)=5po f (P) 4.3)

where 6, denotes the representation of the Lie algebra of SL(2, C) corresponding
to o, A straightforward calculation shows that the non-orthogonal projection
onto I’ is given by

(Pf)(P)=04R,l)Pool, 'R, ) f(p),

where P, is the projection in V, defined by
POU =<Xs(pﬁ)’ U>V5Xs(pA) s ve V; .

We will write
E(p)=04R,l,)Pyayl, 1R; b, 4.9

The advantage of defining the Poincaré representations on L*(X,*, V,, du,)
is that the inner product may be transformed onto Minkowski space. To see
this we introduce first the Schwarz space on R*(IP*) of C* functions of fast decrease
taking values in V,: Z(R*, V) (£(IP*, V,)). Let #,(IP*, V) be the subspace of #(IP*, V)
consisting of functions of compact support not containing the origin. Write &
for the Fourier transform from both L*(IP*, V) to L*(R*, V) and from &'(IP%, V)
to &'(R*, V,). Finally, note that every function feL*X,*,V, du,) defines a
distribution fé, on #(IP*, V) by

(f0.) @)= [xs 2325 fleo, Py, p)d*p/20 4.5)

where w=|p|.
Now, itis not hard to show that the inner productin L*(X ,*, V,, du,) transforms,
for functions ¢, ye F %,(IP*, V,) into:

0
{ w6 =1 [xp=0 %(ﬁs*qﬁ) ()* - (Bsxp ) (x)

~ (B d N - (B (9] 5 6

Xo
where

(i) o7 =F($d,)=(F P)=(F3.,),
(ii) B, is the Fourier transform of the tempered distribution

Po *=(h)(po +i0) +(/)(po —i0) ~*

using the notation of Gelfand et al. [18],

(iii) B,* @™ denotes convolution in the x, variable only. (Note that it is not
trivial that Bx ¢ ™ is well defined.)

Now (4.6) is an integral over the spacelike hypersurface x,=0. If we write
{, >} for the corresponding integral over any sufficiently smooth spacelike
hypersurface X, an application of Green’s theorem gives

<’>§=<s>§)'
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Essentially what we are doing here is taking a space of V-valued solutions
of [JF(x)=0 and defining an inner product by an integral over a Cauchy initial
data surface. The form {, »§ is positive definite because we are restricting to
positive energy solutions of the wave equation. This space of solutions # %,(IP*, V)
may now be completed to give a Hilbert space H, say, whose elements may be
identified with those of 7 L% (X ,*, V,, duy) where J is the map

[=F(f8.),  fel(Xo*, Vodu).

4.2. Some Properties of I'y

If feI'sand g=(0,R,l,)~ e P then we have, from Equation (4.3)
2 0TI Ny ) (0)=5(N, /) (P,

and this reduces to
6(J3) (N ) () =s(N, f) (P).-

Recall that y(p") is the unique vector of norm one satisfying this last equation.
Hence

(Ng : f) (Pﬁ) = chs(pA)

where ¢,eC depends only on p. Thus we may define a measurable function
f%: X" >C by fO%p)=c, where g=(0, R,I,)~*. We now have

f(p)= o's(Rplp) (Ng f) (PA)
= as(Rplp chs(pA)
= f°P)p) -

Our object is to show that fOel'y=L*( X", duo).
The first step is to note that with

i2 0
n=(o )
we have [ = exp(—ilog(po)L;). Secondly, recall that in the representation
(5,0) [19]
io(J3)=0(Ls)
and therefore
o L)) =poxp) -
Finally since o (R,) is unitary
1£12= {1 O 200 + (*)d*p
= [1f°@)6.(p*)d*p< 0.
This proves
Lemma 4.2.1. Every function f € I'; has the form

f)=1°P)xdp)
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for some f°eT,. Furthermore the inner product of two functions in I, is given by

Svfo= jw @) f2)0.(p*)d*p
so that the map f°— f from Iy onto I', is an isometry.

Let f{(j=1,2) be elements of I'; and denote by F9 the Fourier transform of
f96.. Then the inner product has the simple form:

(T f1. T f205 =1 [0,FI(X)F(x)— F3(x)9,F(x)]-do*(x) 4.7)

Box*
product of a function f;° in F,(IP*, €) with the distribution d,..
We conclude this subsection by determining some dense subspaces of I,
and LZ(X0+> Vss d”'s)

. 0 . .
(wnh 9,= - and do"=“area measure” in X | whenever f°6, is actually the

Lemma 4.2.2. Define for each we T, G, (p)= exp(—ip -w). The functions G, el
for all we T and their linear span is dense.

Proof.
IG,, 17 = | exp(—2p-y)d . (p*)d*p

where y is the imaginary part of w. Hence
G, 1>=7/2(y5—Iy|*) (oo since yo)ly| in T.

Density follows from two known results:

(i) the functions {w—exp(—2wyy)lyo>|yl, y fixed} span a dense subspace
of L0, 00);

(i) the functions {p—exp(ip-x)|xeR3} span a dense subspace of the space
of functions square integrable on the sphere of radius w=|p| (the measure being
that arising from d3p/2w). As a corollary we note that the functions f,, defined by
f(0)=G,(p)x(p) span a dense subspace of I';. A similar argument to that above
gives

Lemma 4.2.3. The functions h,:p—p&*G,(p)e, where w ranges over T and
e,(v=1,..,2s+1)

ranges over an orthonormal basis of V,, span a dense subspace of L*(X,*, V,, du,).

4.3. Hilbert Spaces of Holomorphic Functions

This is the central topic of this section. Here we produce the Hilbert spaces in
which the ladder representations act, as Hilbert spaces of holomorphic functions
and exhibit the reproducing kernels.

“Let f:X," >V, be square integrable with respect to du, then its Fourier-
Laplace transform defined componentwise by

F\(w)= [ exp(ip-w) f,(p)d.+ (p*)d*p (4.8)
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exists as an ordinary integral by Lemma 4.2.3 and the fact that (4.8) is just
Fw)=<h,", .

Furthermore, f,0, is a tempered distribution with support in the closure of
v, [V," defined by (3.9)] implying that (4.8) defines a function holomorphic
in T [2]. Denoting the Fourier-Laplace transform by . define

HY=2LX,*, V, dp)
as the Hilbert space with inner product
(F,Fy)= I F1(p)* f2(p)d « (pz)d4p/p(2)s

where F;=2(f0,) j=1,2.
The first question we will settle is: what can be said about the Shilov boundary
values of elements of HY (Minkowski space is the Shilov boundary of T [21]).
We know [20] that such functions will converge in a distribution theoretic
sense to their boundary values J f =%(fd,) but in fact more is true.

Theorem 4.3.1. With F= % f and F, defined by
F(x)=Fw), w=x+iy,
lim |F, 7 f =0
So F converges in norm to its boundary value 7 f.
Proof. Firstly, 7 f is an element of H; and for each y in V, where
Ve ={yeR¥yo>yl},
the function F is in H,. Secondly, since F, is the image under  of the function

p—>exp(—p-y)f(p),

we have
IF,l2= fps exp(=2p-Y) [ f D)%, 0+ (P*)d*p/p5°
Thus
1Fy= fl5= fps lexp(=p-») =D f®)ly,0+(*)d*p/pE .
But
lexp(—p-y) =121 PI*/p3° < 1 f(P)1?/p3°
and

lexp(=p-y») 121 /) I*/p5°~0 as y—0.
Therefore by the Lebesgue dominated convergence theorem,

lim | F,~ 7/ [5=0.
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Next observe that HY is a reproducing kernel Hilbert space with kernel
Wy, wy)*= jexp (ip - (W, —W,))P5°d 4 (p?)d*p
=<hy), hy Tyl
where I is the identity operator on V. This is clear from
(P, ey, FYX [exp(ip-wy) fy(p)3 4 (p2)d*p=F (w,).
Define

Ywy, wy)*=<h, S hy, ).
From the known Laplace transform of § , (p?) we have
Pwy, Wyl =7/2(w, —w,)?,

whence for s=0 we have recovered the reproducing kernel for the n=1 case
of Section 3.

Proposition 4.3.2. The space ' = LI, is a reproducing kernel Hilbert space with
an operator-valued kernel whose components are

@uv(wli WZ)* = <eu> Q(Wla WZ)*ev>Vs
={e, [ exp[ip - (wy —w,)] pF°E(p)*e,>y 0. (pP)d*p . 4.9)

Proof. We prove firstly that @, *uelY for all ue V.. Recalling the definition of
E(p) by (4.4) we have

PEE(P)*u= {1(p), w>1s(p)
and hence @, *u lies in I"} provided the function
p— exp(—ip- W) {y|p), up
isin L*(X,", du,) (Lemma 4.2.1). But this last function has norm

§ exp(—2p - Y)|<xlp), up 128+ (p?)d*p
= [lull® { exp(=2p-y)p§*d . (p*)d*p< 0.

It remains to check the reproducing property. Given Fel'} we have

F(w)= [ exp(ip-w)f *(p)x(p)d + (p*)d*p

and therefore

(D,*u, Fy,= [ exp(ip-w) <E(p)*u, 2(p)> f°(p)3 . (p*)d*p
= [ exp(ip-w) <u, x,p)> £ ()3 + (P*)d*p

by the definition of y(p) and E(p). So
<¢w*u’ F>s = <u’ F(W)>Vs

as required.



Induced Representations, Reproducing Kernels and the Conformal Group 99

Using the results of Subsection 4.1 we can rewrite the above formulae in
Minkowski space terms. Let fe L*(X,*, V,, du,) then for F=%(f3,)

F(w)=<{¢}*e,, F)3
= [ exp(ip-w) £,(p)3 . (p*)d*p
={(G,, f -
Now (7 G,) (x)*=n/2(w—x)* and so for f “sufficiently well behaved”,
Fv(w)= <Gw—> fv> = <g.Gw_? g—fv>0

. 5 19

= lzﬁ - [570 (1w =21 f(x)— o o, A dx
; 1

= 5 1| U0 =PI 109~ =3 OUT 1) d09).

These are just the classical Kirchoff formulae (expressing the solution J f, of
the wave equation in terms of its initial data via the Green’s function for positive
energy solutions), extended to functions holomorphic in T, These formulas have
a distribution theoretic meaning for arbitrary fe L*(X,", V.dy) [22]. Thus the
reproducing property of the kernel merely expresses the “reproducing property”
of the Green’s function (cf. [237]). Similar formulae can be derived for elements
of I'Y.

Finally, we note that from (2.12) there exist bounds for the elements of I'y
and HY. For HY we compute (F=2(f6,)),

25
IF )2 < 1,121 12 =~ 1/2)235%(1/3’2) e

where y is the imaginary part of w. For I'? the function w— ®(w, w)* can be deter-
mined after some calculation as

Yotiyl 0
S LI s TN
(W, W)} e R [CA M N
where (o), denotes the v matrix element. This gives a bound by substitution in
|F,(w)| < D(w, w),) 2| F]| .
Remark. Let D be the domain of (—F?)*? in L*IR®). Then the elements of I'y

are the holomorphic extensions into T of tempered distributions on Minkowski
space defined via the Kirchoff formula from initial data in D.

4.4. The Ladder Representations

Consider the following action of SU(2,2) on V,-valued functions holomorphic
inT:

(9-F) (W)= det(TW + Q)™ ' "> c (WT*+Q*)F(g~*- W) (4.10)
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where
. _ R iS
(i) W=wyso+w-6¢ and ¢ '= (—iT Q)’
(i) g > W=RW+S)(TW+Q)" !,
(iii) o, is extended in the obvious way to GL(2, T).

A distinguished Poincaré subgroup of SU(2,2) is given by matrices with T =0,
i.e. matrices of the form

a iVa* 1 oy fa7t —ia”'V
g= *—1 ; g = *
0 a 0 a
where aeSL(2,C) and V=0v40,+v-0, v,c€IR. Restricting (4.10) to Poincaré
elements we have

(g-F)(W)=0(a)Fa™ (W—-V)a*").

This is just the representation N defined by (4.1) transferred via the Laplace
transform onto functions in T. Restricting therefore to I'? we obtain the (positive
energy) zero mass helicity s representation of the Poincaré group.

Now it is not hard to compute the expressions for the generators of SU(2,2)
acting on the functions holomorphic in T, Setting the imaginary part of w equal
to zero in these expressions yields the formal expressions of Mack and Todorov [§]
for the infinitesmal form of the ladder representations acting on functions on
Minkowski space. It would be nice to have a global proof of the unitarity of
these representations but unfortunately only the s=0 case is easily treated. The
proof is as follows.

The reproducing kernel is

-1
$°(Wr, WY = 5 det (% Wy— Wl*))

and the covariance relation for

. (R S
g ‘(—iT Q)

is just
g™ Wh g™t Wy)* = det (W, *T* + Q%) (TW, + Q)] 6" (W, Wo)* .

But this is no more than the covariance relation (2.2). So by Theorem 1 of [1]
we have unitarity of the representation (4.10) for s=0.

Note that this proof fails for the higher spin cases simply because it is not
clear that these are of the “induced form” that we have been discussing (cf. Gross
[24]). One can prove however that (g-F)(W)=0 for all geG if and only if

5, 0
Zi O's(Ji)%F(W)=55‘W—OF(W)-

i

So HY is not invariant under the SU(2,2) action (cf. [25]).
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