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Abstract. Let 4 be the measure on &'(RY) corresponding to the Gaussian process with
mean zero and covariance (f, (—4+ 1)™* g) on #(R?. It is proven that the set

(=g g+ D¥473 2 (1 4 x2)7* [log(2+ xH)]# I2(RY)

has u measure one if « >0 and >4 and u measure zero if >0 and f<3%; here 4,_, is
the Laplacian in any d — { dimensions when d > 1 and 4, = 4.

§ 1. Introduction

Nelson [11] has shown that to every generalized stochastic process
¢ over F(RRY) satisfying the axioms of a Euclidean Markov field theory
there corresponds in a natural way a relativistic Boson field theory
satisfying the Wightman axioms. In particular, the Gaussian process of
mean zero with covariance {¢(f) ¢(g9)> = (f,(—4+ 1)~ g) corresponds
to the free Boson field of mass 1 in d-dimensional space-time [12]. By
Minlos’ theorem [6, 8] this “free process” can be realized on &'(R), the
topological dual of the nuclear space & (RY. That is, there is a Borel
measure x4 on %'(IRY) so that

e P (AT DTN [ ei<q’f>d,u(q)
' (R9)
for all fe #(RY. In this realization, the free process itself is given by
the function ¢(f):q—{q, f) for ge &'

The processes corresponding to interacting Boson theories are usually
constructed by taking limits of non-Gaussian perturbations of the
“free measure” p (see, for example, [10]). The properties of the free
measure play an important role in this procedure [4, 7]. Thus it seems
useful to study the free process in order to gain insight into and develop
analytic tools for the more complicated interacting processes.

In this paper we investigate the support properties of u by elementary
methods. The point is that &’ is an unnecessarily large space in which to
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realize the free process. A space not much larger than the dual J#,
of the Hilbert space #_, should suffice. Here 5, is the Hilbert space
completion of #(R?) in the norm || /||, = ||P*f|| where P=(—4+ 1)%.
Let P, =(—4,_; + 1)* and Q =(2+ x*)* where 4,_, is the Laplacian in
any d — 1 variables. The result of this paper says that the set

S — Pf/z -1 +an/2(10g Q)/? L2 ([Rd)

has p measure 1 for any a>0 and >4 and that this result is globally
sharp in the sense that S has u measure 0 for any o> 0 and < 3. In the
case d = 1, all the statements in this paper involving P, should be inter-
preted with P, replaced by P. By “measurable” we always mean measur-
able with respect to the smallest g-algebra containing the cylinder sets.
One can see that S is measurable as follows: Let T be a bijective
continuous map of #(IR%) onto itself and let {h,} be an orthonormal
basis for I*(R%) with h, e #(RY). Then q=T*f, f e [*(R%,if and only if
q(T~'h,)=(f, h,) satisfies:

G@)=3 lg(T~ ) <o .

N
Now if Gy(g)=)lq(T~'h,)% then Gy is measurable for each N so
G = limsup Gy, is measurable. Thus T*[*(R?) is a measurable subset of
F'(RY).

The local measure one result, i.e. the fact that locally the “paths”
are almost surely in P{?~1**J2 is a special case of recent work of
Cannon [2]. Cannon also remarks that the local result is sharp in the
sense that P{/271I? is a set of measure zero. Global and local results
for the free process, expressed in terms of lim sup properties (rather than
I* properties), have been obtained by Colella and Lanford [3].

Acknowledgements. Conversations and correspondence with John Cannon and
Oscar Lanford originally stimulated our interest in the subject. We also wish to thank
Bill Faris and Barry Simon for useful conversations.

Note added in Proof. After submission of the manuscript, the authors learned from
0. E. Lanford, III, that he has an easier generalization of the same result which relies
only on the Gaussian nature of the process and does not use the Kolmogorov three series
theorem or directly the asymptotic independence.

§ 2. Sets of Measure One

We begin by stating Minlos’ Theorem [6, 8] for the case of Gaussian
processes. The topological dual of a nuclear space E will be denoted by E*
and the natural pairing between E and E* by ( -, - ». The superscript *
always indicates the dual space with respect to this pairing.
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Theorem (Minlos). Let (-,"), and (:,°), be continuous scalar
products on a nuclear space E such that || fllo =c| fll; for some constant c
and all feE. Let Hy and H, denote the Hilbert space completions of E
with respect to || - ||, and | - || 1. Suppose that the natural injection H, — H,,
is a Hilbert-Schmidt operator. Then H} is a set of measure one for the
Gaussian process ¢(f) ()=, f> over E with covariance {d(f)d(g)>
=(f. 9)o-

To say that the natural injection H; — H, is Hilbert-Schmidt is
equivalent to saying that there is a Hilbert-Schmidt operator T on H,
such that H, is the set TH, with norm || f|; = ||T ' f|,-. It is convenient
to consider the following Hilbert-Schmidt operator (P, P;, Q are defined
in §1):

Lemma 1. Define T=P 'P[*Q;' where Qz=0Q%log?Q. Then
T is Hilbert-Schmidt on I*(R%) if and only if o> d/2— { and B>1.

We defer the proof until the end of this section. The lemma is a
special case of the general principle that an operator on I*(RR? is Hilbert-
Schmidt if it consists of slightly more than d/2 powers of each of P!
and Q™. Applying Minlos’ Theorem we thus obtain:

Theorem 1. For any a>d/2—1 and f>7, S =P;Q,I*(R%) is a set of
measure one for the Gaussian process over & (R?) with covariance
(f’(_A + 1)—1 g)-

Remark. Whend =1, wetake S = P"‘QﬂL2 (see the discussion following
the proof).

Proof. Since P is a unitary map of I*(R%) into #_, an operator T
on #_, will be Hilbert-Schmidt if and only if T=P ' TP is Hilbert-
Schmidt on I*. Thus by Lemma 1, T=P;*Q; ' P~" is Hilbert-Schmidt
on J#_,. According to Minlos’ Theorem, H{ is a set of u measure one,
where H1 T, with norm | f|l; =T "' fll,_.,=QsPif|. That is,
Hf is the completion of & in the norm [|Q; 'P; *f|, whose elements
we denote by S=P{Q,*. [

An examination of the proofs of Lemma 1 and Theorem 1 reveals
that there is considerable flexibility in the choice of H,. For instance the
conclusion of Theorem 1 holds equally as well for the sets

P*Q,I*, P{*"'log'PiQyI* ...

where a>d/2—1, B>1, y>1 The stronger statements (involving P,
rather than P) show that it is sufficient to smooth in only d — 1 variables
in order that the paths be locally in I* almost surely.

_Proof of Lemma 1. The kernel of the integral operator T is T(x, y)
= h(x—y) g(y) where

g =QR+y) "* (log(2 + y»)?)~*



126 M. Reed and L. Rosen

and h is the Fourier transform of
d—1 —a/2
Ho)=(1+7) (143 1)
k=1

where without loss of generality we have chosen 4,_; to be the Laplacian
in the first d — 1 variables. Thus by the Plancherel Theorem the Hilbert-
Schmidt norm of T(x, y) is equal to ||A] - | g]|.

It remains to verify that he I? and g e I? if and only if a>d/2—1
and B > % respectively. Changing to spherical coordinates in R~ ! we have

dp,r*~2dr dQ
)12 = fff L2

A+r*+pH (A +72)
[ee] rd—zdr
= const |

o (1 + r2)a+a}
which is finite if and only if « > d/2 — 1.
Similarly, by changing to polar coordinates in IR?,

I = const | gl
O @ log2 + 1))
which is finite if and only if > as can be seen by the change of variable

r=e'. []

§ 3. Sets of Measure Zero

In the last section we proved that if «>d/2 — 1 then § = PQ,[*(R%)
is a set of measure one for the Gaussian process over #(IR%) with co-
variance (f,(—4+ 1)”'g) when B>} In this section we prove that S is
contained in a set of measure zero when f <. This amounts to the same
thing as showing that for f <3, Q,I*(IR% is contained in a set of measure
zero for the Gaussian process ¢; over &(IR%) with covariance

$b1(f) $1(9)> =(f. 901 =(f, PL **P2y). (3.1)

The idea of the proof is simple: namely, we shall find a sequence of
functions g, € & (R%) which are orthogonal in the inner product (-, ), so
that the random variables p, =|¢,(g,)| are independent and which are
chosen so that

Ty,g)<oo forall geQyl?

2 Ey; =00

where E denotes expectation with respect to the underlying measure
u, for the process ¢, and y° is the truncation y°=1y or 0 according as
[wl<c or |p|=c. We can then conclude by the Kolmogorov Three
Series Theorem [9] that the set QﬂL2 is a set of u,; measure zero. The
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difficulty which arises in this argument is that the natural choices for the
g,, namely functions whose supports move out to infinity, are not
orthogonal since (g,,d,); +0 even though g, and g, have disjoint
supports. However (g,,g,); goes exponentially to zero as the supports
of g, and g,, separate, and we use this familiar exponential decay [7]
to modify the “natural” g, by Gram-Schmidt orthogonalization.

We begin by introducing some terminology. |-| will denote the
usual norm on IR? while |- |; will denote the norm |x|; = |x,|+ -+ |Xgl-
The symbol n=(n,,...,n) will always denote a d-tuple of integers,
ie. neZ’. We order such d-tuples by starting with 0=(0,0, ..., 0), then
ordering the n so that |n|, = 1, then the n so that |n|; =2 and so forth;

K-

n~ denotes the predecessor of n. Thus the summation symbol Y is

n=0
unambiguous. Throughout this section y denotes a fixed C§ function with
support in the d-cube of side length one with centre at the origin normaliz-
ed so that |y||; = 1. Letting K be a large positive integer (to be chosen
later) we set

Xn(X) = x(x— Kn).

Notice that for all n, ||3,||; and |/y,| (the I*-norm) are constant. Finally,
we define ¥, to be the unnormalized Gram-Schmidt orthogonalization
of y,, where yo=yx:

In=ln— 2 CiUj-
j=0
The following two lemmas (proven at the end of the section) tell us how to
choose K.

Lemma 2. Given any a> 0, we can choose K so large that

I(Xn’ Xm)l' é a|”_m|1
for all m and n.

Lemma 3. For a small enough, there are constants e>0 and D
(independent of n and j) so that

@) 7% Z e

(b) Y. I} =D.

n>j

Theorem 2. If o>d/2—1 and B <% then S = P{Q,*(R?) is contained
in a set of measure zero for the Gaussian process over & (R%) with covariance
(fs(_A + 1)—1 g)

Remark. Again, when d=1, we replace P, by P in the theorem.

Proof. As mentioned above it is sufficient to show that Q,I*(R?) is a
set of measure zero for the Gaussian process with covariance (3.1). We
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define
Ya=(2+n?)"* [log(2+ n»)’

7, = (24 n2)* [log 2+ n?)]¥/* 7.

Now we choose K large enough so that the conclusion of Lemma 3
holds and define _
= L —
=7 and v, =[d:(g,).

Let geQpI*(RY), i.e. g=(2+ x*)* [log(2+x*)]” f(x) where f is in L*(IRY).
In the following calculation ¢ denotes various universal constants
(independent of n) and [, denotes the d-cube of side length one with
centre at n. Now

12, /W)
vi@) = BT

n

In— 2, S
i=0

dy

IA

A0 R0y T 161 T 10100 4]
n On j=0 0;

ALy ] oy

IIA

Thus,

n

1 ) ,
Sw@se L ([ IfFd) el Y ]—’—l(j I o)
n n Tn On n j=0 T, 0O;
The first term on the right is less than infinity since 7:_1 e/? by the
proof of Lemma 1 and {( [P dy)%}efz since the [J, are disjoint.
D’l
To handle the second term we rewrite it:
< ljl 2 704
¢ Z—-(I T dy)
j i Tn Oj
<D ¥ i(_( Tk dy)% (by Lemma 3)
j=o Tj \g;

<o,
by the same reasoning as above. Thus,

Y wig)<oo forall geQ,I*(RY.

On the other hand, for each n, ¢,(g,) is a Gaussian random variable
of mean zero and covariance

512 2
R

) T\,
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by Lemma 3 [Part (a)]. Since the ¢,(g,) are Gaussian and orthogonal
they are independent and thus so are the p,. Now

1 221202
Eyt= [A| e~ #1274}
i;27w,, M[Lc
_ Vo [ Isle™*"*ds

PLANE

3

5

= )
2n

3

for n large enough since g, — 0.

By the proof of Lemma 1, Z =00 so we conclude that

Y Eyi=00.

Thus, by the Kolmogorov three series theorem [9], the set of g € #(RY)
so that )" y,(g) <oo has measure zero. Since we have already shown this
inequality for g € QzI*(R?) the proof is finished. [

It remains to prove Lemmas 2 and 3.

Proof of Lemma 2. If y>0, the operator P~7 acts by convolution
with a distribution k, , which is the Fourier transform of (1+ p%)~™"2.

By [5],
k() =(2m) 2212 T(y/2) " x| 2 Ko, (X))

2

where K, is the modified Bessel function. Thus k, , is C* except possibly
at x=0 and its behaviour at zero and infinity is given by (see, for
instance, [1]):
o(x""% if y<d
as |x|—0, kw,(x)={ O(loglx|) if y=d
o(1) if y>d

y—d—1
as |x|>o0, k,,(x)= O(le 2 e-'x'> .
Therefore k, , is integrable near zero and

(P2 x,) ()| =f k2 a(x — y) x(y — Kn) dy|

éce_bc_xnll/l/a (3'2)

where ¢ will denote various constants independent of x,m, and n and
where we have used the relation |x|, < ]/c_i |x].
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Similarly we have
P2 ) G =1 | kaga—1(—9) x(9— K in, x,— Kmy) dy|
]Rd—l

Sce” li_K'ﬁh/Wﬂxd — Km,)

where £ =(x;,..., X, ;) and ¥ is the characteristic function of [ —3,%].
By the triangle inequality

|x— Kn|, +|X— K |, 23(KA—K |, + |x — K|, + % — K ;)

+|x,— Kny|

so that by (3.2) and (3.3)

|(Xm’ Pl—ZaP-—ZXn)I éce_Kjﬁ"ﬁ|x/2V7 “ e—(l)E—Krill+[:’c—-Krﬁ|,)/2[/3dj-C

Ri-1
’ ( T(xg—Kmy)e™ Pra=Knal/2 ded

—K|n—m|1/21/7‘

(3.3)

<ce

This proves Lemma 2. []

To prove Lemma 3 we first establish a preliminary lemma which
expresses the fact that if the components of a matrix A decay exponentially
away from the diagonal then the same is true of 47!, independently
of the size of A4:

Lemma 4. Let S be a finite subset of Z* and let A be a matrix indexed
by S which satisfies A;;=1 and

|4l S al =l (34

where a> 0. Then there are constants a, and b (independent of the number
of points N in S) such that for a<ay,

|47 < b(4ad) . (3.5)

Proof. 1t is sufficient to prove the lemma if S is a rectangular array
of adjacent points in Z‘. For if not, simply embed S in such a rectangle
S and extend A to a matrix 4 indexed by S by A=A, ie. 4; i=Aij
if i,jeS and A--—éi y otherwise. Then A satlsﬁes (3.4) and so A"
satisfies (3.5). But A" 1=A"'@I so that A~ ! also satisfies (3.5).

To prove the lemma in this case, we introduce another matrix R
also indexed by S defined by R;;=1if |i —j|; =1 and R;;=0 otherwise.
R¥ has the following properties:

(R, =0 if k<li—j,., (3.6)
(RY,;21 if k=li—jl,, (3.7)
(R, < (2df forall ijk. (3.8)

These properties follow immediately from the interpretation of (R¥);; as
the number of ways of joining i and j by lines of length k that are formed
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by segments of length 1 connecting points of S. Let | A[ denote the norm of

the matrix A corresponding to the supremum norm for vectors, i.e.,

| All = max )’ |A;,l. Then also |R¥| <(2d)* since each row of R contains
P

at most 2d ones. w
Now consider the matrix B=1—aR. For a<(2d)™', B! =) (aR)*
0

converges in norm and therefore componentwise. Since R has non-
negative elements, it follows from (3.7) that

(B~ 1)z dl i (3.9
We now estimate A4~! by means of the Neumann series 47!

Z (I — A)*. From (3.4) it follows that
[I— Al <a Z al

n=0
Thus for a sufficiently small (independently of N) the Neumann series
converges so
(A7)l = Z (T = 4)): )
; (3.10)
<Y (B '=DY;,
k=0
by (3.4) and (3.9). The series Z (B~ ! —1I)* converges for a sufficiently
small (1ndependent1y of N). In fact
Z B '=If=QRI-B™H!
k=0
=I+aR(I—2aR)™! (3.11)
=I1+% Y (2aRy}
k=1

which converges for 4ad < 1. Thus if i+j we conclude from (3.6), (3.8),
(3.10) and (3.11) that

where b is independent of N. []

Proof of Lemma 3. Define A;;=(y;, x;); and choose K large enough
by Lemma 2 so that |4; | < al"~J1t where a < a, with a, given by Lemma 4.
The coefficients ¢ are determlned by the equations

ZAUJ ms i=0,...,n_.
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That is, ¢"=(4,)” ! @™ where & =(c}, ..., c"-), @ =(A¢, ..., A,-,) and
A, is the matrix {4;;} where i,j=0,...,n". By Lemma 4

< S @ad)i-i gi-n, (3.12)
Thus - =0
Z Ic;‘]§2(4ad)|j|‘ alil:
j=0 j i+0
<consta

where the constant is independent of n. This proves Part (a) of Lemma 3
for a sufficiently small. Similarly from (3.12)

Y 1< Y (4ad)ta =D <0

n>j

where D is independent of j. This proves part (b) of Lemma 3. [
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