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Abstract. The generating functional of the cyclic representation of the canonical
commutation relations for the equilibrium state of the free Boson gas is calculated, using
a method due to Kac, as the thermodynamic limit of the grand canonical generating
functional. The relation to the work of Araki and Woods is discussed.

§ 1. Introduction

We compute the generating functional of the cyclic representation
of the canonical commutation relations corresponding to the equilibrium
state of the free Boson gas. We use a method suggested by Kac [1] in his
rigorous derivation of the London-Placzek formula for the pair distribu-
tion function, to obtain the thermodynamic limit of the grand canonical
ensemble. This method enables us to treat a range of boundary con-
ditions and to display their effect on the generating functional.

In § 2 we review the results about representations of the CCR which
we shall require, and in § 3 we describe the procedure for passing to the
thermodynamic limit and state as Theorem 1 our main result which
describes the limiting form of the generating functional. A special case
of our result has been announced by Weiringa [2]. As a step towards the
proof of Theorem 1 we need to establish the existence of condensation;
the essential result is stated as Theorem 2. In § 4 we sketch some applica-
tions of these results before proving them in § 5. We discuss the relation
with the work of Araki and Woods [3] in §6 where we construct the
cyclic representation of the CCRs corresponding to the generating
functional described in Theorem 1, and discuss some of its properties.

We are deeply indebted to Professor M. Kac for showing us his derivation of the
London-Placzek formula before publication. We are grateful to Dr. E. B. Davies for many
stimulating discussions.
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§ 2. Representations of the CCR

Let M be a complex pre-Hilbert space with inner product (-, ).
A representation of the CCR over M on a Hilbert space s# is a map
hi—W(h) of M into the group % () of unitary operators on J# satis-
fying
W(hy) W(hy)= cw(hy, hy) W(h, + hy)
where

i
w(hy, hy) = exp {7 Imhy, h2>} ,

and such that for each he M the map A—~W(ih) of R into % () is
strongly continuous. The continuity condition ensures, via Stone’s
theorem, the existence of self-adjoint operators R(h) such that

W(h)=exp {iR(h)}

and the map ht— R(h) is real-linear. Using the R(h) we construct annihila-
tion and creation operators

w(h)=2""*{R(h)+ iR(ih)},
w*(h)=2"Y2{R(h)—iR(ih)} .

To each cyclic representation {W, #, Q} of the CCR with cyclic vector
Q there corresponds a generating functional px: M —C given by

u(h)=<Q, W(h)Q2) .

It has shown by Araki [12] and Segal [13] that a functional u: M —C
is the generating functional of a cyclic representation of the CCR if and
only if it satisfies the following conditions:
(1) uO)=1.
(ii) for each he M the map A u(Ah) is continuous.
(iii) for each finite set of complex numbers c;,...,c, and elements
hyy...,h, of M

Z Z plh; — hj) o(h;, hj)ciajg 0.
i
Let .o/ be a positive quadratic form defined on a domain 2(.2/) which

is dense in a Hilbert-space 4. It follows from the above result that the
functional

p(h) = pp(h) exp{—3 o (hy, hy)} 2.1

defined on 2(&/) is the generating functional of a cyclic representation
of the CCR, where

pp(h)=exp{—% | 1|}
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is the generating functional of the Fock-Cook representation
{Wg, £(H), Qp}. 1t is straightforward to verify that for such 4 we have

Syp*(hy) w(hy)) =L (hy, hy), 22
p*(hy) w*(ho) w(ha) w(ha))
=l (h3, hy) oA (ha, hy) + A (hy, hy) L (s, hy),
where we write (C) for (Q,CQ) where Q is the cyclic vector of the
representation determined by .
We have not assumed that the quadratic form ./ is closable, but when

o is closed we can say more. In this case there exists a positive operator
A whose domain Z(A) coincides with 2(.<7) on which

&{(hu h2)= <Ah1’Ah2> .

(2.3)

Putting
T=(1+24%"?
we have
2(T)=2(A)
and

p(h)=exp{—% [ Th|?} .

Chaiken [4] has considered generating functionals of this form following
the construction introduced by Araki and Woods [3]. Let .# be the
closure of the range of A and let J be a conjugation of # which commutes
with A. Then define W(h) on ¢ (#)® ¢ (H) by

W(h)= We((1+ A*)*h)® Wy(AJ h) (24

where #(#), #(M) are the Fock spaces over J# and .# respectively.
Then <Q, W(h)Q)=exp{—2%|Th|?*} for he Z(T), where Q= Q,® Qp
is cyclic for W. This representation is a factor, it is irreducible if and only
if A = 0. It is unitarily equivalent to a direct sum of Fock-Cook representa-
tions if and only if 4 is Hilbert-Schmidt.

A generating functional determines a state of the C*-algebra of the
CCR (see Manuceau [5]); those determined by generating functionals
of the form (2.1) are quasi-free (Manuceau and Verbeure [6]) and in-
variant under the gauge transformations h¢e**h.

§ 3. The Thermodynamic Limit of the Grand Canonical State

Let A' be a bounded region in IR* having unit volume, and which is
star-shaped with respect to some interior point which we choose as
origin. We shall require the boundary 04' to satisfy a regularity con-
dition (see § 5). For each L >0 let A" be the region

AF={xeR3*: L ' xe A}
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and put = L[*(A"). Then A*CAY and #,C#,,, whenever L< L.
Take H; to be the self-adjoint operator on #; determined by —% 4 in

0
A" and the boundary condition 733— +a¢=0 on 04" where gn— is the

directional derivative in the direction of the outward normal n to 04~
Let N, be the number operator on the Fock space ¢ (#,) and let Hf
be the operator on #(s#7) induced by H; on ;. For each L we consider
the grand canonical density operator

of. .= exp{— B(HF — uN,)}/trace [exp{ — B(HF — uN.)}]

on ¢ (#7). Using standard results about Fock space we can show that
the generating functional

:u'fi, z(h) = trace [G;:z WF(h)]
defined for h € #, is given by
15, -(h) = pp(h) exp { — 5 5 .(h, h)}

Ao (h b= Chy z(ePFE—2) " ) (3.1)

where

where f=1/kT is the inverse temperature and z=e* is the fugacity.
We wish to determine the limit as L— oo of <5, when the mean density
0 is held fixed.

Let {¢¢} be an orthonormal set of eigenvectors of H; corresponding
to the eigenvalues EF which are assumed ordered so that 0< E} < E%

<ELY<...—; then {¢f} is a basis for #, and ¢F is given in terms of
b= b1 by
dr(x)= L2 ¢ (L7 x), (3.2
and
EE=72E,. (3.3)

The number operator N, is given by
Ne= Y v*(¢0) w(di)
k=1
and the number of particles in the k™ level is given by the operator
e = w*(¢1) (o) -

Using (2.2) and (3.1) we have

{ngy = trace(ng o)

_ L L Ly __
—‘Q{ﬂ,z((ﬁk’(pk)_ eﬁE‘%—Z D
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and
d z

N>= Y
k=1 € % —

z

We require {N.) to have the value gL* where g is the mean density.
This determines z as a function of L through the constraint

z(L)

=Z TR (3.4)

Our objective is to find
L, 5(h)= 111_{{}0 H/I?,zw)(h)
for h in some dense subset of I2(R3). It is sufficient to determine
Ay 5(h, h)= ]}1_{20 A5 )b h),

then
1p,5(h) = pp(h) exp{ —% L 5(h, h)} .

We interpret p, ;(h) as the generating functional for a representation
of the CCR for an infinite free Boson gas with mean density g. Let g,
be the function defined on the interval [0, 1] by

[eo) n

z
ga(z)= ZF; (X>1,

n=1
and let g, be the critical density defined by
0.=(2np) 37 g32(1).
Let & be the space of C® functions on R® having compact support.
Theorem 1. The quadratic form <, ; is given on & by

Vdﬂ,a(h’h)=<haf{h>s 0<Qc»

— 2 72 _ (3.5)
=(@—0J) ¢, [RO)" +<h, f1hy, =0,
where ( is the unique root of the equation
o= (2np)3"? g32(0)
and
(fzh) (x)= f fAlx=yl) h(y)dy (3.6)
with .
S =@np 3 5 e‘sz/“ﬂ%. 3.7)

n=1

A necessary preliminary to the proof of this theorem is the determina-
tion of the asymptotic behaviour of the solution z(L) of the mean density
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Eq. (3.4) for large values of L, or of the solution {(L) of the transformed
equation

3 (L)

=T L R oo
where
{(L)=z(L)exp(—BE}), nx=Ep—Ef,
so that

O=mi<nisnss-.

Since {ny> must be positive and finite for all k we require 0 < {(L) < 1.
The properties of {(L) are given by the following:

i)

T 1-UD —0 and {(L)—{ where { is the

Theorem 2. For g < g,,

root of the equation

o=(2np)” 3/293/2(0 .

1 L)

Foro=og,,

§ 4. Applications

(i) Macroscopic occupation of the ground state.
From Theorem 2 we see that L™ 3(n%), the density of particles in the
ground state, satisfies

L*{(L)
3y =222 5—0., 720,
iy I~ 0> 02¢
-0, 0<gc>
-3
while L 3¢(nf> = —LL—QIL —0 for all values of g when k> 1 since
e — (L)

ne=(E,— E,)/[*. Thus we have proved that condensation into the
ground state occurs when the mean density g exceeds g,.

(ii) Off-diagonal long-range order.

Applying (2.1) to the generating functional u, ; we have {p*(hy) w(h,))>
=y 5(hy, hy). Let {w*(x) w(y)) denote the kernel of the quadratic form

Cp*(hy) w(hy)) so that
Wrh)wh = [ hi(x) * w0 h() dxdy.

R3xR
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Then using (3.5) we have

W) )y = flllx=yl), 2<e.,
=@—0e) PO+ filx—yl), 2=e.-

From the definition (3.7) of f, we see that as |x — y|| > o0

p*(x) p(y)> -0, 0<0Qc»
-@—-0) o0, a=e¢.,

which is the behaviour characterizing condensation, according to Penrose
and Onsager [7]. However the limiting value of {yp*(x) y(y)) above the
critical density depends on the boundary conditions through the value
of the ground-state wave-function at the origin. In the circumstances
described in this paper ¢,(0) is never zero but this happens in the case
of the gas in a rotating container; then there is macroscopic occupation
of the ground state but no off-diagonal long-range order.

(ii)) The two-particle reduced density matrix

Kac [1] has given a rigorous proof of the London-Placzek formula
for the pair distribution function. For this he requires the two-particle
reduced density matrix.

This can be read off from (2.3) and (3.5):

W*x) v*(x) w(y) wy2)>

= fellxy = y2lD) flllx2 = yi D)+ fell X = yalD) fellxz = yal), @ <e.»
= filllxy = y2ID) f1(llx2 = y1 )+ fi(llxg = y1 1) f1 (%2 = p2l)
+@—0) 11O {fillx = y2l) + filllx2 = yil) + fr(llx1 =y )
+ f1(l%2 = y2 1)} + 2@ - ¢)* 16, O)*, 2=,

§ 5. Proof of the Theorems

First we sketch a proof of the theorems and state the estimates which
are required to clinch matters. The main idea is due to Kac [1]. The
Green’s function for the heat equation in A* is given by

Glx.yin)= 3 BT diy)e ™.

For small t “the effect of the boundary is not felt” (see Kac [1]) and we
expect

G(x,y; )~ (2nt)” > exp{—[x—y|?/2t} . (5.1)
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Putting x=y and integrating over 4! we get
[ee]
Y e B~ 2m) 732
k=1

since the volume of A! is one. Using the explicit dependence of EX and
¢¢ on L and interchanging the order of summation we have

- ) C(L [ .
* Y g = L S Sy

1
where
o0
S(s)=L"3 Z e S = ST 73 Z e B~ (2ms) 7302
k=1 k=

for large L, so that

- @
k; efe—{(L)

Now g3, is continuous on [0, 1] and increases monotonically to a
maximum 2.612 ... at {= 1. For g < g, there is a unique { satisfying

e=Q2np)~ 3/293/2(0 .

For g = g, we have to go back to the series (3.8). The first term dominates
as z(L) gets close to e/Z and so we remove it and define

L? ~(27Tﬁ)—3/293/2(0'

0
L)=L72 Y e
k=2
and prove

Lemma 1. Let f,()= Y {"Sy(nf). Then fu(Q—Q@np)™"*gya(0)

n=1
uniformly in [0, 1] so that if
lim {(1)= ¢, €[0, 1]
then

FLll@)~Q2np) ™2 g32(Co)-

Using this we are able to prove Theorem 2.
To prove Theorem 1 we define

Ty(9)= ki e Ky, I

and
Tu(s)= KT, B+ Ti(s),
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for h in the Schwartz space & and L> L, where L, is chosen so that the
support of & is contained in A*°. Putting

K(s)= [ hx)h(y)exp{—|x—yl?/2s} dxdy

IR3 x R3
we use (5.1) to prove
Lemma 2. Suppose that I}im {(L)={,€e[0,1]. Then

lim Y (L Tinf)= @) Y GKnp).
P p=1 n=1
In proving the lemmas we need the following estimates. Let G (x, y; t)

=G(x,y;t)—(2nt) 32 exp{— | x — y| ?/2t} where G(x, y; t) is the Green’s
function for the heat equation

oy 1 .
——=——14 ! 52
ot pov n A (.2)
subject to the boundary condition
oy L
an +apy=0 on JA4".

Then, provided the boundary is sufficiently regular, for each T < oo
there exists a constant ¢(T) such that

6oyl s - exp—2/2) 63

forall t < T, where [, is the minimum distance of y from 0 4. Furthermore
there exist constants a and b such that for k sufficiently large

E,> bk (5.4)
xed, [p(x)| S aky. (5.5)

These can be extracted from Arima [8] and Mizohata and Arima [9].
See also Pule [11].

We first prove the Lemmas. We prove the harder of the two, Lemma 2,
and indicate how the proof can be modified to prove Lemma 1.

Proof of Lemma 2. We first prove that for each T < oo there exists a
constant ¢(T) such that for all n < TL?/B we have

and for all

T () — K(np)l < L~ 2n~%*¢(T). (5.6)
Using the estimates (5.4, 5) we have for k sufficiently large
6! (Eb?

e~ B FE() SEO < Ae BE(EL? < 4 <Bt k"2,

1 (ED)°



10 J. T. Lewis and J. V. Pul¢

so that

0

Y e GE(x) ¢ ()= GH(x, y; 1) (5.7)

k=1
is absolutely and uniformly convergent for x, y in A*. Define K : #%— #*
by
(Kg)(x)= [ G (x,y;1)g(y)dy.

AL

K¢;) (x)=e "5 ¢r(x)

since the uniform convergence allows us to integrate term by term,
and so G* is the Green’s function of the heat Eq. (5.2).
Using the estimate (4.3), for GX defined by

GE(x, y; )= GH(x, y; t) — 2mt) =32 g IIx—vlI?/2e (5.8)

(X ¥y nB <__cgl —5L2/2np
GC<L’ L LZ) =P ¢

Then

we have

1
(GHex vinB)l = 25

where
6= inf d(y/L,0A4)= inf d(y,0A")=d(A™" d4").
yedlo ye ALo/L

Choosing L=2L,, §2d(A'Y?,04') >0, so that

1/4
IGL(x,y, np) < (:g;)/z (22122) =C'(T)n'5/4L‘1/2,

Using uniformity of convergence in x and y of (4.9) we have
T (nB)=e"PF/% Y e " PE K, I
k=1

= "B K (n ) + e EVE [ h(x) h(y) GE(x, y; np) dx dy

so that
ITo(np)— K(np) < |K(np)| (€"FE ™ — 1)+ n~ 34 L7 12 TEre(T).

T2 T and

IK(np) = (2npn) > [h(O),

TE, _
For nBL"2<T we have ¢"PF1/L — =(nﬁE ) eTE 1

and hence
T (nB)— K(np)|<n~>* L2 ¢(T).
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To prove the Lemma it is enough to prove that given £ >0 there exists
L such that for all L> L

0

S UTinf)— ¥ CKp) <

n=1

since by uniform convergence ). {"K(np) is continuous on [0, 1]. Since,
n=1

as a function of n, n**exp(—pnE/L?) is monotonic decreasing for

nBEL *>5/4 we have n** T;(np) is non-increasing for fny, "> 5/4.

Put T=5/45n;* + 1 in (5.6), and let N = N(L) be the largest integer not

greater than (T — 1) [?/B, then for n < N(L)+ 1 the results (5.6) holds and

N({L)+1>(T—-1)*/B= 5L
4pn,
so that n>'* T} (n ) is non-increasing for all n> N(L). Now
Z "Ti(np)— Z {"K(np)| =T+ 1T+ 111
n=1 n=1
© o N(L)
= Y TP+ Y Kmp+ Y T (np)—K@p).
n=N(L)+1 n=N(L)+1 n=1

But ¢,(x) is continuous at x=0, being an eigenfunction of an elliptic
operator, so that

PR = [ 4[]0 dx= 50 | hx)dx=F060).  (55)

Thus there is a constant D(h) such that [{¢f,h)|><D(h)L 3 for L
sufficiently large to that

= % |To(np)— K(np)|+ ND(h)L™?

n=1
(T Y ., (T—1)Dh (T T—1)D(h
< BT )<CL5/2) 95/4<1)+(—72L“Q ~
Now
I<(N+ DT BN +1) Y n~ <N+ 1) T (BN + 1)) g5,.(1)

n=N+1
S (N+ 1) g54(1) [ TL(BN + 1)) — K(B(N + 1))
+(N +1)° g5,,(1) K(B(N + 1))
< L2 ¢(T) gsa(1) + (N + 1) 714 [R(O)? g54(1) 2np) =32
< L7V2¢"(T) gsja(1) + L7 V2(T — 1) 1* BY4 |R(0)? g5 (1) 2R )2 .
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Similarly II can be made arbitrarily small by choosing L sufficiently
large, and the proof of Lemma 2 is complete.
The proof of Lemma 1 is similar, with the estimate (5.6) replaced by

ISL(np)— 2nnp) 32| <n S* L V2 (T) for n<TI?/B,

which is proved as follows:
From (5.3) we have that for each T < oo there exists ¢(T) < oo such that

[ G, x; 1) dx < t(3/2) [ e B2t dx

Al At
T X
= ctg/z) i e %214l forsome X <oo
(1) ¥ c,(T)
S g Ll < ;5/4 ,

Using the uniformity of the convergence of (5.7) and (5.8) we have

SL(nﬁ)zL—3enﬂE1/L2 Z e—nﬂE{;=L—3en/3E1/L2 f GL(x,x;nﬁ)dx
k=1

AL
— (znnﬁ)—3/2 enﬂE;/L2+ L—-3enﬂEl/L2 ‘" Gf‘(x, X; nﬁ) dx .
AL

Thus
IS,.(nf) — 2nnp)~ 32| < 2rnp)~ 32 (e"FEVL — 1)
+L—3e"ﬂE1/L2 j‘ IG?(X,X,}’[B)[ dx
AL

<L 1/2(nﬂ)—-5/4 T—1/4E1/4(eTE1_ 1)
+ L 3Tk

ot 32)

S L 12p=3% ¢ (T).

dx

Proof of Theorem 2. For {(L)e[0, 1)

I LCC A S

K=y e — (L) k=2 n=1

The terms on the right hand side are positive and the series on the left
hand side converges because of the estimate (5.4), so we may interchange
the order of summation and get

i {ry ¢ "S" (nf) =
kgz m B n=Zl Ly Sinf)= 1),
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and we have

L‘3C( )

Toun )= (5.10)

which implies that f; ({(L)) <.
Now consider case (a): g <g,. Then there exists an ¢>0 such that
0+¢e<g, and by Lemma 1 there is an L, such that for all L> L,

2B~ g5, (L)< fLlD)+e<g+e<g..
Let {, be the unique root of 2np)~*?g;,,({,)=2+ & Then since g3,
is monotonic increasing
o< <t
(L) C
<K= .
1={(L) =2,

Then L™ 3¢(L) (1 — {(L))"* < L *K—0 as L— oo0. We wish to prove that
gljlgo {L)={ where g=2nf) 2 g;5,(0). But |g;5,((L) = g3, ()

=1g5,2(0)] [{(L)— (| for some 6 € [0, 1) and g5,,(0) = 1 so that
(D) == Rap)*? 27 )~ g5,(L(L) - @l
SQap*? D) —al+ I fCL) - (27T18_3/293/2(§(L))|}
SQ2np)lPP (L 3K +¢).

Case (b): g = ¢..
Given &> 0 choose ¢ such that

20<@.—(2np) > gs,(1—v¢).
Then there exists an L, such that for all L> L,
L 3(1—¢)
1—(1—¢)
full—¢< (2nﬁ)_3/293/2(1 —&)+9,

and

<0

and

so that

L 31—
ﬁ+fL(1—8)<(2nﬁ)‘3/2g3/2(1_8)+25<Qc§§

Thus

L3(1—¢) L*{(L)

(=9 + Nl —9<T—Fy D + fLCWL)).
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-3

But z+— = j + f1(z) is monotonic increasing, so that
1>{(L)y>1—¢ forall L>L,,
and so
UL)y—-1.
o 24w
= > - L
so by Lemma 2
L3
= S\ 50,

Proof of Theorem 1. We can write

0

A h)=Chy 2@ —2)  hy= Y 2" Y e PR, by
k=1

n=1

8

o % PG IDE= L U Tinp)

"M8

- fwﬁ, BE+ 3 O T0p)

n=

1:3/:

IL3’2<¢L hyP + Z "Ti(np).

Using Lemma 2 and (5.9) we have
- = 1 L
sty 3(h, W)= lim /-, 0, )

=@-0) 9O hOF+ ¥ K(h).  22e..

8

=Z "K(np), eo<e..

The series
Fllx =yl = @rf)* 3022 exp (— = y120f)

converges uniformly in x and y and so we can put

ey

Y "K@np)=<h, f.h).

n=1

This completes the proof of Theorem 1.
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§ 6. Construction of the Representations
It can be shown that
foh(k) =@, (k) h(k)
where s
&:(k) = z( 2 — 2

so that (3.5) can be re-written
Ay 3 W)= (@— ) ¢, O |AO) + <h, 3, b, o2
=<h, g, h>, o<
where z satisfies
o= [ a.(k)dk.
R3

Itis clear that our result agrees with that obtained by Araki and Woods[3]
for g < ¢, but for g = g, they have

1A (h) = pp(h) exp{— % <h, g, 1D} Jo((200)*2 1(O)])

where B
Q=00
The relation between the two can be seen by putting ¢,(0)=1
(corresponding to the boundary condition %::— = ) and using the
identity
exp(—sixi) = [ Jo((20)! 2 x)e e 2
0
Hpah)= T i () K (:2) de

where °

K(g;0)=(@—e) 'exp{—(e—ea)/@—0)}, ¢>¢.>

6.2
=0, 0o, . (©2

But this is just the expression discovered by Kac [1] for the probability
distribution of the density in the thermodynamic limit of the grand
canonical ensemble corresponding to mean density g; so that, by fixing
the density in the ground state, Araki and Woods obtained the correct
generating functional given that the density in the ground state is gq.
Since the first draft of this paper was written Cannon [ 14] has proved that
the Araki-Woods state is the thermodynamic limit of the canonical state.
In discussing the grand canonical generating functional we shall con-
centrate on the case g = g, since for g < g, it is the same as the canonical
which has been treated exhaustively (see Araki and Woods [3] and
Hugenholtz [ 10]).
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The onset of off-diagonal long range order corresponds to the
quadratic form ./, ; becoming non-closable, because of the term
(Q 2. |6, (0) Ih(O)I2 For this reason the generating functional u; ;
is not of the form

exp{—% | Th|*}

and in fact is not a factor, and we cannot use Chaiken’s results [4]. To
obtain a representation having y, ; as generating functional with g> ¢,
let #, be I*(R* K(r;g)drd0/2n). Define Wy(z) on #, for all
z=p+igeC by

Wo(p +iq) g(r, 0) = exp {i2**(r — 0)'/* (p cos0 + q sin0)} g(r, 0) .

Let Q, be the element of #, which is identically equal to 1, then
{W,, #,,Q0} is a cyclic representation of the abelian group € with
generating functional

2n

to(z)= | [ exp{i2"*(r—g)"* (p cosO + g sin6)} K(r; 0) dr d6/2n
0

|
0
f Jo(2'2(r— )" |2)) K(r; @) dr

=exp{—3(@—0)lzI*}.

We have obtained p; ;(h) for h in the Schwartz space & but it can be
extended to larger spaces of test-functions and it is convenient to use
the maximal extension which is to the domain 2(2/; ;) of the quadratic
form. This is the intersection of the domains of the singular part (h(0)?
and the closed part <h, f; h>. The domain of the singular part is L'(R%)
N I*(R3) and this is contained in the domain of the closed part since for
he LMR3) N L*(IR3)

[ 0,00 1h(k)> dk < byl | §y(k)dk=[[R])} g.< oo .

R3 R3
Let W, be the representation (2.4) with 4= f'/* restricted to L'n1?
and put W(h)= W, (h)® Wy(h(0)) and Q=Q, ®Q,. We have to check

that Q is cyclic for W. Since @, is cyclic for W, and Q, is cyclic for W,
it is enough to show that for all he L' nI?, ze C,

Wy () Q,@Wy(2) Qo V{W(g)Q:ge L'} .

Now for all he I* nI? and zeC there exists a sequence {h,e L' N [?}
such that | 4, — 0 and

fz,,(O)—>Z—IA1(O) as n—oo.
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Then

W(h,) W(h)Q = Wy(h, + h)e~ (12/m b 0, @ W, (h,(0) + 7(0)) 2,
and
1W (1) 2, ® Wo(2) 2, — W(h,) W(h) Q)|

=2 250 Reexp{ = 5 Ch 1> = 5 Ty

| -
— 5 2l + 0~
-0 as n—-ow.

As in the case of the Araki-Woods representation, we can express this
representation as a direct integral of factor representations

Wi (h) exp{i2Y*(r — 0)'"* (p cosO + g sin0)} ,
where .
hQ)=p+iq,

which are not gauge-invariant.

The generating functional 1, ; is translation-invariant both above
and below the critical density, but above critical it does not have the
cluster property:

im0 g)e™ O — g () ()| 0

for some h, g € L' n I?, while below the critical density it has the property
since the corresponding representation is a factor. When we consider
time translations we see the advantage of taking L' nL? as the space of
test-functions. The space & is not invariant under the group of time
translations corresponding to free-particle evolution h—h, where
hy(k)= e~ "IMI*2 fi(k), but L' ~ [* is. Then p, ; on L N L? is time-translation
invariant and has the KMS property.
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