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Abstract. We show that a non discrete state of van Hove's Universal Receptacle in the
fermion case is not unitarily equivalent to any quasi-free state.

We wish to consider the following question of A. Verbeure which
arose during an informal seminar given by J. Manuceau and myself
concerning local gauge’s implementation.

The question was: Are all the states constructed in Van Hove’s
Universal Receptacle unitarily equivalent to the quasi-free states? We
shall show that the answer to the question is negative.

1. Introduction

Let o = /(H, s) denote the C.A.R.-algebra. (H, s) is a real separable
Hilbert space and . is generated by the elements B(y), y € H with the
property that:

[B(), B(@)]+ =2s(w, ) I,
see [1].
We shall call the states (representations) of Van Hove’s Universal

Receptacle (V.H.U.R.), the states (representations) of .o/ constructed as
follows ([2, 3]).

Let
H= @Hk’ Hk=[%§,1P1%]

keN

s o0 (0]

1

m, is a *-representation of .o, = &/ (H,, s) into 5, =C?>. Let us define =,
a representation of o into # = (X)

kelN
n(B(V’i)) = @i_ ! 0'13 ® GI{® @l& o,
1 1

1 0
0 —1
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We shall write n = ® 7. See [4].

keN
Let €, be a unitary vector in J, 2, = (;")GCZ and Q= (X) Q,,
k keN
€ ()
H? = () H#,, no(x)=mn(x)|#? Vxeof. For any decomposable 2 such
keN

that Q,’s are unitary the state wq = (Q|nq(-) 2) will be called V.H.U.R.-
state relating to decomposition (Hy)ycn-

Definition 1.1. A representation r, (a state wg) is discrete if and
onlyif ) x,(1 —x,)< + 00 with x,= |0/
keN

Definition 1.2. A quasi-free state of .« is a state w,, fully defined by the
operator 4 on H, such that

w 4(B(w) B()) =s(y, ) + is(Ay, @)

(see [1,5]...).
Moreover, if A obeys A%= —1, then w, is a pure state (= Fock
state) [1].

I1. Proposition

Statement. For any non discrete V.H.U.R.-state w,, there does not
exist any quasi-free state of &/ which is unitarily equivalent to w,,.

Proof. Let wg be a pure quasi-free state of &, (#,ng, Zg) the
corresponding Gelfand troika. Vx € o, wg(x) = (Zg| g (x) Eg).
We may construct (#%, g, Zg) as follows:
A collection of two-dimensional spaces F; exists with KF;=F;
such that H= (—B F,. Let F;=[0¢},¢7] and mjB(¢}))=0', [=1,2,
6 (E) JeN 1 0
Hy= Q) H,, #;=C* and Ex= Q) &, E;= ( ) or < ) for wy is quasi-
JjeN JjeN 0 !
free [6].
From [7, 8], wg = jEy(-) dug(y) where ug is a Borel measure of mass

r
one on I'=1{0, 1} equipped with product topology. States E, are

o,
extremal states constructed from vectors Q= ®( ’) where y=(y));,

jew \B;
y

7;=lo| and y;=0 or 1. Here uy is concentrated on y where Z;,= (

[
RO S~
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Let fix denote the measure on I" which corresponds with ng in the
Garding-Wightman classification [9]. If X is a Borel set in I’

Ax(X)= Y 27" ux(X + 6™, where {§™},n=4

my

={yeI'|y;=0 but for a finite number of ;'s}.

i 1s concentrated on y + 4.
Now let us consider the representation 7, as defined in the introduc-
tion, the measure ug, is corresponding to it in the Garding-Wightman

classification. uo= (X) g, on I'=[] {0, 1} with
ke N k'
o, oc,:) L
)85
Suppose ug, is discrete. Then 3 y'e I' such that ug(y) >0 i.e.

[T g2 BP0 >0 or ) x(l—x)<+o0,
keN keN

WO =B, m()=147, %B+0 vkeN and ®(

keN

therefore 7, is discrete.

Conversely, suppose Y. x,(1 —x;) < + c0.
keN

Then 3 M, NCIN, MAN =0, MUN =N such that

Y xy <4+ and Y (1—x)<+o0.
keM keN

Let y e I' such that y,=0if ke M and y, =1 if ke N. Then
Bo(y) = H (1 —x)1 7 >0,

keN
hence [9] u, is discrete.

More, if this condition occurs, u, is concentrated on y+ 4. In the
contrary p, is a non-atomic measure. So, a non discrete state wq to
which corresponds (via G.N.S) a Garding-Wightman measure puy, is
unable to be unitarily equivalent to any quasi-free state wg, the measure
fx which corresponds to it being a discrete one, therefore inequivalent
to u, ([10], Proposition 3.6, quoted by [9]).

II1. Conclusion

We have exhibited a class of states useful in external field problems
([2, 3]) which are not unitarily equivalent to any quasi-free state.

!~ is the weak equivalence of Cy-vectors defined by von Neumann [11].
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