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Abstract. We study the time evolution of a quantum-mechanical harmonic oscillator
in interaction with an infinite heat bath, which is supposed to be initially in the canonical
equilibrium at some temperature. We show that the oscillator relaxes from an arbitrary
initial state to its canonical state at the same temperature, and that in the weak coupling
limit the relaxation is Markovian, that is exponential. In contrast to earlier treatments of the
problem [4, 5], the results are obtained without assuming any particular special form for
the self-interaction of the heat bath. No use is made of coarse graining, finite memory
assumptions or randomly varying Hamiltonians.

1. Introduction

It is well known that for a finite heat bath it is not possible to prove
convergence to an equilibrium state in the limit t— oo because of the
existence of Poincaré recurrences [8, 11, 15]. However, for large systems
these recurrences become extremely infrequent and we can eliminate
them by passing to the limit of an infinite heat bath. Since the techniques
for passing from a finite heat bath to an infinite one are by now well
known [2, 5] we immediately consider the Hamiltonian given formally by

here H,= H, + AH, (1.1)
Ho=10*+0*a)+3: Y pit Y aprtnd:  (12)

and n=®—w mrmTe
Hi= 3 g (13)

Here {p,., qu}m= - are the canonical coordinates of the infinite heat
bath and p, g are the canonical coordinates of the oscillator whose time
evolution we shall study. We suppose that o is a real symmetric sequence
such that for some 6 >0 ©

Y o @M< o0 (1.4)

n=-—o

As in [5] we must also suppose that « is a positive definite sequence, but
we actually suppose slightly more, that

o

o)=Y 0,e">0 (1.5)

n=—o
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for all 0 <6 <2r. It is clear that g is a real analytic periodic function on
[0,2x] with strictly positive minimum and maximum values. The
corresponding convolution operator on [*(Z), which we also denote
by «, is therefore positive, bounded and invertible. We put on y the
initial hypotheses that y is real and

o)

PIRVALES (1.6)

n= —o0

so that y defines an element of I(Z). We shall subsequently put further
regularity conditions on y. Since we are interested in the time evolution
of the system only for very small A, we shall feel free to add terms of
order A% to the Hamiltonian H, if convenient.

We outline the well-known procedure for realising H, as a self-
adjoint operator on Fock space [1, 14]. Let # be the real test function

space # =ROPX) (1.7)

and let # be the boson Fock space over #. For fe# let a*(f) and
a(f) be the usual creation and annihilation operators in & so that

a(g) a*(f)—a*(f)alg)=<f.g> 1. (1.8)

Let A, be the bounded positive operator on # given by the matrix

[P Ay
= (5H) "

and let H, be the free Hamiltonian on % constructed from A% on #.
Dropping temporarily the subscript 4, let

1

= —2e"H‘{a*(A‘*f)+a(A”*f)} (1.10)
and ]
n(g) = ﬁe‘"’{a*wg)—a(ﬁg)} (1.11)
so that
¢t(f) nt(g)-nt(g) ¢t(f)=i<f’ g> 1. (1-12)

Elementary calculations give
bd1)= 1—15 {a*[cos(A40) A~/ +ia* [sin(A*) A4/}
+ %{a[cos(A%t)A'%f] —ia[sin(A*)A"*f]}  (1.13)

= dofcos(A*1) f} +me{A *sin(4%1) f}
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and

n{g) = —11/—2— {a*[cos(A*t) A*g] +ia*[sin(A%t) A*g]}

- LZ {a[cos(A*t) A*g] —ia[sin(A*t) A*g]} (1.14)

%
= — ¢o{sin(A%t) A* g} + ny{cos(4*1) g} .

From these equations it follows that

0
Ed)t(f):nt(f)’ (1.15)

< n(0) = b,(49) (116

and these equations are the justification for regarding H, as the rigorously
defined self-adjoint operator corresponding to Egs. (1.1)(1.3).
If we define an operator B, on # by the matrix

w | Av

v=(w+a?) 'ye’(Z) (1.18)

g2 (@ |Av) oAy
A\ v\ ] o?
_ (@ + 2P | Awv + da?(v)
N\ Aov+ ()| a+A2v@7

(B0 )
= A,+0(A%).
Since we shall have mainly to use 4% rather than 4,, instead of calculating
the complicated exact expression for A3 we now redefine
A, =B? (1.20)

where B, is given by Eq. (1.17). This amounts to changing 4,, and hence
H,, by a term of order A%, which we earlier stated we would regard as
permissible.

We come now to the thermodynamic aspects of the model. Again
dropping explicit reference to 4, we let the Weyl operators be

U(f, 9) = expLigo(f) +imo(9)] (1.21)

where

then

(1.19)
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so that for all f,ge#,U(f,g) is a well-defined unitary operator
[1,2,14]. The canonical equilibrium state of the system at the inverse
temperature f is given by specifying its expectation values for the Weyl
operators. If H had discrete spectrum we could write

Ey(f,9)=tr[U(f,g) e "] /tr[ePH] (1.22)
from which can be deduced [2]

1/ . . pa* L/ oy BA*
— T<A Coth 3 fsf> - _4_<A COth 2 g,g>] .

Ey(f,9)=exp

(1.23)

In our case H does not have discrete spectrum but we can define E;
directly by Eq. (1.23). This amounts to changing from the Fock space
representation of the CCR’s to another representation [2], but we shall
not need to consider this new representation explicitly.

Identifying any x e R with the element x@0 of #, the dynamics of
the oscillator is given in the Heisenberg picture by

o0 {U(x, )} = M{e™ U(x, y) e~} (1.24)

where, as in [4], M is the operation of taking the expectation with respect
to the canonical equilibrium state at the inverse temperature f, of all ex-
pressions involving the field operators of the heat bath. This corresponds
to the assumption that the oscillator is initially in an arbitrary state
while the heat bath is initially in its thermal equilibrium state. Letting
P: # — # be the projection

Px®yp)=x®0 (1.25)
we obtain from [4] the explicit formulae
Lemma 1.1. For all x,yeR and all t =20

a0 {U(x, y)} =U(x,, y,) exp[—r,/4] (1.26)

where
x,= P{cos(A*t) x — A* sin(4%*1) y}, (1.27)
y,=P{A " *sin(4A%t) x + cos(4*1) y}, (1.28)
r,={A *coth(BA*/2) &, &) + (A*coth(BA*/2) ne,ny,  (1.29)
&, =(1—P){cos(A*t) x — A*sin(4%1) y}, (1.30)
n,=(1—P){A *sin(4%t) x + cos(A4*1) y}. (1.31)

We are interested in studying the approach to equilibrium of the
oscillator for a small coupling constant. This means that we must find
asymptotic forms for x, ,,y,, and r;, in the limit as t— o0 and A—0.
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The order in which these two limits must be taken is critical and the
correct sense in determined by the subsequent analysis.

2. Estimates of Some Decay Functions

It is clear from Lemma 1.1 that the main problem consists of giving
a detailed analysis of the spectral properties of the self-adjoint operator
B, on . This section is devoted to examining <{e3* v, v) in the limit
t— oo and A—0, where v is the element 1@0 of #;. The operator B,
is identifiable with the Hamiltonian of a (somewhat generalised) Wigner-
Weiskopf atom and the form of the limit has been found in several
particular cases in the literature [3, 15]. We, however, need to repeat the
calculations with more care since we are concerned to obtain estimates
of the rate of convergence to the limit which are uniform with respect to
time. The reader interested only in the results may proceed immediately
from here to the statement of Theorem 2.5.

By taking Fourier transforms we may represent B, by the matrix

w | Ah
. . (ih Q*) @1
acting on
He=COL(—m,n) (2.2)

where he I*(—n, ) is the Fourier transform of ve[*(Z) and ¢ is the

operator of multiplication by the function defined in Eq. (1.5). Now if

o were merely continuous then as an operator it could have pure point

spectrum (if ¢ had an interval of constancy) or even singular continuous

spectrum. The purpose of the rather strong condition (1.4) is to ensure

that ¢ has only absolutely continuous spectrum, as will be seen below.
Since g is real analytic there exists a partition

_Tc=a0<a1<"'<an=n

such that g is strictly monotone in each interval [a, _,, a,] with non-zero
derivative in the interior of each interval. If b,=p(a,)* we define a

unitary equivalence "
Vi (—m,n)~> Y @L*b,_1,b,)
by r=1
Vie)={y.};-, (2.3)
where o
(¥ =) [y () ~* 24
for a,_; <x<a, and y = g(x)*. It is clear that if
Veto)={n,}"- 2.5
then *@)={n}r=1 (2.5)

1,0 =yp,(y) (2.6)



176 E. B. Davies

for all y and all r. Using V to identify

WC=C® Z ®L2(br-l’br) (27)

we obtain =t i

)
B,= 2.8
= (45) 28
where Q acts on ) @ I?(b,_,, b,) as the usual multiplication operator
i (Qw) (¥ =xp,(x) (29)
and n

k=V(w+e*) 'ye Yy @L*b,-,b,). (2.10)

r=1

We now impose our final hypotheses on the model. The first is a
regularity condition, that {k,};., be C® functions of compact support
(this is actually unnecessarily strong). The more physically significant
hypothesis is that @ should be one of the range of frequencies of the heat
bath and that the interaction should couple the oscillator to that
frequency. Specifically we assume that for some r

b,_,<w<b, and k,(w)+0. 2.11)

This assumption is in contrast to that of Friedrichs in his treatment of
the otherwise similar Lee model [6], where he supposes w lies outside
the spectrum of Q.

Lemma 2.1. If 4 is sufficiently small then B, has no pure point spectrum.
Proof. Suppose B,(x@® ) =a(x@P ) for some « € R. Then

wx+1 Y, {p, ky=ax, (2.12)
r=1
Axk,+Qy,=ay,. (2.13)
If x =0 then p = 0, and otherwise we may normalise by taking x = 1. Then
Q-a)y,=— Ak, (2.14)
and the solubility conditions are that
(Q_a)—lkrELz(br—lﬁbr) (215)
and
n(a)=0 (2.16)
where n
’I(Z)=CD—Z— 2'2 2 <(Q—Z)—1kr’ kr>
r=1
1 (2.17)
w 2 kOGP
=w—-z-2* [ =L ds.

S—2Z

— 0
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Since the k, are all continuous the first condition is equivalent to o ¢ S
where n
S= {J supp(k,)

r=1

is the support of k. Now #/(z) is the sum of w — z and the Hilbert transform

n
of Y |k|*. Since this second function is C* of compact support its

r=1
Hilbert transform is uniformly bounded on the entire complex plane
and analytic with a cut along S. Let

w2 kG
A=sup| [ =—ds|. (2.18)
zeC |~ o0 s—2z

Since w € int(S) there is a constant B> 0 such that

(w—B,w+ B)CS. (2.19)
Then if a ¥ S and |4 <(B/A4)?
M| =B—i2A>0 (2.20)

so if |A| < (B/A)%, B, has no eigenvalue.
It can be proved under similar hypotheses that B, has no singular
continuous spectrum. We need however a sharper result.

Lemma 2.2. There are constants K, 1, >0 such that if |A| < 4, then
[{e "Bty pY| < min(1, K/A%1). (2.21)

Proof. We note that for Imz >0

0
[ Ce™™Brp, ) e dt
0

= —i{(B,—2)"v,v) (2.22)
= —in(z)~"
because of the formula [7]
(B,—2)7! (2.23)
-t t | —HQ—-2)"k
=1 (g R eI RO 9 ke )

which is certainly valid for all Imz = 0. Taking the limit as y | 0 we get

0

j (e Bty vy ¥ dt = —in(x +i0)? (2.24)
0
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so that decay properties of (e 'B*'p,v)> can be deduced by Fourier
analysis from smoothness properties of #. For y>0and t >0

<e“'B*‘v,v>e‘”=7_ni [ nle+iy)~te ™ dx (2.25)
SO -
» et T on(x+iy)
iBat — txt . .
o e v, 0 il n(x+iy)2e dx (2.26)
ereiore
yt © ’ ]
—iBst < n'(x+1iy) d 2.27
Ke™™onls 20 T Ler| & @27

We make estimates of the integrand which are uniform with respect to
y>0. We rewrite "

U(Z)ZCU—Z—/IZ j 3‘0 i i |kr(5)l2 e—isu+izudu ds

s=—o0 u=0 r=1

- (2.28)
=w—z—il* | h(u)e*™du
where _: ,
hw= [ Y |k(s)* e "ds. (2:29)
~o r=1
Since k, are C* functions of compact support, h lies in the Schwartz
space &. Therefore ©
’ < 2
@IS 1+ | ulhw] du 230)
<2

provided A is small enough, say || < 4,.
We estimate #(x+iy) differently depending on whether (x — w) is
small or not. If |x — w| = 24 4? then by Egs. (2.17) and (2.18)

()2 lw—x|— 12 A
23lo—x.
On the other hand for all Imz >0

In(2) = Im#(z)

o V2 IkO)P

_ 2 r=1
=y+41 _fw ——(s—x)2+y2 ds

w 2 k(ys+x)?
2 r=1
A joo e ds

(2.31)

(2.32)

1\

2A*min Y |k,(ys+ x)|*.

Isl=1,=7
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Now ) Ik (w)]>>0 by (2.11), so there exist C,6>0 such that if

r=1

Ix — @[ <24 then Y k(x> C. (2.33)
r=1

If now we define 4, >0 so that Ao < A, and 2443 < then for all 4,z such
that [A|=£1,,0<y<dand |x—w|<d

Inz)=A*C. (2.34)
Therefore if |A| < 4y, 0<y<dand t=0
. eyt o)
Ke™ o, 05 < [ In(x+ i)~ dx 239)
by Egs. (2.27) and (2.30),
o o
=— I me+iy)~?dx+ — I ImGe+iy)l ™2 dx
Tl |x-w|22422 Tl |x—w|<2442
20 % et
< 4x-2 & A420%20)2
s — z,!az x 2dx+ - AA*(A20)

by Egs. (2.31) and (2.34),
_ {8/2A41% +444%/C* 2%}
nt (2.36)
= Ke''/A%t.

But the left-hand side of the inequality is independent of y so letting

0 we get .
Y10 we ge I<e~ B3t v>| < K/A2t . (2.37)

The other part of (2.21) is trivial.
For completeness we use the result to prove

Lemma 2.3. If |A| < A, then B, has no singular continuous spectrum.
Proof. Let L be the closed subspace of # generated by

{e'B v :teR}.
Then L is invariant under B, and v,ke L. If g is the positive definite
function )
g(t)=<e v, 0> (2.33)

then by Eq. (2.21), g € I*(R), so by Bochner’s theorem and Plancherel’s
theorem, g is the Fourier transform of an absolutely continuous measure.
Therefore B, has absolutely continuous measure. Therefore B has
absolutely continuous spectrum within L. In I*, B, = B, which within
L* has only absolutely continuous spectrum since v e L.
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The importance of Lemma 2.2 is that it shows that the relevant
quantity in determining the rate of convergence to zero of {e'3*'v,v)
as t— oo for small 4 is the combination

t=12t. (2.39)

This re-scaled time has already appeared in many contexts in non-
equilibrium statistical mechanics [3, 8, 12]. If we now define

D(A, 1) =e 9By, v) (2.40)
where t and 7 are related as above then Lemma 2.2 gives the estimate

|®(A, 7)| < min {1, K/t} (2.41)
for all =0 and |A| £ 4,.

Lemma 2.4. There exists a constant ¢ = a+ ib with a >0 such that
}lin(l) d(A,1)=e"°" (2.42)
uniformly for t in any interval [0, 7,].

Proof. The method is to expand @(4, t) as a perturbation series in 4.

Let
w | Ak 0|k
B, = , A= 2.43
: (zk o) (k 0> 24
so that
By [10] B,=B,+14. (2.44)
t
eiB,xt:eiBot_i_ii { eiBo(t—s)AeiBosds
A (2.45)
+ (@A) [ [ Bt geiBolsw) goiBou gy ds 4 ...
s=0u=0

the series converging in norm for all finite ¢. Therefore

t
D(L1)=1+id [ e '@(e'Bolt=9 4¢'Bosy 1 ds (2.46)
s=0

t s
+(A? [ [ eTiot(etBoltm9) 4oiBolsmm goiBouy, 1N dyds+ - .
s=0u=0
One easily sees that the odd terms contribute nothing to the series and
that

where P(4,7)= n;o (A" L,(0) (2.47)

t 1 tz2n-
In(t)= j j‘ j ' e—iwteiw(t—ll)<eiQ(t1—t2) k, k>
t1=01t2=01t2,=0
,,,eiw(lzn—z—tzn-1)<eiQ(t2n—1—tzn)k, k> eiwnn dtl ~'-dt2n (248)

t ty tan-i

= [ [ [ h@t,—t)h(tz—tg)...h(ty,_ 1 —t3,) dt;...dt5,

t1=01t2=012,=0
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where . '
h(s) =e 5" %k, k) (2.49)

so that by our regularity assumptions on k, h lies in Schwarz space &.
Now L,(0)=0 and

drL(t Lot
—dgz [ ht—t)h(ts—ts)...h(tyn_1 —ty,) dt,...d15,
0 n=0 (2.50)
= | h(t—s)I,_4(s)ds.
s=0
From this it follows that

In(r)=tj=0t_§=; —‘:i;"”(n!)*l(t—rl—-"—r,,)"h(tl)-~- (2.51)

.. h(t,)dt, ... dt

since the latter expression satisfies the same relations. This may be
rewritten as

L=

n o0

Ojo [ Kty...t,)h(ty)...h(t,) dt,...dt,  (2.52)

tha=0

where
(t+--+t)e]" f 0Z¢t+---+1,=t

otherwise . (2:53)

[1-—

Kitr-t)= g
Substituting back into Eq. (2.47) gives
© (_ T)n ©

(7= Y y TK, ) h(ty).. h(t)dt,...dt,.  (2.54)
0

n=0

Since 0 < K, < 1, if 0 <t < 7, the series is uniformly dominated by

‘2 (I Ih(s)| ds)n <. (2.55)

Moreover since )
thm K,(t,...t)=1 (2.56)

the individual terms of Eq. (2.54) converge as A—0 for fixed 7. Therefore
the series of Eq. (2.54) converges uniformly for 0 <t <7, with sum

2 T)n (OJ? h(s) ds) =e (2.57)

where
c= j h(s) ds . (2.58)
0
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From its definition

h(s)=e o i Of eS|k (x)|* dx

r=1 —o

(2.59)
= Ojo e'xs i k,(x + w)* dx.
r=1

—

Therefore he & and h(— s) = h(s) for all s. Hence, writing ¢ = a + ib,

a=1% T h(s) ds
o (2.60)

! “ 2
= 71; r; k()]

which is strictly positive by Eq. (2.11).

It is very significant that the convergence in the above lemma is not
just uniform on each finite interval [0, 7], but uniform on the entire
interval [0, co). We choose to state the result without explicit reference
to the re-scaled time.

Theorem 2.5. Given ¢>0 there exists A, >0 such that if |A| <A, then
for all 0 St < o0

(e Ahp, by — ot R < g, (2.61)

Proof. We have to prove that
%{{1(1) P(A,1)=e"°" (2.62)
uniformly for 0 <t <oo0. Given ¢>0, there exists 4y, 7,>0 such that

if |A] < 4y and 7 = 1, then
@4, 1) < ¢/2 (2.63)

le™ 7| <¢/2 (2.64)

and

by Eq. (2.41). By Lemma 2.4 there exists 4, < 4, such that f 0 <7 <7, and
|| < 4, then

|B(A, 1) —e F|<e. (2.65)
Putting these together gives the result that if || < 4, then

|4, 1) —e fl<e
for all 051 < 0.
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3. Approach to Equilibrium

We use the estimates of Section 2 to study the time evolution of the
harmonic oscillator in interaction with the heat bath. The first theorem
we obtain was proved for a particular special heat bath in [5].

Theorem 3.1. The harmonic oscillator converges from an arbitrary
initial state to an equilibrium state which, in the weak coupling limit, is its
canonical state at the inverse temperature f.

Proof. The canonical state ¢, of the oscillator at the inverse
temperature f§ is given in terms of the expectations of the Weyl operators by

{pp, Ux, y))
= tr[U(x, y) exp{— B(p* + w® ¢*)/z}]/tr [exp { — B(p* + ®* 4%)/2}]
=exp[—s4(x, y)/4] (3.1)
where
sg(x, y) =~ x* coth(Bw/2) + wy* coth(Bw/2) . (3.2

Calculating first in the Heisenberg picture, it is sufficient by Lemma 1.1
to show that if ¢ >0 there are constants 4, t,> 0 such that if |1] < 4, and

T2 1, then
xad<e: |yad<e; Irn.—sg<e. (3.3)

By Lemma 1.1 and Lemma 2.2 if || < 4,
X, =|<{cos(Aft) v,v) — (A} sin(A}t) v, v)]
=|{cos(A3t) v,ﬂv) —w{sin(4§ ) v, v) + {sin(4F t)(w — AF) v, v)| (3.4
S (1 + w)Ke** o, v)] + [l( — A}) v]|
S(1+w) K/t+ 4l ||
<e

provided 4 is small enough and 7 is large enough. y,, is dealt with
similarly.

Since A,— A, in norm as 1—0, and A4, is invertible, A3 * coth(8A3/2)
converges in norm to AF* coth(BA%/2) as A—0 by [13]. Moreover P
commutes with 4, and

(A * coth(BA}/2) v,v) =w* ! coth(Bw/2). (3.5)

Using these facts and writing
u=cos(Ait) x — A% sin(43t) y (3.6)
v=A;*¥sin(A%t) x+ cos(Ait) y (3.7
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we find that
rae= <Azt coth(BAE/2) (1 — P)u, (1 — P)u)
+ (A} coth(BA3/2) (1 — P) v, (1 — P) v
= (A7 * coth(BA¥/2) u, u + (A} coth(BA2/2) v, v (3.8)
— (A5 coth(BAE/2) u, Pud
— (A} coth(BA}/2) v, Pv) +o(1)
= (A7 * coth(BA*/2) x, x) + (A} coth(BA4}/2) y, y)
— ™! coth(Bw/2) (Pu, u)
— o coth(Bw/2){Pv,v) +0(1)
=" ' x% coth(Bw/2) + wy? coth(Bw/2)
— ! coth(Bw/2) {x*{cos(A%t) v, v)?
—2xyw<{cos(Ait) v, v) {sin(Ait) v, ) + y*> 0> {sin(4%t) v, vD?}
— o coth(Bw/2) {2 x*{sin(At) v, v)?
+2xyw ™~ {cos(At)v,v) (sin(A%t)v,v) + y*{cos(Ait)v,v)2} + o(1)
=s55(1 = D(4 7)*) +o(1),

(3.9

this estimate being uniform with respect to 7. The required limiting
property of r, ;, follows.

We finally transform to the Schrddinger picture in the same manner
as in [4]. Let v be an arbitrary initial state of the harmonic oscillator
and let the corresponding state at time ¢ =0 be y,, so that

i Uk, 3)) = (v, a0, {U(X, )35 (3.10)

Then i
140’1}}1[_,00 <lpt’ U(x9 Y)>
= l—>01i,glt—*oo <1P, U(x}.,n y).,t)> eXP[— r}.,z/4] (3 { 1)
= (p, U(0, 0)) exp[ — 55/4] '
=exp[ —s;/4]

= <q)[b U(xa _V)> .

We can similarly follow the approach to equilibrium in the weak
coupling limit. Since the diffusion becomes slower as 1—0 this must be
done using the re-scaled time 7. Also because of the “fast” oscillation
term in Eq. (2.61) we must compare the time evolution with the free
evolution by changing to the interaction representation — as in scattering
theory [10]. The following theorem is an exact analogue of Lemma 2.3
of [4]. However it is a result of much greater scope since only regularity
conditions are imposed on the heat bath interactions whereas in [4]
we were confined to a particular special heat bath.
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Theorem 3.2. If ©= A%t then for each 120
lim e~ oo, {U(x, y)} €' = U(x®, y?) exp[ /4] (3.12)

where e
x?=e % cos(bt) x + e sin(b1) y, (3.13)
YO = —e @~ sin(bt) x + e~ * cos(b1) y, (3.14)

% ={w™*x? coth(Bw/2) + wy? coth(Bw/2)} {1 —e~2%%}. (3.15)
Proof. As in [4]
e Moty {(U(x,y)} ™' =Uluy 05 ) exp[—r, /4] (3.16)

Uy, =X, cos(wt) +y, 0 sin(wt), 3.17)

where

Vi = —X;,0 'sin(wt) + y, , cos(w) . (3.18)
Therefore

o xD +inty? = }1_{% {w *u, , +iotv, ,}
= }in}) {07 x,  +iwty, Je '
= }Iin(l) {w ¥x{cos(Ait)v,v) — w? y{sin(A4it) v, v) (3.19)

+ion ¥ x{sin(43t) v, v) + iw? y{cos(AFt) v, v)} e ¢!
= }lirr(l)(cu"i‘ X+ ico*y)(e""i’v, vy e~ it
=(@ *x+iwty)e "
by Egs. (1.27), (1.28) and (2.42). Separating real and imaginary parts gives
the expressions for x™ and y™. That for r® can be obtained immediately
from Eq. (3.9).

The above result can be interpreted in terms of the theory of Markov

semigroups.

Theorem 3.3. If we define

7AUX, )} = U(x®, y®) exp[ — /4] (3.20)
then for all 6,720
Yo7 AU 1)} =754 AUX, )} - (3.21)
Proof. Writing z=w"*x + iw?y we have shown that
2@ =ze™c* (3.22)

and
9 = coth(Bw/2)|z|*(1 — e~ 2%

= coth(Baw/2) {|zI> - 1271} .
The semigroup property follows immediately from these two equations.

We make some comments on this last theorem. It was shown in [5]
that for a finite coupling constant A, and for the corresponding classical

(3.23)
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problem, there is an essentially unique heat bath for which the induced
diffusion of the oscillator is Markovian. The quantum mechanical
analogue of this particular heat bath does not induce Markovian diffusion
on the oscillator, and indeed there is no sensible quantum mechanical
heat bath (of this type) which, for finite 4, induces Markovian diffusion
on the oscillator. What we have shown is that nevertheless in the weak
coupling limit one does obtain Markovian diffusion for every heat bath
of this type.
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