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Abstract. For lattice invariant quasi free states on the Fermi lattice system the mean
entropy is explicitly calculated; it is proved that it is a norm continuous functional on this
set of states which is not weakly continuous.

I. Introduction

In the algebraic approach of statistical mechanics a lot of work has
been done on the existence and properties of the mean entropy of
translation invariant states (Ref [1,2]). For classical systems and
quantum lattice systems the existence of mean entropy has been proved;
furthermore as fundamental properties it has been proved that the
entropy-functional on the set of invariant states is affine and semi-
continuous.

In this work we study the mean entropy of the quasi-free lattice
invariant states on the Fermi lattice system. The existence of the mean
entropy follows from Ref. [2]. Here we derive an explicit form of the
mean entropy for those states (Theorem 2). This result may be usefull in
deriving rigorous results for solvable models in statistical mechanics.

Furthermore much attention is given to the continuity properties of
the entropy functional with respect to different topologies on the set of
quasi-free states. It is proved that it is continuous with respect to the
norm topology (Theorem 1) and that it is not continuous with respect
to the weak topology (Theorem 3).

I1. Entropy density
A. Preliminaries

1. The Fermi Lattice Algebra

We consider the one-dimensional lattice Z=1{0, +1, +2,...}. The
Hilbert space [*(Z) can also be considered as an Euclidian space H
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equipped with the inner product:
s(yp, ¢) = Rey, ¢

where <...) is the ordinary complex inner product.
Let A CZ be a finite set, then

P(A) CP(@)

and the corresponding Euclidean space H,C H.
It is clear that

H= ) H, where ™ means the closure.
ACZ
To every finite 4 CZ we associate the C.A.R. algebra .7, of observables
of the volume A. It is generated as a complex algebra by the elements
B(¢): ¢ € Hy. The r-linear map ¢ — B(¢) satisfies:
i) B*(¢)=B(¢),
i) {B(¢), B(y)} = 2s(¢, y).
If 4, C A, then there exists an isometric injection .o/, — .9/ 4.
Hence .o = | ] .o, can be equipped with a C*-norm compatible with
ACZ
the norms on each .oZ;.
o = ) o/} is called the Fermi lattice algebra of the quasi-local
ACZ
observables. Furthermore, if .27 (H, s) is the C.A.R. algebra [3] constructed
on H, we have.«/ = .o/(H, s) because they contain both the same dense
algebra generated by the set {B((b), pe | H A}.

ACZ

2. Lattice Invariant Quasi Free States
Let ¢' € [*(Z) be the sequence (9 ),zand f2"" ' =e¢"; f*"=ie",nel.
The set {¢', ieZ} is a complete orthogonal basis of [*(Z) and so is { /", neZ}
for H.

We define a s-orthogonal operator T e B(H), called the translation
operator, by:

Tfr=f""', nel.
T induces an automorphism 1, of .7 defined by [4]:
1 B(p)=B(T$), ¢eH.
A state w on .« is called translation invariant if

o(trx)=w(x), xe o .
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In what follows we restrict ourselves to the set of quasi free states w,
on .. They are uniquely determined by their two-point functions:

w4(B(@) B(y)=s(¢,p) +is(Ad.y), ¢,peH,
where 4 € B(H) (all bounded operators on H) satisfies

A" =—A (A" = adjoint of 4 with respect to s),
0<A" A<1.
The quasi free state w, is translation invariant iff [4, T]=0, i.e. iff the
operator A is translation invariant [4].

Translation invariant operators can be described as multiplication
operators as follows [5]: let €, be the circle of radius 1/2n and 1*(C))
the real Hilbert space of square integrable functions on C,. The map U
of H into the underlying real subspace of 1*(C,) defined by

Ufr=f"(x)=e>™"* is unitary .
If [A, T]=0and fe [*C,) then:
) (AN(X)=(UAU* f(x)=a(x) f (x) where a(x)= 3 s(f*, Af ) f*(x),

kel
AT f)(x)=alx) f(x)=a(l - x) f(x),
iii) HAH-EE‘E la(x)| .

Hence we see that each quasi free state w, which is translation
invariant defines a multiplication operator A:

. (Af) (x)=a(x) f (x)=ib(x) f ()
with
x—b(x) real,
b(x)= —b(1 —x),
bx)=1.

3. Definition of the Local Entropy

If ACZ is a finite set we denote by N(A) the number of points in A.
For a translation invariant state w the existence of the entropy density

has been proved [2], where S,(w) is the local entropy which can be
written in the following form if v = w, is a quasi free state [6]:

S (w,)=— %TrHA{(1+2|AAI)1Og<1+2;AA|> N (1-—;|)AA|>log<1—zlAA|)}
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where
|A4l= (41 40"
A,=P,AP,
and P, is the projection operator on H,.
In the following we derive an explicit expression for the entropy
density s(w ) of a translation invariant quasi free state w4 in terms of the

associated multiplication operator L{ We denote by & the set of transla-
tion invariant quasi free states on o7.

B. A Continuity Property of the Entropy Density
Define a continuous real function f: [0, 1]1—-[0, log2] by:

f(X)z—(lgx)log<1—;x) —(1;x)log(1;x), 0<x<l1,
)=

Lemma 1. |/ (x)— f(y)| < f(1—|x—)), x,ye[0,1].

Proof. The case x =y is trivial. Suppose y > x and put e=y— x> 0.
The case ¢=1[y=1, x=0] is again trivial. Hence we suppose 0 <e < 1.

Now: 4f () . |
X — X
dx z—z‘logm<0 for XE(O,I).

hence x— f(x) is a monotonically decreasing function of x € [0, 1] and:
()= fWl=f(x)—=f)=f(x)=fx+e=F(x). (1)
The function x — F,(x) is defined and continuous for x € [0, 1 —¢] and:

dF(x) 1 (1—x)1+x+5e)
i 2log Ty p— >0 for xe(0,1—¢).

Hence x — F,(x) is monotonically increasing for x € [0, 1 — &] and thus:

F(x)=F(l-¢=f(1—¢ 2
The lemma follows from (1) and (2). [

Theorem 1. The entropy functional s: & — [0, log2] is continuous with
respect to the norm topology on &.

Proof. The map w, e & > A € B(H) is continuous with respect to the
norm on & and B(H). We prove now that the map 4 —s(w,) is norm
continuous. ACZ is a finite volume.

If Se B(H,) is a symmetric operator we denote by p,[S], L Sn <2N(A)
the eigenvalues of S in ascending order.
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If S, T e B(H,) are symmetric then ([7], Theorem 6.44):
S - [TUE S =T, 1=n=<2N(4).

€

Let w, and wg be elements of & such that |w, — wg| < ?,eé 1, then
e
— <
EERS
Using Lemma 1 we get:
1 2N(A)
1S4l ) — S g(wp)l = > Y S lALD = f(1,[1B D)
n=1
1 2N(A)
S5 > 1 (1AL = f ([1BAD)
n=1
1 2N(A)
=5 > SO =440 = 0B -
n=1

Now for x, y=0 we have |x — y| <]/|x* — y?|, hence:

2N(4A)

1
ISa(@4) = Sa(wp)l = — Zl S =Y [ALPT = BT

S N f(U= /1AL = BAP)

Furthermore we have:
(14417 — B4 =45 (A, — B, + (A — B1) B,|
S (A4l +BAD 44— By

§2{|A—BH <e<1
and hence:

[s4(@4) —s4(p)| = f(1— I 2HA—BH)- O

C. Explicit Form of the Entropy Density
Lemma 2. Let

flxpsoxgm= ) Y Y ( le—ilnmx,)

nptetme=1 m+octne-1=1 np=1\l=
then
Jee1(Xgs s X 130)
) sin(nmx, 4 )
__ ,—int+1)nx k+1 .
=e ( ) k+l—fk(x1-xk+1,.--,xk—xk+1,n)~

SIN(7 X 4 1)
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Proof.

fk+1(xlv-"9xk+1;n)

n=nye

= Y e iZmme Xy f (X, n)

N+1=1—ny— - —ng

_ sin(nmx LI ,
=t DXy - _k_+_1)_<l'—I eth,\ka)fk(x“‘“’Xk;n)
SIN(7x 4 q) =y

sin(nmx, )

=g it mxicer T WX, —x e X — X i1
Sm(nxk+1) fk 1 k+1>» s vk k+1 )
and .
. _ sin(nmx
Silxin)=e ”"““‘"1~~—-—.( ~71~). O
sin(mx,)

Lemma 3. Let x € IR¥ and

‘nsin(i xl>

=1

k
P sin (n Z xi)
O (x;n)= <“ ﬂﬁ) o\ =1 )

i—1  sinx,

Let I={xeR|—n+e<x;Sn—e¢; i=1,....k; O<e<nm} and let
f:IR¥ >R be a bounded integrable function on I, continuous at the origin,
then:
lim { dx f(x)8,(x;n)=7f(0).
n-—oo IE
Proof. Choose a d satisfying 0 <0 <m—¢ and such that f is con-
tinuousin I, = I, _, . Put I, = I/, (see Fig. 1 for the 2-dim. case).

We prove first that only the origin contributes to the integral.

k k
The zero’s of sin ( Y xl> are located on the parallel planes ) x;=nn
i=1 1=1
n e Z. There are at most three of those planes (n = — 1, 0, 1) which intersect
I,. We divide I, in two regions R, and R,:
k
R, is such that it consists of strips containing the zero’s of sin ( Y \,)
=1

that | dx<n with n>0, arbitrarely small and
Ry

Ik] sinxi'sin(i x,)

1=1 =1

that >¢>0 in R,=L/R,
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Fig.1  []1 Fig. 2

O{x;n) is bounded by ¢ in R, and
1
nd,(x;n) is bounded by = in R,
both bounds are independent of n and moreover ¢ is independent of .

[ dxf(x) (5k(x;n)l + -~'11— [ dxf(x)nd,(x;n)

[ dx f(x) 0y(x: n)‘ <
Iy

Ry Ry
= (o2
where | f(x)| S C for xel, and V, = | dx.
R>
Hence we have:
lim | dxf(x)d,(x;n)=0. (3)
n—oc 12

Take now ¢ sufficiently small. Then | f(x) — f(0)| <o for x € I, with o >0
arbitrarely small.

[dxf(x)d,(x;n)—f£(0) | dx 5k(x;n)i <u

Iy il

| dx é,(x;n).

Iy
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We estimate now
A= lim [ dx,(x;n).

n-ow
Take a { > 0. Then for ¢ sufficiently small we have:

ko osin(nx,) sinn(Xx;)

dx o, (x;n)— | dx <(
J dxon R L n(Zx)
1
because x » —— — — is continuous at x = 0.
sinx  x
After the transformation x;—nx;:
d ﬁ sin nx) sinn(Zx) +"‘3 Ik sinx; sin(Zx,)
n(Zx;) a —ms = X (Zx)
Then
e I" sinx; sinXx;
Yo =1 X rx,
Hence )
lim | dxf(x)d,(x;m=n"f(0). (4)
n—w I[

Combining (3) and (4) we get the desired result. [

Now we calculate the entropy density in the case the multiplication
operator A is a step function.

Lemma 4. Let w, € & be such that A is the multiplication operator by
the step function ib(x).
Let

, ! 1+b 1+b 1—b) (l—b)}

b)=— |d 1 log|———|} .

st01=— [ax{ (15 ogl 137+ (157 e[
Then s(w ) =s'(b).

Proof. Let A, ={1,...,n}CZ n=12, ..
For notational convenience note:

P,=P, the projection on H,=H,
A=A, =P AP S (0)=8,(w,) and s (w,)=s4,(w,).
Then

S(wa)=— % Try, (———1 +21A"l ) log( ! +2IA"|) + ( ! —Z‘A"l ) log (_*1 —2|A"I>

B T PN YHOY SR
& 1 1 2k
=nlog2— Y Try, |4,17*.

Z 2kQRk—1) 2
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ee)

The exchange of Tr with X is allowed because Tr|A4,/**<2n and

Yy 1 is convergent
& 2k(2k— 1) gent

Note o, (k) = P

Then

Try, |A,1*.

& 1
S =log2— ) man(k)- (5)

k=1
First we look for lim o, (k) for k fixed.

s(f,(P,A* P,A)P, f)

2n
Z
1 o o
T}g ,(BP, 2k'“lBjJ)
where B is the multiplication by b(x).
Asb(x)= Y b,e'?™ we get

nel
2n 2n
PO \2k—1 R fi_ e+ +J
(BPn) ij— Z Z bnlbnz ankfnl "2k
nyt+otnyetj=1 ngt+j=1

2n 2n 211(2!1 1

O(n(k)‘—“——z—;l Z Z Z II "dxlb(xl)e—iznmxl 5

1
J nyttngg, 0
nytetmtj=1 m+j=1j=1\=10

1 1 1
:7;(5 fdx1 cdX5 (1) b(X0y) Gar(Xys ooty Xays 20) .
Note
11! .
hy(x,,) = Ei §dxl...dxuﬂb(xl)...b(xz,“l)gzk(x‘,...,xzk;2n)
then

1

o, (k) = f dx,y h(x5) b(x3y) .
0

Using Lemma 2:

Gar(Xys .o Xop52n) = f5,(0, x,
2k

-1 Sin2nm(x;_; — Xx;)
(=1 sinm(x;_; —x;)

= Xgks eees Xgpoq — Xgp:20)

where we have x, = Xx,,.
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Let n(x,_, —x)=2z,1=1,...,2k— | with x,= x,, then
1
X; =Xy — 7{—(21+"'+Z,), I=1,..,2k-1,

1 2k—1
dxl...dxz,c_lz(?) dzy...dzy .,

1 .
Egz,((xl, vy Xpps 20) =05y ((Zy, .y 215 20).

Using Lemma 3 we have as b(x) is a step function
i) lim £, (xa)) blxap) = b*¥(x,,) almost everywhere furthermore

ii) [b(xz0) (x| S 1.
1) and ii) assure the conditions of the Lebesgue dominated con-
vergence theorem. Hence

1
a(k)=lim o, (k)= {dxb**(x).
n— o0 0
In virtue of Weierstrasz’s rule we can interchange lim and 2 in [5]. Hence

s(m,) = ’}erglc S,(w )

x 1 1

_ . - 2k
= log2 kgl k=) gdxb (x)

! 1+b) (1+b) <l—b> (1—b>
=—{d lo + lo

i x( 2 )8\ 2 2 )BT
=s(b). O

& is the set of multiplication operators with kernel b(x) on I(C,) such
that ib(x) f (x)=(Af)(x), f € I*(C,) and such that w, e &.
We define the functional s : & —[0, log2] by:

! 1+b 1+b (1—b) <1—b)
"(by= — \d 1 log{—————1.
s'(b) EE x( 3 )og( 5 >~I— 5| log|—

Theorem 2. s'(b) = s(w,) w4 €& where A=ib.

Proof. First the map be & —s'(b) is continuous with respect to the
norm topology (ie. the supremum norm on the functions b(x)) (cfr.
Lemma 1). Consider the complex C*-algebra & generated by &, the
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subalgebra of step functions on €, is dense in & because it separates
the set of states on F# (see [8], Théoréme 11.3.1). Hence every function
be & can be approximated in norm by a sequence b, of step functions of
&. Choose a sequence of step functions b, e & converging in norm to
be & where A =ib. Then the corresponding operators A, € B(H), where
A, =ib, converge also in norm to A and:

s{w )= 3152 s(wy ) (Theorem 1).
By Lemma 4
s(wy,)=s'(b,).
Hence
s{w )= llms( J=s'(b). O

Theorem 3. w, € & —s(w ) is not continuous with respect to the weak
topology on &.

Proof. Consider for instance the sequence of step functions f,
n=1,2,....f,€ & defined by:

fn+1(x)=fn(2x) }
X 0<xgdt
fn+1(1~x)=_fn+1(x) =r=2
and
filx)=1 O<x<j
=—1 1<ox<l1

f‘l(O) :jl(%) =0
The multiplication operators
(Fp) () =if,(x)plx)  welXCy)

converge weakly to zero. Therefore the corresponding quasi free states
" converge also weakly to the central state w, € &, defined by:

oo(B(y) B(p) =s(p, ¢). p.peH.
But

1 g .
sl =s(f)=~ | dx( : _;j”)log< : ;f"> + ( ! _zf">log< ! ;f")=0.
0

Hence

}i_}rrglos(a)")=0, but s(w,)=log2. U
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