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Abstract. We give an integrability criterion for Lie algebra representations in a
reflexive Banach space. Applications are given to skewsymmetric Lie algebra representations
in Hubert spaces and to essential skewadjointness of a sum of two skewadjoint operators.

Introduction

Recently it has been shown by Flato, Snellman, Sternheimer and the
author [1] that a representation of a real finite dimensional Lie algebra
by skewsymmetric operators in a Hubert space defined on a dense
invariant domain of analytic vectors for the representatives of a given
basis of the algebra is the differential on its definition domain, of a
unitary representation on the Hubert space of a connected and simply-
connected Lie group. This result was then extended to more general
representations supposing that the representatives of the basis are the
generators of strongly continuous one parameter groups.

The aim of this article is to extend some of these results supposing
only the existence of dense domains of analytic vectors (not even neces-
sarily common!) for the adjoint of the representatives of a set of generators
of the Lie algebra in case of representations by skewsymmetric operators,
and supposing in addition, in more general situations, that these repre-
sentatives are the generators of strongly continuous one parameter
groups. Though some results remain valid in more general spaces we
limited our study to the case where the representation space is a reflexive
Banach space to avoid a heavier terminology.

1. Notations

In what follows g is a real finite dimensional Lie algebra and G is the
connected simply connected real Lie group the Lie algebra of which is g.

A set of generators of g is a set of vectors {x l 5 . . . 5xB}ing such that g
is generated by linear combinations of the vectors

* ! , . . . , xπ, [ x ^ x j , [ x ^ ' I X ^ i s ] ] ' - - - w h e n 1^I"I , Ϊ 2 > . ̂ W .
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X is a reflexive Banach space X* its adjoint space (space of continuous
semilinear forms defined on X) and <,> denotes the sesquilinear form
on X x X* defining the duality.

When X is a densely defined operator in X, D(X) denotes its definition
set, if D'CD(X\ X\& is the restriction of X to D\ X* is the adjoint
operator of X and X its closure when it is closable.

An analytic vector for X is a vector φ e f] D(Xn) such that
nelN

oo +n

£ —- \Xnφ\ < + oo for someί>0.
0 n

2. Results
GO ζQ

Is x j e g and ίelR, we know that the series £ —-(adx)ρy where
ρ = 0 (?•

(adx)y = [x, y], is absolutely convergent and we denote by α(ίx, y)
its sum.

Lemma 1. // {x l 5 . . ., xn} is a set of generators of g, the family of

vectors

where t, t\ ί",... G 1R, 1 ̂  iΊ, /2J = w> contains a basis o/g.

If all the commutators [x ί5 x j , 1 ̂  i, / ̂  n, are linear combinations of
xl9...9xn, this is clear. If one of them [x ί o,x j o] is not, as α(ίx i o, x^)
= xjo + ^[^10' xjoi "+" ̂ ( ί 2 ) where ί->0, there exists ί0 in a neighbourhood
of zero such that a(toxiQ, xjo) is not a linear combination of x l 5 . . . , xn.
Then, by induction, J^ contains a family of vectors which generates g
by linear combinations and therefore contains a basis of g.

Lemma 2. // T is a representation of g, defined on a dense domain
DCX which is invariant under T(g), and {xl9..., x j is a set of generators
of g satisfying.

a) // X. = T(Xi% 1 ̂  i S n, Xf Λαs α rfensβ domain fi*CX* o/ ana/yίic

ί βcίors sMcfe ίΛaί A* CD(Xf\ 1 g j ^ n, X/Df C A* ««^ ^,*IDΪ = X*

b) T/ie operators X* are the generators of strongly continuous one
parameter groups, t-+etXf on X*.

Then, there exists an extention of T by a representation T of g on an
invariant domain D' D D, and a basis {yx,..., yr} of g such that the operators
Y{ = T'iy^ 1 ̂  i ^ r, /zai e closure which are the generators of one para-
meter groups leaving D' invariant, and such that:

yj)) = e'Ϋ'Yj'e-'r'. (0)
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Denote by D' = ft D(Xh...Xip), D = ft
peN peN

Then D C D\ Df C D and the sets D' and D are invariant respectively
under the operators Xj and X}.

By hypothesis the family

^^{xi^.^x^CxipXfJ^x^^Xi^XiJ],...} where 1 ̂ i l 5 i2,... ^n

contains a basis {z1? ...,zr} of g. Moreover denote by Z; the operator
which corresponds to zt in the operator family

{ X ! , . . . , ^ , ^ , ^ ] , ^ , ^ , ^ ] ] , . . . } where l ^ i l 9 i 2 , . . . ^ n .

If >;= J] /l z^^eίR), define y=jΓ(y)= X AfZf. It is straightforward

to see, by duality with T, that T is a representation of § on the domain D
which is invariant under T(g).

Denote by Z'f the operator which correspond to zi in the family

where

Define y ; = T'();) = ^ ^ZV By duality with T, we see that T is a
i = l

representation of g on the domain D7 which is invariant under T'(g).
It is clear that a representation of finite dimensional Lie algebra

is strongly continuous on the domain on which it is defined. Therefore,
if x, y e g, t e 1R and φ e D'.

^'(ίX, 7') φ = T'(α(ίx, y)) φ = T' ( f ^ (adx)^) φ
\ρ=0 ^ /

GO +Q

= X — ((ad XγY')φ

in the same way one has for Ψ e D.

A{tX, Ϋ)Ψ = f(a{tx, y))Ψ= f -*-r ((adl)ρ Ϋ) Ψ ,

ρ = 0 Q'

co j-ρ co ^ρ

where the two series £ — ((adX')ρ i")φ a n d Σ ~T ((adX)ρ Ϋ) Ψ
ρ = 0 5 ρ = 0 £?•

converge absolutely.
Therefore if φ e D' and Ψ e D*(l ^ i: ^ n) the functions

= (Λf(- tX'i9 X'j) φ, etxΐψ} and b(t) = <φ, έx*Xf Ψ}
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are analytic for every t e 1R. As

(0) ί(0)= ί (
ai q==0 \q

and

the formula

q = 0 W

implies

Therefore a(t) = ί?(ί) for any real ί. This means that

(A'{- tX'i9 X'j) φ9 e
tX*Ψ} = <φ, έx*X* Ψ} (1)

for φ e D ' and ΨeDt.
Since Xj* is the generator of a strongly continuous one parameter

group, the Hille-Yosida theorem (cf. Ref. [3], p. 364) for one parameter
groups implies that Xt = Xf* is the generator of a strongly continuous
one parameter group t-+etX\ Now denote by At the generator of the
group t-+(etx*)*. We see by duality that AtCXi. Moreover, for a given
φeD(Ai) the two functions u(t) = etX*φ and v(t) = etΛιφ are solution of

differential equation ——f(t) = Xif(ή with the same initial value φ.
at

But, for such a solution ~4~ (e{t"s)Xι) f{t) = 0 and therefore f(t) = etX>f(0).
as

Thus u(ή = v(t) and the one parameter groups etXι and (e*^)* are equal
as they coincide on the dense set D(Aι).

_ Since Xjf^ = X/, we have (X?]ΰ*)* - Xj9 and from (1) it follows that
etXιφ is in the domain of Xj for any real number t and every φe D' by
changing t into — ί in (1) one gets:

T'iaitx, Xj)) φ = ̂ ' ( ίX X';) φ = etX^X.e~tX^φ (2)

for φ e D'.
Which becomes after multiplication:

and therefore e ί X ι D' C D'.
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On the other hand, if φ e D' and Ψ e D we have:

= Σ —
ρ = 0 ί?

Thus
j X'j)φ,Ψ}, φeD',ΨeD. (3)

It then results from (2) that

(φJitX^Xj) Ψ} = (-έ**Xje-tjt<φ, ψy .

Thus etX*ΨeD{X?) and

I ^ ^ X / e ^ V , «FeD (4)

It results from (3) that

The formula (4) implies then that the set D* (ί) = e~tX* Df is a dense set
of analytic vectors for the operator A'(tXl,Xj)*, which is invariant
under this operator.

From Df C D on infers that D*(ί) C D and thus

Since Df is stable under the operators Xk*, the restriction 7} of f to
Df is a representation of g leaving Df invariant and as

fj(a(-txi9 xk)) φ = A(-tXi9 Xk) φ when φ e Df.

We have A(-tXhXk) DfcDf and the formula (4) (with t changed
into — t) implies that D*(ί) is invariant under the operators Xfc* for any
real number t. Moreover the last inclusion implies that Dfc* is invariant
under the operator A'(tX(,Xj)*.

Moreover, the operator Af(tX(, Xj)* is the generator of the strongly
continuous one parameter group

We now consider the set of vectors {w l 5 . . .,u k + ι} defined by ui = xi,

for ί^i^n, and uk + 1 = a(t0xio, xjo), with tθ9 xio and xjo given.
The adjoints of the operators Up=T'(Up) are the generators of

strongly continuous one parameter groups, Up* has a dense set of
analytic vectors E* on which all the U'q* are defined and U'q*E*CE*.
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Then, as before, we have

<T\a(-tup,uq))φ,έu**ψy = (φ,έu'>>mU?φy9 for φeDf and ψ e £ * .

D' being invariant under etΌ* and (UqfE*)* D Up we have

The conclusion results then by induction from Lemma 1.

Theorem. Let T be a representation of g defined on a dense set DCX
which is invariant under T(g). A sufficient condition for T to be the differ-
ential of a unique representation 3Γ of G on X is that there exists a set of
generators {x l5..., xn} of g satisfying the properties a) and b) of Lemma 2.

If there exists a set of generators of g satisfying the properties a) and b),
there exists a basis y1, yr satisfying the conclusions of Lemma 2. We can
then follow the demonstration given in Ref. [1], Theorem 1, the main
steps of which we present here.

There exists an open set W in G, diffeomorphic by the exponential
to an open neighbourhood U of 0 in g, satisfying.

1) A n y z e W c a n b e w r i t t e n z = e x = e t i y ί . . . e t r y r w h e r e x e U i s
uniquely defined and the function z->(ί 1 } . . ., tr) is a coordinate system
on W.

2) If ex E W and exey e W then etxey eWϊorO^t^ί.
One easily verifies ([1], formulas (1) and (2)) that if ex, ey, exey e W,

and ey = eβιyι... eβry\ we have the formulas:

dtx dtr .

doiγ doίr

d L (5)

We define, for exeW, ^(etx) = etίΫι...etr?\ We easily see that for
φeD' the functions f(t) = etιΫl...etrΫrφ and h(t) = eaίYί...earΫre~βrΫ>...

...e~βιYlφ have a first order derivative for O r g ί ^ l and have their
values in D'. It then results from (0) and (5) that they are solutions of the

differential equation —— = X' f(t) with the same initial value φ9 and

43Γ(e)φ = ^{etx)X'φ. Therefore f{t) = h(t) for O g ί ^ l by the
dt
same arguments as in Lemma 2, and in particular ^Γ(exey)φ
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= &~(ex) &~(ey) φ if φeD' and then for φeX by continuity. By finite
products 2Γ can be extended (from W) to a representation of G. From
its definition the differential of £Γ is equal to T on D, and 3Γ is unique.

Remark. In the theorem, the hypothesis X*D* = X;* may be suppressed.
Indeed, denote by Ht = X^D* we have H{ C X*. Since Hf is closed the

serie expansion of etX*x for t small enough and xeD? gives etX*Htx
— H{e

tX*x with etX*xe D(Hi). By finite products the same holds for any
real numbers t. For the same reason, since for any y e D(H^ there exists a
sequence xn e Df converging to y and such that Xi*xn-^Hiy, we have then
e^yeDiHt) and έx*Hiy = Hie

tX*y. Therefore for every y e D ^ )
(cf. [3], Theorem 3.3.2).

Γ * (etx*y -y) = Γ1\ Hi esX>y ds = Jff ( r X { esX*y ds) . (6)

Now, since Ht is closed and D(H() is dense, the equality of the two ends of
t

relation (6) extends to all y in X*. We have t"1 J e s X Γ j ds-+y when ί-^0
o

for any j ; e X*, and therefore, when y e D(X?\ we obtain (when we take
ί->0 in (6)) that X^y — H^. The following corollaries can then im-
mediately be deduced.

Corollary 1. Let T be a representation of g defined on a dense domain
DcX, invariant under T(g).

A sufficient condition for T to be the differential {on D) of a unique
strongly continuous representation of G on X is that there exists a set of
generators {x1, ..., xn} of g such that

a) there exists a dense domain D*CX* of analytic vectors for the
adjoints Xf of the operators Xi = T(xi) (l^ί^n) invariant under the
operators X*.

b) The operators X? are generators of strongly continuous one
parameter groups on X*.

Corollary 2. Let T be a representation of g defined on a dense domain
D in a Hubert space H, invariant under T(g), by skewsymmetric operators.
Suppose that there exists a set of generators {x1?..., x j of g such that D
is a domain of analytic vectors for the operators Xf = T(Xf) ( l ^ i r g n )
then T is the differential (on D) of a unique unitary representation of G on H.

This is an immediate consequence of the above corollary and of
Lemma 5.1 of the Ref. [4] which implies that the operators X* are
skewadjoint.

Corollary 3. Let X1 and X2 be two skewadjoint operators in a Hubert
space H. Suppose that there exists a common dense domain D of analytic
vectors for Xι and X2, invariant under X1 and X2 and that the operators
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X1 ) D and X2\D generate a finite dimensional real Lie algebra of operators
defined on D, then Xί + X2 {defined on D(X1)nD(X2)) is an essentially
skewadjoint operator.

The demonstration is a trivial consequence of Corollary 2.
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