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Abstract. We give an integrability criterion for Lie algebra representations in a
reflexive Banach space. Applications are given to skewsymmetric Lie algebra representations
in Hilbert spaces and to essential skewadjointness of a sum of two skewadjoint operators.

Introduction

Recently it has been shown by Flato, Snellman, Sternheimer and the
author [1] that a representation of a real finite dimensional Lie algebra
by skewsymmetric operators in a Hilbert space defined on a dense
invariant domain of analytic vectors for the representatives of a given
basis of the algebra is the differential on its definition domain, of a
unitary representation on the Hilbert space of a connected and simply-
connected Lie group. This result was then extended to more general
representations supposing that the representatives of the basis are the
generators of strongly continuous one parameter groups.

The aim of this article is to extend some of these results supposing
only the existence of dense domains of analytic vectors (not even neces-
sarily common!) for the adjoint of the representatives of a set of generators
of the Lie algebra in case of representations by skewsymmetric operators,
and supposing in addition, in more general situations, that these repre-
sentatives are the generators of strongly continuous one parameter
groups. Though some results remain valid in more general spaces we
limited our study to the case where the representation space is a reflexive
Banach space to avoid a heavier terminology.

1. Notations

In what follows g is a real finite dimensional Lie algebra and G is the
connected simply connected real Lie group the Lie algebra of which is g.

A set of generators of g is a set of vectors {x,, ..., x,} in g such that g
is generated by linear combinations of the vectors

Xisooos X [Xi5 X005 [%, [X00 X 1], ... when 1=4y,0,,...<n.
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X is a reflexive Banach space X* its adjoint space (space of continuous
semilinear forms defined on X) and {,) denotes the sesquilinear form
on X x X* defining the duality.

When X is a densely defined operator in X, D(X) denotes its definition
set, if D'CD(X), X|, is the restriction of X to D', X* is the adjoint
operator of X and X its closure when it is closable.

An analytic vector for X is a vector ¢e () D(X") such that

nelN
Z % [X"o| <+ o for some ¢ > 0.
2. Results
Is x,yeg and t€R, we know that the series Z ol adx)gy where
e=0 Q-

(adx) y={[x,y], is absolutely convergent and we denote by af(tx,y)
its sum.

Lemma 1. If {x,,...,x,} is a set of generators of g, the family of
vectors

F ={xy, ... x5, altx;, x,), alt' x;,, a(t"x;,, x;)), ...}

where t,t',t",...e R, 1 £iy,i,,... Sn, contains a basis of g. |

If all the commutators [x;, x;], 1 £i, j < n, are linear combinations of
xl,... , this is clear. If one of them [x;, x;] is not, as a(tx;,, X;
ot t[xlo, x;, 1+ 0(t t?) where t —0, there exists t, in a nelghbourhood
of zero such that a(t,x;,, x;,) is not a linear combination of x;, ..., x,.
Then, by induction, # contains a family of vectors which generates g
by linear combinations and therefore contains a basis of g.

Lemma 2. If T is a representation of g, defined on a dense domain
D CX which is invariant under T(g), and {x,, ..., x,} is a set of generators
of g satisfying.

a) If X;=T(x;), L <i<n, X* has a dense domain DF CX* of analytic
vectors such that D¥ C D(X}), 1 <j<n, X} D¥ CD¥ and X}y = X}

b) The operators X* are the generators of strongly continuous one
parameter groups, t—e'** on X*.

Then, there exists an extention of T by a representation T' of g on an
invariant domain D' > D, and a basis {y,, ..., y,} of g such that the operators
Y/ =T'(y,), 1 i<, have closure which are the generators of one para-
meter groups leaving D' invariant, and such that :

T'(a(ty, y))=eT Y e T 0
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Denote by D'= () D(X,...X, ), D= () D(X*...X%), X;=X;

peN PEN
and X =— X5
Then DcC D’ D¥C D and the sets D’ and D are invariant respectively
under the operators X; and X
By hypothesis the famlly
F'={xy, s X [ x5 %, 10 [x,, [, X, 1], ...} where 1=Zi,0,,...<n

contains a basis {z,,...,z,} of g. Moreover denote by Z, the operator
which corresponds to z; in the operator family

{Xis ..., X, X, [X,,[X,,, X, 1],...} where 1Zij,iy...<n

Ify= Z 4;2;(4; € R), define Y=T()= Y /1,-Z~,-. It is straightforward

i=1 . i=1 .
to see, by duality with T that T'is a representation of g on the domain D
which is invariant under T(g).

Denote by Z'; the operator which correspond to z; in the family

(X' X X X1 (X [X s X 03
where
1=4;,4,,...5n

Define Y'=T'(y)= Y 4Z';. By duality with T, we see that T' is a
i=1

representation of g on the domain D’ which is invariant under T'(g).

It is clear that a representation of finite dimensional Lie algebra

is strongly continuous on the domain on which it is defined. Therefore,
ifx,yeg,telRand pe D"

AX,Y)o=T(altx,y)p=T" ( > t—,(adX)@y) ®
e=0 &

f (@adX)°Y) @

t8
o!

in the same way one has for ¥ e D.

AR, T)P=Taltx ) ¥ = Y ;_Q,((ad;z)e ¥)w
=0 &

e Q

where the two series z ; (adX)?Y')p and z (adX)Q Y)¥
=0
converge absolutely.

Therefore if ¢ € D' and ¥ € D*(1 <i < n) the functions

a(t)=<A'(—tX', X') ¢, ¢¥ ¥y and b(t)={p.eXX*¥)
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are analytic for every t e R. As

da S N *)e—4
0= % (2] dad=x 0.0 0w

and
d°b 0 *\0 Yk
the formula

Q
X, X' = Z () I(ad — X')°9X,

implies
d%a deb
ae 0= G

©).
Therefore a(t) = b(¢) for any real ¢t. This means that

A (=X, X)) @, e W) =g, eV X* ) (1)

for pe D' and ¥ € D,.

Since X* is the generator of a strongly continuous one parameter
group, the Hille-Yosida theorem (cf. Ref. [3], p. 364) for one parameter
groups implies that X; = X7** is the generator of a strongly continuous
one parameter group t—e'**. Now denote by A; the generator of the
group t—(e'*)*. We see by duality that 4, C X,. Moreover, for a given
¢ € D(4,) the two functions u(t) = e'*'p and v(t)=e'*¢ are solution of

. . . d = . .
differential equation i f(t)= X, f(t) with the same initial value ¢.

But, for such a solution % (e®~9%) f(1)=0 and therefore f(t) = &' X £(0).

Thus u(t) = v(t) and the one parameter groups &% and (e'Xy* are equal
as they coincide on the dense set D(A)
Smce Xip: = X*, we have (X/,)* = X;, and from (1) it follows that
Y10 is in the domam of X, for any real number t and every g€ D' by
changmg t into —t in (1) one gets:

T'(a(tx; x)) o =A(X; X')p=eT X e Tg 2

for pe D"
Which becomes after multiplication:

AX LX) ACX LX) e=e%X, X e T

and therefore ¢¥ D' C D'
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On the other hand, if ¢ € D’ and ¥ € D we have:

4

(0 AR X) ¥y = Y —;—, (. (ad %) X) ¥
e=0 &*

0 tg ,
= ZO ? (—(@dX")° X))o, ¥).
o= !
Thus o _
(o, At X, X) V) =~ A (X", X) o, ¥, peD', YeD. 3)

It then results from (2) that
<§0, A‘(t‘)}i’ ij) lIl> = <'— et)?,)?je~tfl(p’ lI’> .
Thus ¢X' ¥ e D(X*) and

AX, X) ¥ =—e X XreXp, PeD (4)
and ¢X D D.
It results from (3) that

AX X)*> — At X, X) .

The formula (4) implies then that the set D(r) = e X D} is a dense set
of analytic vectors for the operator A'(tX{, X;)*, which is invariant
under this operator.

From D} C D on infers that Di(r) C D and thus

D) CD(Xf), k=1,....n.

Since D} is stable under the operators X;¥, the restriction ’fj of T to
D¥ is a representation of g leaving D} invariant and as

fj(a(—txi, X)) @ = A~(— t)?i, )?k) ¢ when ¢@eDf.

We have A(—tX,, X,) Df CD#¥ and the formula (4) (with ¢ changed
into —t) implies that DX(t) is invariant under the operators X;* for any
real number t. Moreover the last inclusion implies that D} is invariant
under the operator A'(t X/, X})*.

Moreover, the operator A'(tX;, Xj)* is the generator of the strongly
continuous one parameter group

t’—»e"xfe'/xfele.

We now consider the set of vectors {u,...,u,.,} defined by u,=x;,
for 1 i<n, and u . =a(tyx;, x;,), with ty, x;, and x; given.

The adjoints of the operators U;= T'(u,) are the generators of

strongly continuous one parameter groups, U,* has a dense set of

analytic vectors EY on which all the U,* are defined and U,*E} CE}.
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Then, as before, we have
(T'(a(—tu,, w))@, €% p) =@, " U*p), for peD and weEX.
D’ being invariant under ¢'% and ( e D U;; we have
T'(altu,, u,) = ' Uje ' Tr .
The conclusion results then by induction from Lemma 1.

Theorem. Let T be a representation of g defined on a dense set D CX
which is invariant under T(g). A sufficient condition for T to be the differ-
ential of a unique representation 7 of G on X is that there exists a set of
generators {x,, ..., x,} of g satisfying the properties a) and b) of Lemma 2.

If there exists a set of generators of g satisfying the properties a) and b),
there exists a basis y,, y, satisfying the conclusions of Lemma 2. We can
then follow the demonstration given in Ref. [1], Theorem 1, the main
steps of which we present here.

There exists an open set W in G, diffeomorphic by the exponential
to an open neighbourhood U of 0 in g, satisfying.

1) Any ze W can be written z=¢*=¢"¥'. . € where xeU is
uniquely defined and the function z—(t,, ..., t,) is a coordinate system
on W.

2) If e*e Wand e*e’e Wthen ¢*e?e Wior 05t < 1.

One easily verifies ([1], formulas (1) and (2)) that if e, ¢’, e*e’ € W,
e ="V et ' ¥e¥ ="V e™¥rwheret; =t (t)and o, = o, (1) (0=t < 1)
and e’ =¥t . efr we have the formulas:

dt dt
X = dtl i+t d—tra(tlyl’a(tzyzs “"a(tr—lyr—l’yr)'“)

dt dt,
x:‘ﬁa(—tryr’a(_tr—lyrvlv"~’a(_t2y2’y1)"') o dt

do

do,
X = dtx yl -+ -d—ta(oclyl,a(azyZ’"'9a(ar—1yr—1’yr)“')

We define, for e*e W, 7 (¢)= e"‘_’l e We easily see that for
@ e D the functions f(t)=e""'...e" "¢ and h() I Ll L (O
..e P Yip have a first order derlvatlve for 0<t<1 and have their
values in D’. It then results from (0) and (5) that they are solutions of the

differential equation d—{ = X' f(t) with the same initial value ¢, and

%f(etx)cpzﬂ'(e"‘)X’qo. Therefore f(t)=h(t) for 0=<t<1 by the

same arguments as in Lemma 2, and in particular 7 (e*e’) @
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=7 ()T (") if pe D' and then for ¢ € X by continuity. By finite
products 7 can be extended (from W) to a representation of G. From
its definition the differential of 7 is equal to T on D, and  is unique.

Remark. In the theorem, the hypothesis X/¥,- = Xi* may be suppressed.

Indeed, denote by H; = X;¥),:; we have H; C X;*. Since H,; is closed the
serie expansion of ¢¥ix for t small enough and xe D¥ gives ¢ H;x
= H,¢'*'x with ¢*"xe D(H,). By finite products the same holds for any
real numbers t. For the same reason, since for any y € D(H,), there exists a
sequence x, € D¥ converging to y and such that X* x,— H, y, we have then
¢X'yeD(H) and X Hy=HeXy. Therefore for every ye D(H,)
(cf. [3], Theorem 3.3.2).

t t
T eXy—y) =t [HeXyds=H, (t'1 fesXy ds). (6)
0 0

Now, since H; is closed and D(H;) is dense, the equahty of the two ends of
relation (6) extends to all y in X* We have ¢! jesx‘y ds—y when t—0

0
for any y e X*, and therefore, when y € D(X*), we obtain (when we take
t—0 in (6)) that X*y=H;y. The following corollaries can then im-
mediately be deduced.

Corollary 1. Let T be a representation of g defined on a dense domain
D C X, invariant under T(g).

A sufficient condition for T to be the differential (on D) of a unique
strongly continuous representation of G on X is that there exists a set of
generators {xy, ..., x,} of g such that

a) there exists a dense domain D* CX* of analytic vectors for the
adjoints X* of the operators X;=T(x;) (1 £i=<n) invariant under the
operators X;.

b) The operators X7 are generators of strongly continuous one
parameter groups on X*.

Corollary 2. Let T be a representation of g defined on a dense domain
D in a Hilbert space H, invariant under T(g), by skewsymmetric operators.
Suppose that there exists a set of generators {xy, ..., x,) of g such that D
is a domain of analytic vectors for the operators X;=T(x;) (1Zi<n)
then T is the differential (on D) of a unique unitary representation of G on H.

This is an immediate consequence of the above corollary and of
Lemma 5.1 of the Ref. [4] which implies that the operators X* are
skewadjoint.

Corollary 3. Let X, and X, be two skewadjoint operators in a Hilbert
space H. Suppose that there exists a common dense domain D of analytic
vectors for X, and X,, invariant under X, and X, and that the operators
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X, p and X, generate a finite dimensional real Lie algebra of operators
defined on D, then X, + X, (defined on D(X;)nD(X,)) is an essentially
skewadjoint operator.

The demonstration is a trivial consequence of Corollary 2.
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