Commun. math. Phys. 27, 53—86 (1972)
© by Springer-Verlag 1972

Distributions on Minkowski Space
and Their Connection with Analytic
Representations of the Conformal Group

W. RUHL

Universitdt Trier-Kaiserslautern, Fachbereich Physik, Kaiserslautern

Received March 16, 1972

Abstract. Unitary analytic representations of the conformal group are realized on
Hilbert spaces of holomorphic or antiholomorphic functions over a tube domain in complex
Minkowski space. The distributional boundary values of these functions are tempered
distributions on real Minkowski space. The representations are characterized by an integral
scale dimension label n and two spin labels j; and j,. The connection between the dimension
n and the degree of singularity of the tempered distribution is investigated. We propose
an application to inclusive reactions of elementary particles.

0. Introduction and Summary

We study the connection of unitary analytic representations of
the conformal group SU(2,2) with distributions on Minkowski space.
The unitary representations we have in mind are realized on Hilbert
spaces of functions that are holomorphic (or antiholomorphic) over
the tube domain in Minkowski space. This is a manifold of vectors
in complex Minkowski space whose real part is arbitrary and whose
imaginary part lies in the forward light cone. Each representation of
this series is characterized by a “scale dimension” n that is an integer,
and two spin labels j; and j,. We are mainly concerned with the case
Jji1 =j»=0. The general case is algebraically more complicated, though
in principle our approach applies to arbitrary spins.

Any vector of such Hilbert space possesses a tempered distribution
as distributional boundary value on Minkowski space. In turn, any
tempered distribution that can be regarded as a Fourier transform
of a tempered distribution with support in the forward light cone, is the
distributional boundary value of a holomorphic function which belongs
to a Hilbert space carrying one of the representations of the series
considered. Our aim is to characterize the scale dimension n of the
representation by the degree of the singularities of the tempered distribu-
tion.
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We define first the unitary representations of SU(2, 2) on a compact
realization of the tube domain. This allows us to use a polynomial
basis in the Hilbert spaces, and with its help to construct the Bergman
kernel explicitly. The Bergman kernel majorizes the polynomial increase
of any holomorphic function of a given Hilbert space at the boundary of
the domain. Thus it determines an upper bound for the degree of the
singularity which the distributional boundary value may assume. In
turn we define generalized Fourier series on the Shilov boundary of the
compact domain. We show how these can be extended into the interior of
the domain. The scale dimension n is connected with the polynomial order
of increase of the coefficients of the Fourier series. Another technique for
extending distributions from the Shilov boundary into the interiour
makes use of the Szegd kernel. It enables us to derive another (less
restrictive) estimate of the scale dimension.

The compact realization is mapped onto the noncompact tube domain
in complex Minkowski space by a matrix transformation of Cayley
type. All technical devices like the invariant scalar product, the Bergman
and the Szego kernels are carried over. The new Szeg0o kernel is essentially
the Fourier transformed characteristic function of the forward light
cone. Since we have no natural Fourier expansion in the noncompact
realization, we use the Szegd kernel to estimate the scale dimension of the
holomorphic extensions.

Finally we sketch some ideas of how this formalism could be applied
to physics. An application to inclusive reactions of elementary particles
seems to us most interesting. Any a priori (say from field theory) or
phenomenological information on the scale dimension n can be used
to deduce the convergence of an integral over structure functions that
is identical with the conformally invariant scalar product.

1. The Conformal Group
1.1. The Definition of the Conformal Group

We define the conformal group SU(2,2) as follows. We consider
complex 4 x 4 matrices
A B
M= 1.1
& 5 (L)

where A, B,C,D are 2x2 submatrices. The matrix M is assumed to
satisfy the constraint

MYH=HM™! (1.2)

H— (‘E 0) (1.3)

with

0 E
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and the 2 x 2 unit matrix E. The constraint (1.2) is equivalent with the

set of three relations
ATA—-C*C=E
D*D—B*B=E (1.4
A"B-C*D=0.
The group resulting from the constraint (1.2) is denoted U(2,2). If
the further constraint det M =1 is fulfilled, we obtain the group SU(2, 2).
An immediate consequence of (1.4) is that 4 and D possess inverses.
By some elementary algebra one can show that (1.4) is equivalent with

the set of constraints.
AA* —BB* =E

DDt —CC* =E (1.5)
AC*Y —BD* =0.

1.2. The Maximal Compact Subgroup and Its Coset Space

The maximal compact subgroup of SU(2, 2) consists of the matrices

K, 0O
with the constraint
det(K,;K,)=1. (1.7)

It has the direct product structure U(2)®SU(2). Each matrix M of
SU(2,2) can be uniquely decomposed in the fashion

A B\ (N, ZN,\(K, 0
=L (1.8)
¢ p/ \z*N,, N, Jl0 K,

where both matrices on the right-hand-side are in SU(2,2). We want
N, and N, to be positive definite, hermitean matrices. Z is an arbitrary
complex 2 x 2 matrix.

We consider (1.8) as an ansatz. Then

A=N, K, , B=ZN,K,, (1.9)
C=Z*'N,K,, D=N,K,. '
Since the inverses of 4 and D exist, we have necessarily
Z=BD™!
(1.10)

Zt=CcA .
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The compatibility of these two definitions of Z is equivalent with the

last constraint (1.4). With Z defined by (1.10), N, and N, follow from (1.9)
N, =(AA%)}
1=l )1 (1.11)
N,=(DD")t.

As required they are positive definite and hermitean.
We still have to satisfy the other two constraints (1.4). First we have
from (1.11) and (1.9) that
K,=N;'4. K,=N,'D (1.12)

are unitary. This is the polar decomposition. Next it follows from (1.9)

and (1.4)
N?—~N,ZZ*N,=E (.13
N?—N,Z*ZN,=E. '

These equations for N, , can be solved to give

Ny 2=E—2Z7Z7"

1.14
Ny =E-Z7%7. (1.19)

It follows that Z satisfies the conditions

E-ZZ*>0
(1.15)
E-Z%*Z>0

that are in fact equivalent.
We have finally to show that the constraint (1.7) is satisfied. For this
purpose we decompose Z as

W 0
Z:u1<8‘ )>u2 (1.16)
v2

where u, , € SU(2) and 4, , are complex numbers. This decomposition
allows us to write N, and N, as

o 0\ _ (O , 4
Ni=u (01 Hz) u ', Ny=u, 1( 1 )“2’ Mo =(1 “"‘»1,2[2) ’
2

0
H (1.17)
so that

My 0 Ay 0

(Nl, ZNZ)_(M1 0 )O u, 0 Jolty) (ugt 0
Z'Ny, Ny )0 wg! Ay 0 Hy 0 .

0 T, 0 1y (1.18)



Conformal Group 57

The determinant of this matrix is easily computed

N ZN.
det| Y 2
© (Z*Nl, N,

Therefore the constraint (1.7) is fulfilled.

It results that the cosets of the maximal compact subgroup U(2) x SU(2)
can be mapped one-to-one on the domain of complex 2 x 2 matrices Z
that satisfy

) :H1/»‘2,“1(1—M1]2)#2(1 —|/12|2):1 (1.19)

E-Z"Z>0 (1.20)

We call this domain the compact realization of the coset space and denote
it by ID.

1.3. Left Translations on the Coset Space and Unitary Representations
In this section we denote the inverse M ! of any M e SU(2,2) by
A B). (1.21)

L
(e

Then the left translation by M maps the coset space onto itself and the
explicit form of this mapping can be computed from

A B\ /[N, ZN, Ni, Z'N;\ (K] 0O
+ = 1+ ’ 7’ 7 (122)
C D/\Z™N;, N, Z'"N{, N, 0 K,
It results

Z'=(AZ+B)(CZ+D)". (1.23)

The arguments of the preceding section guarantee that the inverse of
CZ + D exists over D.
The Lebesgue measure onID is defined by

z=<zll’ 212), ldZ|= T[] dRez;dlmz;. (1.24)

Z215 222 ij=1.2

For arbitrary n=4, 5,6, ... we define the Hilbert space .#*(D) by

LHD)={/f(Z)| f(Z) measurable on DD and | f|, <o} (1.25)

where the norm (and a corresponding scalar product) is defined by

[£]2=c {1/ (@) [det(E—Z* Z)]" *|dZ]. (1.26)
D

The normalization constant ¢ is positive and is later fixed in such a
fashion that the norm of f(Z)=1is one.



58 W. Riihl:

In the space #?(D) we define the unitary representation T by
Ty f(Z)=[det(CZ+D)] "f(Z) (1.27)

where Z’ is as in (1.23) and M as in (1.21). The unitarity of T,, and the
operator relation

T, Tor, = Torom, (1.28)
have yet to be proved.
In fact, from (1.4) and (1.23) we obtain

E—2%72 =(CZ+D)y '*(E~Z*"Z)(CZ+D)™" (1.29)
ldZ|=1dZ'| |det(CZ + D)[® . (1.30)

and

This gives immediately the isometry relation

ITuf 7 =11112 (1.31)

that together with (1.28) for M, =M, ' implies the unitarity of T,,.
In order to prove (1.28) we put

[=Tu,f. Zi=(4Z+B)(C,Z+D,)”" (132)
and get
Ty (Ta, ) (Z2) =Ty, f(Z)
=[det(C,Z+ D)) " f(Z)) (1.33)

= [det(C, Z + D) det(C, Z, +D2)]—"f((/4221 + B,)(C,Z,; +D2)'l)'
Now with

(Mle)_1=M3'1:(A2 Bz)(Al Bx):(As 33) (1.34)
C, D,J\C; D) \C; Dy

we obtain by elementary algebra

(C,Z, 4+ D,)(C,Z +D,)=(CsZ + Dy) (1.35)
(A, Z, + B))(C,Z, + D)) ' =(A,Z + By) (CZ+Dy) "t (1.36)

and

so that (1.28) follows.

The space Z2(D) possesses two invariant subspaces: The space
H#,([D) of holomorphic functions in ID and the space J#,*(D) of anti-
holomorphic functions in ID. The restriction of T to these subspaces
gives irreducible unitary representations of SU(2, 2). In Graev’s classi-
fication [1, 2] these representations belong to the series d,. A general
member of this series is characterized by two additional spin labels j;
and j, (see Section 3.1). The representations just constructed and mainly
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studied in this work have j, =j, =0. A generalization of our arguments
to all spins is straightforward in principle but in practice beset with
computational complications.

1.4 An Orthonormal Basis

The set of all polynomials in the matrix elements of Z forms a
complete system of functions in J#,(D). By a convenient choice of these
functions and the Schmidt orthogonalization procedure one can construct
an orthonormal basis in (D). We shall construct such a basis now. The
corresponding complex conjugate functions form a basis in J,*([D).

We introduce first a set of convenient parameters in ID. The de-
composition (1.16) of Z can obviously be done such that u; and u, assume

the form
“1 — elw1639131ﬂ2

(1.37)

MZ — ei\‘)zaz()i(pzag

with Pauli matrices o,, 5. They define cosets in SU(2). On these cosets
we introduce the normalized measures

1
d pluy) = ﬁd%dﬂ

, 1
d' uluy) = S do,dt,
0=, , =21, 1 ,=cos’Y,, 0= ,=1I. (1.38)
We denote the Lebesgue measure in the complex plane by
|[dA]=dReAdImA. (1.39)
With the parameters appearing in the decomposition (1.16) we have
(dZ) = Jd ) d' pluy) [d 2] 1d 2 (1.40)
After some algebra we find
J=3m2 (4,17 — 12,172 (1.41)

As a comfortable check of the normalization of the functional deter-
minant (1.41) one can compute the integral
4
Ve=[0(1=Tr(Z* 2))|dZ| = 12‘2 (1.42)

where V, denotes the volume of the unit sphere in n-dimensional real
Euclidean space. With the parameters (1.16) and polar coordinates
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for A, and 4, the integral (1.42) reduces to a two-dimensional elementary
integral.
We introduce the set of polynomials
Alm (Z)=(N'™~" (detZy" Dj ,.(Z) (143)
m=0a17257 _I§QI’q2§+]’ 212051>2,
where N/™ is a normalization factor that renders the norm of these
functions equal to one. The polynomials D}, are known from the

theory of the representations of SU(2) and are defined by [3]

; _ (].‘9‘611)!(]'*‘11)!}% (j+512><j—Q2 )
j (7= |V T
Do D= e ri=ant] 2\ s Ns—a—a) (149

S 7itai=S7jta:-S7S-q1—q>
'211212 ZZI ZZZ .

The polynomials (1.43) are homogeneous of degree

N=2j+2m (1.45)
in the elements of Z. For fixed N there are
Sy=5N+1)(N+2)(N+3) (1.46)

of such polynomials (1.43). It is easy to see that these polynomials
are orthogonal and consequently linearly independent. On the other
hand there exist just Sy linearly independent polynomials of the type

Nniy Nt n n
24 21724 25 (1.47)

of fixed degree N =Zn;; of homogeneity. Hence the polynomials (1.43)
form an orthogonal basis in %, (D).

Computation of the norm N/™ yields

(n—3)(n—4)! m! (m+2j + 1)!

N = e S  Dmen—Dtmrgjrn—nr 4

In order to have N°° = [ (see the remark after (1.26)) we set
c=n"*n—1)(n—2)*(n—73). (1.49)
With this normalization N™ and 4}" (Z) are defined for all n=2.

We use this fact to extend our definition of the spaces (D) and #,*(D)
to include the numbers n=2 and n=3. We may first introduce them
formally as spaces of [*-summable sequences {a/™ }. Then we define
for any finite sum

” 2 G430 (2)

imqiqz

2= Y jam P (1.50)

n Jjmyqiqz
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By Schwarz’s inequality we have

Y AP TP S n@r) (s

jmqiqz jmqiqz \jmqiqz

In the subsequent section we shall see that the right most sum in (1.51)
converges uniformly on any compact subset of ID. Therefore the elements
of #,[D) that were introduced as [*-summable sequences of the
coefficients a)™ = correspond to absolutely and uniformly convergent
series and hence to holomorphic functions in ID. Finally we extend the

definition (1.50) to the whole Hilbert space.

1.5. The Bergman Kernel Function

In the Hilbert spaces #,(D) and #,*(D) the unit operator can be
represented as an integral operator whose kernel is called the Bergman
kernel [4]. If (f;, f5), denotes the scalar product

(f1- 2= Cﬂifl (Z) f5(Z) [det(E— Z" Z)]" " *|dZ] (1.52)

and
KB(Zl,Zz):Kgi(Zz) (1~53)

the Bergman kernel function, then this Bergman kernel is defined such
that

(KE, f)=1(2), feA,D)

' (1.54)
(K3, /u=1(2), feA*D) .
By Schwarz’s inequality we obtain from (1.54)
|71 K2 217 (2 (1.55)
From the hermiticity of the kernel and (1.54) we have
Kz, =K"Z. 2)*. (1.56)

This can be inserted into (1.55) and gives an estimate for f(Z). The
normalization (1.49) of the scalar product implies

K20,0)=1. (1.57)

On the space ¥ *(D) the Bergman kernel defines a projection operator
onto the subspace #,(D), respectively #*(D), namely [ e #2(D),

f1(2)=(KE, [), e #,D)

(1.58)
f2(Z)=(K3, f), e £*D).
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We compute the Bergman kernel for arbitrary n = 2. With the ortho-
normal basis (1.43) we have

K¥Z\.Zy)= Y A, (Z) A7, (Zy)

imaias 41492 q192 (159)
=Y (N'™)"2[det(Z, Z3)]" Tr (D'(Z, Z3)).
jm
For almost all Z, Z3 we can perform the decomposition
. Ao 0N,
Z,Z5; =S 0 S7t, SeSL(2,C) (1.60)
‘2

such that both eigenvalues are in the open unit circle. In fact, if we had
Z\Z5x=2x, |A=1 (L.61)
then with Z, , €D and the shorthand y=1""'Z3 x it would follow
0<(x(E—Z,Z3)x)=(y,(Z] Z, —|2]* E) y)<0. (1.62)
Inserting (1.60) into (1.59) and using (1.43), (1.44), (1.48), (1.49) we have
(m+n—=2)!m+2j+n—1)!
m—D!n—=2)!m!(m+2j+1)!

2j+1 2j+1
71 \m )“1 —)"2
P R

K*Z,,Z,) = Z(ZJ"“ 1)
m (1.63)

A =2z

This series can be summed. It converges absolutely if both 4, , stay
inside the unit circle and yields

KYZ,, Zy)=[(1 = 2) (1= i1 7"
=[1-Tr(Z,Z3)+det(Z,Z)]"" (1.64)
=[det(E—Z,Z})]1".

For Z, and Z, both in compact subsets of ID we find absolute and uniform

convergence of the series (1.59). This proves the assertion made after (1.51).
The estimate (1.55) can now be given the explicit form

(2N <] /] [det(E— Z2)] (165)

Consequently the elements of #,(D) and #,*(D) increase at most
polynomially if Z tends to the boundary ¢ D of ID. According to a general
theory of boundary values of analytic functions the boundary values
are distributions of a certain type [5,6]. We are mainly concerned
with these boundary value distributions in the sequel.
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1.6. The Shilov Boundary

The boundary ¢ID of D is given by those matrices Z for which in
the decomposition (1.16) either |4,|=1 or |A,|=1. This is a seven
dimensional manifold. In order to characterize analytic functions on 1D
it suffices, however, to give their boundary values on the Shilov boundary
[7]. The Shilov boundary $ of ID consists of all unitary matrices

$={Z|ZeU(Z)}. (1.66)
We denote the elements of $ by X. Then
X=eu, ueSU(2). (1.67)
We introduce the normalized measure on §
AR(X) = 5 dg duta) L6
0se<2n, [duw=1

where du(u)is the normalized Haar measure on SU(2). As one possible
set of parameters we may use

] )
u:( o +ip V+’_>. (1.69)
—y+id a—if
Due to the constraint
W B2+t =1 (1.70)

only three of these parameters are independent. It is easy to verify that
the Haar measure on SU(2) in these parameters assumes the form

d () = 5 40, (171)
4

where d2, is the Lebesgue measure on the surface of the unit sphere
in four dimensional Euclidean space, 2, is the total area of this surface,
Q,=2n°

We consider measurable and square integrable functions g(X) on §.
They constitute the Hilbert space #2(8). These functions can be expanded
into a generalized Fourier series

+ o +

gX)= Y > al (2j+ 1) oDl w) o (1.72)
i=04q1 j

m="= oo ==

~.

i

where m runs over all integers and 2j over the nonnegative integers as
usual. Half integral m do not occur since the substitution

U——u, @Q-o@Q+21n
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must leave both sides of (1.72) unchanged. The series (1.72) converges
in the £?(8$) norm sense.

Restricting the summation in (1.72) to subsets we define the following
new functions (the “positive, negative, and neutral parts™ of g(X))

o0 o0 +j
g.X)=Y ¥ ¥ ()
j=0m=0qig2=—j
© -2j +j
g (X)=Y Yoo (1.73)
j=0m=—0w q1g2=—j
© -1 +j
go(X)= 3 Z (-.r)
j -2

.

I
—
E

Jt1lquga=—j

They are all elements of the space #*($). From (1.72) and (1.73) follows
g+ (X)+9g(X)+g0(X)=g(X) +ago (L.74)
We treat the positive part first. We make use of

FmENeDI ()= (det X)"

q142

X). (L.75)

41‘12(

If we let the real parameters o, f3, 7, d (1.69) and ¢ (1.67) assume complex
values, X appears as the boundary value of Z and (detX)" D] ,.(X)
as the boundary value of (det Z)"’D{“ +(Z). In a sense still to be specified
we may therefore consider the series

Z Z Z ajm (2j+ 1) NI Al (Z) (1.76)

m=0j=0q192= —j

as the holomorphic extension of g . (X) intoD.
It is easy to see that the coefficients (2j+ 1)* N'™ are bounded for
any fixed n>2. Parseval’s equation for the part g, (X) in Z*($) yields

g P = Y Y Y g (17D
m=0 j=0 q1q2= —
Consequently f, (Z) converges in the norm of J(j,(ID) for all n= 2, that
means in particular, it converges uniformly in each compact subset
ofID towards a holomorphic function. This holomorphic function assumes
the boundary value g, (X) on the Shilov boundary $ in the sense of an
£*($) limit.
The negative part can be treated quite analogously. We have [3]
t(m+1)<pDJqlq2( u)=(— 1)q1-qzei(m+j)¢Dj 0. _511(U+)
=(—1)eemt2depi - (XT) (1.78)
=(—1)""92(det X )" 2IDJ (X*)

—42, 41

lg+|I2
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We introduce the shorthands

m=-m-—2j, m=012..

Jm 19142 5im
aq1qz—( 1) Agr,~a

(1.79)

and get as antiholomorphic extension of g _(X)

+
.

g Q1) N A (ZT) - (1.80)

q192 4192

HM8

rz=3 %

This series is umformly convergent on any compact subset of D towards
an antiholomorphic function, it lies in #,*(D) for all n = 2, and assumes
the function g_(X) on the Shilov boundary.

For the sake of brevity we denote the subspaces of functions g, (X)and
g_(X) by £%($) and £2(8), respectively. An elegant presentation of
the mapping of #2($) into #,(D) (of £2(3) into #,*(D)) can be given
by means of the Szegd kernel function K5(Z,, Z,) [4].

Let #,D) denote the image of #2($) under the extension
g+ (X)— [ (Z). In this subspace we introduce the Szeg6é norm

(1.81)

17 ls=1lg+ls

and a corresponding scalar product. A Szegd orthonormal basis in
H#,(D) is then given by

S (Z2) = (2] + 1)* (det 2)" D; ., (Z)

q192 lllqz (182)
m=0,1,2,.... —j<q.q,=+j, 2j=0,1,2,....
The Szego kernel function is then defined by
0 0 +j
KZ,.2 Z Z ) Sé'ﬂn(z ) ST(Z2).- (1.83)

\ I

0q192

Comparing (1.82) with (1.48), (1.49) we recognize that the Szego kernel
isidentical with the Bergman kernel for n = 2. Therefore from (1.64) we have

K3Zy, Zy)=[det(E~Z,Z3)] 2. (1.84)

If Z, eD but Z, =X lies on the Shilov boundary, the Szegt kernel
function is holomorphic in Z; and square integrable in X with respect
to the measure (1.68). We denote

K3(X)=K5(Z, X) (1.85)
and have _ o —
. J+(2)=(KZ. 9)g>5)=(KZ. g+ Jo2s) (1.86)
respectively )
,/_(Z)=(K§.g)gz($,=(K§,g_)g)z($). (]87)

5 Commun math Phys, Vol. 27
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The formulae (1.86) and (1.87) can be viewed upon as generalizations of
Hilbert transforms.

One can make use of the integral representation (1.86) in the following
manner that will become important in the sequel. From (1.86) and the
hermiticity of the Szegd kernel we deduce by means of Schwarz’s
inequality

L+ D £ |K5 ] 22s) |9+ ] 220s)

] X (1.88)
=g+ ]lg2s KNZ, Z)F
Inserted into (1.26) we obtain an estimate for the norm of /', (Z)
[f 2= ellgs]3es | [det(E—Z* )1~ dZ]. (1.89)
D

This norm is therefore finite whenever n> 6. This estimate is therefore
less restrictive than the one found by estimating the coefficients of the
Fourier series, which resulted in a finite norm for all n> 2.

1.7. Distributions on the Shilov Boundary

We consider the space of infinitely differentiable functions on $
with the usual topology which we denote by &($). The continuous
linear functionals on this space form the dual space &’(8) of distributions
on §. Each distribution ¢(X) can be expanded in a generalized Fourier
series like the functions of #%(8$) but the expansion coefficients are now
allowed to increase polynomially (see (1.72))

+tJ
Y . lajm 1> < C(1 +|m| +))* (1.90)
4142~ —J
rather than being square summable. s 1s a fixed integer, C any positive
constant depending only on ¢.

Such Fourier expansion allows us to split each distribution ¢(X)
uniquely into three parts ¢, (X), ¢ _(X), ¢,(X) just as in (1.73). Thesc
parts add up to

0 (X)+ 0 _(X)+ 0o(X)= (X)) +al]. (1.91)

All these Fourier expansions of distributions converge in the topology
of &'(3). Another way to define the parts of ¢(X) is by requiring

[ o (X)g(X) du(X)=[(X) g (X)du(X) (1.92)

for any test function g(X).
We consider the Szego kernel (1.84) with the first argument Z in ID
and the second argument X on $. Then it is infinitely differentiable in
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X for fixed Z. Therefore we can define Hilbert transforms of the dis-
tribution ¢(X) (where the notation (..., ...) denotes the scalar product
of #2(8) extended to test functions and distributions)

[(2)=(K3, 0)=(K3, 0.), (1.93)
f-(Z)=(K}. 9)=(K3.0_). (1.94)

These are holomorphic, respectively antiholomorphic in ID. In fact
we shall see that they lie in the Hilbert spaces #, (D) or #,*(D) whenever
n=ny,. We construct a connection between n, on the one hand and
the polynomial order s in (1.90) on the other hand. However, we start
formulating another theorem first.

Let f(Z) be an element of #,(D). Then f(Z) approaches a distrib-
ution ¢(X)e &'(3) if Z tends to X €§ in the sense of the topology of
&'(8). ¢(X) can be represented as the (n—2)nd derivative of a square
integrable function g, (X)e £2(3$). In turn, the holomorphic extension
(1.93) of p(X) gives us back f(Z). (Theorem A).

For the proof we start from the expansion

[(2)= Z Z X A ARAR (1.95)
m=0j=0gq1q2=—j

The basis elements 4" (Z) are homogeneous polynomials in the elements

of Z of degree N =2j + 2m. Therefore Euler’s differential operator yields

Yz Al (Z)=N A" (Z). (1.96)

4142 41492
ij UZij

Hence f(Z) can be represented in the form

8 n—2 .
1O=(S 1] T e ) D,
. 1j ij m.j.q1.q2 (]_97)
bl = 127+ D N4 2m k12, (198

It 1s an easy task to prove that the factor in curly brackets in (1.98)
increases both with j and m monotonically such that its minimum is
assumed for j =m = 0. This minimum is one. Consequently

il <lagi, (1.99)
and by Parseval's equation

PORNCANEES FA PSR (1.100)

m.j.q142



68 W. Riihl:

Therefore we can write

7)= <Z zja—j + 1>Hh(2) (1.101)
ij vy
where
WZ)—g.(X)e L2(S). (1.102)

The differential operator in (1.101) tends towards a differential operator
of order n— 2 on §. This completes the proof.
We consider next a distribution

s +j
=Y Y Y an@i+DfdetX)" D] (X) (1.103)
m=0 j=0gqiq2=—j
so that ¢(X) is equal to its positive part. We define an “integral order”
ny of @(X). For this purpose we introduce the notation
+j
o=y 3 P, N=2j+2m. (1.104)

9142
J.m o qig2=—j
Nfixed

Due to (1.90) there exist real numbers w such that

o0

Y oy(l+N)"??<w. (1.105)
N=0
Let n, be the smallest integer in the set of these w (the possibility ny = — co

is admitted). Then we can represent ¢(X) in the form

Z(qu o ) XN+,
lJ

G (1.106)

2+ 1)} (det X)" D} . (X),  np=max(ng,0).

Hence due to (1.105) it appears as the ny—th order derivative of a
square integrable function g, (X) € #2(3).

Let n, be the integral order of the distribution ¢(X), p(X)=¢ ,(X).
Then ¢(X) possesses a holomorphic extension of the type (1.93) that
lies in #,(D) for all

nz2n,+2, ng=max(ny,0). (1.107)

With the help of the representation (1.106) this extension can also be
written as

Z)_<ZzUa +1) 1.(2) (1.108)

where [, (Z) is the extension of g, (X) € #2($) (Theorem B).
In order to prove this theorem we must only show that the premise

L o N+ )< (1.109)
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implies L
[es) 9 J )
Yoy > pnP<ow (1.110)
m=0 j=0q192= —

for all n=2ny + 2. Here bi™ denotes

4192
bim =2+ 1)} NImaim . (L111)

In fact, we get

+J

Z Z Ibé?;zlz g GN{m'ax (2] + 1) (ij)z}
Né"-mdqlqzsvj N fixed
(n— 11N + DN + 1)2" . (1.112)
B (N+n—1)1 {on(N + )72},

For all n satisfying (1.107) the factor in front of the curly bracket is
bounded in N by a number C,. Therefore (1.110) follows.

Another version of Theorem B is obtained with the help of the Szego
kernel. We know from the general theory of distributions [8] that a
distribution ¢(X) € £'($) can be represented as

@(X)=Dxg(X) (1.113)
where D¥ is a differential operator of order |m|, |m| = Z m;,
ij
Ly
D= p(X)T] ((? — ) . p(X) are polynomials, (1.114)
I<m ij M

and ¢g(X) is square integrable. The holomorphic extension of ¢, (X)
is obviously

[ (Z)=Dy [ KS(Z, X) g, (X)du(X). (1.115)
$
Schwarz’s inequality implies
If+ (2= “D';KEHEZ(S) ”ng“Jl’Z(S)' (1.116)
The hermiticity of the Szegd kernel and (1.86) yield
DY s = DIDIKSZ, 2) -
<M[det(E—2ZZ%)]~ 272 '

Inserting the last two expressions into the norm (1.26) gives
1142 S eM]g,|3e | [det(E—Z* Z)1 02l ldz]  (1.118)
D

which is finite for n=2|m|+ 6. If we use the representation (1.106)

we find np =|m|, and we have finally the condition n=2n; + 6 instead
of (1.107).
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1.8. The Delta Distribution
As an example we study the delta distribution on $ that is defined by

§ 9(X) 6(X) du(X) = g(E) (1.119)
$

for all continuous functions g(X) on $. In the expansion

IX)= Z Z Z al™ (2j+ 1)} (det Xy Di , (X) (1.120)

m=-o j=04qi142= —j

the coefficients are casily computed from (1.119)

at,=2j+ 10, , . (1.121)
This yields
= Y Y @i+ ) (det Xy TrDU(X). (1.122)
m=0j=0

The positive part of the delta distribution possesses the analytic extension
d(Z)=K%Z,E)=[det(E - Z)] > (1.123)

as can be seen most easily from (1.93). Similarly the distribution ¢ _(X)
possesses the antiholomorphic extension

d (Z)=K5(E, 7). (1.124)

The norm of d, (Z) in #,(D) can be computed explicitly. After some
algebra we find

2 1) (n—2)
ldlln= WW‘T)T(?W)’ (1.125)

It follows that d , (Z) lies in all #,(D) for n= 6.
This exact result can be compared with the proposition of Theorem B.
From (1.46) we have

Oy =Sxy="L(N+1)(N+2)(N+3) (1.126)

so that o is any real number bigger than two. The integral order n is
three. From (1.107) we have n= 8. On the other hand the property that
n, is an integer enters only the second part of Theorem B. The assertion
of the first part can be improved if we allow also for half-integral n,.
Let us denote these “half-integral order” n,,. In the present example we
find ny, =5/2 and from (1.107) the stronger estimate n>7.
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2. The Coset Space as a Tube Domain in Complex Minkowski Space

2.1. Preliminary Remarks

We define the complex Minkowski space €, as the vector space of

complex four vectors
W= (Wqy, Wy, Wy, W3). 2.1)

Real four vectors constitute the real Minkowski space IM,. Both in C,
and in IM, we have a bilinear form

3
WW =wowp— Y Wi, ww=w>. (2.2)
k=1

In €, we define a tube domain by
30\
Tz{»v[»v:tt+iv,14,vell\/[4, Vo> (Z Lf) } (2.3)
i=1

which we call the tube domain in the sequel.
The tube domain plays an important role in field theory. We define the
forward light cone IL. in IM, by

IL= {u|u0 > (i uf)%} (2.4)
i=1

Then the Fourier transform of any tempered distribution of &'(IM,) with
support inIL (by a bar over a set we mean the closure) is itself a tempered
distribution which possesses a holomorphic extension into T. In turn
this holomorphic function assumes the Fourier transform on the boundary
M, of T in the sense of a limit in the .%’(IM,) topology [9].

2.2. A Transformation of the Cayley Type
We introduce a mapping of the bounded manifold D into C, by
W=W(Z)=i(E-Z)(E+Z)""
W=w.E + i w;0; 25)
i=1
o; are the Pauli matrices. If Z is unitary, W is hermitean and vice versa.

The definition (1.20) of ID guarantees that W= W(Z) is holomorphic
onID. The inverse mapping is

Z=Z(W)=(E—iW) Y (E+iW). (2.6)
Inserting (2.6) into (1.20) yields
(E+iWIYNE-ZTZ)(E—iW)=2i(W'=W). (2.7
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If we put W=U+iV,w=u+iv,u,veM,, we have from (2.7) that V
is positive semi-definite (it turns out to be positive definite, indeed)
for all Z eD. This means

SpV=2v,=20, detV=0v2=0
orweT.

In turn, if we T, then det(E — i W) # 0. To show this we set w=u + iv,
vell, and get

det(E—iW)=(142vy — u* +v?) — 2i(uy + uv). (2.8)
Therefore, if det(E —iW) =0, then
w=14+2v,+0221 (2.9)

since v €IL. Consequently we have u, # 0 and sign u, = sign (uv) whenever
v4+0. In any case it follows u, +uv+0 for all vell. This contradicts
det(E—iW)=0.

It follows that the mapping W= W(Z) is one-to-one and pseudo-
conformal fromID onto T.

We denote those points of the boundary ¢ ID where one of the two
eigenvalues of Z is equal to —1 by N. On ¢ID—IN the mapping (2.5)
is continuous and the image is the boundary of T. If in addition Z is
unitary, namely an element of the Shilov boundary §, then W is hermitean
and the set $§—(8$nIN) is consequently mapped one-to-one on IM,.

The Lebesgue measure |dZ| onID(1.24) and the Lebesgue measure on T

3
ldW|= [] dRew,dImw,=d*ud*v (2.10)

n=0
are connected by the functional determinant J,
|dZ|=J |dW]| (2.11)
where elementary algebra yields

J; =27 *|det(E + Z)|® = 22 |det (E — iW)| "8 . (2.12)

Similarly the measure du(X) on $ (1.68) and the Lebesgue measure on
IM, are related by the functional determinant J,

du(X)=J,d*u (2.13)
with

J,= (—72[-)3 [det(E—iU)| “. (2.14)
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2.3. The Tube Domain as a Homogeneous Space

The pseudo-conformal mapping (2.5) induces a transformation of T
by means of the rational transformation (1.23) of ID. This transformation
of T is again rational and allows the ansatz

W'=RW +S)(TW+0Q)"". (2.15)

Inserting (2.5) into (2.15), solving for Z’, and comparing with (1.23) we get

A=3R+iS—iT+Q)

1
B=3(—R+iS+iT+Q) (2.16)
C=34(-R—-iS—iT+Q)
D=%R—iS+iT+0Q)

where we fixed an overall constant factor for convenience. The question
arises as to how the set of constraints (1.4) on A, B, C, D that guarantee
that the matrix M lies in U(2, 2), maps on an equivalent set of constraints
for R, S, T, Q. We give the result without the lengthy derivation. The
set desired is

R*T=H,
R*Q=E+H,—iH
¢ 2 (2.17)
S+T=H2+iH3
S+Q=H4

where H;,i=1 to 4, are hermitean but otherwise arbitrary matrices.

We consider two subgroups of SU(2, 2) in detail. We make use of the
fact that the transformations (2.15) themselves have the group structure
SU(2,2)/Z,(where Z, denotes the four element centre). The first subgroup
G, is defined by the premise T=0. That this constraint defines a
subgroup will turn out immediately (see (2.19)). From (2.17) follows

H =H,=H,=0

=0 (2.18)
S=RH,.
Thus (2.15) reduces to
=(RW+S)Q '=R(W+H,)R* (2.19)

If detR =1, this transformation (2.19) consists of a real translation
and a real pseudo-rotation in T. This subgroup of G, defined by the
constraint detR =1 is identical with the “inhomogeneous SL(2, C)”
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group. However, det R need not be equal to one. Let us assume

R=1E, J=en*m  p ,real

(2.20)
S=H,=0.
Then
W =e?m W, (2.21)
Due to (2.16) we have
A=D=e¢"chyE, B=C=—¢"shy E (2.22)
so that o E N
(A B — eil]z ¥ }71 , —S "hE) (223)
C D —shy E, chnE

with the determinant e*'"2. In order that this matrix is in SU(2,2) we
must have

emefl, +i, —1, —i}. (2.24)

If 7, =0 the elements (2.20) constitute the central subgroup Z, of
SU(2,2) with the four elements (2.24). If 5, =0 the elements (2.20)
form a one-parameter subgroup of dilations. We denote it D. Then
G, has the total content

G, ={Dx[SLR2.C)/Z,x T,1}®Z, (2.25)

where T, is the group of real translations in T and x denotes the
semidirect product.

The other subgroup of SU(2, 2) that is of particular interest, G,, is
defined by the requirements

§S=0, Q=E. (2.26)
From (2.17) follows

Hy,=H,=H,=0

R=E ,

T=H,=t,E— ) t,0,t,real. (2.27)
k=1

The transformation (2.15) reduces in this case to

W =WE+TW) !, (2.28)
Since
det(E4+ TW)=1+42tw+t*w? (2.29)
we get from (2.28)
2
W= TVl (2.30)

B 4 2tw 42w
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These are the “special conformal transformations” of T. They form an
abelian four-dimensional Lie group. G, is free of central elements of
SU(2,2).

24. Hilbert Spaces

In order to avoid too many repetitions we discuss only spaces of holo-
morphic functions from now on. The spaces of antiholomorphic functions
can be treated analogously.

We start from the spaces #,(D). Let f(Z) be any function of (D).
Then we define a function F(w) which is holomorphic in T by

F(w)=m,(w) f(Z(w)) (2.31)

where m,(w) is a multiplier function that has to be holomorphic in T,
too. For later purposes the following class of multipliers is most convenient

my(w) =22""2[det(E — iW)]~"*9 (2.32)

where g is any integer.
For two functions F; ,(w) defined by (2.31) with the same g we
introduce the scalar product (see (1.49) and (1.52))

(Fy, Fy)y g = ¢ [ Fy(W) Fy(w) [(Imw)*]"~* |[det (E—iW)]| "2 [dW| (2.33)

such that
(FI’ FZ)n,q = (fl’fZ)n . (234)

Both (2.31) and (2.33) establish a natural isomorphism of the space
#,([D) on a Hilbert space #, ,(T) of holomorphic functions on T.

By means of the pseudo-conformal mapping (2.5) T has become a
homogeneous space for U(2,2). We assume that A4, B, C, D and corre-
spondingly R, S, T, Q belong to the matrix M ~!. Then we can read off
the mapping F — Ty, F from the diagram

I sy F
(1.27)

Ty f TyF .

>
(2.31)
It has the form

Ty F(w) = p (M, w) F(w) (2.35)

with w' defined by (2.15) and a multiplier p,(M, w) that can be computed
from (2.31) and (2.32). We find

1, (M, w)=[det(E— iW) (E—iW") ']

~ (2.36)
[det(TW +Q)]7".
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The case g =0 is of particular simplicity both in (2.33) and (2.36). Never-
theless, we need also the cases g # 0. The operators T,, present another
realization of the same unitary representations of SU(2,2) that were
defined on the function spaces #, (D).

The Bergman kernel function for the Hilbert spaces J#, ,(T) is
easily computed. We require

F(w)=(KE, F),, (2.37)

for all F e #, ,(T). With the Bergman kernel (1.64) for the spaces #, (D)
and the mappmg (2.31) we obtain

M(Wz) = K®(w;, w)) \ (2.38)
= mq(W1 ) mq(Wz) KE(Z(w,), Z(w,)).
Inserting (2.6) and (2.32) yields
B -4 _
K% (wy, wy) = [det(E—iW)(E+iW,)]* (2.39)

'{dCt[_f =W
By means of Schwarz’s inequality we obtain from (2.37)for any F € #, ,(T)
w) < || F|, K2 (w, w)F

(240)
=% | Flly ldet (E = iW)fe [det Im W)} ™% .

The label ¢ has obviously been introduced to account for the polynomial
increase of tempered distributions at infinity.

Similarly we consider the mapping of § on MM, induced by the
mapping (2.5). Remembering the relation (2.13), (2.14) between the
respective measures, we define

Glu) = [det(E — iUY] 2 g(X (u)

3
U=u,E+ ) woy, u, € My

k=1

3 _
(G1> Gz)g’l(IMJ) = <‘72r‘) jd414G1 (u) G,(u)

(2.41)
and

(2.42)
=(g,, 92)ers) -

This leads to a natural isomorphism between the space #*($) and the
Hilbert space #*(M,). Another choice of the phase in the relation
between G and g (2.41) would do the same job. But our choice is most
convenient for the purpose of holomorphic extensions.

Finally we are interested in the Szeg0 kernel for IM,. We set

K3(wy, wy) = K3, (wy) =27 [(w, —#w)*] 2. (2.43)
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If g(X) e #*(8) possesses the holomorphic extension f, (Z) of its positive
part g, (X) (see (1.86)) L
f+(@)= (Kéa g)z’Z(S) (2.44)

then (2.41) and (2.42) imply

2\3 -
[+ (Z(w)= (—nw> [ d*uK5(Z(w), X (u)) g(X (u)) |det(E—iU)|"*
™M
¢ — (2.45
=[det(E—-iW)]* (K5, G2, 24)
In (2.45) we may replace G(u) by G (u) that is obtained from (2.41) by
inserting the positive part g, (X) of g(X). It follows that
N

(u)- hm K3, Gora,y> W=utiv. (2.46)
The functions G, (u) form the subspace #2(IM,) of £*[@V,).

For any function Ge %2 (IM,) the holonﬁrphic extension into T is
obtained by the scalar product with K5, (KS, G). We notice that K3,
itself is in #2%(IM,) whenever v = Imw:i:O In fact, we have

(K‘Sw Kfvﬁy%wg = Kfvz("‘ﬁ) = KS(WU w5) (2.47)
and therefore
1K 22, = K5 (W, w)¥ < 0 (2.48)

2.5. Distributions Quer Real Minkowski Space

We define the space of test functions Z,.(IM,) [8] to consist of
all infinitely differentiable functions G(u) for which the norms

nGN,,,,Z:{ [ IDLGu)? d*u } (2.49)
ISmM,

are finite for all orders m. Here and in the sequel D', denotes the differential
operator

-~

D! ﬁ a_\* ="y1
u—u=0(auu> ' —u -

It is easy to see that K5 lies in Z4.(IM,) whenever Imw 0. To see
this one expresses the differentiation with respect to u by differentiation
with respect to w and uses (2.47), (2.48). The linear continuous functionals
on 24(M,) form the dual space Z'.(IM,) which is a subspace of
the space '(IM,) of tempered distributions over IM,. Let ®(u) be a
distribution of 2%.(IM,). Then the extension of the scalar product
in #*(MM,) to test functions and distributions in the case

F(w)= (K3, 9) (2.50)
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yields a holomorphic function in T. We would like to define a positive
part @, (u) of @(u) such that

F(w)=(K3, @)
tends to @, (u) in an appropriate topology whenever Imw—0 in IL.
In the subsequent section we shall then study the holomorphic functions
F(w) as elements of #, ,(T).
First we notice that (2.41) defines a continuous mapping of &(3)
into Z,.( M,). For the proof of this statement we insert (2.41) into (2.49)
and use Leibniz’s rule. Then we verify first that

[det(E—iU)]* D [det(E—iU)] 2

is bounded over MM, for each m, and second that for the infinitely
differentiable map U— X = X(U) each derivative is bounded, too.
Finally g(X) and its derivatives can be estimated by their supremum.
We display the different estimates.

Evaluating the determinant yields
3

det(E—iU)=(1—iugl+ Y uf. (2.51)
For fixed R? = u? + Zu} the inequalities o
14+2R? < |det(E—iU)> (1 + R?)? (2.52)
are easily established. Moreover
D[det(E — iU)] 2 = Py, (u) [det (E — iU)] =2~ (2.53)

where P, («) is a polynomial in the vector components of u of maximal
degree |m|. Therefore for some constant C,,

d | P ()] < C,,(1 + 2R?)E I (2.54)
o I[det(E —iU)]? D7 [det(E—iU)] 3 <C,,. (2.55)
The map (2.6) gives
X(U)=(E—iU)" " (E+iU) 256
=2[det(E—iU)]"* (E—iU)—E '
where s
Therefore U=uyE— kgl Uy, 0 - (2.57)
GIMIXU =[det(E — iUy}~ Iml
W =|[det(E —iU)] Q|m|+l(u)l (2.58)

=C,

for any matrix element of X. Q. () denotes a polynomial of maximal
degree |m| + 1, and an analogous estimate as in (2.54) is used.
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Finally we have

[ d*ulD G < (%) sup|[det(E — iU)]? DG ()
o

§( 2 Ay sup lD';‘(g(X)l)2

k<1 $

(2.59)

with positive constants A, that are independent of g. This completes the
proof.

Hence %,.(M,) maps continuously into &'($). Namely, let ®(u)
(M), G(u) € D,2(IM,) and g be defined by (2.41). Then

(G, @)2’2(]1\/[4) =(g, @)32(3) (2.60)
defines a distribution ¢ € &'(3). If g is the Szegd kernel K_§ then
[ 2)=(K3, 0)=(K5, 0.) (261)

tends to ¢, (X) in the sense of the &'($) topology when Z— X € 8.
Explicitly we may write for an arbitrary testfunction g € (%)

g. lim (K3.0)|=(9. ¢-) (262)

and the limit can be realized as the limit of partial sums of the generalized
Fourier expansion (1.73).

If we want to carry this limit theorem over to Minkowski space, we
must change the space of distributions. It is most convenient to consider
tempered distributions. It is obvious that any infinitely differentiable
and rapidly decreasing function G(u) on Minkowski space maps onto a
function of &($) under (2.41). This mapping is moreover continuous from
S (IM,) into &(%). For an explicit proof of this statement one makes
use of estimates analogous to (2.51)—(2.59). Therefore the space &'(3)
maps continuously into the space ¥'(IM,) of tempered distributions
over Minkowski space. It may happen that different distributions of
&'($) map on the same tempered distribution. An example for this
behaviour is the distribution é( — X). It is obtained from 6(X) (Section 1.8)
by translation with — E and has support only at — E. This distribution
maps on the trivial tempered distribution.

Hence the holomorphic extension (2.50)

3
Flw) = (721) [ K5(w, 1) B() d*u (2.63)
with @ € 9',.(IM,) has a boundary value @ (u) that is assumed in the
sense of the tempered topology. This solves our problem posed at the
beginning of this section. However, a deeper insight is gained if we
compare our result with an approach based on Fourier and Laplace trans-
formations. As a tempered distribution @ can be considered as the
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Fourier transform of another tempered distribution

®(u)= [ d*te’™ d(1) (2.64)
and similarly
D, (w=[d*te™ D, (1). (2.65)

Since @ was assumed to be in Z%.(IM,), it follows that @(t) is realized
by a slowly increasing and locally square integrable function. Therefore
we can decompose @(t) uniquely into the sum of two tempered distri-
butions by

b(1) = 0,(0) B(1) + (1 = O(1) D) (2.66)
with 0, (t) the characteristic function of the forward light cone
1 tell
= . 2.67
N (267)
Due to the theorem quoted in Section 2.1 we have
b (1)= 0y (1) B(1) (2.68)

almost everywhere. By the same theorem we have that F(w) is the Laplace
transform of @ . (¢) for Imw 40

F(w)={d*te™d (1) (2.69)

as a proper integral. By means of the Laplace transformation of the
characteristic function of the forward light cone

(w)=Q2m)"* [ d*te"™ 0y (1)
- (3>3 KS(w,0) (2.70)

/e
we can reexpress F(w) as a convolution integral
F(w)=[d*ut(w—u) ®(u). (2.71)

The two formulae (2.63) and (2.71) are obviously identical.
If ®(u) is a general tempered distribution, this decomposition of
@(t) is no longer unique. In this case we represent @(u) as

@(u) = D [det(E — iU)]* G(u) (2.72)
where G(u) is square integrable [8]. Then the function
F(w) =Dy [det(E—iW)]* (K3, G)g2a, (2.73)
is holomorphic in T and possesses
D[det(E—iU)]* G, (w)

as distributional boundary value which is assumed in the tempered
distribution topology. The non-uniqueness of the decomposition (2.66)
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for tempered distributions ®(u) is reflected by the fact that certain
polynomials in u can be added to

[det(E —iU)]* G(u)
without changing ®(u) nor the square integrability of G(u).

2.6. Holomorphic Extensions as Elements of Hilbert Spaces

The estimate (2.40) and a well-known theorem [10] assure us that
the elements F(w) of #, ,(T) possess tempered distributions @(u) as
boundary values on Minkowski space, such that F is the Laplace transform
of the inverse Fourier transform <f>(t) of @(u). A characterization of
this distributional boundary value as a derivative of a certain order of
asquareintegrable functioniseasy to obtain from Theorem A (Section 1.7).
We are therefore interested in the opposite problem. Given a tempered
distribution @(u) that possesses a holomorphic extension in T, we want
to find out for which labels n and g F(w) is an element of #, ,(T).

First we write @(u) as in (2.72)

@(u) = D[det(E — iU)]* G(u) (2.74)

where G is square integrable and can moreover be chosen such that its
inverse Fourier transform G(t) has support in the forward light cone.
Then we have as holomorphic extension in T

F(w)=Dn[det(E— iW)]* (K5, G)gy., (2.75)

Proceding now as in the alternative form of Theorem B in Section 1.7,
we apply Schwarz’s inequality

[FWI? < | Gl|%2u,, DaD2ldet (E — iW)1** KS(w, w) (2.76)
Inserted into (2.33) this yields
[FI2 o=l Gloqa, T W] [det(Im W)~

2.77
-|det(E — iW)|~ 24D D% |det (E — iW)|** KS5(w, w) @77
Our task consists in estimating this integral.
We have
DD |det (E ~iW)|** KS(w, w)
(2.78)

= Rap a0 ) [(mwp?] =221

with a polynomial R, 1 4.(w, W) of maximal degree 2|m|+ 4k. We put

3
RP=ud+v3+ Y (uf +v7) (2.79)
k=1

6 Commun math. Phys., Vol. 27
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and obtain for large R
14+ 2R* < |det(E—iW)|>. (2.80)

Hence we have for all w with a certain constant C,,

Ry i+ kW, W) S C,,  [det (E — iW)|2Imi+ ek, (2.81)
The right hand side of (2.77) is majorized this way by
¢Cpoi|GllZ20e,) [ 1AW [det(Im W)]" ~* [det(E — iW)| 24+ 2Imi+ 4k (2.82)
with n=n—2-2m|. (2.83)
Therefore the integral (2.77) converges whenever

n=4

(2.84)
2n' —2q+2m|+4k<0.
Rewriting the conditions (2.84) in terms of n we obtain
>2|\m|+6
n2 2| (2.85)

gzn—|m|—2+2k

as sufficient conditions for the finiteness of |F||,,. Of course these
conditions need not be necessary. The first condition involves n only,
that means: n is determined primarily by the local singularities of @(u).

3. Applications
3.1. Conformally Covariant Fields

The connection between classical field theory and the representation
theory of the Poincaré group is well known. In a similar spirit we can
consider the distributional boundary values @(u) of a holomorphic
function F(w) as parts of a classical conformally covariant field [11].
Classical fields are vector valued functions over Minkowski space with
values in a space that carries a representation of the little group for
the origin in Minkowski coordinate space. In our case the little group
is that subgroup of SU(2,2) that maps w=0 into w'=0 under (2.15).
It consists of dilations, the group SL(2, C), special conformal trans-
formations, the central elements, and the products of all these. In this
section it is most convenient to set ¢ =0 and to consider only the spaces
Ay o(T).

First we put R=,"*E, Areal (3.1)
in (2.20) and obtain the dilation operators

T, d(u) =7 " u) (3.2)
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with the generator

A

D)= (n +u, _%L) D(u). (3.3)
. ou

u

. dT)'
A

Vii=

Following a customary use we call n the “scale dimension” of the field
®(u). The fact that n is limited to n>2, whereas the “canonical scale
dimension” of a scalar field is one, could cause us to try an “analytic
continuation” of our approach in » to values smaller than two. Compari-
son with the analogous problem in the case of the group SU(1, 1) shows
that this attempt might force us to change the metric and switch to
another series of representations.
The special conformal transformations are obtained from (2.35)

T, d(u)= (1 + 2tu + 2u?) " d(u/) (3.4)

where v’ is defined in (2.30). In infinitesimal form we get

t=0

) (3.5)
. C

=i [2nuu — (UG, — 2u,u,) P D(u).

The representation of the little group of u=0 is trivial for the special
conformal group

K, 9(0)=0. (3.6)
Infinitesimal elements of SL(2, C) yield

u, | d). (3.7)

M, ®(u)=i|u, T W

The corresponding representation of the little group for u=0 is again
trivial, our fields are scalar (spin zero). Since scalar fields are too narrow
a class for reasonable applications we are forced to generalize our
concepts.

Classical fields with non-zero spin are in fact obtained from the
other members of the series d, [1]. These spaces consist of functions
f(X, Y, Z) which depend on complex matrices X, Y, Z. f is assumed to
be holomorphic (respectively antiholomorphic) for fixed X and Y
and for Z in ID. It is moreover a homogeneous polynomial of degree
2j1(2j,) in the elements of the first row of the 2x2 matrix X(Y).
Therefore we have in particular (see (1.44))

et ‘
JXY.Z)= 3 Y DR (X) D2 (Y) f4,0.(2) (3.8)

qaL=—j142= —j2
6%
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Let K, , be matrices and du(K) the normalized Haar measure of SU(2).
N, , are the matrix functions (1.14) of Z. A sesquilinear form for these
functions can then be introduced by

(fLg)=¢ ff(Nl K, N,K,,Z)g(N, K, N,K,, Z)
: [det(E —Z7 )1 du(K,) du(K,) |dZ]

1 2 1 Z(Z
= D@ | e P a2

- DIt (N?) D22, (N3) [det(E— Z* Z)]"*1d Z] .
With the same notations as in (1.21)—(1.23) we define

Ty f(X,Y.Z)=[det(CZ+D)] ™" f(A+BZ) X.(CZ+D) Y, Z). (3.10)

(3.9)

J2J2

For n=4+2j, +2j, integral, the sesquilinear form (3.9) obviously
converges and defines a scalar product that is invariant. Correspondingly
it determines a Hilbert space of functions f(X,Y,Z) that carries a
unitary irreducible representation of SU(2, 2). By similar arguments as
used for the case j, = j, =0 in Section 1.4 we may extend the validity of the
scalar product till n =3+ 2j, +2j,. But an attempt to go down further
fails for the same reasons as in the case j, =j, =0.

The theory of these representations and their distributional boundary
values can be carried through similarly as in the case j, =j, =0. The
scale dimension of the boundary limit &, , (u) is n—j; —j,. The repre-
sentation of the little group for u=0 contains the finite dimensional
representation (j;,j,) of SL(2,C). If we compare these results with
classical fields [11] we should have

n=1+2j, +2j, (3.11)
for canonical free fields. For vector currents (j, =j,=%) and for the
energy-momentum tensor (j; =j, = 1) we find instead

n=2+2j,+2j,. (3.12)

We can therefore apply our formalism not to these basic objects but
rather to products of fields and currents.

3.2. Operator Products and Inclusive Reactions

One calls inclusive reactions those processes where two elementary
particles hit and thereby produce a bulk of new particles, a fraction
of which is only observed. Examples are

proton + proton — pion + anything
or
photon + proton —anything .
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The cross section for these processes depends on the total four momentum
P of the unobserved objects. This momentum lies in the forward light
cone. By means of a Fourier transformation, after splitting off an
appropriate kinematical factor, these cross sections can be related with
the diagonal matrix elements of products of local operators. These
matrix elements are assumed to be tempered distributions. Therefore
they possess a holomorphic extension into the tube domain.

As an example we study the first process quoted above. In the centre-
of-momentum system of the ingoing protons the cross section is [12]

do  (2n) M? 1 o
g = AEpg [dtue™ 2 3 P 2 1in0) 7)1 pr P2y (313)

Spins

with the proton momenta
pi=(E,0,0,p), p,=(E0,0,—p), pi=p3=M>

and the pion momentum
q=p+p,—P.

Using the completeness of physical states and the spectrum condition we
get

! e (D2 lja0) o) prs p2)in = [ d* Pe T  Apy. p2. P) - (3.14)

where the support of 4 in the variable P lies in the forward light cone.
Therefore the function F(w) defined as the Laplace transform

F(w)=[d*Pe'™ A(py, p,. P) (3.15)
is holomorphic in T.

A formula for the norm |F||,, can only be implicitly given for
general index ¢ (see (2.33))

|Fl2 = d*P{d*P'M, (P, P) A(p, p2, P) A(py, 2, P) . (3.16)
Note that A4 is a real function. M, , is then defined by the integral

1\4'1,(1(1)7 P/): ¢ j‘ d4uj‘d4veiP(u+iu)—iP’(u—iu) (UZ)n—4 tdet(E _ iW)|72q )
M, I (3.17)

For g=0 a simple expression results (for g<0M, , is obtained from
this expression by derivation)

M, o=8n(n—1)! (n—2)! 5(P — P)(P?)~"*2. (3.18)
Hence the norm of F is
HFH,f,O =8n(n—1)! (n—2)! fd“P(PZ)"'+2 (A(pys P2, P)* . (3.19)

Whenever the unobserved set of particles may consist of a single
(stable) particle this norm does obviously not exist since 4 contains a term
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S8(P?* —m?). Apart from the deuteron which we want to neglect, a stable
particle with baryon number two is known not to exist. However, in the
photon induced process quoted at the beginning the proton itself is
such a particle. In these cases we must try g>0. Evaluation of the
integral (3.17) is not easy for these g.

In the customary treatment of an inclusive process like inelastic
electron-proton scattering one performs an asymptotic expansion of the
operator product at the light cone [13]

JJO) = 3 e (x) F(0) (3.20)

where F,(0) is a local operator and c,(x) a homogeneous or associate
homogeneous distribution whose degree is determined by dimensional
arguments. The distribution ¢,(x) of maximal singularity dominates the
function A in the “scaling limit” P?—oo. This light cone singularity
is quite unlikely to dominate the on-shell processes like the one-pion
inclusive process discussed here [ 14]. Instead we obtain an integrability
condition (3.19) for A which accounts for the high-P behaviour in a
more implicit way but on the other hand reflects the influence of all
types of singularities.
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