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Abstract. The unitary (pseudo unitary) time-evolution operator for a particle with spin
half (zero) in an external time-dependent electromagnetic (scalar) field is used to generate
a Bogoliubov automorphism on the algebra of the free in field. For the case of an electric
external field (scalar field) a finite expression for Q_,, is given and the S-matrix constructed.
The latter is unitary and implements the Bogoliubov automorphism. Theorems by Shale
and Stinespring are rederived.

1. Introduction

Numerous papers have been devoted to the subject of quantum
theory of particles with spin zero and one half in external fields. The
formal aspects were well developed twenty years ago in particular
through the work of Feynman [1], Salam and Mathews [2], and
Schwinger {3]. A mathematical treatment of the theory is the purpose
of this article.

Several authors have prepared ground for such an attempt. Capri [4]
explains lucidly the “reduction to a c-number problem” (Section 4 and 5),
Boongarts [5] treats at length the case of a spin 1/2 oarticle in a stationary
external electromagnetic field. Verifying the assumptions of a theorem
by Shale and Stinespring [6] he proves existence of a time evolution
operator in Fock space under conditions essentially the same as the ones
in Theorem 6 for the case of time dependent external fields. In a previous
paper [7] the existence of an out vacuum in the Fock space of the infield
is discussed and assumptions necessary for the out-vacuum to exist are
verified for the first model to be analyzed below (Section 4).

In the second and the third section the classical theory of a spin
zero and spin 1/2 particle in an external field is reviewed to the extent
necessary for quantization. Specifically we consider two models, the
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128 R. Seiler:

first one being characterized by the Cauchy problem

(O+m?) ¢(x) = V(x) p(x)
Vit,x)=0 for |{>T (1.1)

(ﬁ(t’ x) ¢in(t7 x) fOI' < - T»
the second one by

(= i@+ m)p(x) = A(x) p(x)
At,x)=0 for [t|>T (1.2)
p(t, x) =yt x) for t<—T.

Pseudounitarity is proved for the time evolution operator of the spin
zero particle (Theorem 1). The c-number time evolution operators are
then used to construct automorphisms of the free field algebras (reduction
to c-number problem). They solve the g-number Cauchy problem
(Theorem 2 for the first, Theorem 5 for the second model) and preserve
the canonical structure (Bogoliubov automorphisms) due to pseudo-
unitarity respectively unitarity of the classical S-matrix. For both
models an explicit form of the out-vacuum is given (Theorem 3, respec-
tively Theorem 6) under provisions having been established previously
for the first model. They are shown to be satisfied for the second model
in case of an external electric field only, 4 = 0 (Theorem 7). A peculiarity
of the fermion field has to be coped with, already familiar from the case
of finite degrees of freedom (remark preceding Theorem 6). The vacua
are then used to construct the S-matrix which is unitary. This is explicitly
shown for the first model. The argument depends crucially upon pseudo-
unitarity (not just pseudoisometry) of the classical S-matrix. Existence of
a unitary S-matrix for both models could have been deduced directly
from Theorem 4 respectively Theorem 7 and results of Shale (spin zero)
respectively Shale and Stinespring [6] (spin one half). The latter in the
formulation of Araki [8] is compared with Theorem 6 (Section 5).

Finally we remark that the discussion of the first model could
probably be shortened considerably making use of results by Kristensen,
Mejlbo and Poulsen [9].

2. Classical Theory for Spin Zero Particles

In order to discuss the Cauchy problem for a classical system it is
useful to rewrite (1.1) in terms of particle-antiparticle amplitudes a and b.
Simultaneously, we introduce some notations. The amplitudes a and b
are linked to the c-number field ¢ and it’s conjugate momentum = in the
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ot
(3 o)

where — denotes complex conjugation and o is the frequency operator,
w = (—4 +m?)?!2. The symbol + will be used for the adjoint of operators.
The Cauchy problem (1.1) can be rewritten in the form of a Schrodinger
equation

well known manner,

lat()b = H¢ >
(2.2)
Ot x)= ¢yt x) for t=~-T
¢ is a two component function ¢(x)= (%Ex;) and H a 2x2 matrix
X
operator
H=H,+ H,

e (=v —v LN 23)
T e

The Hilbert space $ we are dealing with is the direct sum of two spaces of
square integrable functions L*
S=IHd*x)@L*(d3x).

The domain D(H,) of the selfadjoint operator H, is most conveniently
given in the space of Fourier transformed functions $

D(Hy) = L2 (@ p(p* + m?) @ [ (d* p(p* + m?)). (2.4)

The physical charge of a field can be used to define an indefinite
scalar product in $

[, 1= i B xp(x) Fy(x). (2.5)
Introducing the metric tensor g
/i \,
o={ _}) (26)

it can be written in terms of the positive definite scalar product

(6, 6] =(¢.90) 2.7)
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H is pseudo-selfadjoint with respect to g
gH g=H. (2.8)

The following theorem summarizes results which will be important in
the sequel

Theorem 1. Let V be a testfunction in S and V(t,-)=0 for |t|>T.
Then there exists a time evolution operator U(t,, t,), norm continuous in
tyeR and t, € R, such that

1) Ulty, t)) Ulty, to) = Ult,, to), UL, 1) =1, t, > 1, > ¢,

i) ¢(t) =U(L, to) Plty), O(to)e D(H,) is a solution of the Cauchy
problem (1.1) with data ¢(t,).

iii) Ultg, t,) is pseudo-unitary with respect to the physical metric g,
Ultot)) gU " (toty) = U™ (1o, 1;) gU(tg, 1) = g.

iv) U induces a causal propagation, i.e. if ¢(ty) has support in the
complement of {x||x| < R} then ¢(t), t = to, has support in the complement
of {x||x|+t—to| <R}

All but statement iii) are standard results [10]. We will now give a
proof for iii) which at the same time reproduces i) and ii) using the
concept of the product integral [11]. Since H, is selfadjoint it is appro-
priate to investigate the Cauchy problem (2.2) in the interaction picture

i, =H (1)
(t,x)=¢,,(0,x) for t<—T

0 =g =10 = (T

(2.9)

Hl (l’) — giHotHle—iHot .

We first show the following statement leading immediately to a proof of
Theorem 1

Lemma 1. Under the assumptions of Theorem 1 there exists a time
evolution operator U(t,,t,) such that
1) Ultyt) Ulty, tg) = Ultytoh Ut ) =1, t, 2 t; 2 1.
i) () =Ul(t, ~T) ¢,,(0, x) is a solution of the Cauchy problem (2.9).
iii) U is pseudo-unitary.
Proof. Existence of U(r,, t,) is guaranteed [12] by the statement of the
following

Lemma 2. Under the assumption of Theorem 1 H,(t) is a bounded
operator in  and norm continuous in t.
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Proof. 1. H,(t) is bounded: It is sufficient to prove that H, is bounded.
However, each term v in the matrix operator H; is a bounded operator
on I?(d®p) from which the assertion follows.

2. [Hy, H,] is bounded: It is sufficient to prove that ™ *?Vw'/? is
a bounded operator on L?(d®p). Consider the expression

(fo P Va'2g) = [Epdqf (D) Fp.9) V-9 glg)  (2.10)

where we denoted by F the function
F(p,q) = (p* + m*)"1*(g* + m»)'*. 2.11)
The right hand side of (2.10) can be estimated in the following manner

fd*pd®q f(p) F(p.q) V(p—q) g(q)

(2.12)
<(Fas1V(s) suplF(p.p =)} 111 g1
However since
sup|F(p, p— s)| < 4m” +s*
we get
I(f, 0™ 2 V' ?g)l < const| f1| 4] . (2.13)

Combining the last inequality with

Hw-—l/Z le/ZH — sup l(f,w—l/z le/zg)l
1A= 1gll =1

the statement follows.
3. H,(t) is norm continuous: Let ¢ be an element in D(H,). H(t)¢
is strongly differentiable
d ~ _ .
—Ht :.IHOIH,H iHgt
di () =ie"°'[Hy, Hi]e ¢ (2.14)
+ (operator uniformly bounded in t)¢ .

Integrating this equation we get

ﬁl(tz)(ﬁ - H1 t)p=i fdt ettiot [Ho. H, ] e_iH“tqb (2.15)

+ (operator uniformly bounded in t) ¢ .

Having just proved that [H,, H, ] is bounded we can estimate the right
hand side of (2.15) as follows

tz
{ dt e™ [ Hy, HyJe 7ol g

51

\ <(t,—t)const|] . (216)
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Since D(H,) is dense in $ the last two relations imply the statement made
in Lemma 2

IA(ty)— H(ty)| < |1, — ;] const . (2.17)

In continuation of the proof of Lemma 1 we define the product integral
over H, (t) which exists as limit in the norm topology due to Lemma 2 as
we mentioned earlier:

2

Ultz. 1)) =[] (1 = iH, (0)d1) = lim Uy (25, 1,), (2.18)
151 ° h
UN(t2~ ty) = e—iAriI.(zz)m e—iAtﬁl(r,-I-At) (2.19)
1
A= (l—1)

Defining the bounded operators
Ulty, t)) = e Ho2 U(r,, t,) e ot (2.20)

one readily checks the first two statements of Theorem 1.

Turning to the last statement of Lemma 1, we notice the following:
The same way as U has been defined as the norm limit of Uy the adjoint
U™ is the norm limit of

0; — eiAtﬁl(tl + A1)

LA, (.21
Since UdgUy=g=UygUy (2.22)

as a consequence of the definitions (2.15) and (2.18) and because of the
norm continuity of the product operation for bounded operators on a
Hilbert space U is shown to be pseudo-unitary

UtgU=UgU" =¢g. (2.23)

However, this proves the third statement of Theorem 1 too, due to (2.20).

Concluding this section we should like to draw attention to two facts:
First, the classical S-matrix S, mapping free incoming states for time
t =0 onto free outgoing states at the same time is pseudo-unitary,

¢out Scl(bm . (224)

This is just a special case of the pseudo-unitarity of U because of

Sy=U(T,=T). (2.25)
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Secondly, one could replace the product integral in (2.18) by a Dyson
integral
153 -
Ul(ty, t,)=Texp—i | dt H(¢) (2.26)

ty

defined as a power series and converging in norm due to Lemma 2.

3. Classical Theory for Spin 1/2 Particles

In analogy to the previous case we rephrase the classical Cauchy
problem (1.2) in terms of particle-antiparticle amplitudes y,(x, s), b,(x, s),
(interaction-picture). Let (x) be a solution of (1.2) in the Hilbert space ),

51/2 = (d3x)®C4

31
(p, )= [ xP(x) p(x). B

Traditionally, y is decomposed into plane waves [13] (tacitly assuming
summation over s, s =1, 2)

1 3/2 s m 1/2
W”=<Zﬁ fd%w@J (3.2)

(e7"*u(p, s) a,(p,s)+ " v(p,s) b (p, s)).

The vector ¢

- :gmn 33
¢(p) @m» .

is an element of S:’)1 2
(6. $) = LT & pllaip.s)* + Bilp. s)?) = (p. ). (4

s

w(x) can be rewritten in terms of the bounded operator

1/2
F%/w—mgwmm
w
in 51/2

m\'/? -
p(x)= (—w—) (u(—=1id, s) ax, s)+v(id, s) b(x, s)) (3.5)

where we used the abbreviations

at(x’ S) = ! " —ipx a1<p> S)
@mJ‘bﬂ [&pe @mJ- (3.6)
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Eq. (3.5) can be inverted using well known orthogonality relations among
the plane wave solution of the Dirac equation [13]

e (_Z_) (-0, 5) p(x)
$ulx) = (1 ) (37)
b (x)

1/2
(%) 81, s) p(x)

The Cauchy problem (1.2) in terms of particle antiparticle amplitudes and
the interaction picture has the form

latqg = f?1 (t)d;a é(t) = (pin(O’ x)7 t<-T

B, (1) = &0t H, e~ iHo! § = et = (il[(x, S)) (3.8)

b,(x,s)
0
n={y )

u _(—— V2 G(—10, s)Au(—i0d,s) (—id,s)Av(id,s)\ [ m\'?
1o co) (u(za, s)Au(—id,s)  B(id, s)Av(id, s) )(5)

Notice the close analogy to the previous case (2.9).

We will refrain from proving anything concerning the solution of the
Cauchy problem (1.2) and (3.8) since it would parallel to closely the
reasoning in the previous case (Lemma 1). Let us however, state the
following result:

Lemma 3. Let A,(x) be a test function in S(R*) and A,(t,x)=0 for

|t| > T. Then there exists a time evolution operator U(tl, ) such that
i) U(tza 1) Ulty, to) = Ulty, to), U =1, 1,24, = 1,

i) ¢(t)=U(t, ~T) $,,(0) is a solution of the Cauchy problem (3.8).

iii) U is unitary.

The above statement implies through (2.20) again a theorem anal-
ogous to Theorem 1. Notice however, that pseudo-unitarity has been
replaced by unitarity due to the positive definite charge in a ¢ number
theory for particles with half integer spin. The S-matrix is defined as
previously (2.25). Again the norm continuity of H, (f) can be shown and
allows U to be written in terms of a product integral or a norm con-
vergent Dyson integral.

4. Quantum Theory for Spin Zero Particles

The ¢-number solution of the Cauchy problem (1.2) can be used to
generate a time evolution automorphisme «,, teR, on the algebra
B(F) of the free in field thereby generating the solution of the g-number
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Cauchy problem (reduction to c-number problem). Some properties of
o are compiled in

Theorem 2. Provided the statements in Theorem { hold the mapping «,.

a,(x)
(0, in) (x (b+ x )> (t) () (4.1)
Bin(x) 1= (0, x)
U@):=0(@ —T)

generates an automorphisme of the algebra of bounded operators B(F) in
the Fock space § of the field at t = 0. In particular

Bou(X) = Seybin(x) 4.2)

o, has the following properties,
i) (,b;,) (x) restricted to the linear subspace D,, of states with smooth
wave functions and only finitely many particles

0= {( 11 [atbao)2,)

is the unique solution of the g-number Cauchy problem (2.9).
ii) o, is local; i.e. the field (x) defined in terms of the particle operators
aand b in ¢(x) (2.1)

G(x) = (i) (x) = e 7T (1) 1, (x) (4.4)

fir g, test functions; M,N e Z+} 4.3)

is local,
[0(x). p(x')]=0 if (x—x)<D.
iii) o, is a Bogoliubov automorphisme (preserves canonical structure).
Preceding to the proof of Theorem 2 we wish to make two remarks:

i) It is well known that B(F) has the two alternative representa-
tions [14]

%(3): {ei(ain(f)+a;’,,(f)) ea;n(g)—ai’;(g) ei(hm(f)+b,;(f))
S b 2

ehin @b (@) | £ 5 real test functions}” (4.5)
={..fel* gel? real}”
where ” denotes the double commutand.

{11) Under the provision of statement i) in Theorem 2, H(x) (4.4)1s the
solution of the g-number Cauchy problem (2.2) on Dj,.

Proof of Theorem 2. 1. o, is an automorphisme of B(F): According to
the corollary of Theorem 1, U(t) maps $ onto . Together with (4.5) this
shows that ¢, is an automorphisme.

10 Commun math Phys, Vol. 25
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2. oy, is a solution of the g-number Cauchy problem: For any
Fe$ and fixed xe D,,

Fo¢in(F)x= [’y F(y) in(y)x

is continuous [15]. Therefore, the second statement of Theorem 1
implies
10,0, P;) (F) x = d)in(iatUT(t)F)x
= (A UT(0) F)x

which proves the assertion up to the verification of the initial data, which
however, is trivial.

3. o,¢;, 18 the unique solution of the g-number problem: Let x and F
be defined as above and let i, be a solution of the Cauchy problem on D;,,.
Then the differential equation for «,¢,, and yp, implies

(o, s, — W)X = constxVte R.

However, the initial condition force the constant to vanish.
4. «, is local: It is not difficult to convince ones self that the commu-
tator [¢(x), " (x)] is a c-number. Therefore

c(x)=[o(x), o7 (¢, N =<QP(x). p(t', /I12) Ve S(RY).

But ¢(x) is a solution of the differential Eq. (1.2) hence a smooth function
in ¢ and vanishes for t = ' and x outside the support of f. By Hugghens
principle for the c-number solutions of (1.2) [10] ¢(x) has to vanish for
x space-like to the set {(¢/, x')| x' e supp f}.

5. @, is a Bogoliubov automorphism: We are going to show that due
to the pseudo-unitarity of U (corollary to Theorem 1) a,(x) and b,(x) are

canonical,
(s a (@1=(f.9), (4.6)
[b(f). b ()] =(f.9) 4.7

and all other commutators will vanish. Due to (4.1) the first commutator
is given by (we suppress the arguments in U(t, — T))

[ain(T7s )+ bib (U1 f), aib (U1 9) + bin(Us 901 = (f, (U, Uy — Uy, U1h) g)
=(f,9). (4.8)

For the last step we used (2.23) and the canonical structure of the free in
field ¢;,. All the other commutators can be computed along the same
lines.

Next we have to discuss whether the automorphism o of the Fock
space algebra B can be unitarily implemented. A necessary and as it
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can be shown also sufficient condition for the existence of a unitary
operator U(r), t € R, such that

s = U0 210 = 49

is given in Theorem 3. The proof will be constructive and therefore of
some practical interest.

Theorem 3. If U(t) is pseudo-unitary the operator
L(t):= U' (0 U (1) (4.10)
is well defined. In particular if L(t) is Hilbert-Schmidt (H.S.),

L(t) = Z A’i.fi®gi7 )"i g 0, Alz <0
i=1

i=1

{ £}, {g:} each orthogonal basis of L,,

the nontrivial vector y,
X = CXp — Z Aat b Qi yi=a,(f), b= by(@) (4.11)

is up to normalization and a phase the unique vacuum Q, for o,¢;,. The
time evolution operator U(t) acting in § and in particular the S-matrix

S=W(T) (4.12)
IS unitary.

Remark: 1f L(t) is H.S. the operator
M(t)=~(S1)' S5 (4.14)

is H.S. too because the class of H.S. operators is a +-invariant ideal in
the set of bounded operators B(L?) in 2.

_ Proof. 1. The operator L(t) is well defined: According to Theorem 1
U is pseudo-unitary (7.23), in particular

Uﬂ 011 =1+ 01+2 012 .
Hence U,0,21 (4.15)

which forces the kernel of U, to vanish. U,, is therefore invertible and
the inverse U;; " is defined on the range R(U,,) of U, . The next argument
shows that the range of U, is in fact the hole space I2. Assume that f is
in the orthogonal complement of R(U,,):

(fang):O, Vgel?.

10*
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Hence f is in the kernel of U;;. However, from pseudo-unitary one

concludes o~ o~
U,U,U5+1. (4.16)

By the same argument as before [ has to vanish.
2. The A;s are strictly smaller than one: Again because of (4.16) it

h .~
follows that = LI+ U O
1=Eiizﬁ®ﬁ+01;101;1+

and this implies 2; £ 1: Let 2, =1 and f, be the corresponding eigen-
vector of LL". Eq.(4.17) implies

Uﬁl (jﬁHfo =0.
Neither U;' nor U;;'" can have a nontrivial kernel because U,;, Uy}
and their inverses are bounded and everywhere defined.

3. yisa well defined vector in the Fock space of the in field: Consider
the sequence {yy},

(4.17

N
Yy —Jqai bt
AN = H € Qin .

i=1
We claim {yy} is a Cauchy sequence. Let M and N be natural numbers.
A straightforward calculation yields
il 1 Mo
— 2 — - - —_—
Hence {yy} is Cauchy if and only if the infinite product

ﬁ 1
A<
W) i
=1 L= 4;

is finite. However according to a lemma of v. Neumann [16] this is
equivalent to L being Hilbert-Schmidt, £ A7 < oo.
Remark. A slight generalization shows that the sequence of operators

o P N
Oy = H ﬂ ag’bb;!; Ul o~ #sad b 4.18)

i=1j=1
P, Q, m;, n; positive integers

converges on the dense linear subspace €, C @,

P Q
(gin z{ H n ai+mlb;nJ‘Qin>

i=1j=1

P, O, m;, w positive integers}. (4.19)

4. y is annihilated by ¢, and b,
a(x)y =b(x);=0.
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We check only the first one of the two equations. ¢, is given in terms of the
in field as follows (4.1)

a(f) = a7 )+ bia(Us f). (4.20)

Using (4.15) and (4.16) one proves that U, is invertible and U ~! has
range R(Uy; ~") = L* the same way we proceeded to prove the analogous
statement for U. Hence it is sufficient to show

a (U7 f)7 =0, f any element of the basis {f;}.  (4.21)

Since the following relations hold on €,

a(U 7 ) = ai+ 2b (4.22)
we are left with the verification of
(a;+4,b7)7=0. (4.23)
Due to (4.13) Eq. (4.22) reduces to the well known relation
(a;+ 2;b e P QL =0, (4.24)

5. The time evolution operator U(¢) is unitary: Define the linear time
evolution operator U(t) on €, (4.13) as follows

U(OQ, = &,
() yi, = g/ (D) (4.25)
()b, = b7U(D) .

a* stands for a or a*. It is readily seen from the canonical structure of
a;,, by, as well as a,, b, that U is a densely defined isometry on §:

WU =1. (4.26)

It remains to be shown that U is actually unitary or equivalently, that
the range R(U) of U is dense in &.

Let us first show that there is an expression similar to (4.11) for Q,,
in terms of a,, b, and Q,. Recalling that under the assumption of the
theorem M (4.14),

M =2 u;h;®k;
is H.S. We define on €,
a,(k;)

b' = b,(k;) (4.27)

E=exp— ) wa"b"Q,

i=1
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¢ is well defined in § the same way as y (Section 4 and 5) and one shows
that £ is annihilated by y,,, b;,. Hence the vector Q;,

Q= (&H~17¢ (4.28)

differs from €,, at most by a phase.

Denoting by x an arbitrary element in & there is in any ¢-neighbor-
hood of x a second element y which can be generated from ©,, by a finite
application of y;,, b

n

y= Z c(m;, nj)a;l(ﬁﬂlhl)m ai:(Ul_llhs)ns biﬁ(ﬁz_zl kyym™
finite

b (02 ke, (4.29)
m;, p; positive integers, i=1,...,s; j=1,...,¢t.
[x—yl<e.

It suffices to show that y is in the closure of the range R(), of U(t) which
is in turn the case if any vector

z=ag (Un )™ . af (U b bt (Ot kY™ b (U k)™ 2, (4.30)

is contained in R(U). To simplify the algebra we consider the case
m;=0,i=1...1t, and make use of the identity on €,

an (Ut h) = a;* + mb;. (4.31)

Now z can be rewritten
2= P T (@" +mb)exp— Y wa* bj* Q, (4.32)
=1 i

and is therefore (Section3, Remark (4.18)) the strong limit of the
sequence {zy}
N

ay=Go) 2 ] @ +mby [T e s 0, (433)
=1

i=1

zy is the limit of the sequence {zy,}

s N M
Zoe =002 [T (@ + @by [ ( 2 k)7t (—uiafbf)")ﬂt. (4.34)
=1 i=1 \k=0
Hence the diagonal elements wy = zyy are converging towards z. But
wy is by construction an element in the range of U(z).
According to Theorem 3 it is sufficient for existence and uniqueness
(up to a phase) of the time evolution operator (t) and in particular of the
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S-matrix to investigate the operator L(t) and to prove L(t) to be H.S.
That this is indeed the case we will quote without proof [7]:

Theorem 4. Let U be the operator of the corollary to Theorem 1. Then
the operator

L) = U (0) Uy, (0) (4.35)
is Hilbert-Schmidt.

Remark. Due to the fact that U,, and U;;" is bounded the condition in
Theorem 4 can be replaced by

10,50l s < o0 - (4.36)

5. Quantum Theory for Spin 1/2 Particles

As in the previous case the solution of the c-number Cauchy problem
can be used to generate an automorphism «, on the C*-algebra Q;,(9;,,)
generated by creation and annihilation operators of the in-field,

sl =0 = ()i 5.1

Qin(H12) is isomorphic to a selfdual canonical anticommutation relation
(SDC) algebra Qg (K, ') [8] defined as follows: Let & be a complex
Hilbert-space

K= (@ pQ@CYHQUA(d*p) @ CHR (LA’ p)@ C*) (L (d*p)® C?)

i
J2
fs
Ja

F:

4 2
(EF)= Y Y [&@plfip.s)f

1=1 s=1
and I" the antiunitary involution

f
Ja

I'F=|2| 5.2
7 (5.2)

I
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The algebra Qg (K, I') is generated by operators B(F) given in terms
of a free spin 1/2 field

l 2 3 / m 12 —ipx ipx +

ve= (5] fd P ]t ) a9 + €o(p )b .91

B(F)= [ &pfi(p.s) a(p,s)+ [ d*pfa(p,s) b (p.s) (5.3)
+ [ &pfs(p. ) a* (p,s)+ [ pfu(p.s) b(p.s).

Bandit’sadjoint have the following properties characteristic for generators
of an abstract SDC algebra:

1) B(F) islinearin F.
ii) {B(F)B*(G)} =(G, F). (5.4)
ity BT (F)=B(['F).

There is a subspace of R isomorphic to §,, with the projection
operator P

0
pr=|"]. (5.5)
13
0
One checks readily that
I'Pr+PpP=1 (5.6)

which is the defining property of a basis projection [8].

Having defined B in terms of yp one can consider B in the Fock
representation of yp with vacuum @, and calculate the two point func-
tion, it turns out that

(@B*(F) B(G)Q)=(F, PG). (5.7
In particular
(Q,B(F)BT(G)Q2)=0 VGePSK. (5.8)

The last equation is the defining property of the Fock state on Qg (K, I')
in the terminology of Araki.

The g-number Cauchy problem is now solved using the results of
the corresponding c-number problem as in the previous case (Theorem 2).

Theorem 5. If A4,(x) are test functions, A, € f(R*), and A,(t,x)=0
for [t{> T the mapping o, defined by

a,(x, s)

)= (1) | = 010 0 (59)

U(t):=0(t, —T)
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generates an automorphism of Q;,(9, ,,) with the properties
1) o, ¢;,(x) is the unique solution of the g-number Cauchy problem (1.2).
1) a, is local.
iit) o, is a Bogoliubov automorphism.

Proof. 1. %, is an automorphism of Q; (9, ,,). This is an immediate
consequence of the well known relation (notation (5.1))

laia( NI = ) 1@l = (9. 9) (5.10)

and of Lemma 3, setting forth among other statements that U mapps $, 12
onto 9y ;.

2. o,¢;n(x) 1s a solution of the g-number Cauchy problem. Due to
(5.10) and the second statement of Lemma 3 one gets

10,0 in) ()= inli0, UT () )
= ¢i(H{ () U1 )
where U” denotes the transposed operator of U. It remains to check
the initial data, however this is straightforward.
3. The proof of uniqueness and locality parallels the corresponding
statement for the case of spin zero particles and will not be given here.

We are left with demonstrating the last statement of Theorem 5, o, is a
Bogoliubov automorphism,

{a(f)a (9} =(f.9) [fel’QRC*ge’?®C*
{b(f), b (9} =(f.9).

Concentrating on the first equation we get due to (5.9) for the left hand
side

(5.11)

(5.12)

{ain(Uﬂ = bi:(ﬁl-; ) aitl(ﬁﬂ g)+ bin(U1+29)} =(f, (011 Uﬂ + 012 01+2)g)
=(f.9). (5.13)

The last step makes use of the canonical structure of the free spin 1/2
field and unitary of U (Lemma 3). All the other commutators are
computed the same way.

Now we have to discuss whether the automorphism o, of Q;,(9,,,)
can be unitarily implemented in the Fock space §&;, of the in-field.
According to a theorem of Shale and Stinespring [6, 8] it is sufficient
for a unitary operator (t)

a(f)=U) a,, (/) U (1)
b(f) =) bin( NH U (1)

to exist, that U, , is a Hilbert-Schmidt operator in §,,,. U(t) is unique up
to a phase due to the irreducibility of the Fock representation of

(5.14)
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Qin(91/2). However we are going to impose some more stringent assump-
tions on U in order to get a closed formula for the vacuum state Q,
of a, and b, analogous to (4.11). One can not expect the condition
Uyl ms < oo to be sufficient for Q, to be of the form (4.11) as the following
arguments shows.

Let a and b be two fermion operators and Q their vacuum

a=5bQ2=0

5.15
{a,a"}={b,b"}=1. >4
The Bogoliubov transformation
= osf+bsi
ag acosf sinf8 (5.16)

by =—asinf+b" cosp
can be implemented by the unitary transformation
U(B)=exp—Plab—b"a")
a;=U(p)aU™1(p) (5.17)
by=U(B)bU (B).
The vacuum @, can be computed and turns out to be
Qp=(1+1tg2p) H2e wha"d" 9 (5.18)

which makes sense only for |tgf|= co. Notice that (5.18) is a simple

expression in terms of tgf but not in . It is this reason that makes
the formula superior to

Qp=e TN (5.19)

The following theorem contains the generalization of (5.18) to the

case of a field.

Theorem 6. Let U be a unitary operator in $,,, = I[*(d*x)®C* and
&> 0 such that

10, — 1] S1—e¢
~ (5.20)
[Ui2llgs<e
where || - || (|| - |lgs) denotes the operator (Hilbert-Schmidt) norm in
I*(d®*x)® C?. Then the operator
L= Uﬂl 012
is a well defined H.S. operator,
L=X)f®g.,ZI 1>42=20
lf;®gl 1 < (D > — (5'21)

{1}, {g;} each orthogonal basis in I*(d°>x)® C?
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and the nontrivial vector y,

Yo = €Xp — Zﬂa b Qs ai=a;(f). bi=bi(g) (5.22)

is up to normalization a vacuum Q, for o, ¢,
Q= (th:)_l/ZXt . (5.23)
Q, is unique up to a phase.

Remark. Proceeding as in the case of spin zero one could make use
of the explicit form of @, and construct the unitary time evolution
operator U(¢).

Proof 1. L is a well defined H.S. operator and 0< A, <1: U, has a
bounded inverse

~_ 1
Uil =+ (5.24)
and therefore

103 Uy las < 10Oy lgs < L (5.25)

2. v, is well defined and nonvanishing: Consider the sequence {yy},

N
=[] e =t Q. (5.26)
i=1

In analogy to the spin zero case we claim that {y,} is a Cauchy sequence.
A straightforward calculation yields:

M N
oy — el = | TT A+ 20— TT (A +27). (5:27)
i=1 i=1
However the infinite product
[] (L+42)

converges if and only if £ 12 < o0 [17].
3. y, is annihilated by a, and b,: We concentrate on the second of
the two relations:

a(f)1 = @O )+ bia(Uh f)) exp — Z Aa b Q, =0, (5.28)
b= (@i (U, )+ b (U f)) exp — T Aia; b Q,=0. (5.29)

Calculating formally only because the necessary justifications are simple
to provide due to the last paragraph, we compute first

[b(Uzzf ma b ] = Jat gy, Uzzf TRl b (5.30)
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which leads to

b(Usz f),exp — Z a’ b

= (exp = Xai'b/) a* (LU ). (531)

The second factor on the right hand side can be computed using the
unitarity relation

Ull [};i + 012 U;—Z == 0 (532)
and yields
a" (LU, [)=—a" (U, ) (533)

proving (5.29).

4. Uniqueness of the vacuum can be derived either by applying the
same method as in the previous case or making use of the theorem by
Shale and Stinespring [6].

The remaining part of this section will be an application of Theorem 6
to the automorphisme o, of Q;,(9,,,) defined by (5.9). As a first step
we are going to compare the assumptions made in theorem 6 with the
ones in the theorem of Shale and Stinespring (formulation of Araki) as
anticipated previously. The isometry of Qg (R, I') and Q;,(9, ,,) induces
in Qgpc(K], I') an automorphism corresponding to o, again denoted by
the same symbol. «, is given explicitly by

%, B(F) = B(F,)

) f
00 0 [ h

i 00 6%l ) (39
.

The necessary and sufficient condition for o, to be unitarily implementable
in the Fock representation of Qg (K, I') is [8]

Hu —P)(U:)(t) 0? (t)) Pl <o (5.35)
One readily verifies that (5.35) is equivalent to
1012l < o0
103 lls < o0 (5.36)

G G

ve= (U21 O,
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The first inequality is part of the assumption of Theorem 6. The second
one is satisfied provided U;;' and U3, are bounded in norm, which they
are (5.20), since

02+1 = Ufll 012 U2+2 (537)
due to the unitarity relations for U. Hence the assumptions of Theorem 6
imply (5.395).

Next we are going to demonstrate that under the conditions of
Theorem 5 together with 4 =0 the statement of Theorem 6 is applicable,
ie. thereis a t,> — T such that for r <, the assumptions of Theorem 6
(5.20) are satisfied. In fact it is only necessary to show the second in-
equality because U (f) is norm continuous and U(— T) = 1. The following
result reduces the proof to a discussion of H; :

Lemma 4. Let U(1) be the time evolution operator of the Cauchy
problem (3.8) and

c(t):=1-2(+T) sup [|H(s)]|>0. (5.38)
~T<ssSt
Then

d(t):= Sup_ fT de(H,),
“Tasst]- HS
10, ()]s < e L) d(t) . (5.39)

Proof. As it has been remarked earlier (Section 3) U(t) can be
represented in terms of a norm converging Dyson series. The n-th
term of the series contributes to U,, be means of 2" multiple integrals
of the form

e—1

Ay, )= (— iy’ _detl(Hl)i‘k‘... [ de(H), j dt,(H,);,

-T

i k=12 I=1..n
The H.S. norm of A(i}, k;) can be estimated as follows

1Al k)las S+ TP (sup_ [1Hi (o))" d0).

Hence
10020ls=2 X 20+ T)( sup_ [A,())| " d0). (540
n=1 —TSs<
For ¢ being sufficiently close to — T (5.38) the sum converges and yields
2d(1)
=20+ T) _sup_ [H(s)] '
—T<sst

10,0 ps = { (5.41)
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Notice that c(t) obeys a Lipschitz condition at t = —T due to it’s
definition

fe@y— 1 <const(t+T7), t=~T. (5.42)

For the rest of the proof it is therefore sufficient to demonstrate the
continuity of d(t)at t=—_T.

Lemma 5. For any ¢ >0 there exists a to> — T such that
dity<e V-T=Zt=t, (5.43)
provided the external field is merely electric, A =0.

In accordance with the previous definition (3.8) the operator H, has
the following representation in momentum space

N m 1/2 eiw(q)t 0
HI(%P)=(W> (O e—iLO(q)t)

.(ﬁ(—q,S)A(q-p)u(—p,r) ﬁ(—q,s)A(q—p)v(+p,r)) (5.44)
0(+ g, 8)A(g—p)u(—p,r) O(+q,9)Aq—p)o(+p,r)

e~iw(q)t 0 m 1/2
0 éew o)

A straightforward calculation using the relations

- _ptm
gu(pa 5)“(177 S)_ 2m
(5.45)
- Sl olp = 5
yields
s - 2 p d3 s
[ de(Hy),|| = j j dtdt Trace A(q — p)
~T HS (p) wlg) -
p N (5.46)
0[P 0 g [T i@ remn -1
Y ( m )y Alq p)( m )e )
The trace can be easily computed using well known rules,
s - 2 d3p d3p s _
di(H. = =2 dtdr [2Re(Ap)(Ag),
H_jr el = o) oty ? (547)

—(AA)(p, q), — m*(AA)] e i@ Fomr=1)

where (,), denotes the Euclidian sclar product. A power counting
argument shows that the H.S. norm can not expected to be finite for
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arbitrary external fields. For an electric field only (5.47) specializes to

2=jdp ¢4 [ dede Aot p— ) Ao(t, p— 1)
as ) op) olg 1 PR (5 43

((pq) — m?) e i@ Fomne=t)

j dt(ﬁﬂlz
-T

A partial integration in ¢t and t’ leads to
s 2

fdt(H),|| = [dpdqL(p.q)J (s, p.q)
0 HS

pq—m®
1 =
D= ) o) T @)
J(s, p, q):= la(s)> + ; dtdt' aft)a(t)e e Fe@ =) (5.49)
0

S
+ 2Rea(s)e—i(w(p)+w(q))s j dt(x(t) glemto@t
0

als):= jtho(t,-)
0

where we set T = 0 for convenience. Since I, (p, g) is bounded and J(s, p, q)
converges pointwise to zero for s—0 it is sufficient to find an integrable
function majorizing I (p, q). For J we use the crude estimate

J(s, p, q) < const. sup |A(t, p—q)*. (5.50)
O0<t<s
It is therefore sufficient to discuss the integral
f&pdqlAlt, p— @I L(p, 9= [ &rlA P [dEpLp,lp—r). (551
L (p, |p — r]) is smaller than L (p, r)
a(p)a(p—r)—pr— w*(p)

L(p, r):= . (5.52
e P e e o e
Integrating over angles dQ(p) results in
1
4 1 L(p.v)
T (5.53)

_ 6pr) L(m® + (p+ ) — (m? + (p—1)*)**] = /m? + p?
Vm? +(p—r)? (/m* + p> + )/ m> + (p — r)?)? '
One readily verifies that the above expression is integrable in p because
in the numerator the dominant parts cancel. A straightforward analysis
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leads to
[ d*pL(p, r)<const (r+1). (5.54)

Hence
( sup |A(t, p— q)l) L(p.q)

0<t<s

is integrable and majorizes by construction the integrand I, J. Hence we
proved the following result:

Theorem 7. Provided the assumptions of Theorem 5 are met and A =0,
there exists a constant to> — T such that inequalities (5.20) are satisfied
for —T<t<t,.

Finally we are going to indicate how the previous argument has to
be altered such as to give a proof of existence of a unitary S-matrix
under the assumption of Theorem 5. For f,>t the S-matrix can be
constructed as in the case of spin zero (4.25) as has been shown earlier.
In order to construct the S-matrix by a finite number of similar steps
one has to prove that the lengths of the intervals on the time axis can
be chosen uniformly in length. The key to this statement is the following
strengthened version of Lemma 5:

Lemma 6. Provided the external field is purely electric, A=0,d(r)
vanishesat t=—T as (t+ T):

d(ty=const(t+ T).

The proof of Lemma 6 follows the one of Lemma 5 up to inequality (5.5)
which is replaced by (T'=0)

J(s,p.q) <s>const  sup IA(t,p—q)l2+( sup Igrad,,A(t,p—q)lz). (5.55)
0 0<t<s

<t<s
Hence
s 2
[de(Hy,|| =s*%* sup [|AG, )7 (5.56)
0 HS 0<ts<s
where || ||, denotes the Sobolev norm |- |f=-|*+ |grad-|* and

I II the usual L,-norm. The constant y is independent of 4 and s.
Combining (5.56) and (5.42) leads to

2y sup [|A(s, )l

3 —T<s<t
U0l gs < 1—20+T) _;Lgs)sl 7.6 (t+T) (5.57)

which shows that indeed the lengths of the intervals covering the set
(=T, + T) can be chosen uniformly.
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Remark: In x-space Eq. (5.46) reads

s N 2 5 —
[ dt(H)),|| = —m?[d>xd®y Trace A(x)y° (l"—”iAJr(x—y))
_ HS 2m
o (O Em
) A(y)( m A, (x y)).
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