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Abstract. An integro-iteration method is applied to solve the second order linear
differential equation. Although the procedure is quite elementary it produces the general
solution in form of a simple series which can be made to converge absolutely, at least in the
region of interest. Particular solutions with given initial or boundary values can be readily
obtained from the general solution.

Introduction

In this note we present an elementary method for deriving the general
solution, or any particular one with given boundary conditions, of a
second order linear differential equation, in a relatively simple form and,
most important, convenient both for analytical studies and for numerical
applications.

Basically the method used is an iterative one into — which a step of
integration has been inserted — thus the name “integro-iteration” proce-
dure. By this way one gets the general solution. From it the derivation
of any solution with given boundary conditions is straightforward.

We believe that for the solution of a second order linear differential
equation, the present method, at least for practical applications, is
preferable than the existing general ones, for the following reasons:

(i) The method is elementary and thus accessible to anybody with
only basic knowledge of mathematics.

(ii) It is quite flexible, as one has complete freedom in choosing the
unperturbed equation and also a large choice for its partial solutions.
This is quite helpful in fitting the solution to the conditions of the
problem, and

(ii)) The solutions are obtained in form of a simple series which can
be made to converge absolutely, faster than an exponential one, at least
in the region of interest. To make clear this point, consider the case of a
boundary value problem. One applies e.g. Fredholm’s method, and has
to compute two series. Each of these series is a multiple one, i.e. the n™



226 E. J. Kanellopoulos, Th. V. Kanellopoulos, and K. Wildermuth:

term has n! components, while in the present method each term of the
series has only one component.

Applications of the method will appear in a series of forthcoming
papers, the first dealing with the solution of the Schrédinger equation
for central potential, under rather weak restrictions on it, both for
scattering and for bound states problems.

I. The Method. Solution of Type I
Suppose we want to find the general solution of the equations

2"+ A(z)z=0 1

around a point x =a.
We write (I) as

"+ B(x)z=C(x) z 2

where B(x) is such that the “unperturbed” equation

U +B(x)u=0 3)
is readily soluble.
Let u, and u, be two independent solutions of (3), normalised in
such a way that:
Wiuy, uy) =uuy —tju, =1. 4)

Using u, and u, we can put Eq. (2) under the form:
zZ=u, [Kl—quzzdx’} +u, [K2+§Culzdx’} ®)

with k,; and k, arbitrary constants.
Now we split z as follows:

Wy =1u, [rcl——quz(wl +w,) dx’] , (6a)
wzzuz[K2+qu1(w1+w2)dx’] , (6b)
Wi +w,=2z. (6¢)

For the iteration we write
X
w(l"’zul[ Ky — | Cuy(W + wd) dx'} , (7a)

wS =u, [ K+ | Cuy (W™ +wi)) dx’J : (75)
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At this point we insert the integration step, i.e. instead of applying the
iteration using Egs. (7a) and (7b) as they stand, we integrate them first,
as follows. In Eq. (7a) we consider % to be known and integrate with
respect to w{, and in Eq. (7b) we consider w{" 1) as known and integrate
with respect to w. In this way we obtain

wP=ue™ /e, — [ Cuye/ ™ wdx'|, (8a)
wi = uzef("){cz + [ Cuye™ /&Iwi™ 1)dx’}, (8b)
f(x)={ Cuyu,dx’. (8c)
Note that the lower limit of integration in f(x) is irrelevant.
Starting with w® =u, e~ /™ we, finally, find:
x
wi(x)=ue /P |c, D, (a a) -, j CuZe*’ @, ( a) dx,|, (9a)

= S(x) xC 2072/ X1 d 7)) X 9b
wy(x)=uye’@|c; [ Cuje 1<a,a) X+ P, a.a (9b)

a

x fee]

where ¢1 (a a) Z )n {ql(x)}n s (103)
x 0

¢2 (a, a) g {QZ(X ns (10b)

q,(x)= qu%ezfdx1 f Cu?e ¥ dx,, (11a)

g2(x)= [ Cule™* dx, [ Cuje* dx, . (11b)

By {q}, we mean the 2n-dimensional integral formed by n repetitions of
the double integral g. For example

X X1 X2 X3
{g:},= [ Cude* dx, | Cule”*dx, | Cuje*/dx; [ Cuje™*dx, etc.
a a

a a

The question of convergence of the series (10) is discussed in Part III.
The general solution z=w; + w, is:
x x X
= -s f 2,-2f L
z=c, [ule D, (a, a) +ue !Cule D, (a, a) dxl}
(12)

Y X1 f X
Ccy | —ue Cuse*l @ dx, +u,e’ ® .
+c, 1 I 2 Z(a,a) 1T Uy 2<a,a>}

a




228 E. J. Kanellopoulos, Th. V. Kanellopoulos, and K. Wildermuth:

Two partial solutions of Eq. (2) are:

X

- R
Zl=ule f(x)¢1( 1
a

a) +u2ef<x>;[cu§e-2fq>1 (a a)dxl, (13a)

t bl

—_ S (x) 1
Zy=u,e! ¥
2 2 2(a,a a,a

X ) —ule-f<X>jcM§e2fd>2(x )dxl . (13b)
It is a matter of simple algebra to show that Egs. (13) satisfy Eq. (2) as,

D, (axa> =1— [Cuje* dx, | Cuie */ @, (:2) dx,
] a a ki (14)

X x *1 X
) =1—-[Cu2e ¥d Cule® &,| 2 |dx,.
2<a,a> £ uje xl{ uze z(aa X2

]

The solutions (13a) and (13b) are independent as their Wronskian is
equal to 1.

We note that to each of the partial solutions corresponds one of the
functions @, and &,. These functions @, and @, are called “central”
functions for the solution of the Eq. (2).

I1. Solution of Type II

Consider the pair of functions:

H =e /™, (axa) =e /|1— [Cuje* dx, [ Cuje”*/ @ dx, (15a)
ol
X 5 ! a, a
and F1< ) =1+ [Cuzdx, [ —5—"dx,. (15b)
a,a a . u’

same differential equation, i.e.

n {(Cuﬁ)" 3

One finds that the functions u,/C. H, and u,|/C.F, ( * ) fulfill the
a
3y
2Cu 4| Cud

a,
2
-C } y=0
and therefore their Wronskian is constant
W(u,)/C.Hy,u,)/C.F,)= Cu}W(Hj, F,) = const.
If we choose in Egs. (15) the limit a such that u;(@¢)=0 and put

X
f = [ Cuyu,dx’, this Wronskian is zero and H, = F,, or

451( X ) _ ea/Cuxuzdx’Fl( X ) (16)

a, a a,a
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Inserting Eq. (16) into Eq. (13a), after some integrations by parts we

derive:
« B (axa>
zy=—uy [—F——dx’ (17
a 2
where F, (axa> is given by (15b).

This is another expression for the solution z,, when it fulfills the
condition

z1(a)=0.

Analogous expressions we can derive for the solution z,.

II1. Convergence

If we have generally

g= [ .dx, | ¢;dx (18)
it is easy to prove that
gnl= L
n!
where g=[|o.|dx, | |@,|dx,. (19)

For example

x X1 X2 X3
|{q}2l= “01 dx, j Qrdx, j ®dx;, j ¢2dx4|
X X1 X2 X3
= ”(Plldxl j |(p2]dx2 j |(p1|dx3 j I‘Pz‘dxct
a a a a
x X1 X1 X3
< “(D1|dx1 j |(p2|dx2 j |<p1|dx3 5 |q02|dx4

X X1 2
qulldxl ) |q’2|dx2 7

2! 2!

as XZX1ZX2X32a (0 x=x;Sx,5x350).
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Therefore a sufficient condition for the convergence of a series of the
[c)

type >, (£)"{q}, is that g given by (19), is finite.
n=0
Returning to our case we have that sufficient conditions for the

convergence of @, ( X ) and F, ( X ) are respectively:
a,a a,a

td t

[|Cuze?|dx, | |Cude|dx, <M <, (20)

|

a

[ |Cu3ldx, dx,<N<o. (21)

u3

Similar conditions are for @, ( x ) and F, ( X )
a,a a,a

If u, and u, are real, u,(a) =0, and if in the interval (a, x) no zeros
of u, exist, then we have

flcu3ldx, | =z dx, = [|Cuyu,|dx, .

. ., x x .
In this case the condition for the convergence of F; ( ) and @, ( ) 1s:
a a,a

]

[|Cuyuyldx; <p<oo. (22)

IV. Application to Problems with Boundary Conditions
1. The Homogeneous Equation

a) Initial value problems. The conditions on the solution z can be
reduced to, z(a)=0 and z'(a) = A'.

To obtain this solution it is enough to choose one of u; and u, to
fulfill the same conditions i.e.

uy(a)= *uz(a) =
Then either (13a) or (17) represent the required solution.
b) Boundary value problems. Here we can reduce the requirements
of the problem to the conditions
z(a)=0, (23a)
z(b)=0. (23b)

! This condition is not necessary, as only the first one defines the solution apart from a
factor which is irrelevant for homogeneous equations.
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Choosing u, and u, such that
u;(a)=0, (24a)
u,(b)=0 (24b)

we see that condition (23a) is satisfied for (13a) or (17). In order that also
condition (23b) is fulfilled we must have

for Eq. (13a) &, ( b ) =0, (25)
a,a

>

for Eq. (17) F, ( b ) =0. (25a)
a,a

These are the eigenvalue equations. We note that because of (16) these
are equivalent.
If instead of (13a) we used (13b) we find as eigenvalue equation

a
2:(,) =0

b a
RAELANY

Any parameter existing in Eq. (1) can be used to derive eigenvalues from
Eq. (24)

but it is obvious that

2. The Inhomogeneous Equation
2"+ A(x) z=D(x). (26)
As it is known the general solution is:

z=¢y2y 4325 — 2y [ Dzydx; +z, [ Dz dx, 27

where z, and z, are two independent solutions of the homogeneous
equation and ¢, and ¢, arbitrary constants.

The procedure to find special solutions with fixed boundary condi-
tions is quite trivial. We mention here only the case of a boundary value
problem in which we demand

z(a)=0, z(b)=0

b
and it happens @, (a a) =0 (or F, (aba) = 0) .
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By choosing u; and u, such that
ui(@=0, u,(b)=0
we find that the conditions for the existence of the solution is

b
[Dz,dx=0 (28)

which expresses the third Fredholm’s theorem. Then the solution is not
uniquely defined. We obtain

z=12, [c— [ Dzydx,

+ 2, [ Dzydx, (29)

where c is arbitrary constant.
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