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Abstract. An analysis of the stability of the Taub universe for arbitrary, initially small
perturbations is carried out. It is found that the perturbations decrease during the expansion
and increase during the contraction of the unperturbed space. In the process we obtain the
general solution to a system of six coupled, linear, partial differential equations in six
unknown functions of four variables.

I. Introduction

The solution to Einstein’s field equations found by Taub [1] has
aroused considerable interest on several counts. (a) It is a non-flat
solution of the empty-space equations, having closed, homogeneous,
space-like hypersurfaces which expand anisotropically. It can thus be
interpreted as describing a universe containing nothing but gravitational
radiation. (b) It is well behaved for all finite values of the coordinates, but
becomes singular (in the sense that certain components of the Riemann
tensor become infinite) at t = + co. The invariants R, ;,,R"/*'and R,;,R™"
however, remain finite. (c) Newman, Unti, and Tamburino [2] have
obtained a metric which extends the solution to values of the proper time
outside the range covered by Taub’s coordinates’. (d) The extended
space-time is maximal [3] (i.e. not part of a still larger space-time), but it
is geodesically incomplete [3] (i.e. there exist in it geodesics which cannot
be extended to infinite values of their affine length). (¢) In the part of the
manifold outside the two singularities (NUT space) there exist closed
time-like curves [4].

Some of these properties are more than mere mathematical curiosities.
In particular the singularities and the expansion are features found in
almost all cosmological solutions. With its anisotropy, Taub space thus
appears to be the simplest generalization of the Friedman models —
albeit without matter. In the early stages of the evolution of the universe,
however, when the curvature is high, the presence or absence of matter
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has little effect* on the evolution of the geometry, and Misner has used
Taub-like metrics to discuss the nature of the singularity near the zero
of time [5]. Finally, the investigations of Behr [6] imply that the presence
of matter does not significantly alter the nature of the solution — in
particular, the occurrence of singularities.

For a cosmological solution to be acceptable as a model for the real
universe, however, it must be stable against small perturbations. It is easy
to show that, when we introduce a small amount of pressureless matter,
its density grows without limit as the singularity is approached. Since
this particular perturbation does not remain small, one concludes that
the Taub space is unstable [3]. We wish to point out, however, that this
instability is intimately connected to the presence of a singularity in the
future, and precisely the same behavior is found [7] when one perturbs
the closed Friedman models which also have a future singularity. In fact,
all perturbations of the closed Friedman models grow without limit as
the singularity is approached [7]. Hence, the density argument is not by
itself sufficient to rule out Taub space as a possible cosmological model,
as long as one is willing to consider the closed Friedman models as such.
The fact that, in the Taub case, the infinity destroys the smooth con-
tinuation into NUT should not concern us since NUT space, being
acausal, is of no interest as a cosmological model.

In this paper we carry out a general perturbation analysis of the
Taub metric. It is found that, just as in the positive curvature Robertson-
Walker metrics, all perturbations decrease during expansion and in-
crease during contraction. We therefore conclude that, as far as stability
is concerned, the Taub metric is as good a description of a closed universe
as are the positive curvature Robertson-Walker metrics.

But quite apart from strengthening the case for Taub space, the
analysis carried out in this paper is interesting from a purely mathe-
matical point of view, being a rigorous solution of a system of six coupled
differential equations, linear and homogeneous with respect to six
unknown functions of four variables, with coefficients depending on one
variable (the time coordinate). Moreover, the steps followed in obtaining
the solution provide, we believe, some new insight into the structure of
Einstein’s system of equations, which, in the final analysis, is what makes
the solution of such a complicated problem possible.

II. The Exact Solution
The Taub-NUT metric can be written in the form:
ds? = P{F(d1)* — A(0")* — A(w?)? — B(w?)?}, 2.1

2 The energy of the field, being quadratic in the gi,.x» dominates the energy of matter
when the curvature is high enough (i.e. when the g;; , are large).
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where [ is a constant length and F, A, and B are functions of the dimen-

. . . ct o
sionless time coordinate 7 = - The w®'s are one-forms satisfying

do*=3e5,0f A (22
They can be expressed in terms of the Euler angles v, 6, ¢ as follows:

o' = —sinypdf + cosy sinfdo,

2 _ i i
w? = cosypdO + siny sinfdo , (2.3)
and
@3 =dyp+cosbdo .

The field equations R;; = 0 for this metric are
A 1B 14> 1B* 1AF 1BF

R,.=-—-2_—_= = .
0o 4 2B 2 a2 i 2 ar T4 BF 0, 24

2F 2F A 1AF 1 AB BF 2F

R, =ZR,=" o 422 20 50 o 25

A Ru="Ro=3 =52 s g7 T 1% @
and

2F B 1BF 1B* AB _BF

Ryy=——-""—— S +-"F+ 5=
B BT B 2BF 2B AB ' A 0,

(2.6)
(where a dot signifies differentiation with respect to 7) with the off-
diagonal components being identically zero. There is one non-trivial
Bianchi identity, namely

1 1y
[Ro= 3 Rob) =(R6~ 5 &)
i 1B i 1B @7
R 1 S -3 Sl - P
<A+2B)R° A5 pRk=0
this implies that
1 1 A*> AB BF 2F
0_— = —— _— —_— =
2F<RO 2R) TR T et e )

is a first integral of (2.4)—(2.6).
As is evident from physical considerations, the field equations allow
F to be specified arbitrarily (corresponding to the arbitrariness in the
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choice of the time coordinate). For any given F, Eq.(2.7) ensures the
compatibility of the three Egs. (2.4)—(2.6) in the two unknown functions
A and B, while Eq. (2.8) implies a constraint on the constants of integra-
tion. If one chooses for F the general form F = A™B", then the particular
choice m = 2 makes (2.6) an equation for B alone, while n = — 1 makes
the difference (2.5)—(2.8) an equation for 4 alone. Once uncoupled, the
equations can be integrated rather easily.

Taub’s [1] choice was F = A%B and he obtained

cosht 1
A= B=—— 29
2{1 + cosh(t +a)} ’ cosht @9

which becomes singular (B = 0) at t = + o0.
Misner [3, 4] chooses F = 4/B and obtains

4(1 4+ 2at—1?)

A=1+72 B= 2.1
L 1+ 12 (210
with B=0 at t =a+]/a’> +1 (a = m/l in his notation).
Finally, if we choose F = 4>B~! we find
- B =cost+asint (2.11)
2(1 +cost)’ '

with B =0 at cott = —a (two values differing by ).

In the above expressions a stands for the only non-trivial constant of
integration of (2.4)—(2.6). The other two are the origin and the unit of the
time variable, which were chosen equal to 0 and 1, respectively. The last
two solutions allow the metric to be continued analytically outside the
“Taub” region, where B <0 and t becomes space-like, while v is now
time-like. Since we will be using Misner’s choice, we rewrite Egs. (2.5),
(2.6), and (2.8) for F =4/B; we have

A, ﬂ__“_ +-8 o, (2.12)
A AB A? AB

B  AB 4

§+—E *AT—O, (2.13)

and

—°_—0. (2.14)
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III. The Perturbation

We now write® g;; = g;;+ 8g,; where g;; are the known functions of
time and dg;; are small corrections depending on all four coordinates.
It is well known that we can impose four arbitrary conditions on the
dg;/s without restricting the generality of the perturbation. (What is
more, there are still coordinate dependent perturbations which must be
removed later — see Appendix C.) We choose

090, =0 (3.1)

for three of these conditions and as a fourth require that g;, is the same
function of g,, as g, is of g,4. For example, if F = 4/B we require that
F’' = 4/B’ which, to first order, becomes

4
B
In the following we specialize to Misner’s choice of time coordinate

F = 4/B (even though everything can be done in the same way for arbi-
trary F), and parametrize the non-zero metric coefficients as follows:

0F=———0B. (3.1a)

4 B
~F< _F> 0 0 0
gy =0i;+08g;;=— 0 A+o+y K A ], (B2
0 K A+a—y u
0 A u B+p

where a, 8, y, x, 2, and u are six unknown functions of 7, v, 8, and ¢. Here
and in what follows 4 and B are the known functions of time given by
Eq. (2.10), and satisfying Egs. (2.12)—(2.14).

We also introduce a small amount of dust-like matter, with density
0, satisfying the conservation law

(ou'w)),;=0. (3.3)

To first order this equation gives

8nG\ !
QA]/§=constantd=ef( ; ) M (small of 1% order). (3.3a)

The field equations* for the metric (3.2) with source T;; = ou;u;, where
only terms linear in the dg;; are retained, are given by

3 Latin indices have the range 0, 1,2, and 3; Greek 1,2, and 3.

* The computations are most easily done using the methods of Cartan. We use the
notation R;;= Rj;; where 3R, 0* A0’ =dw}+w;Aw} The wis are found by solving
dg;;= w;;+wj; and do' = —w; A @* for the metric (3.2) and the one-forms (2.3). The w}’s
are given in Appendix D.
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The Bianchi identities take the form

B TR 1
(—Z(SROO— —5R) — (LiRo; +Ly6Ro;) = — L3S Ros
. 3.14
+££+135R £5R11+5R22+1B(5R33_0 (3.14)
4 2 B0t 24 2B B
B : R R R, —6R 1
(74-5Ro1) —Ll{é 112+A§ 22 9 112A5 22 75R}
3.15
1 1 B A B—4 (.15
— g L20Ry— pLsdRy+ o A5R01 g ORas=0,
B : SR, +6R,, SR, —0R,, 1
= 5R,,| — L - 1
(4 °2> 2{ 24 24 T2 5R} 16
1 1 B A A—B '
- 7L15R12—§L35R23+ 4 A 5R02 AB 5R31 =O,
B T
(T(sR(,s) ~ — (Li0R3 + Ly 0Ry;)
(3.17)

OR;; 1 B A

In the above equations, L,, L,, and L, are differential operators dual

to the one-forms w® They can be defined on an arbitrary function f by
af af af

df — fdi=—=-"4d s
f=fdv= G dwt 5o do+ o5do (3.18)

E(L ot +(Ly f) 0 +(Ly o

As is to be expected from Eq. (2.2), they satisfy the angular momentum
commutation rules: [L;, L,] = — L5, etc. Hence, they are the angular
momentum operators expressed in terms of the Euler angles (see Appen-
dix A, and reference given therein, for their explicit expression and some
of their properties).

IV. Reduction of the Equations

In this section we show that the solution of the system (3.4)—(3.13) is
equivalent to the solution of:

(a) two pairs of partial differential equations of simple form, each
pair involving only two unknown functions;

(b) two ordinary differential equations in two other functions;

(c) a quadrature.
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Examining first Eq. (3.4) for 6R,, and remembering that 4 and B
are functions of time only, we see that « and f must be of the form
f1(0) £, (, 0, @) with f, being an eigenfunction of the operators I3 + I3
and L,. If we denote by S!, the eigenfunctions of I? and L satisfying

2SE N2 + 12 +124)S, = —I(1+ 1S},
LS. =imS:,, (4.1)
and
(L2 +12)S!, = LS., where L¥I(1+1)—m?

we can express o and f8 in terms of the complete set of functions S, as
follows (see Appendix A for a more complete description of the S.’s):

0 1
oc=A{aM(r)+ Ty al,m(r>S£,,(w,e,<p)}

I1=0m=-1

and 4.2)
0 1
ﬂ=B{bM<r)+ Yoy b,,m<r>sa<w,e,¢>}
=0

m=—1
where we must demand that
(aw*=a, _, and (b )" =b, _, (4.2a)

in order that « and f be real. In (4.2) we have taken out factors A and B
from the time dependence of « and  and we have split up the space
independent part of the expansion into two terms: a,,(t) and b,,(t) (Which
are proportional to M, the amount of matter introduced with the per-
turbation) and a4, and b,,; and these latter terms like all other g, ,, and
b, .. satisfy homogeneous equations. The equations satisfied by a,,(t) and
by (1) are’

aM . A B\ . ./[.B A4

4M A B 8 8 . A 8

—_— = Ayl 2— + — —_——— —— by, 4
1B aM+aM< 1 +B>+aM<A2 AB)+bMA ABbM (4.4)
aM .. B A\ . B 8

Having taken care of the source terms in Egs. (3.4)—(3.13) we find
that, for each I, m, Eq.(3.4) for R, implies that a, ,, and b, satisfy

. [ A B\ . .[ B 4 L m?
2a+a(27+§)+b+b(2§+2—)—4b7§-+y}—0(46)

5 See Egs. (3.4), (3.6), and (3.7).
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In this equation (and in what follows) we have suppressed the subscripts
I,m from a and b and we have used the notation L = I(I+1)—m? (see
(4.1)). Substituting expressions (4.2) for o and f in (3.10) for R 3, we find
that

A+ L &
£L_+_2i:iz
B 1=0m

M~

Kl,m(r) Sln > (47)
1

1]

where, for each [, m, K, ,, satisfies the equation

; A, . A B A

Turning next to Eq. (3.7) for 6R55 and using (4.7) and (4.2), we find

L,A—L 2 !
PR =Y Y Ra@Sh, 49)
1=0m=-1
where, for each [, m, R is given by
RY¥G-—mK (4.10)

where

Finally, Eq. (3.6) for (6R,; +6R,,)/2 now becomes

Y a8, (412)

© 1
=0m= -1

1
7 {(L21 _Lzz) y+(L L, +L2L1)K} = -
1

where r is defined by
r2(F +G)-3mK (4.13)

AB A B 2 L-2 m?
Fef i+al2 = 4+ = e R
{a+a< + )+4a<A2 t—g * B2)

where

(4.14)

It will be noted that all functions of time defined in (4.7)—(4.14) ultimately
depend on a and b which so far satisfy only one Eq. (4.6). Like a and b
they must be understood to carry indices [, m.
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Having satisfied R4, (0R;; + JR,,)/2, 6Ry3, and SR;5 and remem-
bering that
OR;  +6R;;  ORs3
A B’

5R= _?5R00‘— (4.15)

so that SR =0 also, we observe that the Bianchi identities (3.14) and
(3.17) imply respectively

O = Ll 5R01 +L25R02

t (. (. . . BY . A(B_\ B[A Y\ (4.16)
_TS'”{L((J—Fb—I—b_E)_r—mF(FK)+7(—§R>}’
and
0=L,6Ry, +L,6R;,
_ima [, B gy pr( 6 LA 8
= 25"'{ T 4m[(BK) +BK(A2 2 47 4B @.17)

vsrsia-n(® o)

Egs. (4.16) and (4.17) suggest that we consider next the following com-
binations of derivatives of Ry, dRy, and dR;;, 6R3,:

L2 5R01 —Ll 5R02 = 0 (418)
and
L26R31-L15R32=0. (4.19)

Using the commutation rules (A.5)—(A.7) given in Appendix A, we
obtain

_L3[(i>'+ ’;} d [(L%-L?>K+(L1L2+L2Llw}

A B dt A
(4.18a)
+iL LyA—Lip\ B [LA+Lyu '_0
B A A B N
and
B L,A—L

B+ 2w - L) -G m (R

B . 6 1 A2 8

(Lzz_Lﬁ)K‘F([qu +L,Ly)y Lii+Lp

+Ly
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We observe that in these equations A and u enter in combinations already
“known” (see (4.7) and (4.9)) and thus we can express certain third order
derivatives of x and y directly in terms of a and b as follows:

2 _ 12
L3{(L2 Ll)x+(le2+L2Ll)v}:_mksfw (4.19b)
where
mkdéf(a—b)<m2+~ijlz)+LR+2m’i—K
) A (4.20)
Bl - o A4 o
" [(A ) +AR(A2 2 A2 AB)}’
and
i{(Lzz—Li)K+(L1L2+L2L1)Y}
dt A
(4.18b)

. . B A. B .\,
—l{m(a+b+b%—)—m§R+7K}Sm.

For Egs. (4.18b)and (4.19b) to be consistent with each other, the following

integrability condition must be satisfied:

. . B A . B.
def ; il D e e
mk—m{m(a+b+bB> mBR-I- AK}

d

B B
_ _ 2
= {(a b)(m + 1 L)+2m A K+ LR (4.21)

aryean( S - 1A S

LB
4 A2~ 2 A 4B

When a and b satisfy this equation (in Section VI we show that the
terms in K drop out) we can write

1

1 [e0]
7[(L22—L§)K+(L1L2+L2L1)V]=iZ Y kiwSn,  (422)

I=0m=—1

where k is given by (4.20) for m #= 0 and both (4.18) and (4.19) are satisfied.
Remembering that (4.16) and (4.17) are already satisfied, we find that we
have succeeded in making 6 R, 6R,,, 0R5;, and 6 R5, vanish separately.
The remaining two equations (0R;; —JdR,,)/2 and oR,, are then auto-
matically satisfied by virtue of the two remaining Bianchi identities (3.15)
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and (3.16). All these statements will be verified in the next section after
explicit expressions for y, k, A, and u have been given.

For particular values of m the integrability condition is satisfied as a
consequence of some other equation. For example, when m = 0, k = con-
stant makes (4.21) trivial. These special cases will be discussed separately
in Section VI. The following two equations will be useful in this con-
nection:

m(k—r)=§[2+x(i_iﬁ_w)]

A? 2 47 AB
(4.23)
+(L—m)[R+(a—b)(§—m)}
and
.. B/XY A(XxY .. B
where
X¥AR—-BK. (4.25)

Eq. (4.23) follows from (4.17) and (4.20), while (4.24) follows from
(4.16) and the definition of k in (4.21). We note that if both (4.23) and (4.24)
vanish, then the integrability condition is trivially satisfied.

We thus choose as our second equation which, together with (4.6),
determines a and b, the integrability condition (4.21) (or any other
equation which for particular values of I, m implies (4.21)). For each
pair of eigenvalues [, m, we have now reduced the system of Egs. (3.4)
—(3.13) to the following:

(a) Two ordinary differential equations ((4.6) and (4.21) or its equiv-
alent) determining a and b.

(b) Two pairs of partial differential equations, each pair involving
only two functions ((4.7) and (4.9) for A and u, and (4.12) and (4.22) for
k and 7).

(c) A quadrature ((4.8) giving K when a and b are known).

V. Integration of the Space Derivatives

We now turn our attention to Egs.(4.7) and (4.9), and (4.12) and
(4.22) which determine the space dependence of 4, 1 and v, , respectively:

LA+ Lyu=iBKS!,, (5.1)
Lyi—Lju=ARS! , (5.2)

S = 1)y + (L Ly + Ly L)x] = =15, (53)
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and

1
7[(L22 — ) k+(LyLy+LyLy)y]=ikS!,. (54

Remembering that L, = L; +iL, and hence
(Li)z = L21 - L22 ti(Ly L, + Ly Ly)

we find that the above equations can be written in the following simple
forms:

(5.1)+i(5.2)=L.(AFiuw)=i(BK+ AR)S, (5.5)
and

=—(r+kS,. (5.6)

(53)%i(54) = (L,) (” i ")

Egs.(5.5) and (5.6) imply that AFip is proportional to S, ., while
yFix is proportional to S! ;,. Making use of the phase convention
(A.18) given in Appendix A we find that the following expressions satisfy

(5.5) and (5.6):

ATin=TFi(- 1L
Vi+m(Fm+1) "F (5.7)
$i(_1)1P4_-1(T)SlJ_r1+QJ_r(T)
and
yFix (rik)Sf,,;z
A Yl+EmAFm+)(+m =) (Fm+2) 58
ST

+ ‘l/zflsli(l—l)“‘giz(f)sl_tl +hi(7).

The first terms in the above expressions are not defined when m = +/ or
m = +(I—1). These are the particular values of m, however, for which the
integrability condition (4.21) can be satisfied as a consequence of some
other equation which eliminates these terms. This point will be discussed
in detail in the next section. The functions of time P, Q, f, g, and h enter
as “constants” of integration since L. (S%,)=0 and (L.)*S%,-,,=0.
Actually these functions are precisely the number needed to complete
the expansion of 4, p, y, and k in terms of the S!’s. (Note that the coeffi-
cients in these expansions which couple to a and b do not extend to
m= +1; see Appendix B, Egs. (B.6)—(B.9).) Ordinary differential equa-
tions determining these functions are obtained when we demand that
A, 1, v, and x as given by (5.7) and (5.8) satisfy 6R,;, 6Ry,, 0R3;, OR3,,
(0R;; —0R,,)/2, and R, ,. At the same time we will verify that the terms
which depend on a and b (through R, K, r, k) do indeed cancel as was
claimed at the end of Section IV. It is convenient to consider the com-
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binations
. _ KR Ji_ (v Eix
ORo1 £i0Ro; = Li[(zA)+ 23}”’*( 24
A Atip\ B [Atiu\ (5:9)
in\ . tip
L R
(3“)( 4 )i’zA( B )
B L (Atip
5R31 +15R32—L <L3+ Z" <2B )ing,( A )
_ ytiK . L,A—Liu
+(Ls F ) Le| -5 )izLi (%) (5.10)
6 1 A?

and

1 Ati
7(51{11 ‘5R22)i'i5R12 =Li(L3¢i)( ~ #)

2B

AB ([y+ix\" [A B\(y+ik 16 8 y+ik S11
T +B)( 2] (- am) (B e
(44 Yy tik A Y +ik
il( B 1>L3< 24 ) L ( 24 )
In these expressions 4, y, y, and k stand for the complete perturbations
as in Egs. (3.4)—(3.13), while in (5.7) and (5.8) they stand just for the [, m
term in their expansions. We take this risk of slightly confusing the reader
in order to avoid overburdening our equations with indices and summa-

tion signs.
Substituting (5.7), (5.8) and (4.2) in (5.9) and looking at the coefficient
of the different harmonics, we find that the terms in a, b, R, K, r, and k

cancel by virtue of (4.24) while the functions f, P, and Q must satisfy the
equations ®

. A P\ B[P\ _
fi— —B~(l+1) (7) + 71’(73’) =0 (5.12)
and A0V B/OV
F(7> - 7(3?) =0 G-13)

Doing the same with (5.10) we find that in this case it is (4.23) which
makes the terms in a, b, R, K, r, and k cancel, while f, P, and Q must

6 We drop the indices +1since the two functions are complex conjugates of each other;
see Eq. (B.3b).
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satisfy the equations

. 6 1 A? 81 4(1+1)
P’+P’<F_77+ﬁ)+ g =0 G
and
. 6 1 A2
Q+Q<7—772—>=0 (5.15)

Finally, we turn to Eq. (5.11). Here we must make use of the Bianchi
identities (3.15) and (3.16) to prove that the terms in a, b, R, K, r, and k
cancel. Since dR,;, 0R,,, 0R5;, and 0R;, have been satisfied, these
identities read simply

LL,(6R;; —6R,,)+L,06R,, =0 (5.16a)
and

3L,(0R;; —0R;,) — Li6Ry,=0; (5.16b)
or

Li{%(éRll —0Ry;) FidR,} =0. (5.17)

For the remaining terms to vanish, the functions P, f, g, and h must
satisfy the equations

. (A B\ . (I+1?  I+1 8I(1+1)
fﬂf(q*f)fl*“[ B —*AB—}J’I—‘TBTP” G-18)
. (A B\, (+2?2 1+2
=2 gl - Ty = .
and
. (A B\, 4 2
h+(7+§>h+4[ﬁ——ﬁ}h=0. (5.20)

It may be verified that the three Eqgs. (5.12), (5.14), and (5.18) for the
two functions f and P are consistent with each other, while (5.15) is a
consequence of (5.13). In fact, the solution for Q may be found by inspec-
tion from (5.13). It is Q = A —B.

VI. The Time Dependence

In this section we consider the ordinary differential equations which
determine the time dependence of the solution and show that, for each
I, m, they allow the required number of constants to be specified cor-
responding to arbitrary initial perturbations. Two of these equations are
(4.6) and (4.8) which we rewrite here:

(. A B\ . .[.B 4 L m?
2a+a(27+§>+b+b<2§+7)—4b[ﬁ+§2—}—0 (6.1)
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and

, A (.. A B A
The third equation depends on the value of m and of [—m”. If [ —m is
different than 0 or 1 and m = 0 this equation is the integrability condition
(4.21). Carrying out the indicated differentiation we find that the terms
in K drop out?® leaving

A 4 L—6 m?\ .
R+(37+ )“4(,42 73“*?2‘)"
8G (B A\ AL (. . B 4
*7(‘5‘7)*7{““’*‘“‘1’)(?*7)} (63)
gm? (. . 1 A B

Remembering that R contains b we see that (6.3) is of the fifth order in b
and, together with (6.1) and (6.2), eight constants are required to integrate
the system. These eight constants correspond to the twelve initial values
of o, B, y, k, A, and p and their first time derivatives subject to the four
constraints 6R? — 162 6R = 0:

B
—r-—2mK+—A—BL{ <i+—)

4 A B
1 L-2 2 A 4L-2 (6:42)
f— m J—
+4"(A2+TB + 3 )+bA + 5 b}—O,
o B B " B (A Y
and

. o Ay By
—k+m<a+b—|— ) f +- K=0. (649
( (6.4d)

These constraints determine 7, 7, k, and K when a, 4, b, b, R, R, K, and k
are given.

The equations being linear and homogeneous, only the seven ratios
of these eight constants are meaningful. This is seen in the fact that neither

H,i
Il
o

K— m~{2a+a

7 We assume that m>0. To obtain the correspondmg equations for m <0 we need
only make the substitutions m— —m, K— —K, and k— —
® R contains K which, by (6.2), is expressible in terms of a,b.

15 Commun. math Phys, Vol. 22
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(6.1) nor (6.3) contain K. Hence
a=0, b=0, and K=1 (6.5)

is a particular solution of (6.1)—(6.3). By adding a multiple of this solution,
we can always make K(t,) =1. The magnitudes of the remaining seven
initial value data are then fixed.

However, since Egs. (6.1)—(6.3) include, as special cases, the coordinate
dependent perturbations found in Appendix C, we can, by a change in
the coordinate system, make three more (not any three) of the initial value
data equal to anything we please. If we choose to make a(z,), b(z,), and
d(ty) equal to zero, then we must demand that the initial values of the
functions u, p, and v determining the coordinate system satisfy the
equations

Lv— %u = —af(ty), (6.6)
2mp — —gu = —b(1y), (6.7

and

T4 T4 Tt = i) ©8)

( 1 42 2 4L ) A
These equations follow from (C.29) and (C.30). In terms of the functions
a, b, and K the four linearly independent solutions of (6.1)—(6.3) already

known are given in the Table.

Table
Initial values Description
a b K of
v u p
0 0 1 - - - Amplitude
A
1 - 100
0 B
I A 5 B I (L ) 010 Coordinate
T mp B * ptmo B Perturbations
L 4 2 B Lp+ (LA ) 00 1
b= mp——u p+mo\—

In the last two lines, the functions u, p, and v satisfy equations (C.24)
and (C.27) given in Appendix C. Since K does not enter in (6.3), the second
solution in the table implies that a does not enter either. This can be
verified directly, but the resulting equation is too long to be given here.
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16
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Fig. 1. The behavior of the functions a, b, and r for m = 0, | = 2. (Initial conditions: ¢ =1
and all other initial values equal to zero.) The same qualitative behavior is found for all
other initial conditions (and also for other values of I) as long as m = 0

As is to be expected from the 1/B terms in Egs. (6.1)—(6.3), all per-
turbations grow without limit as the singularity B =0 is approached.
The behavior of the solution for m = 0 is dramatically different from that
when m =0. When m =0, the functions a, b, R, and r increase mono-
tonically as the singularity is approached (see Fig.1 — K and k are
constants in this case). When m # 0, however, all six functions execute
violent oscillations of increasing amplitude and frequency as they
approach B = 0; as can be seen from Figs. 2 and 3, the frequency depends
on/and m. For a given ] and m, the overall behavior is independent of the
initial conditions, even though the amplitude depends strongly on which
derivative of b is assumed non-zero initially (see Figs.4 and 5). The
oscillatory approach to the singularity is similar to what has been en-
countered in the Kasner [9] and the mix-master [5] universes.

We now turn our attention to special values of | —m for m=+0. We
will consider the case m = 0 separately. When [ — m = 0, for our solution
to be meaningful we must have AR — BK = 0'and r — k = 0 (see equations
(5.7) and (5.8)), while at the same time the integrability condition must
be satisfied. Now, when I=m, L—-m=I1(l+1)—m?>—-m=0, and by
(4.23) AR — BK =0 implies r — k = 0. Since (4.24) is also equal to zero,
the integrability condition is satisfied. Thus for the case [ = m we take in

15*
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Fig. 2. The dependence of r, ,, on m for fixed I. (Initial conditions: 4 = 1 and all other initial
values equal to zero). The same qualitative behavior is true for the other functions also

place of (6.3) the equation
AR—-BK =0. 6.9

This is a second order equation so that the system (6.1), (6.2), and (6.9)
admits five arbitrary constants. This is consistent with the fact that R,
R, and k are now given in terms of K, K, and r and hence only a, d, b, b,
and K are independent.

The other special case for m=+0 is I —m =1, where we must have
r—k =0 in order that our solution be defined. To proceed in this case
we rewrite Egs. (4.23) and (4.24) making the substitution

X =AR—-BK =(B+mA)Il
where (6.10)
AG
II=——-K
B+mA
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05 1.0 15 0
T

Fig. 3. The dependence of b, ,, on m for fixed / — m. (Initial conditions: =1 and all other
initial values equal to zero.) The same qualitative behavior is true for the other functions also

They become
B d

m(k—r):m—d?[(3+m,4)2nj o
—2m(m+1)H+(L—m)[R+(a—b)<§~ —m)}
and
. (BerA)2

If (6.12) is equal to zero, we can use it to eliminate the derivative of IT in
(6.11). Since for [ —m =1, L—m =2(m+1) we find that (6.11) becomes
in this case (the terms in K drop out)

) B(m+1)
{ }2(3 +mA)

+4?A(f; +m>(§—m)(a—b)}.

m(k —r {4G—[AB(d+i)+b%)]

(6.13)
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Using the expression for G given in (4.11) and carrying out the differen-
tiation, we find that the quantity in brackets in (6.13) is, apart from a non-
zero factor, equal to the left-hand side of (6.1)! Hence, if a and b satisfy
(6.1) and i — k = 0, then r — k = 0 also. Since both (4.23) and (4.24) vanish,
we conclude that the integrability condition is satisfied. Eq. (6.12) being
of third order in b, our system (6.1), (6.2), and (6.12) admits six arbitrary

4000,
3000

2000[—

15001
1000~

500t ]
207 @

15

IOr—

5

-700 | | | |
05 10 15 18 20

(2

Fig. 4. The dependence of r, ,,, (I = 5, m = 3) on the initial conditions. Note that the positions
of the peaks are the same for the two cases. The same is true for the other functions (as well
as for other values of / and m)

constants. These are a, d, b, b, R, and K. Since in this case 7 = k, R cannot
be given but follows from (6.4b) and (6.4c).

The case m =0 needs special treatment in each of the above cases.
We note that when m = 0 both K and k are imaginary constants (by 6.2,
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4.21, and B.3a). In the general case (I—m =0 or 1), the equation that
replaces the integrability condition is mk =0 (4.20) which becomes
(since, by (4.10), R = G when m = 0):

. 6 1 A2 8 4L B

35
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IOO—/® @i
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20 0040
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-20—__ 1 U

T T @:b-1

@:b=1

-1l \

=30 -12 !
-13 |

S50 -14 !
-15

7 95 10 G 570

T

Fig. 5. The dependence of r; ,,, (I = 5, m = 3) on the initial conditions. Note that the positions
of the peaks are the same as in Fig. 4, but the vertical scale changes drastically. The same
is true for the other functions (as well as for other values of [ and m)

This is a fourth order equation. Together with (6.1) and the constant
values of K and k we still have eight constants.

When m = 0, the vanishing of (4.23) does not imply the vanishing of
r — k, which is required for [ — m = 0 or 1. Since, moreover, r is real while
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k is imaginary, we must require, for both cases
r=0 and k=0. (6.15)

We thus see that when [ =1, m =0 we lose one constant of integration
(the initial value of k). In view of the constraints (6.4), the remaining five
constants are a, d, b, b, and K.

When [ = m = 0 we must, in addition, satisfy (6.9). Since R is real and
K imaginary, we must set

R=0 and K=0. (6.16)

In this case we lose one more constant (the value of K) and, since a, d, b,
and b are constrained by (6.4a), we can only assign three constants. This
is consistent with the fact that a and b must now satisfy three equations:
r=0, R =0, and (6.1). This system (with [ = m = 0) is exactly the same
as (4.3)—(4.5) with the source term M equal to zero. This was to be
expected since the separation of the space independent part of o and f
into a,,(b,,) and aqo(byo) Was artificial.

The functions P, Q, f, g, and h which do not couple to a and b satisfy
second order equations and hence their time evolution is uniquely
determined when the initial data P, P, Q, Q, f, and f satisfy the constraint
Egs. (5.12) and (5.13).

We note that the three coordinate dependent solutions found in
Appendix C remain valid for all , m. This completes the discussion of the
time dependence of our equations for all values of [, m.

VII. Concluding Remarks

The reduction of the field equations given in Section IV implies that,
for this particular metric, they can be divided into three sets of different
importance:

(a) Four “main” equations 0R,q, (0R;; +0R;,;), 0R53, and dR,;
which must be individually satisfied;

(b) Four “secondary” equations 0R,;, 0R,,, 0R3;, and 0R;, for
which only two equations need be satisfied (the other two following
from the Bianchi identities when the “main” equations are satisfied);

(c) Two “trivial” equations (6R,; —0R,,) and OR,, which are
implied by the above equations and the Bianchi identities.

Even though one might expect a similar classification (and hence
separation of the six unknown functions into three pairs) for other
metrics with equally high symmetry for which the eigenfunctions of the
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operators L, L,, and L5 are known, the integration of the space deriva-
tives need not be as trivial as in this case. One must, therefore, conclude
that the solution of our problem is in large part due to the simple proper-
ties of the angular momentum operators.

Turning now to the physical significance of the results obtained in
this paper, the only thing we can say with certainty is that the stability
of the Taub space is exactly the same as that of the closed Friedman
universe — the two differing only in the “dimensionality” of their singu-
larity (Taub space collapses to a plane, Friedman to a point). We can also
say that both are stable during expansion®, since the initially small
perturbations become even smaller and hence the first order approxima-
tion is justified.

In interpreting the instability during contraction® predicted by our
linear analysis, we must bear in mind the limitations of linearization: the
limitless growth of initially small perturbations does not exclude the
possibility that they remain finite when higher order terms in the equa-
tions are retained.
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Appendix A

The operators L, can be expressed in terms of the Euler angles p, 6,
and ¢ as follows:

. 0 cosy O 0
_ o _ v Al
L= —siny = + — 50 cosy cotl o (A1)
0 siny 0 . 0
= — —_— A2
L, = cosy 50 T 5ng 30 siny cotf G (A.2)
and

0

L=-2 . (A3)
oy

We define, as usual, L, = L; +iL, in terms of which

=L L, +I3+ily=L,L_+I%—iL,. (A.4)

9 For the Taub case, “expansion” and “contraction” as used here refer to the sign of
B when B< A.
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The following commutation rules follow from [L,, L,] = — L5 and its

cyclic permutations and from the definition of L. :
Ly(LyLy + Ly Ly) = (Ly Ly + Ly Ly) Ly = 2(L] — 1), (A5)
Ly(Li = L)~ (Lf = L) Ly = 2L, L, + L, L)), (A.6)
La(Li + L3) — (L1 + L3) Ly =0, (A7)
[Ly,Ly]=—iL,, (A.8)
[L_,Ly]=iL_, (A9)
[L,,L_]=2iL,, (A.10)

and

L,L_+L_L,=2+L). (A.11)

The eigenfunctions of L? and L, have the form

Soum (0, 0, ) = ™0™ 2 d,, . (6) (A12)

and are obviously eigenfunctions of 7’?% also. In this paper we have

suppressed the index m’ on S%, . since this eigenvalue does not enter in
any of our equations. However, for our expansions (4.2) etc. to be com-
pletely general an additional sum over m’ must be included. As follows
from (4.1) and (A.12), the function d., ,,.(6) satisfies

d? +cot0i— m?* +m'? — 2mm’ cosf
do sin?6

102 +l(l+1)}dfnm,(0) =0; (A.13)

d}, .(0) can be expressed in terms of powers of sinf and cos6 as follows:

(I+m)!(—m)! o\t 9)’”""‘/ o

1 — m—m’,m+m

dp (0) = )T =) (cos—z) (sm—2 P (cosB)
(A.14)

where

Py =2 3 (" PTP) Cprere. (as)
o\ k J\n—k
When either m or m’ equal zero, S}, or S., become proportional to
spherical harmonics of the same indices.
The orthogonality of the S, . is expressed by

1 (A.16)

8n?

2n 1

J (St m)* S5y dypsinfdOde =
0

N
Oe—aa

—0,,,,0 O -
2l1+1 Ll:YmimyYm'yms
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We choose the arbitrary phase in (A.16) so that
(St )* =S8 . (A.17)

As is evident from (4.1), our operators are anti-hermitian and the
Condon-Shortley phase convention relating L. S’ to S% , , is inapplicable
(it is impossible to satisfy (A.4)). The following phase convention is
consistent with the L, operators as given in this paper and (A.17):

LSt =(=1)"/(Fm(+tm+1)S,,,. (A.18)

Most of the expressions given in this Appendix can be found in
reference [8], particularly in Chapters 2 and 4.

Appendix B

To make manifest the reality of the functions A, y, y, and k¥ we must
consider together the terms coming from S, and S*,, in « and . Adding
to (5.7) and (5.8) the terms corresponding to —m we find

AR, +BK
AFip=TFi(-1)" b T St
w=Fil=1) Vitm(Fm+1) "
AR, _,+BK, _, (B.1)

ViFm(tm+1) "
Fi(=1)'Py, St + 0y
and
yFir — (ry,mt kl,m)anT-Z
A Vitm (I Fm+1)(+m—1)(Fm+2)

+ (rl, -m i kl. —m)Sl—mT~2
VAFmA+m+1)(Fm—-1)(I£m+2)
fei

+__"_
/21

In these expressions we have written explicitly the indices I, +m. The
reality conditions which follow from (4.2a) are

(Rl.m)* = Rl. -m> (Kl.m)* = _Kl, —m> }
(rl,m)* =T, —m> and (kl,m)* = _kl. -m>

so that for m =0, K and k are pure imaginary, while R and r are real.
Further we must demand of P, Q, f, g, and h that

Pr=pP_,, T=0-, }
fi=f- gf=g-, and hi=h_.

(B.2)

Sha-1yF g Sk, +hy .

(B.3a)

(B.3b)
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Using these conditions, we can replace all coefficients with —m in terms
of those with +m and obtain

© 1
=ay+agp+ ), {az,osi)*’ Y [al,msfn'f‘(az.m)*sl—m]}a (B4)

=1 m=1

ca]m n| =

=by +boo+ Z {b, oSo + Z [by St + (by) *S’_m]} (B.5)

m=1
imin=0-i ¥ {-1rpst+

=1

AR, ,+BK,,
I0+1)
! AR, .+ BK,

+ —1y" . S B.6
néf [VU+MU—m+D ! B9
AR¥, — BKf, ”

ViU=m+m+1) " "

1
-1

0

AR, ,— BK
Atip=0%+i {—I’P*S‘_ 4 270 TR0
Q 1; (—1yP*s—, ]r—_l(l+1) 1
! AR, —BK
+ _lm[ l,m Im Sl B7
,EJ ) Yi—m(+m+1) """ (B.7)
(AR}, +BK},) . ]}
]/l+m)(l—m+1) md(o

y—iK fl ro+kio
=h+ { St+ S+ St
A 12,% 1/21 Vid+y(-0(+2 " ?

! (rl,m+kl.m)sm—2
+£;hm+mm—m+ﬂﬂ+m—bd—m+$ B8)
(rlm_k* )Sim 2 }}
Vn—ma+m+na— m—1)(I+m+2)
ik e s NI
A =h +l§1{gls—l+ ‘/2_IS—!+1
n Vz,o—kz,o 1 ,
I+0)(-0a+2  °F
V(+)( )(1+2) (B9)

+ Z [ (i m— ktm)an+2
VI=m(+m+1)(I—m—1)(+m+2)
G 0 T\ S,
Vﬁ+ma— +nu+m+na—m+mu
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In these expressions m is strictly positive and a, b, R, K, r, and k are
complex functions of time. Both the real and the imaginary parts of these
functions satisfy the equations obtained in Section IV with m>0.
(Similarly both the real and the imaginary parts of P, Q, f, g, and h satisfy
the equations obtained in Section V.)

Noting that Egs. (B.6) and (B.7) as well as (B.8) and (B.9) are complex
conjugates of each other, we verify that 4, u, 9, and x (as well as o and f)
are real as they should be.

Appendix C

As noted in Section ITI, the four gauge conditions (3.1) and (3.1a)
do not completely specify the coordinate system. Before obtaining the
form of the infinitesimal coordinate transformations still permitted by
our gauge conditions, we will first derive general expressions for the
perturbation to the metric tensor in tetrad form which is induced by an
infinitesimal change of coordinates.

Let us define the matrices A* and B¢ which relate the tetrads to the
coordinates by *°

Xa—A’;—a—%;, o = Bl dxt; C.1)
or
~£€T —BX,  dx= A0, (C.1a)
where we have used
A“BE = 5¢. (C2)

In this Appendix letters from the beginning (middle) of the alphabet refer
to tetrads (coordinates).
To obtain the change in g,,(x) under the infinitesimal coordinate

transformation . .
x> x" = x4 eéi(x), (C.3)

with &(x) four arbitrary functions, we start by demanding that the
expression for the interval ds? remain unchanged, i.e.

9ap(%) @°(x) 0°(x) = gy (x') @°(x') @"(x) . (C.4)
Now, to the first order

0g.p(x
Glo) = g1l + o7 0t (3)

19 The X, denote differential operators dual to the w".
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and
0*(x) = B{(x")dx*
0B k
= |Bj(x) + & "} (5k +e Zf )dx
B o0&k .

= |B¥(x) + 86’ +¢Bj, F o AL w?, (by C.1a)

so that
@*(x') = [6% + e DY ® (C.6)

where

. 0
O A —— + BIX e (C7)

Substituting (C.5) and (C.6) in (C.4), we obtain, to the first order in ¢

gab

9ap(X) = gap(X) + 68" —= + 84, Py + €9, D5 - (C38)

Finally, making use of (C.7) we find

def

0945(¥) = gap() — gap()
= — {0, Bi X, & + 9., B; X, &}

0B
—oer {0 gl ) S
x"

(C.9)

Specializing now to the Taub metric (g,, given by (2.1) with F = 4/B),
we let 0, 1, 2, and 3 stand for 1, 6, ¢, and y and rename the four functions
£ as follows:

& =T0,0,v),

e =0(1,0,0,v),

¢ =9(1,0,0,v),

e&3=Y(1,0,0, ).

The elements of the matrices A% and B¢ can be read off directly from

Eqs (A.1)—(A.3) and (2.3), respec‘uvely Also, since w° = dt, B¢ = 8% and
= &F. Substituting in (C.9) we find:

(C.10)

and

4 8 4

8933 = —B=2BL;[cos0® + P]+ TB, (C.12)
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0go3; =0=B[cosO P+ V] — %L3T, (C.13)
0go; =0=A[ —sinyp O +sinf cosy P] — —;—L,T, (C.14)
50, =0 = A[cosy O + sin0 siny 6] — %LZT, (C.15)
8¢y =—(+y)=2A4A{—sinp L, O +sinf cosy L, B} (C.16)
+ TA+2A40 cotf cos?y, '
8¢y, = —(a—7)=2A{cosp L, O + sinf siny L, P} C.17)
+TA+2A40 cotfsin?y, '
01, = —K=A{cospL,® —sinypy L, O (C.18)
+ sinf(siny L, @ + cosy L, P)} + AO cotf sin2y, )
0g,3=—p=DB[cosOL,®+ L,¥] (C.19)
+ A[cosy L3 @ +sinf siny Ly @] — BO siny , '
0gs; = —A=B[cosOL, o+ L, ¥
931 [ 1 1 Y] (C.20)

+ A[ —sinp L3O +sinf cosy Ly @] — BO cosy,

where we made use of (3.2) to express dg,, on terms of &, f3, 7, k, 4, and p.
From (C.11) and (C.12) it follows that
Ly[cos0d+¥]=~T. (C.21)
Comparing with (C.13) we see that the functions T and [cos0 @ + V]
can be expanded in the form

T= i uz.m(f) S (C22)

'C',MS

I m

and

[cosOd+ W] =i i i Pim(T) Sk (C.23)

1=0m=—1
where the functions u, ,, and p, ,, satisfy the equations

. . 4m
ul,m =MpPm and pl.m = F ul.m . (C24)

With T given by (C.22), Egs. (C.14) and (C.15) can be solved for © and
®. We find :
CEYEDY v, (7) [cosp L, —sinyp L, ]S, (C.25

1=0m=—
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and

© 1
sinfd =y, Z (1) [cosy L, +siny L,] S, (C.26)
1=0 m=

where the functions v, , satlsfy the equation
4

V) = ~5 " (C.27)
The obvious reality conditions for u, p, and v are
u;'fm:ul,—ma p;km:' _pl.—m’ and v?fm:l)l,—m' (C28)

We have now satisfied our gauge conditions (C.11)—(C.15). We next
substitute the functions T, ©, @, and ¥ as given above, in Egs. (C.12) and
(C.16)—(C.20) and carry out the indicated differentiations to obtain the
following expressions for the perturbations to the metric tensor induced
by such changes in the coordinate system as are allowed by our gauge
conditions:

) 1 A
a=A) X {7 g+ U [ +L22]}S£,,, (C.29)
1=0 m=—1
© l B
I=0m=—1 B
© 1
yrik=—-A4Y Y v,IAS, (C.31)
1=0m=-1
© 1
y—ik=—AY Y v, L[~S, (C.32)
1=0m=-1 "
© l
A+ip=—i) Y {(B+mAyv,,,+Bp, LS., (C.33)
1=0 m=—1
A—ip=1i) Z {(B—mA)v,,,—Bp, ,}L_S.,. (C34)
1=0

That these expressions are real follows from the reality conditions
(C.28) and the fact that, with our phase conventions, (L, S})*=L_S",
Using Egs. (C.24) and (C.27) for the derivatives of u, p, and v and the
commutation rules given in Appendix A, it is a straightforward but
extremely laborious procedure to verify that a, f5, , k, 4, and p as given
above satisfy Egs. (3.4)—(3.13) as they should. We note that, for each
I, m, the perturbations to the metric due to a change of coordinates form
a three-parameter family — the three parameters being the initial values
u(to), p(ty), and v(ty) needed to integrate (C.24) and (C.27).
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Appendix D

The s are, to the first order:

wf = _i{(_f; + —B—ﬁ— - ££>w°+ Mw”},

2 B B B
1 (/A o+ oa+y A L,(c+7y)
1 _ 22 _ i 0 v v
w1_2{(A 4 4 4)0 T4
2A—-B A
R w3——7w2},
wgz_l_ A e=y __cx—yi o, L=y |
2 [\4 A A A A
24-B 4, pn
At
1 (B f p B L. yl u
3 _ ) r 0 v v a2 7
a)3—2{(B+B BB)co+-—Bw+Aw i
2L, B L(A  a+9 a+y 4
1 _ 1 0 i Bl _ Rl PN |
@o= T g +2<A+ 4 A 4

AB? 2
R a—y A , . B [u) 4
+2<A+ A A A) To4\B)
e 2LaB o A AV
0 B? 2B\ 4

A (py 5, 1 B ﬂ BB 3
+2B<A>°" +7(_B"+F"F§“”

1/kY 1
wy = (7() coo—l—ﬁ[Lz(oc—}-y)—)»]a)l

1
4+ —

1 Lix+L,A

1 ) 1
sz—u—le(a—y) w +—271_

—L1u+(2A—B)(1—E%_l)Jrza—ﬁ}aﬂ,
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(D.3)

(D.4)

(D.5)

(D.6)

(D.7)

(D.8)
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(0]

w

DW=

N W

2 _ B\ o 1 _ _a—y
=54 (B)w +—2A Ljx L2i+L1u+B(1 1 )
1 2A—B
-2 1 - ) e T2
+8 y}a) + 74 Ly(a—7y)—x y }w

1 1
+—A—[L3,u—l—7L2,B w?,

A (LY 1 1

3____ - 0 o . o 1

7 ZB(A)CO + B[lel K 2L3(oc+y)}co
+%[B+2y—L3K+L21+L1/J]w2

1 B| ,

*ﬁ[Llﬂ‘“ﬂw :
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