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Abstract. We discuss a conjecture of Ruelle concerning stable potentials on a group.
For the groups Z,,Z;, Z,, and Z, any stable potential can be written as the sum of a non-
negative function and a function of non-negative type. This is not true for the groups Z,
(k odd, =5). For the Euclidean group R* the question is open.

§1

The following theorem is due to David Ruelle [17]. Let ¢ be a real
valued, even, upper semicontinuous function on a Euclidean space E. Let

U =0
m=273,..) 1)
U= 3 obs-x) (
1<i<jgn
The following conditions are equivalent:
Z Z (x;~x) =0 )

for all n gl and all (x,,...,x,) in E™
(b) There is a constant B such that

U,(xy,...,x,) = —nB (3)

for alln =21 and all (x,, ..., x,) in E"
(c) For all bounded Lebesgue measurable sets A C E and all positive
numbers z and f the series

n

+ Z%i Xp ... jdxe FO, 4)

[x)

I

converges.

The importance of this theorem is that the quantity 5 has a funda-
mental significance in the statistical mechanics of classical systems in
thermal equilibrium (it is the Grand Partition Function of Gibbs).
¢ is called the two-particle potential function, or simply the potential,
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and the equivalent conditions (a) and (b) are referred to as stability. We
shall denote the class of stable potentials by & It is easy to see that the
following condition is also equivalent to stability:

(@) For all n, all xy,x,,...,x,in E and all 4,,/4,,...,4,=0

n

Z Z(/)x—x 4k 2 0. (5)

i=1j=
In this form the condition is reminiscent of the property of being of non-
negative type. ¢ is of non- negatlve type if for all n, all (x,, x5, ..., x,) in
E", and all complex 4y, 45, ..., 4,

Z Z (x;—x) 724,20, (6)

Evidently a function of non-negative type belongs to & Furthermore,
every function of the form

P(x) = p(x) +1(x), (7

with p of non-negative type and y(x) = 0 for all x in E, belongs to .. We
write this
B+P LY ®)

where 2 denotes the class of non-negative valued functions and # those
of non-negative type. Ruelle has speculated [2] that perhaps equality
holds in (8) so that every stable potential (subject perhaps to general
smoothness assumptions) is of the form (7). If this be true, then the
possibility of the decomposition (7) offers a further characterization of
the functions possessing properties (a), (b), and (c) of Ruelle’s theorem.
The purpose of this paper is to examine the status of this conjecture.

§2

We take the point of view that the natural mathematical setting of
this problem is as follows. Let G be an Abelian group and let & be the
real linear space of real-valued, even, functions ¢ on G,

p(x)=@(—x) forall xeG. )

Let
P={peZ p(x)=0 forall xeG} (10)

and

@={(pe£” Z Z(p(x x)z;z;2 0

i=1j= (11)
for all xl,...,x,,eG and all complex zl,.‘.,zn}.
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Furthermore, let
S = {(peffz Yo Y ox,—x) 24420
=155 (12)
forall x...,x,eG andall /..., 4, = 0}.
The inclusion (8) holds, and we are concerned with the question whether
in general equality is the case or not.

We examine this question for the simplest special case, namely for the
group G = Z, (n = 2), the group of integers under addition modulo n.
We let the elements of Z, be denoted by k, [, m, etc. and write ¢,, for the
value of a function ¢ on Z, at the point m. We use + for the group
operation in Z,, but this ambiguous notation will not cause misunder-
standing.

The sets 2, B, S C & form convex cones. That is, if ¢ and p are two
functions belonging to them, so does a¢ + fp for any o, f = 0. Further-
more, if we view % as a real finite dimensional Euclidean space with its
usual topology, these cones are topologically closed. A closed convex
cone .7 " may be associated with any subset 7 < & as follows

?/“.—:{j‘eef: Y fugn =0 forall (peff}. (13)

meZ,

n’

7 " is called the polar cone of 7. The operation of taking the polar cone
reverses set-inclusion relations. Furthermore .7 ' is the closed convex
hull of 7, i.e. the smallest closed convex cone containing 7. In particular,
if 7 is already a closed convex cone then 7 = .7 *". For proof of these
and other simple propositions concerning convex cones see [3].

The cones 2 and 4 are self-dual

P=2" (14)
and
B=RB". (15)

The first of these relations is obvious from the definition. The second is
shown as follows. For every ¢ € ¥ we introduce its Fourier transform
e & by

1 ~ 25 27
Dy = — e " =— —k 16
P nkeZZ"% - REZZ"%COS< . m>, (16)
so that conversely
2
Om= ¢kcos(—n-km>. (17)
keZn n

By a famous theorem of Bochner the set # may be characterized as
B={pe¥: peP}. (18)
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On the other hand the Fourier transformation (16) preserves the inner
product

Y OwPm= 2, Pnim (19)

meZ, meZ,

for any ¢,y e #. From this remark, and from (18) and (14) we con-
clude (15).

The dual cone ¥ may be obtained as follows. According to the
definition ¢ € & if and only if

meZ, keZ,

for all A with 4, =20 (ke Z,). Let then
A :{,ueff:/um = Y i 20 for all kezn}; 21

keZ,
then we have
S =R". (22
Taking the dual
S =R, (23)

ie, ¥ is the closed convex hull of the set 4.
The inclusion (8) is equivalent to its dual which, in view of (14) and
(15) reads
S CPNB. (24)

Moreover, equality holds if and only if equality holds in (8). Thus we have
reduced our problem to the following question: Is there a common
element of 2 and % not in &7

§3

The simplest case is n = 2. The group Z, has two elements 0, 1. We
have then

Z={0:9020,0, 20} (25)
and
B={0:Po=530o+¢) 20,0, =5(0po— ;) 20} . (26)
Therefore any element of N4 satisfies
0=¢=0,. (27)

We also have in this case
R={Q:py=25+ 1,0, =24y, forsome 1y, A =0}. (28)

This shows that
PARBLR; (29)
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because for a ¢ satisfying (27) it suffices to take
{&w=avbgﬁgg+vbo—wd
= 15('[/(7)0 + Q- ‘1/?/);?51)
which shows ¢ e #. But (29) implies
PABR =9, (1)
so that from (24) we get

(30)

PR =Y (32)
and its dual
P+AB=Y9. (33)

Thus for Z, every stable function is the sum of a non-negative function
and a function of non-negative type.

We have looked at Z5 and Z, in a similar way and found that the
same conclusion holds '

Let us now consider Z5. A real even function ¢ is given here by the
three real numbers @q, ¢, = ¢4 and @, = @3. ¢ € 2 if and only if @y, ¢y,
¢, = 0. Using the notation

¢ = cos<2§n~ j) (34)

we have the following necessary and sufficient conditions for ¢ € #

Po+2¢,+2¢9,20,
Po+2¢01+2¢,90,20, (35)
Po+200,+2¢190,20.
Elements u € # have the form
fo=/4+21+75+5+45,
[y = Aohy + At F dadyF dydyt latas (36)
[y = Fgly F Ay ly F dghgt Ayig t lat s
where g, 7, ..., 2, = 0. Suppose now that an element pe# ="
has the property that ¢, =0. Since ¢ is a linear combination, with
positive coefficients, of elements e % we conclude that for these y it
must also be true that u, = 0. An inspection of (36) reveals that, for such
u, 74 = 0 for at least three values of k successive in the cyclical order. The
form of such u is then ‘ ,
Ho = 7 + 7i41 5
Hy = Jacdgry s (37
p2 =0,
! Explicit calculatson in the Appendix.
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and so
Ho =24y . (38)

But this inequality is preserved by linear combination with positive
coefficients. This shows that for ¢ € &' such that ¢, = 0 the inequality

z2¢, (39)

holds. It is now easy to see that ¢ € Z N4 exists such that ¢ ¢ % . Indeed
if o, 9, =0 but ¢, =0, and

—2¢,0, Sy <29, (40)

then (39) does not hold but (35) does. This shows that for Z the strict
inclusion
PNBOYS, 41)
and therefore
P+ABCYL (42)
holds.

This argument generalizes in the natural manner to Z, for odd n = 5.
Thus we have found that on Z, (odd n = 5) there exist stable functions
which are not decomposable into the sum of a non-negative function and
one of non-negative type.

For Z, on the other hand, it can be shown that such a decomposition
is always possible. The question for the group of physical interest, the
v-dimensional Euclidean group R, is open.

Appendix
We show here that for Z, and Z, Ruelle’s conjecture holds, i.e., that

PANBLYS.
In the case of Z,

2P ={9: 9o, ¢; 20}
B={p: (00—3((00+2(P1)Z =% I/(P1)>O}

so that

PB={p:0=]/3¢, <.}
Furthermore,

% = {(p . (po = ;\.8 + }»f + }ug, (pl = /10)\,1 + /11 /12 + /12/10, W]th ;LO, /'11, /12 g 0} .
Given ¢ € 2N %, we take then

Lo —3([/ ¢0+2(P1+2l/ Po—01),

Ay =4 %1/‘!’0"‘2?01 V(Po ¢1)-
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Then Aq, 44, 4, = 0 and so
CERCR =9,
The analogous conditions for Z, are
P ={9: 00, 91,9, 20},
B={0:Po=2(0o+20,+93) 20,0, =2(p—,) 20,
P2=3(0o— 201 +92) 20
PoB={0: 020,220,900+ ¢, =22¢, 20},
R={P:0o=23+23 +23+23, 01 = @3 = Ao+ A Ay + A2 A3+ 1300,
@, =2A0Ay + 2445, with Ay, 44, 45,43 20}
For any ¢ e 2% we take

Ao =i(l/€00+2¢1 + @, +‘/(P0“2(P1 +‘P2+2V(Po_(/’2),
A=Ay =£(V§00+2(P1 +€02—I/(P0_2(P1 +¢,),
Ay =%(I/(Po+2§01 +(Pz+l/(Po“2(P1 +§02*2l/§00—¢2)

showing that e Z< ¥ too.
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