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Abstract. The monodromy rings of self-erergy graphs, with two vertices and an
arbitrary number of connecting lines, are determined.

§ 1. Introduction

This paper is the first of a series of publications in which we hope to
elucidate in a systematic way the properties of Feynman integrals. The
motivation for this work is clear: we hope to develop sufficiently the
methods of investigating functions of several complex variables defined
by integrals to give a basis for the determination of the analytic structure
of the S-matrix itself. This is admittedly not an easy task and one whose
outcome we cannot guarantee. An ideal research program should be
carried out in three steps:

I) The individual contributions of each perturbation order should
be separately investigated. These are functions of the Nilsson class® and
therefore their analytic structure admits a simple qualitative descrip-
tion — to each function corresponds a certain group, the fundamental
group of its domain, and a finite dimensional representation of this group
by linear transformations of the vector space spanned by the determina-
tions of the function in the neighbourhood of a nonsingular point. This
representation may be extended to a representation of the group ring
of the fundamental group which we term the monodromy ring of the
function 2. These rings are to be explicitly determined.

This point of the program is well under way and has been completed
for the single loop Feynman relativistic amplitudes (FRA) and for the
class of self-energy FRA considered in the present paper.

* Research sponsored by the Air Force Office of Scientific Research, Office of Aero-
space Research, United States Air Force, under AFOSR Grant 68-1365.

! See §3.3.

2 These concepts are developed in detail in § 2.
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It is important to know to what extent a function is defined by its
monodromy ring. This question was posed already by Riemann who
initiated the qualitative approach to the theory of functions. For func-
tions of a single complex variable Riemann’s problem has been given a
complete and beautiful solution [1]:

Given a representation of the group ring of the fundamental group
of the complex plane minus a finite set of points, which is finite dimen-
sional and has a cyclic vector, there exist n functions having these points
as branch points such that

a) These functions have the given representation as their mono-
dromy ring.

b) They are linearly independent over the field of rational functions.

¢) Any function having the given representation as its monodromy
ring is a linear combination of the n basic functions with rational func-
tions as coefficients.

We expect that this theorem remains valid also for functions of
several complex variables.

II) The second step is heuristic.

The aim is to determine the simplest possible analytic structure for
the S-matrix which would be consistent with known physical principles.
For an account of the work which has been done in this direction we
refer to [2]. We remark only that the unitarity condition dictates that
the S-matrix must have a very complicated structure. The close cor-
respondence between unitarity integrals and Feynman integrals indicates
that the S-matrix has an analytic structure which is closely related to that
of the terms in the perturbation series. We expect that the techniques
developed in I) will be essential to obtain the full implication of the
unitarity condition and so to give a precise statement of the analytic
structure of the S-matrix.

IIT) The problem of constructing an S-matrix which has the structure
suggested by II) must be solved. This problem can be regarded as a far-
reaching generalization of the problem of Riemann mentioned above.

Even in the case in which a complete solution of I) is obtained, a
complete solution of II), III) would almost certainly remain out of the
question. However, a partial solution — which would be in effect an
extension of the original calculational scheme of Mandelstam to deal
with many particle processes — would be of great interest.

We conclude this introduction with some remarks on the technical
ideas introduced in this paper.

a) In contrast with previous work aimed at the determination of the
monodromy rings of Feynman integrals [3, 4], we are able to avoid the
use of homology theory. It was remarked already by Pham [4] that a
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knowledge of the fundamental group gives considerable information
about the Kronecker indices which must be determined in the homo-
logical method. We have found that taken together with the information
which is obtained by a purely local analysis in the integration space, the
fundamental group determines completely the monodromy ring. We
have no proof that this is the case for an arbitrary graph but it is not
necessary to know in advance that the method will be successful in order
to apply it.

b) We consider all the parameters which enter into the FRA as
independent complex variables. In this way we exploit the fact that the
FRA may be analytically continued in all these variables.

¢) We use a device introduced by one of us (E.S.) in dealing with
renormalization theory whereby the ordinary Feynman propagators
(p? —m?* +1ig) ! are replaced by (p* —m? +ie)~ %, 1 complex. In this way
we achieve a double goal.

1) We are free of worries about divergent FRA. Renormalized FRA
can be obtained by the Speer method, and their analytic structure
determined.

il) The A variables — we introduce a different A for each line — serve
to label the lines. In this way we can see clearly the influence of each line
in the whole structure. In particular we are able to state and prove a
prove a theorem which describes the effect of cutting one line of the
graph. If this theorem can be proved for an arbitrary graph it could play
a key role in the construction of the monodromy rings of complicated
graphs. For it would then be sufficient to construct the monodromy
rings of the complete graphs on an arbitrary number of vertices. (The
monodromy ring of a graph with multiple lines can be computed from
the monodromy ring of the corresponding graph without multiple lines
and the monodromy rings determined in the present paper.)

1.2. The Fundamental Group — General Theorems

For the definition of the fundamental group of a topological space
we refer to any standard text on topology, for example [5]. In this section
we cite a number of theorems on the fundamental group =, (IP™ — L; B)
of the complement in a projective space IP" over the field € of complex
numbers of an algebraic variety L of complex dimension m — 1. B denotes
the base point for the loops defining ;.

Definition 1.2.1. A line / CIP™ is generic with respect to L if / intersects
L in a finite set of points equal in number to the degree d of L.

Theorem 1.2.2 (Picard-Severi). n,(IP" — L;B) is generated by the
elements oy, ..., 0, defined by elementary loops in £ around the points of
intersection of a generic line £ through B with L (Fig. 1).

7
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(LNA),

Fig. 1. The complex line /

Proof. See e.g. Pham [6].

Note that ny (¢ — L; B) is the quotient of the free group F, on oy, ..., o,
by the normal subgroup generated by o ... a,.

Definition 1.2.3 (Zariski). If OeP™ —L, and N=IP™"! is a linear
subspace of IP™ not containing O, the branch variety V of L relative to O
is the intersection with N of the cone of singular (i.e. non-generic) lines
on O with respect to L. A plane n =~ IP? CIP™ is generic with respect to L
if there is some point O € & such that if N is a linear subspace of IP™ of
dimension m —1 not containing O, the line TN is generic with respect
to the branch variety V of L relative to O.

Theorem 1.2.4 (Zariski [7]). If = is generic with respect to L the
natural injection

i:n(n—L;B)->n,(IP"—L;B)

(which by 1.2.2 is onto) is an isomorphism.

Combining Zariski’s theorem with the Picard-Severi theorem we
see that =, (IP" —L;B) is a finitely generated group with generators
o, ..., 0, and that all the relations on these generators may be found by
considering homotopies within a generic plane 7 on B.

Let 7 be generic for L. We may choose the base point B to be the point
O of Zariski’s definition and the generic line # used to construct genera-
tors for n, (IP™ — L; B) to be the line BQ,, where Q, et N is any point
of nAN other than the s points Q; ... Q, in which znN intersects the
branch variety V of L relative to B. Denote by u a complex variable
parametrising 1N so that Q; corresponds to u=u; 0<i<s. For
uuy,...u, the line BQ(u) intersects L in d points P, (u), ..., P,(u). Let y
be a line segment in the u-plane connecting points R, S. We write y = {y(t)}
so R =7(0), S=y(1). Then the motion of the points P, (y(0)) ... P,(y(0)) of
intersection of BR with L into the points P (y(1)) ... P,(y(1)) of BSNL
defined by continuously varying t from 0 to 1 may be extended to a
motion which carries an arbitrary point of the line BR into a correspond-
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ing point of BS® The motion may be constructed so that B remains
fixed. It therefore defines an isomorphism

n(BR—L;B)->n,(BS—L;B).

With the help of this construction we may assign to each piecewise linear
loop B on Q, in TN an automorphism

h(B): my(/ — L; B)>n (¢ — L; B).

This automorphism depends only on the homotopy class of the loop f in
(AN —=V; Q). For any e € n,(/ — L; B) and fen(nnN —V; Q,) we
clearly have

where i denotes the injection i: 7, (¢ — L; B)—>n,(IP" — L; B).
Theorem 1.2.5 (van Kampen [9]). The kernel of the injection i

i:n(—L;B)-»n (P"—L;B)
is generated by the elements a[h(B)o] ™" where

aen,({—L;B); Pen,(anN—-V;0Q,)
are arbitrary.

(AN —V;Q,) is generated by elements g, ..., defined by
elementary loops around Q, ... Q,. We may therefore combine Theo-
rem 1.2.5 with the remark following 1.2.2 to give:

Proposition 1.2.6. n,(IP" — L; B) is a finitely presented group — the
quotient of the free group F, on generators o, ... o, by the normal subgroup
generated by

o ..

a;[h(

Ay,
Bral™t; 1=isd, 1=5j<s.

[In Proposition 1.2.6 h(f;)o; as an element of F, is not uniquely defined
but is understood to be any element of F; which maps onto h(f;)a; con-
sidered as an element of 7,(/ — L; B).]

We refer to the relations o,[h(B)a;] ' =1, 1Si<d as the van
Kampen relations for the branch point. If Q; is the intersection with
n N of the line BP joining B to a singular point P of Lwe may also refer
to these relations as the van Kampen relations for the singular point P.

3 The practised reader will recognize this as an ambiant isotopy [8].
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Remark. The ambiant isotopy construction may be used to assign
uniquely to each fe n(tnN —V; Q) an automorphism #'(f) of the free
group F, by identifying this group with n,(/ — LUB). Then in 1.2.6 we
could write o;[1'(B;)o;] ' It is interesting to note that the automorphisms
h'(B) map each generator o; into a conjugate of some other generator «;
and map o, ... o, into itself. They therefore define elements of the braid
group B, on d braids [10].

)

g

Fig. 2. The anticlockwise convention

In the application of the above results to the study of Feynman
integrals we are concerned with a variety L defined by a polynomial
whose coefficients are real. We denote by L, C IP™(R) the real part of L,
L,=P"(R)nL. As a set of real points L, may have components of
varying topological dimension. However, the set L, — S = M (S the set of
singular points of L), which in our case will always be nonempty is a
manifold of real dimension m — 1. We denote by M; 1 < i < ¢ its connected
components. Choose a real base point B. With each point Pe M we
associate the element o(P) € n, (IP™ — L; B) defined by an elementary loop
in the complex line BP which follows the real line interval BP except for
small anticlockwise detours to avoid the intersections of BP with L
interior to BP and circles L anticlockwise at P (Fig. 2). Let X be a con-
nected subset of M. We say that X is good with respect to B if any two
points P, P' in X may be connected by a path y = {y(t)} in M such that
as t runs from 0 to 1 no complex intersection of BP = By(0) crosses the
interval By(t). We then have a(P)=a(P’), i.e. we may define o(X) = a(P)
for any P € X. An optimal choice of base point B is clearly one such that
each component M; 1 =i = c is good with respect to B. For the Landau
variety of a single loop diagram such a base point exists [11]. For the
multi-loop graphs studied in the present paper the Landau varieties do
not admit such a choice of base point. However, we have been able to
choose B so that a large number of the components M; are good with
respect to B. This choice is successful in the sense that the corresponding
generators o(M,) generate n, (IP" — L; B) and such that the relations on
these generators obtained by writing down van Kampen relations for
certain real branch points completely define the group. Note that the
completeness of the set of elements {«(M;)} is essential for our purpose,
but that the completeness of the set of relations which we write down is
not essential. It is sufficient to have sufficient relations to reconstruct
uniquely the representation . of the fundamental group.
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A Landau variety L is a reducible algebraic variety. The singular
points of a generic plane section 7 of L are therefore expected to be of
the following types

(1) transverse intersection,

(i1) tacnode,

(i11) cusp.

We are interested particularly in real singular points (since we try to
avoid having to write down van Kampen relations for complex singular
points). As a singular point of the real section a transverse intersection
or node can appear either as a transverse intersection of two branches of
L, (crunode) or as an isolated realpoint (acnode). Since we wish to con-
sider only van Kampen relations which can be written down as relations
on elements of the fundamental group defined by elementary loops
around points of L, we do not consider the acnode case. This gives us the
three cases illustrated in Figs. 3, 4, 5. In the neighbourhood of the singular
point P local coordinates u,, u, may be chosen so that L has local
equation

(1) (uy —uy) (4 +uy) =0,

(ii) (uf —ux)u, =0,

(iil) u3 —ui =0.

We choose a base point B such that P is the only singular point of L
on BP and such that BP does not touch L, i.e. we choose B to be a point
O satisfying the conditions of 1.2.3. We also choose B so that in cases (ii),
(ii1) B stands in the relative position to the real section of L in the neigh-
bourhood of P indicated in Figs. 4 and 5. Then if U is a sufficiently small
neighbourhood of P the connected components K; of Un(L, — P) are
good with respect to B. We denote by o, =wa(K;) the corresponding
elements of the fundamental group constructed by the anticlockwise
convention, the labelling being carried out as shown in the figures. We
will work out in detail the relations between these generators for the
tacnode. Choose as the generic line / the line BP’ for some P’ € K;, and
let 7~ N be a line defined as in the general discussion preceding the state-
ment of the van Kampen theorem (Fig.6). Let =N intersect BP,
BP' =/ in Q,Q,. The construction of the van Kampen theorem now
gives us two kinds of relations

(a) identifications obtained by taking for the path y in zn N a path
from Q, = R to a point S on the opposite side of Q circling Q anticlock-
wise. By following the motion of the intersections of By(t) with L as t
traces this path we can express the generators defined by BS in terms of
those defined by /. For the remaining d —2 generators this results in
trivial identifications but we do obtain two non-trivial relations ex-
pressing o5, o, in terms of oy, a,;
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B

L] 23

o &3

Fig. 3. Crunode

Fig. 4. Tacnode*

%

@3

Fig. 5. Cusp

(b) the van Kampen relations for P obtained by taking a loop f around

Qin tNN.

The task of following the motion of the loops in By(f) obtained by
deformation of «,, ®, may be reduced to successive applications of

* The labels o, and «, in Fig. 4 should be interchanged.
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the generic line {\ /the singular line

Fig. 6. The neighbourhood of a tacnode

2,(0) 2,(0)

Fig. 7. z-plane

Lemma 1.2.7 (Fig. 7). Let z,(u), z,(u) be two points of the complex
z-plane depending continuously on a parameter u. Suppose that for u=1,0
the points are real and satisfy

71(0)<2,(0),  z(1)<z(1).

Suppose also that Im(z,(u) — z,(w)) is positive for any u, 0 <u <1 (so that
the points circle just once). Choose a base point B far away on the negative
real axis and denote by a,(0), a,(0); oy (1), a5(1) elements of n,(C* —{z,}
w{z,}) defined by loops around z,z, constructed according to the anti-
clockwise convention. Then as u varies from 0 to 1 o;(0), a,(0) are carried
into

1 (0) = ey (1), (1.2.8)
25(0) = oy M (1) oty (1) oty (1) - (1.2.9)
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7=nly,

Fig. 8. The complex line tn N

Proof. (1.2.8) is evident. For (1.2.9) we note that the loop a,(0)a,(0)
is mapped into the loop a,(1)a, (1), ie.

1 (0) a3 (0) = ety (1)t (1)
o5(0) = o ' (L)oty (1ot (1)

or

in view of (1.2.9).

To obtain the identification relations for the tacnode we write the
path y as the union of paths y,, y,, arcs circling one quarter the way
round Q (Fig. 8). Lemma 1.2.7 gives the relations between the generators
in the lines By,(0), By,(1) and between those on By,(0)=By,(1) and
By,(1). Hence we obtain

oy =00 oz, (1.2.10)
Ot2=(OC3O(4)~1(X4(O(30(4). (1.2.11)
To obtain the van Kampen relations we write down the identification
relations obtained by linking S to R by the semicircular arc f—7
oy =05 a0y, (1.2.12)
Og = (“1“2)_1a2(a1a2) > (1.2.13)
and eliminate o5, o, to give
oy = (ory 0r0) ™ H oty (0 05) (ot ety 1) oty otp) TH oty (00 005)
oy = (0t 005) " Pt (g 25)° .

The first of these relations is a consequence of the second which may
be written

(0610(2)2 =(a2a1)2 . (12.14)
In view of (1.2.14), (1.2.13) simplifies to
Oy = Oy 0o 01 . (1.2.15)

If two elements «,, a, of a group satisfy (1.2.14) we say that they bi-
commute and write o, @ o,.

The relations between generators in the crunode and cusp cases are
worked out in the same way (again using Lemma 1.2.7). The results are
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Table. Relations between group elements in the neighbourhood of a singular point

Singularity type Identification relations van Kampen relation
Crunode (Fig. 3) oy =03 oy =0, 0y 0y =y 0

Tacnode (Fig. 4) oy =y toga, oy =ogo0’ (o 005)% = (0t 1)
Cusp (Fig. 5) -— 01y 0y 0 = 05 0y 0Ly

given in Table 1. Note that in the cuspidal case o5, a, are elements
defined by loops around complex points of L so we do not write down
the identification relations in this case.

§ 2. Determination of the Monodromy Rings in the Generic Case
2.1. The Feynman Integrals Associated with the Graphs Gy (Fig. 9)

In a space-time of dimension m the Feynman integral associated with
Gy in a theory in which all particles have spin 0 is given as a function
of the energy s, and the masses s; 1 <i < N of the exchanged particles by
the integral

Nodmk;
1(s)=f:ﬂ1 k-2+ls. 8(Zk,—p), (p*=s,). (2.1.0)

(2.1.0) can be written in the parametric form

§(Sa,—1)do ... d
I(s):F(—%(N—lH—N)j [d(a)gmz[p/c)i]?:m/”‘Na-NlHN @

a4
The integration region 4 is the simplex

N
Az{(a):ociz_() Vi, Y oc,-=1}; (2.1.2)
i=1
d(), D(s, o) are the Symanzik functions
N
d(o) =) oy oo 0 Ligq ... Oy, (2.1.3)
i=1
N
D(s, 0t) = So0ty ... oLy — ( > oc,-s,-) der) . (2.1.4)
i=1
ki
<>
P
kn

Fig. 9. The self-energy graph Gy
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The integral (2.1.0) is convergent only in the cases
m=2, N arbitrary, (2.1.5)
m=3 N=2. (2.1.6)

For the remaining values of m(= 2) and N, the integral (2.1.0) diverges and
we must study the renormalized integral defined by a suitable renor-
malization procedure (see § 4).

(2.1.1) may be rewritten in a form in which the integrand is more
symmetric. Define

O .. Oy
o= (2.1.7)
N
gly= 3 o', (2.1.8)
i=0
N
D'(s,) =Y s;0. (2.1.9)
i=0
Then up to a sign
1(s)=r<—ﬂ(N—1)+N)
N (2.1.10)

<Z > (g(@) oD =20 ™2 g™ dag ... doy
J = [D/(a)]—(m/Z)(N—1)+N >
b
where

N
A/={(cx):oc,~_2_0 I1<i<N, ) o=1, g(oc)=0}. (2.1.11)
i=1

The integrand in (2.1.10) has the form
N
5( Y oc,-—l)f(a)doco odoy,
i=1
where f(a) is homogeneous in « of degree

m m m
1+(7-2)—7N+—5(N—1)—N=—(N+1)

so (2.1.10) can be rewritten as an integral in projective space [12] (again
up to a sign)

I(s)=F<—-';—1(N—1)+N)J O™ 2 "7 ™I sy g5
S,

[D/(OC)] (m/2) (N-1)+N
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n is the fundamental projective form

N
n=Y (—D'o;dag...do;_;do,y ... doy (2.1.13)
and =0

A ={(@):0,=0 1<i<N}CPV. (2.1.14)

In-order to study the monodromy ring of I(s) we choose a reference
point B=(1,¢, ..., ¢) in the space

CV 1 = {(s) = (505 S1» ---» Sy)} -

Here ¢ is a positive number, sufficiently small so that B lies above the
normal threshold 1/;=]/svl+ o 4/ sy, e

N2e<1.

(2.1.12) is not an integral of standard form but it may be shown that the
ambiant isotopy component of B for a suitable resolution of (2.1.12) into
standard form is the complement in €C¥*! of the set

N+1
L= ) L, (2.1.15)
i=0
where
Li={(s)}:5,=0} O=<i=<N, (2.1.16)

Ly ={):+)/so£ /s, + - £)/sy=0}  (2.1.17)
Define ¢4 to be the fundamental group
gN = 7‘[1(@N+1 - L; B)

and V) to be the vector space spanned by germs of I(s) with centre B.
Then we have a representation®

L:%,—>L(Vy)=GL(d,C) d=dimVy

defined by assigning to each loop on B the linear transformation of Vy
induced by analytic continuation along this loop. % can evidently be
extended to a representation of the group ring C(%4,) of 4y over the
complex field € into L(Vy). We wish to study the monodromy ring

Ay = ,?((E({ﬁz\,)) CL(Vy).

It is important to note that the ambiant isotopy component of B is
completely determined by the location of the singularities of the integrand

4 The fact that d is finite is established in the course of our investigation.
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for I(s). It is thus natural to introduce the more general integral

3(g(@) [T o

W"I, (2.1.18)

I(s, ) =T(ZA+(N+1)) J

o

which again defines an analytic function on €¥*' — L. The exponent of

D'(«) is determined by the requirement that the integrand be a projective

form. We obtain for arbitrary complex 4;, such that (2.1.18) is convergent,
a representation £ (4) of the same group ¥, and a monodromy ring

Ay(3) = L) (CT(Gy)). (2.1.19)

We refer to the ring .oy (4) associated with Gy, for generic /; (i.e. 4; not
satisfying certain equations — in particular non-integral 4;) as the generic
monodromy ring for Gy. It turns out to have a very simple structure —
it is a complete matrix ring over a vector space of dimension 2V —1
(cf. §2.4). Nevertheless the ring oy , -, of the original integral with
m=2 can be obtained from .«/y(1) by specializing the 4; to the values 4!
appearing in (2.1.12). For I(s, 1), regarded as a function defined on the
universal covering space of C¥*! — L, is continuous in A in the nhd. of
29, uniformly for s in any compact set. The specialization is carried out
in § 3.

2.2. The Fundamental Group 9

We construct a set of elements which generate %, by choosing certain
representative loops on B in the space C¥*! — L. %, is the quotient of the
free group on these generators by the normal subgroup defined by the
van Kampen relations for singular points of L, nodes or tacnodes, lying
in or on the boundary of the region

{(s):5,=20Vi}.

We will need to write down explicitly only certain of these van Kampen
relations, since these turn out to give sufficient information to construct
the monodromy ring .oy (4).

In constructing loops to define elements of 4, we follow the anti-
clockwise convention of § 1.2. (Fig.2). The following components of
L, — S are good with respect to the base point B chosen in § 2.1. (This is
strictly true only in the limit ¢ —0. For small finite ¢ a set of points whose
relative measure —0 as ¢—0 must be deleted from the components.
However, this does not affect the presentation we obtain for %,.)

L?’z{(s):s,.:o sj>0j4=i1/§>zl/s‘j}. 2.2.1)
j*0

Li()):{(s):sozo 5>0 j+0 1/§i>21/§j}. (2.2.2)

JjFi
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LN&I (ZU {1})

L)

alyUfit)

Fig. 10. Tacnodal contact of L, and Ly,

We write a(L0) =, 1 <i < N, a(L})= B3 1 <i < N. Also for any proper
subset y of Q= {1, ..., N} any component of L, — S contained in

Lyi(z) = {(s):s,.>0 foralli |/so+ ¥ [/si=Y 1/5_} (2.2.3)

iey i¢yx

These components are separated only by transverse intersections so we
may make immediate use of the identification relations for a transverse
intersection (Fig. 3) and introduce one element o(y) of 4 defined by any
one of them.

Any real nonsingular point of L in the component L; for some
i,1 £i £ N, can be joined in L, to a point in LY by a real path which inter-
sects the set of singular points of L only in nodal points or in tacnodal
points of the kind shown in Fig. 10. [In Fig. 10 the loop corresponding
to a point P of L, is indicated by the line BP.] The identification relations
for a tacnode are simplified by the position of the base point B (B is not
in the symmetrical position considered in § 1.2) — the elements f;, ; of
4, defined by points of L; on either side of the tacnode are the same.
Any real nonsingular point of L in L; thus defines the same element of
%y as a point in LY : ;= B/ = B;. The remaining identification relation
obtained from the tacnode shown in Fig. 10 is

a(x i) = B0 Bi ! (224
and the van Kampen relation is
(Bix(0)* = (2 (0B:)* - (2.2.5)
Since the components L; of L intersect transversely 1 i< N
BiBi=pif; 1=iLj=<N. (2.2.6)
Similarly we have
BB =PBOB:  i¥j1<ij<N (22.7)

(but B;, B2 do not commute since L; does not intersect the region L} used
to define BY).
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LN#l (}fz)

LN+| (x])

Fig. 11. Self-intersection of Ly,

Next we consider the real self-intersections of Ly, in the interior
of the region {(s):s;>0 0=<i=< N} (Fig. 11). These are nodal points.
We have already used the corresponding identification relations to define
the elements a(y). We now write down the van Kampen relations. The
intersection

Ly (1) Ly () = {(9):5,>0  for all

Vot T Va= ¥ Vs ¥ Va= ¥ Vsl
iexiny2 iexinyl iexinx2 iexiny2
(x' = Q — ) is non-empty unless y; C y, or y, Cyy Of yy Uy, = . Thus we
obtain the commutation relations

a(xr) a(x2) = alx2) (1)
for all proper subsets y;, x, of Q such that (2.2.8)

a2 GtV +2.

Note that we have not named the elements of %, for regions of L,
other than the LY (i=1... N). Neither have we written down the van
Kampen relations for tacnodes on L,. We will show below that the
elements a(y), B;, and f3 generate %,. The additional van Kampen
relations suffice to determine ¢, but will not be required for the deter-
mination of .&Zy.

Now let Q® be the point

Q9 = (o, My - Miets Ll - 1) »
where the #; are positive and less than ¢, and consider the (complex) line
{; given by
s=(1-z)B+2zQ".
This line intersects L at a real negative value z;. It intersects L(y), for
i¢y at a real positive value z(y); moreover, z(y;)< z(y,) if yx Cyse

Finally, it intersects L} and L;(j=1, ... ... N) at real values z,, z; which
are greater than any z(y). The situation is illustrated in Fig. 12.
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2l -2l
122

3 N=3
42.;) s; =constant >0
i=i

Fig. 13

Since each L, (j=0... N) is of degree one in s, and since Ly, is of
degree 2V7!, these real intersections are all intersections of /; with L.
Therefore, by the Picard-Severi Theorem 1.2.2 the corresponding
elements generate 4. For future reference we write down the word at
infinity in ¢, i.e., the anticlockwise loop around the point at infinity in
¢; (such a loop is shown in Fig. 12):

Wi = Ba@) T] () . 2 @) B3 TT 4, (2.2.10)
JFL JFi
where Q,={1...i... N}. Note that the order of elements a(y) in (2.2.10)
is sufficiently determined by the order relations on the z(y) noted above,
in view of the commutation relations (2.2.9).

8 Commun math Phys.. Vol (5§
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We close this section by defining a homomorphism
JiGy- 1~ Gy

which will be needed in the isomorphism theorem of § 2.4. The parameter
space for the graph G,_, may be identified with the subspace Ly of the
N

parameter space C¥*' for Gy. The Landau variety L' = | | L; of Gy_,
No1 i=0

then is identified with (] (L;nLy)U(Lys,nLy)CCY*!. We choose for
i=0

4 y_, the base point B'=(1,¢,¢,...,50)e C""!. For sufficiently small

n any element y of ¥, _, has a representative y which does not come

within a distance # of L. We can then choose ¢ (depending only on #)

sufficiently small that for all ¢, 0 <t < ¢, the loop y(t) = {(5): (S, ---, Sy—1)

€y sy =t} does not intersect L. We then define j(y) e ¥, to be the element

of 4 defined by y(e). If y'is another representative of y, we may choose

the homotopy H between y and )’ so that the image of H also does not

come within # of L'; H then gives rise to a homotopy H(c) between y(e)

and y'(e). Thus j is well defined on % _,.

We remark that

J(Bi) = Bi (k=1,...N—1)
J(BE") = By (k=1,...N—1) (2.2.11)
jla(z)] = aly)a(y WN) (y a proper subset of Qy).

2.3. The Relations Obtained from the Integral Representation

(i) Homogeneity.
The function D'(s, «) is homogeneous and linear in s. It follows that
the function I(s, 4) defined by (2.1.18) is homogeneous in s of degree

N
— Y A —(N+2)=pu (say). (2.3.1)
=0

1

This homogeneity can be expressed as a condition on the representation
ZL(A). If w, denotes the clement of ¥, defined by a loop circling the
point at infinity in a generic line / counterclockwise (i.e. circling all the
points LN/ clockwise) we have

Lwy)=cy,l (2.3.2)
where the constant ¢, is given by
cp=¢expl—2min]. (2.3.3)

(1) Consequences of the Picard-Lefschetz theorem.



Monodromy Rings of Self-Energy Graphs 101

In the group ring €(%), write

wp)=1+a, (2.3.4)
Bi=1+b; 1=i=<N, (2.3.5)
pi=1+b) 1Zi<N. (2.3.6)

It can be shown that in a standard form presentation of I(s, 2) the points
on L used to define the elements o = a(¢), B;, B of ¥y correspond to a
quadratic pinch in the integration space; in the case of « this pinch is
simple. We can therefore apply the Picard-Lefschetz theorem. For a
simple quadratic pinch and integer exponents for the singularities of
the integrand this is given in [8]. The extension to a non-simple quadratic
pinch is given in [13], and to non-integral exponents for the singularities
of the integrand in [4].

In the present situation we obtain from the theorem the relations

Fa*)=A%L(a), (2.3.7)

LbH=B,Z(b) 1Zi<N (2.3.8)
LBY*] =By L (b)) 1Zi<N, (2.3.9)
where the constants 4,B; 0 <i < N are given by
l+A=(—)""exp[2miy], (2.3.10)
1+ B;=exp[—2mil]. (2.3.11)
Thus
ﬁ t+B)=(—)""11+4)=c;". (2.3.12)

To express the further relations derived from the fact that o cor-
responds to a simple quadratic pinch we introduce the notion of a
Lefschetz element.

Definition 2.3.13. An element e of an associative algebra A4 is Lef-
schetz if

e? =Ee
and for all xe 4
exe is a multiple of e.
We then write
exe = (e x)e.
Remark. e+ x is linear in x. If e, f are both Lefschetz

e f=fe.

8%
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Thus the dot product defines a symmetric bilinear product on the linear
span of the Lefschetz elements.
Now we can state the further relations as:

P(a) is a Lefschetz element of .o/y(4). (2.3.14)

The linear functional #(a) - x, x € o/y(4), which appears in (2.3.13) is not

given by the Picard-Lefschetz theorem but must be determined by

exploiting the other relations satisfied by the representation (see § 2.4).
(iii) Localization conditions.

These conditions follow from

Theorem 2.3.15. Suppose L, ... L, are Landau varieties intersecting
transversely at a point O of the parameter space, so that we may choose
local coordinates u with O as origin such that

Li={u:u,=0 1=5iZk.

Choose a base point B in the neighbourhood of O, and denote by y, ...y, the
(mutually commuting) elements of the fundamental group corresponding
to loops on B around L, ... L, and by

Ti=2()-1 1=sisk

the corresponding discontinuity operations in the monodromy ring. Sup-
pose that L, ... L, correspond to quadratic pinches in the integration space
on the varieties P, ... P, and that for u=0 P, ... P, are in general position.
Suppose further that

Pin---nP,=¢. (2.3.16)
Then
T,...T,=0. (2.3.17)

Remark. For k=2 and P,, P, single points, Theorem 2.3.15 follows
immediately from the localization lemma used in the FFLP proof of the
Picard-Lefschetz theorem [8]. We give a sketch of the proof in the general
case:

Construct a metric in the integration space with respect to which
Py, ..., P, are orthogonal, and denote by N;(x) the tubular neighbourhood
of radius # constructed with the aid of this metric. Then for # sufficiently
small

NN = ¢ .
We can choose § = d(y) sufficiently small, that for ueg;

o;={W:u =95 j*i [u;l <6}
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the poles of the integrand are in G.P. outside N;(). Then we may choose
B=(4,0,...,0)

as base point, and take y;=00; 1 £i < N. The ambiant isotopy A4; for
y; may then be chosen to be the identity outside N;() and inside N;(y) to
commute with the projection P, of the normal bundle N,() onto P.

Now let h be an arbitrary integration cycle defining a function
element h. Then if we compute a representative cycle for T; ... T,h with
the help of the ambiant isotopies A; we obtain successively

supp Azh C N (1)
supp 4; ... Ath CN;(n)--- AN ()
and so suppA; ... 4L C NN - AN =¢,
so T, ... Th=0.
h is arbitrary so T; ... T, =0.
We apply Theorem 2.3.15 to the transverse intersection of L, ... Ly.

If 2y, ..., Ay satisfy a certain linear relation we may rewrite (2.1.18) in the
momentum space form, m =2,

N d*k. N
I(s, 2) = J Bl W ) (i; ki — p). (2.3.18)
Now a point on L; corresponds in the integration space to a quadratic
pinch on N
Pi={(k):k,-=0, Z ki—p:O}.
ji=1

The P, 1 £i < N are in general position, and for s, +0, i.e. p+0

Pn---nPy=¢.
Hence Theorem 2.3.15 applies, and we obtain the relation
ZL(by...by)=0. (2.3.19)

It is also possible to derive (2.3.19) from the geometry of the pinches
corresponding to the L, in the a-space, so that (2.3.19) holds for generic A.
In view of the symmetry of the a-space representation (2.1.18) noted in
§ 2.1 we have also for the transverse intersection of L; i #j, I

L(by ... b, ... byb))=0. (2.3.20)
Finally we apply Theorem 2.3.15 to the real self-intersections of
Ly .1 (cf (2.2.9)) and obtain
ZLlaly)al)] =0
for all proper subsets y;, x, of Q such that (2.3.21)
X Cres x2Cns Ve
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where
a(y)=oa(y)—1.

(iv) Physical sheet conditions.

Denote by ¥ the vector in Vy defined by the contour of integration
A" in (2.1.18). ¥ is called the physical sheet. By examining whether the
corresponding point P on L corresponds to a pinch of 4” we may decide
whether ¥ is invariant under a given element of %, (for generic A there
are no polar singularities so ¥ is invariant if it is nonsingular at P). This
gives the physical sheet conditions

Fa)¥ £0, (2.3.22)
Lla)]¥P =0 yx+6é, (2.3.23)
LBHNY=0 1=<i<N. (2.3.24)

Finally an element of &7y must be determined by its action on the
vectors of I, =y Y, ie.

yedyydy ¥=0=y=0. (2.3.25)

It turns out that the ring defined by all the relations except the
physical sheet conditions is already isomorphic with a complete matrix
ring. We do not therefore obtain any additional relations from (2.3.25).
The role of the physical sheet conditions is just to give a matrix represen-
tation of the abstract ring by singling out the vector ¥, and to guarantee
that the tacnode points of Fig. 10 are effective intersections (see §2.4),
that is,

ZLlab]l+Z[bia] (i=1...N). (2.3.26)

Egs. (2.3.2), (2.3.7)-(2.3.9), (2.3.14), (2.3.19)-(2.3.25) are the relations
which we use in § 2.4. Note that the relations listed in this section do not
include the Cutkosky-Steinmann relations used in [11]. These relations
depend on the vanishing of certain intersection numbers of cycles in the
integration space, algebraically not geometrically (the cycles are not
disjoint), and do not persist in the generic case.

24. Derivation of the Monodromy Ring <y in the Generic Case
Let .# denote the set of all proper subsets of Q. For any y € .#, define

b0 =T1b
iey

(with b(g) =1).
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Lemma 2.4.1. For any ye M

Z(ab(y)a) = M(z) Z(a) (2.4.2)
where
M) =(=)"(1+A)~-T](1+B) (2.4.3)
iey

(i.e., in the notation of Definition 2.3.13,
L(a) Lb()]=M(y) .

Proof. For [y| =0, this is an immediate consequence of (2.3.7). For
¥ = {i}, we apply .Z to the bicommutation relation

(@f)? = (B;)?
yielding
[(Z(a) Z(b)—M({i})] L[ab;—bia] =0.
(2.4.2) then follows from (2.3.26).

Suppose now that we have verified (2.4.2) for all [y S m< N —2, and
suppose 7] =m+1, with n =iuy. Eq.(2.3.21) implies

Zlap ] Bial =0;
JEX
applying the induction assumption to this formula gives (2.4.2).
Lemma 2.4.4 [Reduction of the word at infinity]:

2B
=Coo-$iﬂ1 BN+B1'[ z Hﬁjanﬁjﬂ I(—I )[—(2+Bj)]jﬁ-
w’r\XxC=Qq; x y i—(xvy
(2.4.5)
Proof. From (2.2.10) we have
B = wBod) T a({j}) ... @) T] B;- (2.4.6)

JjEi Jj*t

We apply # to this and use (2.3.2). Write a(y) =1 +a(y) and expand

& [a(qs) H T a(Q;)] :

All products
Lo(r)alxa) - alyp)]
vanish by (2.3.21) unless y; Cx, C -+ Cy; Then using

ap)=[1Bellp!
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(2.4.6) becomes
L8] (2.4.7)
—edpoptn S S Tigells-Tlse T 8.

k=1 yu, 22 xx 21 Lx Q= x1v-

where y, ... x, are disjoint subsets of Q; with y;+ ¢ for j>1. Set y =y,
w=0Q;,—(y; V- uUy) From Lemma (2.4.2) we have

[Hﬁ,] ~[1C+B)Z(@, (ze.)

so that
z’[al‘[ﬁja ..a Hﬁja] =(=) J] @+B)Z.
X2 Ak Q2= (xvwy)
But if  is any set of m >0 elements, one has
Y (=),
P

where the sum runs over all ordered partitions P of # into |P| sets. Thus
we may do the sum over y, ... y, in (2.4.7) for fixed y, y; this yields (2.4.5).

We define Iy CC(%,) to be the two-sided ideal generated by the
elements

a(y)a(y) v, wdrow+Q)
by...by Lwe M

W”—C 1} 1<i<N
b? — B;b; - = (2.4.8)
b3’ — Bob}

a? —Aa

ab(y)a— M(y)a x€ M

and form the quotient ring

Ry=C(%y)/ly. (2.4.9)

We denote by g, the natural projection €(%y)— Ry and indicate the
image under gy of an element of €(%,) by underlining. We have shown
that the elements of I lie in the kernel of & : C(%y)— L(Vy), so there is a
natural homomorphism & : Ry— L(Vy).

Lemma 2.4.10. Ry, is finite dimensional.

Proof. €(%,) is spanned by all products of the elements 1, b;, b, a.
The reduction of the word at infinity (Lemma 2.4.4), which is also valid
in Ry (since only the vanishing of the elements (2.4.8) was used in its
derivation), enables us to eliminate the by. We then obtain the following
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finite set of elements spanning Ry

b0 bO)ab(xa), %10 x2€ A . (2.4.11)
Lemma 2.4.12. b(Q,) is Lefschetz.

Proof. 1t is sufficient to prove that

b(2)xb(2) — (b(2) - x)b(Q) =
for each x in the set (2.4.11) and some b(Q,) - x € C. This follows easily
for all x in (2.4.11) once it is established for x =ga. In this case the sym-
metry of the - product gives b(Q,)-a = M(Q,) so we must prove
Y =Db(Q)ab(2) — M(2)b(Q) =
Now 3
by=By j=1...i..N
1_7&/ =0
ay=0.

From (2.4.4) we obtain
2 y=c, [1(1+B)y
Jj*i
But gg"‘ngl implies y=0 or f=(1+By) ™" or 1. For generic 4
f=c, []0+B)*(1+By) 'orlsoy=0.
j¥i

Lemma 2.4.13 (reduction of the identity). The element 1 = b(¢)€ Ry

is linearly dependent on the elements b(y)(y + ¢) and b(y)ab(y). Speci-

fically, if |
Y(x)=[1<— B) (Y($)=1). (2.4.14)
D= — Z M) Y(x), (2.4.15)
xeM
then Yip)
b= T Y0k + T ”D Y habp)=0.  (24.16)

Proof Direct calculation gives
ah=bh=0 1=Zis<N.

Then from (2.4.4) ) 'h =c, h. Since ¢, +(1 +B,)"* or 1 this implies
h =0 (cf. proof of 2.4.12).
We now give the main result of this section.

Theorem 2.4.17 [Determination of fy]. The dimension of Vy is
2V —1, and & : Ry— L(Vy) is an isomorphism onto. Thus Ry = o/y, which
is a complete matrix algebra of dimension 2~ —1.
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Proof. Recall that ¥ denotes the physical sheet. From Lemma 2.4.10,
Vy is spanned by the elements

LY, L[b(x)ab()1¥Y (411, x2€ ).

The following Lemma shows that V) is actually spanned by the 2 —1
elements Z[b(y)]Y, ye /.

Lemma 2.4.18
Lab(¥Y=[]1+B)Z @Y, (2.4.19)

3 (_)Iw~z|c;1
L)1 +a]¥ = u‘)z,zwé/ﬂ——n(l TB)
Proof. Eq.(2.3.23) implies '

2[al181]¥=0 e+ (24.21)
n

LY. (2420

Now (2.4.19) is trivially true for y = ¢; it then follows from (2.4.21) by
induction on [y, using f; ' =1— ——"— .
Since f; (j # i) commutes with f3, we may rewrite (2.4.6) as

8“ = n ﬁjwi({ﬁia(qb) o).

J¥i

Using (2.3.23) and (2.3.24), we have

N
& (ﬂ M) P=cly (2.4.22)
i=1
and multiplying (2.4.22) by Z[b(x)] gives
[Ta+ Bj)g{[ Y b(w)] (1 +g)} YocIly. (2423)

n wonyeH
Taking n = Q; in (2.4.23) verifies (2.4.20) for y = Q,. (2.4.20) follows for
any y, from (2.4.23) (taking n = y,) if we assume, inductively, that (2.4.20)
holds for any %D y,.
We now return to the proof of the main theorem. We write ¥(p)
= Z(b(0))¥. From Lemma 2.4.18 we obtain the relation

ZL(b(yp)ab(x)) ¥ (o)
0 if guy=2Q

(= D)m=vleTh(n)

=vp ) uy P,

ne M

]lP (2.4.24)
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where the coefficients v%, uy are given by

,JO 0 evr=2 (2.4.25)
b= [1B; [] (1+B) otherwise o

eny [ 4

0 wunless nOy
C—l
V= L g = 2426
Uy + Ma+s) "7V ( )
p
-1
- Cop

We may regard (2.4.25), (2.4.26) as defining two sets of 2V —1 vectors
v(y) y e M, u(p) pe # in the vector space

' = ((x) = (x,) g€ 4} .

We claim that for generic 4 each of these sets is a basis for €2" 1,

For the set {u(yp)} this follows immediately from (2.4.26) since the
coefficient matrix [u] = [u¢] is “triangular”, i.e.uy =0 for n ¢ v, uj + 0.
For the set {v(y)} we argue as follows. It is sufficient to show that the
vectors w(y) defined by

y 0 ouyx=Q

A

Ve [] B: [] (1+B) otherwise
eny e~ Z

are linearly independent since

w(x)= [T +B) " v(z),

ie., to show that the corresponding matrix [w]=[w%] has non-zero
determinant. This determinant has degree

< & N N N-1
5 2= g0 ) e

in the B;. It will suffice to show that there is a non-zero term of this degree.
To do this we may specialize to the case in which all the B; are equal.
Then the leading term in B of det[w] is

BN@Y D det[y]

. 0 ouy=2
Ve 1 otherwise.

where
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From the vectors y(y) we can form vectors

2(0=Y (=)"y@m)
nCx
which have components

ZE=0,4—(— ple-oal 5,0,
and are manifestly linearly independent.

Since the sets {u(y)}, {v(y)} form bases for €C2" ! for generic / there
exists coefficients C}(4), DX(4) such that

LpX —
Z Cﬂba"éne’

ye M

Z Diut=9,,.

xe M N
Then

fro= Y LIb(w)ab(y)] CLDY e y(2)
xwe M

satisfies

Jre V=0 ¥, - (2.4.27)

If for some coefficients g, e € we have
29,%,=0
we may apply f,, to this relation and use (2.4.27) to obtain
g,¥=0.

But ¥ +0 so g, =0 for all #, i.e. the ¥, are linearly independent. More-
over the f,, are (2¥ —1)? linearly independent elements of .o (/).

This completes the proof of the first part of the main theorem.

There remains to show only that &: Ry— o/, has zero kernel; we
do this by showing that the dimension of Ry is at most (2% —1)2. In the
course of the argument we will also prove the important isomorphism
theorem mentioned in the Introduction. We proceed by induction on N:
for N =2, Lemmas (2.4.10), (2.4.12), and (2.4.13) imply that R, is spanned
by the nine elements

_b(X1)Qb(Xz) [Xl) X2 = ¢’ {1}7 or {2}] >

thus R, >~ .o/,. We assume inductively that Ry_; is spanned by the
elements

b(x)ab(x2)  (risx2€-4).

Define Pe Ry by P =h,/By (so that P?=P), and let Sy C Ry denote
the sub-algebra Sy = PRyP. There is a natural map p: Ry— Sy given by
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p(x) = PxP;pisalinear map butis not a ring homomorphism. However, if
Yy = {x € Ry|x commutes with P}

then p| Y, is a ring homomorphism.

Now recall (§2.2) the homomorphism j:%,_, —%y; this extends
directly to a ring homomorphism of €C(%,_,) into €C(¥) which we also
denote by j. From (2.2.11) and (2.2.5)-(2.2.8) we see that the image
J(@y_1) C%y commutes with Sy; therefore the image gyj[C(%y)] CRy is
contained in Yy and we may define a ring homomorphism

ky:C(Gy-1)— Sy
by ky = pqyj.
q:(g]\l>l)i‘—l—’RN—1
j
C(@y) kv L
qnN

Ry—2 Sy

Lemma 2.4.28. The map ky is onto Sy. The ideal Iy _{ of C(%y_,) is
contained in the kernel of ky, so that ky may be factored through a map

ky:Ry-1—Sy
with ky =kynqy -1- ky is an isomorphism.

Proof .We denote by primes variables referring to the graph Gy _;.
Note that
Bi=B; (i=0..N-1)
but that
1+A

1+By "~

A =—-1-

The verifications of the first two statements of the Lemma are straight-
forward. ky is an isomorphism because, by induction, Ry_, is a simple
ring, and Sy is not trivial.

Now our induction assumption and Lemma (2.4.28) imply that any
element b(y) € Ry, with N € y, may be expressed as a linear combination
of the elements

b(x)ab(yz)  (rsx2€ ). (24.29)

Clearly, this also holds for any b(y) with ¥ non-empty. An application of
Lemma (2.4.13) then completes the proof.

It is interesting to note that if we require that the representation ¥ of
%, satisfy all conditions of § 2.3, but consider the constants c,, 4, and B;
of (2.3.2) and (2.3.7)-(2.3.9) as independent variables (not connected with
the A’s), the relations imply that these constants must satisfy (2.3.12).
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§ 3. Specialization of Parameters
3.1. Introduction

In this section we consider three specializations of the generic integral
(2.1.18) studied in § 2. The first of these is the convergent integral (2.1.1)
with the dimension of space-time m set equal to two. (The convergent
case m=3, N =2 could be studied similarly.) The second is the integral
obtained from (2.1.18) by setting all the masses equal; we also study
(2.1.1) in this equal mass case. Finally, we study the integrals obtained
from (2.1.18) and (2.1.1) by setting some of the masses equal to zero.

In §3.2 we establish certain algebraic results which we will need in
this analysis. These are applied in §3.3-§ 3.5.

3.2. Rank of the Matrix v

In (2.4.25) we defined a (2 —1)x (2¥ —1) matrix v=[0v%] (1, 0 € ).
In this section we determine the row rank of this matrix when the 4;’s
have values corresponding to (2.1.1) and the set of linear relations which
hold between the row vectors v* In this case B,=0 (i=1,... N), and
(2.2.25) reduces to

X —
LQ

{0 g or neE e (3.2.1)

1 otherwise.

Note that v =0 if |y| + ol = N.
Lemma 3.2.2. For any y,0€.# with |o| <N —|x|, and any k with

lol £k <N —yl,
N—lxl—l@l> ~
Vi = vk
S

voe
lwl=k

Proof. Clear.

The matrix v may be partitioned into submatrices
o = {vll Izl =k, lol =j} .
We have already noted that v¥ =0 if k +j = N. We will be interested in

particular in the submatrices vf with k+j=N —1.

Lemma 3.2.3. The row rank of v is equal to the sum of the row ranks
of the matrices v with k+j=N —1.

Proof. Suppose that
Y avi=0 (ol=N—-k—1) (3.2.4)

[xl=k
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is a linear relation on the rows of v%_,_,. Then by Lemma 3.2.2, this
relation holds for all g; that is, it gives a relation on the rows of v. Con-
versely, let

Y, avi=0 (oe.#) (3.2.5)

xeM

be a relation on the rows of v. Then for |g| = N —1, this reduces to

Y, a,vi=0.
lxf=0
Again from Lemma 3.2.2, this holds for all g, so that (3.2.5) becomes

a,vt=0.

[xI>0

Z a,v;=0

[z]=k

x

By induction we obtain

for all k £ N —1; that 1s, the relation (3.2.5) is the sum of relations on
the rows of the matrices vk _, _;.

Lemma 3.2.6. The matrix v (k+j <N —1) has maximum possible

rank, i.e. N N
rank vf = min[<k>, (j >] .

Proof. Since v is symmetric, we may assume without loss of generality
N N
that < > < <k> We proceed by induction on N; the result is clear for
J
N =2. For the induction step we have two cases:
N N
Case 1. [ | | < .
j k
We partition v}(N) into 4 submatrices w; ... w,

w, =[vi]ley Ldo, wy=[v]ley leg,
wy=[vi]léy 1o, wy=[vf]1¢y leg.

Note that w, =0, and w, =v}f (N = 1), wy = vf_, (N —1).
By the induction assumption both w; and w, have maximum possible

N N
rank. The assumption of case 1 < > < <k> implies
J
N—1 N-—1 N—1 N -1
< =
( j >_(k—l> and (,-_1>—< k >
N—1 —1
rankw1:< . ) rankw4-——<N_ >
J J—1

SO
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N-1 N -1 N .
This gives rank v§(N) = ( > + ( ) ) = < >, which completes the

Jj—1 J J

induction step.

e ()2 2]

We partition v¥(N) into 4 submatrices w, ... w, as in case 1, and note
. . . N
that wy is nonsingular, since wy = vf(N — 1) unless N odd and k= [7} ,

when

N
vi=051"% for 1¢y léo Ix|=IQI=[—5]-

We now define a new matrix x by x%=v% for 1¢ y and

xt=(N=2kvi— Y v vV for ley.
Jtx
Then if 1€y, x=0 for 1 ¢, and for 1ep
xi=—(N—-2k+1)viZ{i].

We thus obtain a partitioned matrix x equivalent to v¥ whose blocks
X1 ... X4 satisfy

x =0, x,=—(N-=2k+Df-;(N-1),

X5 is nonsingular .

By the induction assumption the square matrix x, has maximum possible

N—1 N -1 N
rank. This gives rank v}(N) =< ' )+< k—1> =<k>'

Lemma 3.2.6 implies

N
rankv =2~ — ( > (3.2.7)
[N/2]
N ek
Note that for P < Nel—k the rows of the matrix vy_;_, are

N N N

li ly ind dent. F > th tisf

mea;y independent. For (k) <N—1~k> ey satisfy <N—1—k)

- < k) independent linear relations, and by Lemma 3.2.3 these relations
also hold as relations on the complete rows v* with |y| =k.

We now write down a set of linear relations on the rows of v and

show that any linear relation on the rows of v is a consequence of these.

N
Lemma 3.2.8. For any integer p < [7] and any subset of 2p distinct
indices chosen from {1,...,N}j(i,s) 1<i<p,s=0or1

Z (— 1)Es. p2 s, .. i®sp)l — () (3.2.9)

$1...85p=0,1
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Before proceeding to the proof we write down examples of (3.2.9) for
p=12
p=1: =0 Vij
p=2: v 2k = R g
where Q,,=Q — {r} — {s}.

Proof. We consider the ¢ component of (3.2.9). There are 3 cases.

1. ¢ contains j(i, 0) and j(i, 1) for some i, 1 < i< p.

Then each term v% in (3.2.9), has yng #+ ¢ and vanishes.

2. ¢ does not contain either j(i,0) or j(i,1) for some i, 1 <i<p.

Then two terms in the sum (3.2.9), which differ only in the value of s;
are numerically equal but have opposite sign so the sum gives zero.

3. For each i, 1 £i < p, ¢ contains just one of j(i, 0), j(i, 1).

Then |g| = p so each term in (3.2.9), is zero by the remark preceding
Lemma 3.2.2.

N N
Lemma 3.2.11. There are at least ( ) — (
in the set (3.2.9). P
Proof. The relations (3.2.9) span a vector space R(N,p); we must

show dim R(N, p) g(?j) _(pi]l)' The proof is by induction on N;
the proof is obvious for N =2 from (3.2.10). For general N we define a
map f: R(N —1, p)— R(N, p) by

flZa,p] =3 a ™
and a map g: R(N,p)—»R(N —1,p—1) by

g[Za = ) ay*.

xX3N

(3.2.10)

1) independent relations

Then f is an injection, ¢ is onto, and g f =0, so that

dimR(N, p) 2 dimR(N —1,p) + dimR(N —1,p—1)
-G (Go)-(0)
Z - + -
p p—1 p—1 p-2
()62
p kp—l '
From Lemma 3.2.11 and the remark following Lemma 3.2.6 we see

that the relations of Lemma 3.2.8 are a complete set of relations on the
rows of v. This implies that the sequence

0—R(N —1,p)LR(N,p) L R(N —1,p—1)—-0
1s actually exact.

9 Commun math Phys. Vol 15
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3.3. Dimension of Vy

We now discuss the algebra .7y in the case in which the 4; have values
corresponding to (2.1.1). Care must be taken in this specialization; in
particular, the elements (2.4.29) (or more precisely their images under %)
no longer span .o/y. However, the formulae for the matrix representation

LX)y, = ZM L(x, M)y 0w, oM, xeCTC(%y) (3.3.1)
X€E

continue to hold when we specialize the values of the 4;. (The matrix
elements #(x, 1),, are continuous in 1.) But note that the vectors {y,}
do not remain linearly independent when we specialize the 4, We obtain
this reduction in the dimension of Vj by application of the separation
principle (Lemma 3.3.3).

Suppose that f is a homogeneous function of n complex variables,
of degree d, which satisfies

(1) f is holomorphic in the universal covering of the complement of
an algebraic variety

Lce,

(2) if z, is a point not in L, the germs of f with center z, span a finite
dimensional vector space V(z,),

(3) if z, is a regular point of L, /(z) =0 a local equation of L and U
a neighbourhood of z; sufficiently small that the cut region

U={(z):zeU, argf(z)+0}

is simply connected, there is an integer p such that for any branch f’ of
f1U, [£(2)]F f'(z) is bounded in U

Remark. Conditions (1)-(3) are essentially the conditions defining a
function of Nilsson class [14], except that we have imposed a weaker
form of the growth condition (3).

Lemma 3.3.2. Under the above assumptions f' has a decomposition

J(2)= kZ [£(2)]¢ [log? (2)]* Ay, ,(2) - (33.2)
» @

In (3.3.2) the summation is over a finite set of pairs (k, ¢), kK a non-
negative integer and ¢ a complex number and the functions A4, ,(z) are
holomorphic in U.

Proof. 7, (U — L) is infinite cyclic with generator o (say) and acts on the
vector space V(z,) where z, is a base point in U — L. (3.3.2) is obtained by
reducing the matrix % («) to Jordan canonical form (cf. [1]).

As in § 2.1 we may consider the representation ¥ of n,(C"— L; z,)
defined on V(z,) by analytic continuation.
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Lemma 3.3.3 (separation principle). If in addition to conditions (1)-(3)
formulated above, the homogeneous function f satisfies

(4) no exponent ¢ in any local decomposition (3.3.2) of a branch of f
about a regular point of L is a negative integer, then the relation

P@P=0 VYoen(C'—L;z)

implies that the function ® € V(z,) is either zero, if d is not a non-negative
integer, or a homogeneous polynomial of degree d, if d is a non-negative
integer.

Proof. @ evidently defines a single valued function on C"— L. Lemma
3.3.3 then follows from the growth condition (3) which forces @(z) to be
rational and (4) which rules out the possibility of polar singularities on L.

We have already remarked that our integral (2.1.18) satisfies (1) and
(2). When the A’s are specialized, conditions (3) and (4) follow from the
Picard-Lefschetz theorem.

Lemma 3.34. If ) d,v*=0 is a linear relation on the row vectors

xeM

of the matrix v of § 3.2, the corresponding relation Y d,p,=0 holds
in Vy. xe

Proof. 1t is sufficient to consider the case in which the linear relation
is one of those obtained in Lemma 3.2.8. From the separation principle
it is enough to show

a( Y dxwl>:0, bi( > dxtpx>=0 I<i<N.

xe M xeM

These relations may be directly verified using the explicit form of the
coefficients d, corresponding to (3.2.9).

We now show that there are no more relations among the vectors
¥,. Let W denote the vector space C?"!, and let W’ be the subspace

Y dv* =O}.

xeM

4 ={dl

Then the vectors v* span the dual space (W/W')* C W*. Let f: W—-Vy
be defined by

fdn= % d,%,.

xeM

£ is onto. Then (2.4.24) becomes
L[b(p)ab()] f(w) =" w) f(u?). (3.3.5)

Lemma 3.3.6. The relations of Lemma 3.34 exhaust the relations
among the vectors ¥,

9%
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Proof. This is precisely the statement that the kernel of f is W’ (we
know ker f D W' by Lemma 3.3.4). Suppose then weker f, but w¢ W’
Since the v¥’s span (W/W')* there is some ge.# with (v?-w)=+0;
applying (3.3.5) with y =, p = Q;; gives

0=(0 w) f(™),
so that

fu®) =g, +vo1=0.
But again from (3.3.5) (with p = ¢)

L)W, =fu?)=ZL(@VY.
Thus Z(a)¥ = 0, contradicting (2.3.22).

. . . AN N

Corollary 3.3.7. The dimension of Vy is 2 ([N/2]>'

Proof. This follows from Lemmas (3.3.4) and (3.3.7), and Eq.(3.2.7).

As we have seen in § 2 the representation £ (A1) of ¢ is irreducible for
generic 4. However, in the specialized case under discussion the represen-
tation is reducible. The reducibility of the representation may be anti-
cipated by considering the integral (2.1.0). Each discontinuity of I(s) is
given by integrating the differential form which appears in (2.1.0) over a
suitable cycle. The cycles which arise in this way are of a particular
form — they are coboundaries of cycles which lie on the intersection of
one or more of the pole varieties

S;={(k): k? +s;,=0}.

The Leray residue calculus may thus be used to express the discontinuities
as integrals in which one or more of the propagator poles (k7 +5;)! in
(2.1.0) is replaced by a o-function [8]. We may define a sequence

Vy=WeOoW!>...oW¥D¢ (3.3.8)

of subspaces of Vy:

Wk={#eVy:# has a representation as a linear combination of
discontinuities, each one of which can be written as an integral in
momentum space in which k of the propagator poles are replaced by
o-functions}. The subspaces W* of (3.3.8) are invariant under % so . is
reducible.

We now define (from a purely algebraic point of view) a sequence V*
of subspaces of Vy, which are invariant under .%. Presumably this
sequence can be identified with the sequence (3.3.8).

Lemma 3.3.9. There is a unique minimal subspace of Vy invariant
under %.
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Proof. Let V be an invariant subspace of V, and x a non-zero vector
in V. Then we may find a vector v* such that v*-f~!(x)+0 (where
[ W— Vy is defined above Lemma 3.3.6), and hence

ZL[bw)ab(lx = [v*-f ()] f@)*0 (3.3.10)

for all y e .. V thus contains all the vectors f(u*) and hence their span.
It is easy to check that this subspace I/;, of V is invariant.
For each y e .# we can write

Lla()w, = ZLBap(n) Hy,

3.3.11
=/ 2Zmiyp,), ( )
where
=Y (=1, (3.3.12)
wCx
and
mi= Y u’. (3.3.13)
wCx

From (3.3.13) it follows that V,,, = span{f(m¥), y € 4}, i.e. the span of
the discontinuities for the leading Landau variety. Thus certainly

Vmin

cww

which motivates the definition V¥ =V, .. For k,0 <k < N —1 we define

V* to be the minimal invariant subspace of Vy containing all vectors 1,
with |y| = k. Clearly V*c Wk

Lemma 3.3.14. For

N
k g [-;i] Vk = Vmin .

k<[N;1} dim(V"—V"“):<]Z>—<k]j1).

. N _ N - N
dim Viip =2 <[(N + 1)/2]> ([(N + 1)/2]> '

This Lemma is readily proved with the help of Lemma 3.2.6.

For

On WP, and hence on V,;, C W", there is a natural scalar product
defined by

g, ' g, = Kronecker index of a pair of cycles gy, g, on

S;n -+ NSy defining the discontinuities g,, g, of I(s).
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The scalar product is symmetric for N even, antisymmetric for N odd.
This scalar product on V,,;, may be recovered from our algebraic results.
We may regard the scalar product as defining a linear map 7 of V;, into
its dual space. From the Picard-Lefschetz theorem we know that for
each ye A

t(f(m¥) =c, L%, (3.3.15)
where /* is to be regarded as defining an element of V% via

(x=(0f"Hx) xeV,

min

and c, is some constant to be determined. The symmetry property of the
scalar product noted above gives

t(f(m*)) - f(m*2) = (= 1)V 2 (f(m*)) - f(m*").
But a direct computation gives
0t = (= )Nz i (3.3.16)

so if we normalize t by taking ¢, =1 we have ¢, =1 for all y. If for some
constants a,
Za,f(m*)=0
(3.3.16) shows that for any p
Za /l* f(m¥)=Za,* - m¥
=(-1)"Za, ¥ m*=0,
ie. that Xa,/* defines the element 0 € V. The map t defined by (3.3.15)

with ¢, =1 may thus be extended to a linear map t: V,,;,— Vx, as
required by homological considerations.

34. Equal Mass Case

We now consider the integrals (2.1.18) and (2.1.1) in the case where
all internal lines have the same mass:

S =85 =5,=-=8y. (3.4.1)
Let €2 denote the subspace of CV¥*! specified by (3.4.1); we thus wish to
find the representation %, of m,(C*—C*nL) generated by I(s, A)|C>
[see (2.1.18)] or I(s)|C? [see (2.1.1)]. Our base point B for 7, (C¥ ! — L)
=%, was chosen to lie in C?; thus if we also use B as a base point for
7, (C? — C* N L) there is a natural map

e:m(C*—C*nL)~>%,.
We clearly have
go = ge s
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so that finding the representation £, is equivalent to finding e. Note
that even if our sole objective were to construct the monodromy group
in the equal mass case, it would still be useful to consider the case of
unequal masses. For the fact that the Feynman integral regarded as a
function in s, s’ is a restriction of a function analyticin s, s; ISi<N
gives us additional information on its monodromy ring which is ex-
pressed by the factorization of %, through e.
Now C?N L is given by

=0
so=k?s (k=N,N-=2,...;k=0)
50=0.

We let o, (k> 0) denote the generator of r,(C? — €*~ L) corresponding
to the line s, =k?s’ (see § 2.2), and B denote the generator for s'=0; we
do not need to consider the generator for s, =0 since its image under
%, may be obtained from f, the o, and the loop at infinity (which is
again represented by ¢, times the identity). The line s, =k?s’ (k> 0) is

the intersection of all surfaces Ly, ,(y) (2.2.3) with |y| = ~1y_—k Since

2
the generators a(y) for these surfaces commute, we have
elw)= [ o). (3.4.2)
|x|=(N=k)/2
Similarly,
eB)y=p, ... Bn- (3.4.3)

We now turn to the question of the dimension of the representation
%,, that is, the dimension of the subspace Vy of Vy spanned by vectors

{(ZLo»)¥lyen (C~C*NL)}.

Theorem 3.4.4. a) For generic A, Vi =Vy, so that dimVy =2" —1.
b) For the X’s specialized to correspond to (2.1.1), V is spanned by
the linearly independent vectors

w= Y ¥, (k=0,1,..N-1) (3.4.5)
lel=k
so that dimVy = N.

We remark that the conclusion of b) is obtained if the A’s are only
specialized to satisfy
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Proof. a) We will show that the orbit of ¥ under the action of f§ spans
Vy. Fornz=1,

Lo(PHY = Z Alo,m) ¥, (3.4.6)
oe M
where
1+B)'—1
Ale.n =[] [(—%}

as may be easily verified by induction. Thus it suffices to prove that the
matrix {A(o,n)} (o€ .#,n=1,...,2% —1) is nonsingular. But A(p, n) is
equivalent to the matrix

A'(o, n)

I

)y (H B,->A(x, n)

xce\ x

[ﬂ(l +B,)]”

e

Il

The determinant of 4’ is a Vandermonde determinant and is non-zero
as long as
[TA+B)=*=]][(1+By)
0 e
for any distinct ¢ and ¢ in /.
b) In this case
B,=B,=--=By=0 (3.4.7)
so that (3.4.6) becomes

LW =Y ¥ (121

k

=1

0
The matrix

{(n*} (n=1,...N;k=0,...N—1)

has non-zero determinant, so the vectors ¥, all lie in VY. It follows from
Lemma 3.3.6 that these vectors are linearly independent. Finally, (3.4.7)
implies that the operators £ (f) and #(«,) are completely symmetric in
the indices 1,... N. The vector space spanned by the ¥, is therefore
invariant under these operators, and must coincide with V.

3.5. The Zero Mass Case

We now study the representations generated when the mass of one
line in the graph Gy is set equal to zero. Since the amplitude I(s, 1) is
singular on the surface €~ = {s|sy =0}, some care is needed in this
discussion. For generic 4, the Picard-Lefschetz theorem implies that in
a neighbourhood of any point of C¥ — C¥~ L we may write

I(s, 2) = syt T*MR(s, 1) + S(s, 1), (3.5.1)
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where R and S are analytic in this neighbourhood. It is natural to study
the analytic properties of both R(s, A)|C¥, a sort of residue of I(s, 4), and
S(s, 2)|€N, which is indeed the restriction of I(s, A1) to €V whenever
Reiy < —L.

Recall that ¥ is the germ of the physical sheet of I(s, 4) defined at the
base point B=(l, ¢, ... ¢). From (3.5.1) we see that the formulae

b
1 (1+in) ON
@ Sl}:x_l}os,\, ~—BN v, (3.5.2)
. by
O=Ilm|{l—-—"|¥ (3.5.3)
sN—>0 BN

give well defined functions at the base point B=(l,¢,...50) of
C¥ —C¥~L, which may be analytically continued throughout
CY - C"NL. ¢ and O generate representations

L TGy ) > LV,

L, C@y-1) > LY,
respectively.

Theorem 3.5.4. There are natural isomorphisms
friVD —=byVy,
b
fve=(1- ).

N
and for i=1,2, and ye %y _4,

L) =i LWL ;- (3.5.5)
Here j: 9y _ > %Gy is the map of §2.2.
Proof. For ye 9, _, we define
SHIZ P =[ZLj1Wby Y,

. b
[[Z (0] =[Z]] (y)[l - B—N} Y.
N
The above properties are then easily verified, using the fact that by
commutes with j(%y_,). Note that (3.5.5) states essentially that &; is

1

. iy b )
given by restricting £ to byVyor| 1 — E”~> Vy, for i=1,2 respectively.
N
We will not discuss these representations in detail, but will point out

several immediate consequences of Theorem 3.5.4. Define

¢39=$1(I;[b§>@ (@CQy),

9,= ,%2([11;;)@
4
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where again we have used primes to denote elements of €C(%,_,). The
vector space V{!) has dimension 2V~! —1, and we may take as basis
{®@,l0# Qy} (note D, =0). In fact, it follows from Lemma 2.4.28 that
&, 1s 1somorphic to the standard representation associated with the
graph Gy_,. The vector space V\* has dimension 2" ~! with basis {© }.
It may be shown that %,[C(%y_,)] is a complete matrix ring for i=1, 2,
of dimension 2¥ ' —1 and 2V7!, respectively.

We will not discuss the modifications of this behavior which occur
when the A’s are specialized to correspond to (2.1.1). Such a discussion
could easily be obtained by the techniques of this section, § 3.3, and § 4.

§ 4. The Renormalized Integrals
4.1. Introduction

In this section we discuss the analytic structure of the renormalized
integral in the case in which the dimension m of space-time is set equal
to 4. A similar discussion could be given for other values of m.

To define the renormalized integral for the graph G, we use the
method of analytic renormalization developed in [15]. We denote by
# = {4y} an arbitrary generalized evaluatorin the sense of [15]°, and by
J9 the particular evaluator defined by

J Fdp, ... dpy

INFw) =Y o
oy

geSN

(4.1.1)

[n1l=Roq1) lunl=Ro(ny

In (4.1.1) F(u) is a function such that for some integer m

F(u)( I (Z u)) (4.1.2)

xeMO{ \iey

is holomorphic in the neighbourhood of u = 0. The summation is over all
permutations of 1, ..., N and R, ..., Ry are small positive real numbers
satisfying

Ri>R, +--+R;_; for 2<i<N. (4.1.3)
The integral (2.1.18) is convergent for

N
Red,+(N+2)>0 (4.1.4)
i=0

i=

® The evaluator .# must satisfy the following additional condition. Let F(u) be a function
asin (4.1.1), and let F,(uy, ..., uy) = F(z g, ..., zpy) foranyze C. Then S F, = F F.
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and defines for s in the neighbourhood of the base point B a function
holomorphic in £ in this region. However, the value of 4 corresponding
tom=4

lo=0 A=-2 1ZigN (4.1.5)

does not lie in the region of convergence. In [15] the function
J(s, 2) =1(s, D1y =0 (4.1.6)

is considered, and it is shown that for s in the neighbourhood of B this
function is the restriction to the region

N

> Red+(N+2)>0 4.1.7)

i=1
of a function E(s, 2) meromorphic in the entire space C¥ of 1. We will
need the following more precise statement about the behaviour of
E(s,4) in the neighbourhood of the point (4.1.5): if y; =2=i(4;+2),
E(s, #) admits a representation

E(S, /1) — z Eo’(s7 ﬂ)

. 4.1.8)
cedN (:ua(l) + e +,ua(1v)) (ﬂa(l)"‘ﬂa(Z))

Here the summation is over all even permutations of {1,..., N} and
E(s, ) is holomorphic in u in the neighbourhood of u = 0. The physical
sheet of the renormalized amplitude is then defined to be

JE(s,2)=F(s). (4.1.9)

The extension construction can be applied also to the integrals which
define other sheets of J(s, 4). If ye ¥, we obtain in this way the com-
mutative diagram

Jis,4) s TR)J(s,A)

l analytic con- analytic con-
tinuation n 4 tinuation m A
E(s, ) S AC/EN T(y)E(s, 4) (4.1.10)

X |
F(s) T, T(y)F(s)

T(y) denotes the operation of analytic continuation along some re-
presentative loop for 7. As in §2.1 we may introduce the vector space
V. s spanned by germs of Fy(s) with center B and consider the represen-
tation

ZLy:9y—L(Vy ) =GL,C) d=dimVy,
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defined by analytic continuation. (We show below that dimVy , is
finite.)

To determine ¥, we start from the results established in § 2 for the
generic case, which according to the upper square of (4.1.10) are valid
also for generic 4 in the neighbourhood of u=0. The vectors v, y € .4
span Vy(4), but it does not follow that the vectors £y, y € .4 span Vy ,.
For when we express an analytic continuation of E(s, 4) along some path
as a linear combination of vy, the coefficients ¢, depend on the para-
meters A and

J(c,(1)p,) may not be equal to ¢,(0)fy, .
A simple example should make this point clear and illustrate the technique
of constructing .¥,. Consider the function

z*
—. 4.1.11
i (4.1.11)

For p =0 this function is holomorphic in € — {0}. Its germs over a
nonsingular point span a one-dimensional space on which the infinite
cyclic group 7, (€ — {0}) acts. If y denotes the generator of this group the
representation is given by

L)y = (exp2nip)y. (4.1.12)
The operation .# applied to (4.1.11) gives
logz. (4.1.13)
The germs of this function span a vector space of dimension 2, with basis
v, =Ffp=1logz and y,=S(uyp)=1. (4.1.14)
The action of 7, (C — {0}) on y,, y, may be deduced from (4.1.12)
Ly = I (L)) = F(exp2rip)y)
=y, +27nip,,
LWy = I (uLy)y) = I (uexp2rip)y)
=Y,

since £ (1*yp) =0 for k = 2.

Returning to the discussion of the Feynman amplitudes, we denote
by M(y) the set of all monomials

um =TT (4.1.15)

iey
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in the variables {y; i e y}. Here m;, i € y are non-negative integers and we
use the customary multi-index notation m = (m;, i € y)

m| = Zm; m!znmi! (4.1.16)

Set
Ay, m)=SI(u"y,). (4.1.17)

From our results for the generic case it is clear that these vectors span
V, n — if we take our expression for #(a), Z(b;) applied to p, as a sum
of vectors Z¢,(1)y,, multiply by 4™ and apply .# we obtain corresponding
expressions for Z,(a), £,(b;) applied to A(y, m) as a sum of vectors
A(y',m’). (The explicit formulae are given in §4.2.) V, y has finite dimen-
sion in view of Lemma 4.1.18.

Lemma4.1.18. A(y, m) =0 unless
1) 7]+ Iml <N,
1) me M(y).

Proof. For y = ¢ this follows immediately from (4.1.8). For y & ¢ we
need a corresponding decomposition of p,. In momentum space p,
may be written as a repeated integral over the momentum vectors k;
i€y and then over the k; i € ;. The first integration gives the physical
sheet of the graph Gy_,,; and the second integration is over a compact
region. If we substitute for the first integral its decomposition (4.1.8) we
obtain for y, the decomposition

E%(s, )
cedN x| (#a(1)+ +luU(N_IX|)) (#a(1)+ﬂa(2)) '

P, (s, 1) = (4.1.19)
where the summation is over even permutations of the indices in y'. The
statements of Lemma 4.1.18 follow immediately from 4.1.19.

The only essential point in the determination of .#, remaining is to
decide what linear relations hold between the vectors A(y, m). We
exhibit in § 4.2 a number of these linear relations but we are not able by
our algebraic methods to determine the dimension of ¥y , because there
are a number of vectors in Vy , representing single valued functions and
we cannot decide how many of these may be zero.

A comparison between the method of analytic renormalization and
the method of subtraction yields the following

Lemma 4.1.20. For |m| 21 A(y, m) is a polynomial in s,.

Proof. For y = ¢ we note that the proof of the equivalent of the method
of subtraction and that of analytic renormalization gives

@ g [ i )
p=E(sg, 1) =), <—- E(s, /))

=0 ]' d56

+RE(s,7), (4.121)
0

S0 =
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where ZE(s, ) i1s holomorphic in 4 for u=0. Multiplying (4.1.21) by
u™ and applying .4 we obtain

w(G) o &
Alp,m)= Y > <<—- E(s, z)> ) (4.1.22)
j=0 J! dsj, 50=0

a polynomial in s, of degree < w(G).

The proof for y % ¢ is reduced to the preceding case by the argument
used in the proof of Lemma 4.1.18.

We will obtain more precise information on the functional nature of
the A(y, m) in §4.3.

4.2. The Linear Relations on the A(y, m)

Lemma 4.2.1. For all v € 4 and multi-indices m, 0 <|m| <N —1 —|y|
we have

a1
3 (= )" —— A, m+m)
m e M (W) m'!
LE|m/|SN~1~|p|~|m| (4.2.2)
+ Z Z (_1)|m'|+ln-wl X A(q,m+m’)=0.
n2y m'e M(n') m.

# n
0|m'|SN=1~|n|=|m|

Proof .For all y € 4 the vector Z(b(p)a)¥ € Vy(A) can be represented
as an integral over a compact contour in momentum space, or in ¢-space
over a contour which does not bound onto any a; =0 plane. It therefore
has no divergences as u— 0, i.e. it defines a function holomorphic in x in
the neighbourhood of y=0. Thus for all m with |m| >0 we have from
(2.4.24)

/{u"’ > u‘,’jlp,,}zO. (4.2.3)

ne M

Substituting the explicit form of the coefficients as functions of u given by
(2.4.26) and (2.3.11), (2.3.12) we obtain (4.2.2).

Examples. For N =2 Lemma 4.2.1 gives us no relation.

For N =3 we obtain 3 relations (m = {i}, p = ¢)

- };, I pww)= Z Fpiw), (4.24)
J¥i J

We have now expressed in the above Lemma the fact that discon-
tinuities of ¥ across the leading LLandau singularity have no divergences,
and in (4.1.29) the fact that discontinuities ¥, across one or more of the
internal mass singularities L; have only divergences corresponding to
certain subgraphs of G,. It remains to decide what divergences may
appear in a discontinuity taken across the second-type singularity L.
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In the case m =2 £ (b}) Vy C Vi the subspace spanned by discontinuities
across the leading singularity. This does not mean, however, that the
functions % (b})y have no divergences in the case m = 4. In fact the pinch
corresponding to the second-type singularity s, =0 is given by

N
d@)=0 Y as,=0. (4.2.5)
i=1

For N =2,3 this does not intersect the o; =0 planes so £ (b})y has no
divergences, i.e. is holomorphic in u for p=0. But for N > 3 it has non-
zero intersection with the sets

{(@):0,=0 Viey) (4.2.6)

provided [y| £ N — 3. Z(bl)y thus has a corresponding decomposition

—5 Hi iy (8 1)
(‘Zitel i) - (Zie!)i,.,.lN_

Z(bh)y , (4.2.7)

3.ui)
where the summationis over all ordered subsets containing N — 3 indices,
and the functions H are holomorphic in g at u = 0. (4.2.7) can be rewritten
in an equivalent form by using (2.4.5) and noting that all terms involving
a define functions holomorphic in g and may be absorbed into the
functions H. The resulting formula no longer contains j. A similar
discussion may be given also for Z(bh)y, x * ¢.

We conclude this section by showing how the decomposition formulae
(4.1.8), (4.1.29), (4.2.7) may be used to obtain further linear relations on
the A(y, m).

Consider for definiteness (4.1.8). We obtain a linear relation

2c,A(p,m) =0 (4.2.8)
if we can find a polynomial
Ze,u™= Py (4.2.9)

of degree N —1 such that for all o e A"

J( Pl > 0. (4.2.10)
Moy + - F o) - (o) + Ho2y)

For

f< P(u) E,(s, 1) >
Moy + - F o) - o1y T Ho(2))

—E s, 0)f< Pty )
(Hoiy T+ F o) - (o) + Bo(2)




130 G. Ponzano, T. Regge, E. R. Speer, and M. J. Westwater:

(4.2.10) gives a set of linear equations on the coefficients c,,. A first sight

there are too many equations at least for large N and one would expect
only trivial solutions. But by looking for solutions with some symmetry
and exploiting the symmetry properties of .# we can show that there are
non-trivial solutions for any N and any choice of .#. It appears difficult
to determine how many solutions exist in general. Note that the co-
efficients in the linear equations for the ¢,, depend on .# so that to obtain
the linear relations (4.2.8) explicitly in a particular case we must choose
a particular .#, say . = .#°. For N = 2,3 we obtain 1, 3 relations (4.2.8)
respectively.

4.3. The Functional Form of the A(y, m)

We distinguish four types of functions:

w(Gy)

A. homogeneous polynomials in s of degree

5

B. multilinear functions of Ins; 1 < i < N with coefficients of type A

/= ZC(X) [[(ns) c(peA.

iey

We call max |y| the logarithmic degree of f.

. G .
C. Polynomials in s of degree w—(zﬂ + 1, divided by s,
D. multilinear functions of Ins; 1 <i < N with coefficients of type C.
It will follow from the results in this section that Vy , has an invariant
subspace K such that the induced representation of %y on Vy ,/K is iso-

morphic with the representation of 4, obtained in the case m =2 (§ 3.3).
Lemma 4.3.1. If |y} +|m/ =N —1 and |m| =1, A(y,m) is of type A.
Proof. From (4.1.28) we have

biA(,m)=A(yu{i},m)=0 1=si=N.

Also aA(y, m)=0 since A(y, m) is polynomial in s, (4.1.30). A(y, m) is
thus a single-valued function. The only pole of the renormalized ampli-
tude is the second-type singularity s, =0 which is a simple pole. But this
pole cannot appear in A(y, m). To complete the proof of the lemma we

o(Gy)
2

must show that A(y, m) is homogeneous of degree -1in s. Note the

renormalized amplitude is not homogeneous in s. However, if we write
down the equation which expresses the homogeneity of u™y, for generic
u in the neighbourhood of u = 0 and apply .# to both sides we find that
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A(n, m) is homogeneous modulo terms in A(y, m') with |m'| > |m|

Wrp,(cs) =c p,(s),
A(n, m) (cs) = c® 2 A(n, m) (s) 4.3.2)
_ ; (=)™ (logc)m™!
/2 mi
te ; Qi)™ m'
1=|m'|SN=1—|n|—|m|

In the present case n = y these additional terms vanish so A(y,m) is
homogeneous.
We remark that (4.3.2) shows that the sheets A(y, m)(s) of the re-
normalized amplitude satisfy
A(n, m) (es) = O(|c|* ™ (log fe[yN =+ ~ I =Iml). (4.33)

Lemmad.34. If N—1—|y|—|m|=j and |m| =1 A(y, m) is of type B
with logarithmic degree j in the variables Ins; i€ y'.

0 (GN)/2 =2/ 2mi

A, m+m')(s).

The proof is by induction on j starting from the case j =0 (Lemma
4.3.1). Consider
Br,my= 3, (=D [] (—1— lnsi>A(xuw, m).
e icp \ 2mi
For 1 £i < N we have b;B(y, m) =0. Since B(y, m) is polynomial in s, it
follows that it is single valued and nonsingular for all s. By (4.3.3) it is
polynomially bounded, and hence a polynomial. By (4.3.2) this poly-
nomial is homogeneous of degree w(Gy)/2. By the induction assumption
A(yuwp, m) is of type B with logarithmic degree j— || in the variables
Ins, ke(yuy).

It is interesting to note that if we use (4.3.2) to examine the homo-
geneity of B(y, m) we obtain for B(y, m)(cs)— c?“~/2 B(y, m)(s) a poly-
nomial in logc multiplied by ¢®¢~/2 which must vanish identically in
logc. Equating to zero the coefficients of (logc)” 1 < £ <j we obtain
a further set of identities on the A(y, m).

We now consider the question: do the identities on the vectors y,
which we established in the case m =2 ((3.2.8), (3.3.4), (3.3.6)) persist in
the renormalized case? This is answered by Lemma 4.3.6.

Lemma 436 If Y d,p,=0 is a linear relation on the vectors

xe M
Ixl=j
: N .
y, € Vyinthe case m=2, N — 5 <jEN-1
Y dAG¢)=D
xe M, x| =j

is a function of type D of logarithmic degree N —1 —j in the Ins;.
The proof is by induction on k=N —1 —j. For k=0 we have b;D =0
1=<i<N. Also aD=0 in view of 4.2.1. D is therefore a single-valued

10 Commun. math Phys., Vol 15
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function in s, and can at worst have the s, =0 pole. Thus s,D is every-
where nonsingular. From (4.3.2), (4.3.3) it follows that it is a homo-
geneous polynomial of degree w(Gy)+1. For k>0 we note again that
aD =0 in view of 4.2.1. Also from the explicit form of the identities in
the case m=2 we see that for all p |p| =1 b(p)D is a sum of the same
kind with k' <k and hence by the induction assumption a function of
type D of logarithmic degree N —1 —j — |p|. We consider

B=D+ ) (—1)"”‘H<2Lnilnsi>b(tp)D.

vilylz1 iey
b;,B=aB =0 so B is a single-valued function. As in the case k=0 it
follows that s,B is a homogeneous polynomial of degree w(Gy)+ 1.
We remark that 4.3.6 cannot be improved to give D a polynomial in
so. For an explicit calculation in the case N =2 gives

A(1,0)—A(2,0)=515_—32.
0
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