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Abstract. Taking into account the fact that space groups are groups of trans-
formations of Euclidean n-dimensional space, non-equivalent systems of non-
primitive translations are defined. They can be brought into one-to-one corre-
spondence with the elements of the group H'(K, R"/Z") or with those of the group
HY\(K, Z"kZ™[H (K, Z"™). (K is a point group of order k.) The consistency of these
findings with the results of Part I is given by the isomorphisms

H(K, Z") =~ H'(K, RY/Z") =~ H(K, Z~/kZ")/H (K, Z") .

Theorems are proved giving the conditions for cohomology groups H¢(K, 4) to be
zero. These conditions are fulfilled in particular if 4 = R” and K is a subgroup of
GL(n, R) that either is compact (then ¢ > 0) or has a finite normal subgroup
leaving no element of R invariant (then ¢ = 0). This implies that the affine, the
Euclidean and the inhomogeneous Lorentz groups are the only extensions of R* by
the corresponding homogeneous groups. By way of illustration, the theory of this
paper is applied to two 2-dimensional space groups.

1. Introduction

In a previous paper [1], referred to hereafter as Part I, space groups
were presented as group extensions, and several possible ways of con-
tinuing the investigation in question were mentioned.

One of these ways concerned the application of the theory of group
extension and of the cohomology of groups to generalizations of space
groups. A first generalization is obtained when time inversion is added
to the spatial symmetry elements. The groups thus obtained are called
Shubnikov groups or magnetic groups. These groups have been discussed
in [2] from the point of view of group extensions. However, the generali-
zation principally aimed at is the study of the crystallographic groups
of space-time. Several papers concerning the general aspects of the
problem, the discussion of special four-dimensional cases and of the two-
dimensional case are being prepared.
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Here we continue our investigation of the ordinary (crystallographic)
space groups. This is interesting by itself, since space groups, although
at the very basis of solid-state physics, are not yet fully exploited in that
context. Furthermore, some of the problems one meets when dealing
with the above-mentioned generalizations are already encountered — in
their simplest form — in the study of space groups.

Going as far as we do in the algebraisation of the study of space
groups is meaningful for physics. Let us not forget the impulse that the
publication of Seitz’s paper [3] has given to solid-state physics at a time
— 1934 — when space groups were — in principle — perfectly known.
Feporov and ScHOENFLIES had determined all three-dimensional space
groups not later than 1891. (For a discussion of the history of this dis-
covery, see [4].) In 1919 already, P. N1car1 [5] had published “‘the most
thorough investigation alloted so far to a special domain of group theory
[6]”. And yet in 1934 Seitz thought that “in applying the consequences
of the theories of crystal symmetry to mathematical-physical problems
the need is felt for a derivation and expression of these consequences in
terms of a matrix-algebraic scheme”. The subsequent development of
solid-state physics showed that he was right.

The advantage of the algebraic methods used in this paper lies not
in its possible elegance (with Boltzmann we leave that to the taylors)
but in the possibility of giving conceptual proofs of theorems, proofs that
involve, for instance, mappings between sets of elements and not the
elements themselves. This way of thinking should also permit to bring
out more clearly the general features of a physical situation without
resorting to the special features of a specific model.

Placed in historical perspective, this series of papers is but a further
step, after the numerous steps that have preceded, in the direction of an
algebraisation of crystal physics.

In Part I it was shown that all space groups G may be presented as
extensions of U by K

0>U—->G—~>K-—>1

where U is free abelian of rank » and maximal abelian in @, and K is
finite. To find all space groups amounts thus to finding all extensions of
U by K. After the choice of an isomorphism A: U =»>Z" (i.e. after the
choice of a free set of generators for U) one has thus to calculate the
second cohomology group H2 (K, Z") of K with coefficients in Z”, where
@ is a monomorphism ¢: K —> G L(n, Z). It turned out that, in order to
obtain all non-equivalent space groups, it is sufficient to take one repre-
sentative ¢ (K) of each conjugate class (and there is only a finite number
of them) of finite subgroups of G L(n, Z).

The algebraic structure of space groups as it emerged in the historical
development seems at first sight to be different. Stated in modern
10 Commun.math. Phys., Vol.11
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language it appears that to each equivalence class of space groups there
corresponds an element of a first cohomology group H} (X, R"/Z") and
not an element of a second cohomology group as above. One arrives quite
naturally at this result if one studies the structure of space groups as
groups of transformations of Kuclidean n-space. Then it becomes clear
that some of these transformations consist of an orthogonal transforma-
tion followed by a translation that does not belong to U. Such trans-
lations are called non-primitive in contradistinction to the elements of
U that are called primitive translations. The elements of the first coho-
mology groups H1 (K, R"/Z") can be brought into a one-to-one corre-
spondence with the non-equivalent systems of non-primitive translations.

Using the cohomology theory of groups it may be shown that

HZ(K,Z*) =~ HL (K, R"|Z")
so that for a given group ¢(K) the determination of all non-equivalent
systems of non-primitive translations and the determination of all non-
equivalent extensions yield the same result.

Other properties of space groups can be deduced by means of coho-
mology. Thus we shall prove a generalization of a theorem of Speiser
(appearing in [6] without proof) and several similar propositions.

The idea that proves fruitful in most demonstrations is that (intro-
duced by I. ScHUR [7] in his proof of Maschke’s theorem) of averaging
over the elements of a group.

2. Mathematical Background

It will be helpful to recall or introduce here briefly some of the
mathematical notions and notations used in this paper.

Let K be a group and 4 a left K-module. Consider then the following
0-sequence (dq,,0, = 0) or cochain-complex of abelian groups

0— CV(K,A) 2 01 (K, 4) 2> C2(K, A) 2 (3 (K, 4) —  (2.1)
The elements f? of the abelian groups C¢(K, A) are mappings
fi:Kx -+ *xK—>A ¢g>0 (2.2)
[ —
g-times

and C%(K, A) = A. The coboundary homomorphisms J, are defined in
the following way [8]*

(Bgf) (s « - -5 06g) = [U(tgs + -5 Ag—g) + (— 1) H o f9(0y, . . -, 0tg)
q
+ (= 1T 3T (= 1)ty « vy Oymy gy o v -5 Of)
t=1
1 With respect to [9] and to Part I (p. 566) there is a slight change of the

definition insofar as the coboundary J,f¢ defined here is (— 1)¢+*-times the cobound-
ary defined in Part I. This simplifies some of the subsequent formulas.

2.3)
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The elements of Imd,_, = BI(K, A) are called g-coboundaries for ¢ > 0,
those of Kerd, = Z4(K, A) are called g-cocycles, whereas the elements
of the g-cohomology groups

HiY(K, 4) = Kerd,/Imd,_, (2.4)
are called g-cohomology classes. For ¢ = 0, one sets B%(K, A) = 0 so that
HY K, A)=Z2°(K,A)={a€cA|laa=a, YacK}. (2.5)

A shorter notation that we shall use is H(K, 4) = AX.

Let now K be a finite group of order k. To prove some theorems about
the order of cohomology groups, we shall introduce a homomorphism
8q: CYK, A) — C1-1(K, A) by setting

(84f7) (etgs -+ 5 Ggp) = %1; fo(otgs + + o5 gy @) - (2.6)
Although the proofs may be found in the literature, e.g. [8] and [10], we
want to give them here for three reasons. These results constitute the
mathematical core of the paper. The mathematical device used, the
averaging over the elements of a finite group, is already used in Fro-
benius’ paper on space groups [11] and in all investigations inspired by
it, e.g. [12] and [13] (the idea goes back to Schur’s proof of Maschke’s
theorem [7]). We shall be interested in generalization of the mappings s
and these generalizations, although not new, are probably not easily
accessible to physicists.

Proposition 2.1. Given definitions (2.3) and (2.6), we have

8q+10¢ + Og—y8, =k ¢>0, 2.7)

where I is the identity mapping on C*1(K, A).
Proof. We find on one hand

[aq—'l(squ)](“w et ‘xq—l) = (sqfq) (“0’ e ‘xq—z)

+ (= D% oty (/) (015 - - -5 Olg—1)
g—1
+ (’_ l)th (" l)t(sqfq) (“m cees Opg Kgy e ey ‘xq—l)

=1
and on the other hand
[SQ+1(6qfq)] (aO: L] o‘q-l) = 2 (6qfq) (OCO) sty “q)

=kft(otg, . . ., 0tq—1) — (— DT oty (Sgf9) (1, - -+ 0tq—1)
q—1
— (= 1)qt§ (= 1) (sqf ) (otgs -+ -5 Ot—g Oty - v o Otg—q)

- (Sqfq)(‘xos cees ‘xq—2) .
10*
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Here the obvious linearity and left invariance of the sum over the finite
group have been used. Thus

[8q+1(5qfq) + 6q—1(8qfq)](“0’ s “4—1) = qu(‘xm ce ey “q—l)
or

ViteOUK, A),  8741(04f%) + Og—r(sof) = kf*  q¢>0 (2.8)
or also
8q+16q + 6q.—13q = kI .
If fe ¢ Z9(K, A), then, according to (2.7)
kft=0,_1(s,f9) € BY{K,A) ¢q>0. (2.9)
Thus we have proved the following result:
Corollary 2.1.1. If K is a finite group of order k, then

EHY(K,A)=0 g¢>0. (2.10)

Corollary 2.1.2. If K is a finite group and A as an abelian group is
divisible and torsion-free, then

Hy(K,A)=0 ¢>0. (2.11)
Put now f? = s, 4+ and apply (2.8). The result is

Sq4150+2 0011 =0g-18511 ¢>0. (2.12)
For ¢ = 0, direct calculation gives
800+ N =kl (2.13)
and
81850, = Nsg (2.14)
where the K-module homomorphism N : 4 — 4 is defined by
YVacdAd, Na= } aa. (2.15)
2€K

The homomorphism N is called the norm homomorphism and has the
property

VYVacK, aN=Na=N (2.16)
so that

Yacd, NacHY K, A). (2.17)
Let now K be a compact topological group and T a finite-dimensional
real vector space and a left K-module subject to the additional condition

YaCcK, VrcR, VYtcT, ofrt)=r(xt).

Then the elements of K are linear transformations of the finite dimen-
sional vector space 1" and hence continuous. Let now fZ: K x + -+ x K
-—T be continuous g-cochains. Define §7: CZ(K, T') - Og“l(K, T) by
the Haar integral

(BafD) (0tgy - o o5 0tgg) = [ [2(atgy + - +» Hgg> @) dX . (2.18)
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(The integral is of course calculated componentwise after the choice of
a basis for 7'.) Define the coboundary homomorphism J, by (2.3). Note
that d,f? is again a continuous function. Then proceeding exactly as in
the proof of Proposition 2.1 and using the linearity and left invariance
of the Haar integral, one proves the following proposition:

Proposition 2.2

844104+ 0g_18,=1. (2.19)
The above relation is valid for any f2 ¢ CZ(K, T). If we now specialize
to f2 €Z1(K, T), then we obtain
VCZUK, T), 041801 = {2

showing that fI ¢ BY(K, T), i.e. that

HY (K, T)=0 ¢>0. (2.20)
It is not astonishing that we obtain a result similar to (2.11), for 7' as
abelian group is torsion-free (since 7' as R-module is free) and divisible
(since 7' is also a vector space over the rationals).

Let now K be any group. We shall utilize later the fact that all
K-modules 4 can be imbedded into K-modules 4 such that K¢(K,4) = 0
for ¢ > 0. _

Given a K-module A we constru_ct a K-module A4, called the co-
induced K-module. The elements of A are the set theoretical mappings
h: KA from K to A. Utilizing the group structure of 4, the set 4
may be given the structure of an abelian group by

VhWed, VacK, (Hh+b)(@=ha+ha. (2.21)
By defining the operation of K on A through
VACA, VaBcK, (Bh)(@)—h(xp). (2.22)

A is made a K-module since, as is easily verified,

[B(h+ B)](@) = (Bh + BI)(a)
[(By) k) () = [B(y 1) (e) -

Proposition 2.3, Any K-module A is isomorphic to a submodule of the
co-induced K-module 4. 3
Proof. Consider the mapping y: 4—-—A4 defined by

Yacd, YacK, (gxa)(o)=ca. (2.23)
It is a homomorphism of abelian groups:
[x(a@+ b)](e) = a(a -+ b) = aa + ab = (ya + xb)(«) .

It is also a monomorphism since y(a) = 0 implies for the identity ¢ of K

[2(@)](e) =a=0.

and
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But y is even a K-module homomorphism:

[x(Ba)] (o) = afa = [g(a)](of) = [Bx(a)] (o) -
Proposition 2.4. Let 4 be a co-induced K-module. Then

HY(K,A)=0 ¢>0. (2.24)
Proof. Consider the q-cochains f¢ € 07(K, A). They are mappings
fuKx- - x KA.
- -
g-times

Since the elements of 4 are mappings from K to 4, f? may be considered
also as a mapping
KX KX+ x KA (2.25)

-
(g + 1)-times
and we shall write

[f(otyy o oy otg)1(otg) = fA(0tg, 0tg5 - - 5 0) - (2.26)
Owing to this new way of writing, the coboundary operators
0y C1(K, A) - C1+1(K, A)

become very simple. Indeed

[(0gf9) (otgs « - -5 @gy1)](tg) = [(— 1) f %oy, . . o,y 0tg) + 1 fU (g, - - -5 %giq)
q
+t§ (= 1) f2(0ty, « vy G4 Gptgs - v Ogya)] ()
becomes by relation (2.22)
(aqfq)(“o’ “15 L] “q+1)
q
=t§) (— 1)0f%(0tgy gy « v vy Og Qpqs v« o Ogyq) (2.27)
+ (= D)2+ f9 (g, oty oo o5 ) -

Now we introduce mappings §,: C?(K, A)— C1-1(K, 4) that (in con-
tradistinction to the mappings s and § previously introduced) do not
rely on an average over the group K. The definition of § is the following:

(BafD (otgy s+ + o5 Hgg) = fA(E, gy 05 vy Og_y)» g >0. (2.28)
Then on one hand
[§q+1(6afq)](%’ Oyy v e s Otg)
= (0gf9) (&, 0tgy 0ty 5« « -, Ctg) = [A(ctg, Oty - - -5 Og)
— f2(e, g0y, - o s 0g) F A (= 1)2f(e, ag, oy, - -y Olgg O)

+ (= DI fi(e, g, oy, - - -5 0gq) -
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On the other hand

[6q—1 (gqfq)](“o’ Oy ee vy o‘q)

= (o) (otgoty, + vy &) 4+ + - A (= )T, f9) (0tg, oty - - v 02g 1 0%)
+ (= D)U8, [ (09 015 - - 5 g—1)
= f9{e, 0tg0ty, -+ -, Og) =t (— 1)T1fU(e, 0y, 0ty - o vy Olg—qOtg)
+ (= 1)%f1(e, o0, 0q5 + -+, 0g_q)
so that

[§q+1(6qfq) + 6q—l(§q,fq)](a07 LRI ) aq) = fq((xo’ L) “q) (2'29)
or
<§q+1 aq + 64—1 gq =1 (2~3O)
where [ is the identity mapping on (K, A). If now we suppose that
f? is a g-cocycle f? € Z9(K, A), the above relation shows that it is also
a g-coboundary

6q~1(§qfq) = fq .

HYK, A)=0 ¢>0

Hence

as announced.
To a given short exact sequence of K-modules

0— A—B—>C—0 (2.31)

L 4

there corresponds an exact sequence of cochain complexes (i.e. the
following commutative diagram):

0— C1-1(K, 4) —*> 0*-\(K, B) > C1-1(K, C) — 0
8 61 é
0—> C1(K, A) —>C¢K,B) —>0yK,0) —0 (2.32)

é 4 [

0 — Ce+1(K, 4) —*> C1+1(K, B) —*> (a+1(K, ) — 0

The mappings ¢, and 7, are the K-module homomorphisms defined for
any occurring g-cochain by

(exef) (o - oy 0g) = e [f (g, - - 5 0t0)]
(ﬂ*f) (“17 ey (xq) = n[f(al, e th)]} (233)

respectively. Each of the occurring coboundary homomorphism is
designated by one and the same symbol 4.
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To the short exact sequence (2.27) there corresponds a long exact
sequence of cohomology groups (see e.g. [8, p. 116]):

o gak, 4)=5 gax, B) b gok, 0) 2 Herv (g, 4) s (2.34)

with 9, the so-called connecting homomorphism, and [i,] and [m,] the
homomorphisms induced by ¢, and 7, respectively. If f is g-cocycle, it
cohomology class will be denoted by [f] and the following relations hold

[exf1 =[x ] [f], [maf] = [ma] [f]- (2.35)

Since later we shall need to know how the homomorphism 0, is con-
structed, we recall that construction here.

Let ¢ € Z¢(K, C). Then there is an element b € C¢%(K, B) such that
7140 = c. Then 7, 6b = 07, b = dc = 0 so that there exists a € O+ (K, 4)
with the property that db = 1, a. Since 1, 0a = dipa = 6b =0 we find
that a € Z9+1(K, 4).

If instead of b we choose an element b, € C?(K, A) such that 77,6, = a,
then 7y (b, — b) = 0 so that there is an element d € C7(K, A) with the
property b, = b + 15 d. Then b, = 6b + S1xd = 14 (@ + 0d) = 1,0, With
a; = a -+ dd. Thus only the cohomology class of a is uniquely determined.

If instead of @ we choose @ € C9*+1(K, A) such that §b = ¢, @, then
4@ — a)=0and @ = a.

Since only the cohomology class of a is determined, we want to see
what happens to an element ¢ € Z?(K, C) which is cohomologous to c.
Then there is a g € C?2-1(K, C) such that ¢ = ¢ + dg. Furthermore, an
element f € C2~1(K, B) exists such that m,f=g¢. Then ¢ = 7, (b + Jf)
= 74 b with b = b + df. Therefore 6b = 0b = ty.a.

Thus the cohomology class [¢] of ¢ determines uniquely the co-
homology class [a] of a. The mapping

0y HY(K,C)— H"*Y (K, A) q¢>0
defined by
Ox[c]l=1[a] if c=m,b and Ob=1ya (2.36)

is a homomorphism.
Note that the commutative diagram

0 0 0

0— 01K, A) -2>0yK,B) —>CyK,0) —0
s 6 ) (2.37)

0 — Ce+1(K, A) —> 01+ (K, B)—> C1+(K, C) — 0
|
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is another exact sequence of cochain complexes that may be deduced
from (2.31). The exact sequence of cohomology groups that follows is

0— Z8(K, A) 25 70k, B) 2L g0k, 0) 2 Her (K, 4) — - - -
(2.38)
Let now w : K - K be a group homomorphism and 4 an abelian group.
Then, given @:K — Aut A, A becomes a K-module and is also, in
a natural way, a K-module on account of gw: K — Aut 4. Then o
induces a group homomorphism
w*: CL(K, A) — CL, (K, A) (2.39)
defined by
(w*f) (o, + - s 0tg) = fwoy, . .., way) (2.40)
with f € CL(K, A). The group homomorphism o also induces a homo-
morphism of cochain complexes

_— Oq—l(K—,A)—LO‘I(K,A)L C+1 (K, A) —

”*1 ‘"*1 wl (2.41)

—— C9Y(K, A) = Co(K, A)—— Ca+1(K, A) —
and a homomorphism of cohomology groups
[w*]: HY(K, A) - H (K, A) (2.42)
which has the property _ _
[w*f] = [0*] [f] . (2.43)
Consider an extension of an abelian group 4 by a group K (determining
a homomorphism ¢ : K — Aut 4 and a cohomology class [m] € H3 (K, 4))
and another extension of an abelian group 4 by a group K (deter-
mining a homomorphism @: K -~ Aut A and a cohomology class

[m] ¢ HZ(K, A)). In Part I (p. 572) it was shown that the existence of
a morphism of extensions

0 A G K 1 ¢, [m]
Al /41 1 (2.44)
0 A—G—K 1 @, [m]

implies the following two relations:

Vaecd, (g a)=(pra)(a) (2.45)
and
[25] [m] = [v*] [m] . (2.46)
Given representatives of the cosets of 4 in G and of 4 in @, respectively,
the homomorphism yu is then characterized by

YacAd, YacK, pla o)=GAa+ ula),r). (2.47)
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Thus there is a one-to-one correspondence between homomorphisms
@: G- @ and elements u of C%,(K, 4). Conversely, if (2.45) and (2.46)
are fulfilled, then a diagram (p. 570)

0 A G K 1 ¢, [m]
Al l (2.48)
0 ) G K 1 @, [m]

may be completed into a morphism (2.44) by defining u through (2.47).

3. Space Groups as Groups of Operators

A space groups G operates on Kuclidean n-space & as a subgroup of
the Euclidean group £. Later on we shall be compelled to utilize more
economic imbeddings of @ (into subgroups of E). But everything is based
(implicitly sometimes) on the properties of the Euclidean group. We
therefore list here some of its properties in an order that is convenient
for their demonstration.

Let T be a n-dimensional real vector space and F': 7' —— R a definite
quadratic form on 7. A space & on which the abelian group 7' operates
faithfully and transitively is called a Euclidean n-space.

The elements of T are called translations, and we shall write

t@)=az+tcé& acd, teT. (3.1)
Note that a non-zero translation has no fixed point.
To the quadratic form F on T we associate a distance d on & by
defining
@, y)=F@—y). (3.2)
The group O(T) of automorphisms of 7' that leave the quadratic
form F invariant is called the orthogonal group of 7'
The affine bijections g of & that leave the distance on & invariant:

d(ge, gy) = d(z, y) (3.3)
are called isometries of &. They form a group E, called the Euclidean
group.

The abelian group 7' is of course a subgroup of E.

For any p € &, the set

E,={g ¢E|gp=p}
is also a subgroup of E, called the isotropy subgroup of £ at p. These
two subgroups have the following property
Vpeé&, TnE,=1¢kK.

Furthermore, for any p € & and g € E, there are unique elements

t €T and o, € B, such that
g=to,. (3.4)
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The conjugate ¢t -1 of any isotropy subgroup £, is an isotropy
subgroup:
tE:ut__l =L, (3.5)

whereas the abelian subgroup 7' is a normal subgroup of £:
gTg1=T.

To each g € E there corresponds a unique automorphism o'g € GL(T)
of 7" such that

VicT, Yzcd, glat+t)=g@)+(c'gt. (3.6)
Then

(0'g)t=gtg~". (3.6)
From this it is easily deduced that the isometries of & and the auto-

morphisms of 7' are related in the following manner

gx — gy = (c'g)(x —y) . (3.7)
Hence

o'g €O(TYCGL(T) .
The mapping ¢’ : B — O(T) is a homomorphism and
kero’ = T' .
We thus have an exact sequence

(%)

0— 7% g 01— 1 (3.8)

where »’ is the injection of the subgroup 7' into E. Mappings denoting
injections of subgroups will be placed between parentheses, when
appearing in a diagram; in formulas they will generally be omitted. The
mapping ¢": O(T") — G L(T) too is an injection of a subgroup. The group
O(T) operates, by definition, faithfully on 7'; thus 7' is a maximal
abelian subgroup of E.

For p € &, the mapping D, : & - T defined by

Qx=0—7p (3.9)

is a bijection that associates to each point & € & the vectort =2 — p € T'.
(¢ is uniquely defined by @ = p + ¢ = #(p).) Then

@;1 t)=p+t=_t(p). (3.10)

This bijection permits to identify 7' and & and to give & (in a non-
canonical way) the structure of a vector space by choice of the point p
as origin in &. The bijection @, induces an isomorphism ¢, : £, — O(T)
defined by

Va,CE,, VYzc&, (9,u) (@)= Dyla,2). (3.11)
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It can be seen that ¢, is the restriction of ¢’ to E,C E. We thus have
the following diagram
'Eﬁﬂ
(pr’ \'Pp
X

o B0 —1 (3.12)
with ¢, the injection of the subgroup £, into . The mapping r,:0(T) -~ E
defined by

0 T

=ty (3.13)
then is a monomorphism having the following property
617'1) = IO(T) . (3.14)

A mapping r, satisfying relation (3.14) is called a section. We have
just seen that each choice of an origin gives rise to a monomorphic
section r,. This shows also that the extension (3.12) splits.

The image of the section r, — which is a set of representatives of the
cosets of T'in E — is the isotropy subgroup £, of E. Thus there exists,
for any «, € £,, a unique o € O(T') such that

Ly = Tpo . (3.15)

By means of the section r, the group £ is presented as semidirect
product of 7' by O (7). We shall show, for the case of a definite quadratic
form F, that these sections realise exactly all presentations of Z as semi-
direct product of T by O(T).

To do this, we shall apply here (2.20) and thus need the notion of
continuity. We choose in £ a topology such that O(T') is compact in the
quotient topology. Then ¢’ is an open and continuous epimorphism. The
isomorphism ¢, then is a homeomorphism, and r, is by construction
continuous. (In corollary 5.5.1 we shall see that the continuity require-
ment may be replaced by other, often more convenient ones.)

Proposition 3.1. 4 continuous section r is a monomorphism if and
only if Imr is an isotropy subgroup of E.

Proof. The sufficiency has already been proved; we now prove the
necessity. Let then » be a monomorphism O(7') — E. According to (3.4)
there exists a unique f(«) € 7' such that

roa = f(«) a,
and according to (3.15) we have then
ro= f(e) ryo

where 7, is a monomorphism. Two continuous sections, » and r,, which
are monomorphisms, differ by a continuous 1-cocycle. But the orthogonal
group of a definite quadratic form is compact so that relation (2.20)
holds. Thus H}(O(T), T) =0 and a continuous l-cocycle is a con-
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tinuous 1-coboundary. This means that there is an element ¢ ¢ 7' such
that for any « € O(7)
flo) = (08) ¢ = t(at)~1.

(Here it proves convenient to use the multiplicative notation for the
elements of 7'.) Then using (3.5), we find

ro = f(o) rpoe=t(eet) L ryo0 = t(rpo)t t=1(rpe) (rpc)t
=1(ry o) i1 = 1y € By () -
Thus in all presentations of I as semi-direct product r« is an operation
that has fixed point (for all « € O(T)).
We are now prepared to investigate the operation of a space group G
on Euclidean n-space &. Let g € G. As element of an extension of the free

abelian group U of rank » by the point group K the element g may be
written (after the choice of a fixed section r : K — @) uniquely as

VacU, VYacK, g=ara=(a, ). (3.16)

Let p' be an imbedding of G into the Euclidean groups Z. (The
existence of the imbedding is ensured by the Zassenhaus imbedding
theorem [13] or by Proposition 5 of Part I.) Then we have, for a suitably
chosen quadratic map F: 7' — R, the following diagram

0 v g2k 1

\
(A)T ml Im (3.17)

0~ T~ B— 0(T) — 1

and according to (2.47)
wao)=pla-re)=a-ulx)- r,o=(a+ u(x),a). (3.18)

By definition, the element g = a - ra € G operates on the Euclidean
space & as element u'g of the Euclidean group £. Thus YV x € &:

gox=(ugle=(a u(x) rya)r=(r,0)x+u(e) +acd. (3.19)
We recall that here r,a is a (finite) orthogonal transformation with fixed
point p € & and a + u (o) = ¢(e) is a real translation, called non-primitive
translation in contradistinction to the elements of Im A which are called
primitive translations. Applying the mapping @, to (3.19) we get
according to (3.11)

D,(gox) = D,[(rya) x] + u(x) + a = (@,rp,a) (Pp2) + u(a) + a
= (o) (Pp2) + u(et) +a € E .
The traditional notation ([11], [3]) for the element g is:

gox={a|t(e)}ox. (3.20)

(3.19')
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Thus o is an orthogonal transformation — 7, — and #(x) is a non-
primitive translation. When ¢ is presented as element (@, «) of an exten-
sion of U by K, then (o, «) is generally not an orthogonal transformation,
but denotes (after imbedding into the Euclidean group E) an orthogonal
transformation 7, followed by a non-primitive translation u(e). The
element (a, &) corresponds of course to a primitive translation.

Obviously it is sufficient to study the non-primitive translations u (K)
associated with the (abstract crystallographic) point group K. The
cochain u € C1(K, T') will be called a system of non-primitive translations
for the space group G.

The study of space groups as group of transformations of Euclidean
n-space is the study of the different non-equivalent ways in which
systems of non-primitive translations can be associated with the elements
of a point group K.

Let us remark that, after having clarified the situation of G' as sub-
group ' G of the Euclidean group &, it will be sufficient to imbed G into
subgroup X of £ that is a semi-direct product and contains the image

of p': Imuy'C XCE, X semi-direct . (3.21)
We shall discuss two subgroups of E that fulfill these conditions.

4. Systems of Non-Primitive Translations

Henceforth we choose the same fixed basis in the free abelian group U
and the real vector space 7', and thus deal with the isomorphic images
Z*, R, O(n, R), GL(n, R) of U, T, O(T) and G L(T) respectively. Note
that here O (n, R) is not necessarily a group of orthogonal matrices. We
imbed Z" into R” always by the natural injection ¢ : Z» - R™ that applies
Z"™ onto the integer n-tuples of R7; thus (Z” generates the real vector
space ™.

Let now a n-dimensional space group G be given by a short exact
sequence (4.1). Let ¢: K — GL(n,Z) be a monomorphism, r: K - ¢
a section and m € Z2 (K, Z") the corresponding factor set:

0 zn G K 1 g,m,r. (4.1)

*® [}

We shall imbed @ into a group M satisfying conditions (3.21). This group
is exactly the group that we called M™ in the proof of Proposition 5 of
Part I. First we define the action (§: K — G L(n, R)) of K on R» by
Putting yyezn, VacK, il(pa)al=(§x) (a) (4.2)

and extend this definition from ¢Z® to R™ by linearity. The relation (4.2)
means now that ¢ is a K-module homomorphism. We shall, for simplicity,
often omit ¢ and @ and thus write, instead of (4.2):

t(xa) = ata) . (4.3)
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Now, by (2.11), H?(K, R™) = 0 for ¢ > 0, so that any extension M of
R» by K splits. We choose to present M as semi-direct product, by which
we mean that the section 7: K — M is a monomorphism and that the
corresponding factor system  is the trivial one:

m=0¢Z*(K, R").
To construct a morphism between the two extensions, we have to impose
the following relation (according to (2.46))
tem = 0u (4.4)
or
em (o, ) = ulor) + au(f) — w(af) (4.5)
with w € C*(K, R*). Then there exists a homomorphism y : ¢ — M such
that the following diagram is commutative

0— Zr—">G——K—1 q,m,r

|

<t>l (u)l !! (4.6)
0—— Rr——>M—K——1 §0,7.

*

The homomorphism y is given by
YacK, pura=iu(a)- Fo. 4.7)
Owing to the Short Five Lemma ([8], p. 13), x4 is in fact a monomorphism.
The group M is a subgroup of the Euclidean group £ (cf. Proposi-

tion 5 of Part I) because the following morphism of extensions can be
constructed

0—> Rn—— M —— K 1 (50,7

]

0 Rn Py K n O(n, .R) — 1 ((P/: Oy rp)

o3

and the following two relations hold
YacK, VacR", (pa)a=¢ (va)a, 4.9)
AT = 1,v (4.10)

i.e. 7 is a restriction of the monomorphic section r,:0O(n, B) > E to
K CO(n, R). Then, putting ' = jpu,

pwra=xua) - rpvoe

and u(«) is clearly a non-primitive translation. We may now define the
action of an element ¢ € G on a point z € & by

gox={(u'g x. (4.11)
As defined by (4.4) or equivalently by (4.7), a system of non-primitive
translations is not uniquely determined, since no fewer than three
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arbitrary choices occur. In the latter formula these are the choices of the
cochain % that determines the imbedding u and the choices of the sec-
tions 7 and 7 (which latter however we want to remain a monomorphism).
We shall now eliminate the arbitrariness introduced by these choices. Our
discussion will be based on the following short exact sequence of cochain
complexes

0 0 0
0— Zn —— R» e VA —0

é [ 61

0 — CY(K, Zm) —2> CY(K, R") —*> CY(K, R"|Z") — 0 (4.12)
6 6 J
0 — C%(K, Z") —— C2(K, R») —*> C*(K, R*|Z*) — 0

[ d [

Here 7 is the canonical projection sv: R* — R*/Z™ and K operates on
R?[Z? according to
YacR", VYacK, za[(pa)a]l= (Pa)(na). (4.13)
Again ¢ (and @) will be omitted frequently so that, instead of (4.13)
we write
w(ad) = a(na) .
Thus 7 is a K-module homomorphism.
According to (4.4) the 1-cochain u is characterized by
um=0u, mecZ*K,Z*, ucCY(K,R". (4.14)
Any other choice of a 1-cochain »’ is permitted provided that
tem = ou' .
Hence
o(u —u)=0.
As a consequence of (2.11)
w —u cZ (K, R") = BY(K, R")
so that 3d’ € R
u' =+ 0d .
Let us now choose another section 7, : K—@. This leads to another
choice of a 2-cocycle m’ € Z2(K, Z") such that
m —m € B2(K,Z").
Hence 3 ¢ ¢ CY(K, Z")
m' =m + dc .
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Then

txm =ty (M + d¢) = 0u' + digc = 0(u + 0d" + t5¢) = du'" .
Finally let us choose a new monomorphic section 7 : K — M. Such
a choice leaves the factor sets K x K — R"® unchanged, viz. identically

equal to zero. Since H!(K, R*) = 0 any two monomorphic sections differ
by a 1-coboundary so that 3 d"” ¢ B»

YacK Fo=[(0d") ()] T
and this change introduces but another zero, ddd", into the expression

of tum':

Lem' = 0w + 0d' + 0" + tyc) = 07 . (4.15)

Thus the most general system # of non-primitive translations differs from
an arbitrary one by a l-coboundary d(d’ + d'') € BY(K, R*) (a ‘“non-
primitive coboundary®) and a l-cochain tyc (a “‘primitive cochain”):

U=u-+ 0d -+ txc. (4.16)

Note that both the change from u to ' and the change from 7 to 7,
correspond to a change of origin for the group M (and the group £). To
get rid of the primitive cochains we project by the induced epimorphism
7y CYK, R*) — CY(K, R*Z") and find

Ty W = g% + T4 0d (4.17)
or
axd=meuw (mod BY(K, R%Z")) (4.18)
where from (4.14) one finds
g u € ZHK, RYZ7) . (4.19)
Thus the 1-cohomology class
= [m ) = [myu] ¢ H'(K, R"[Z") (4.20)

of an arbitrary system « of non-primitive translations does not depend
on the choice of an origin for M (and is also free from the arbitrariness
of the choice of r: K — @G).

Let us summarize what we have found so far.

Proposition 4.1. T'he element u € C1(K, R*) is a system of non-primitive
translations for a space group if and only if

Tt € Z2 (K, RZm) . (4.21)

Proof. The necessity has been proved (cf. 4.19). The sufficiency is
easily verified. Relation (4.21) gives indeed

0= 0(meu) = 7y (6u) .
Hence 3 m ¢ Z2(K, Z"™):
Ou = tum .
11 Commun.math. Phys.,Vol.11
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Since furthermore (4.3) remains true, the conditions are fulfilled for the
construction of a monomorphism y: G — M such that (4.7) holds.
Note that (4.21) is nothing but a form of the Frobenius congruences:

Va, K, u(af)=u(x)+ au(f) (modZ™). (4.22)

Z AsSENHAUS [13] calls systems « (K) that satisfy (4.21) ,,zuldssige Vektor-
systeme‘‘. Our systems of non-primitive translations are then ,,zuléssige
Vektorsysteme**.

Proposition 4.2. Any system of non-primitive translations for a space
group G = (K, Z", @, m) determines the same element of the first cohomology
group HY (K, R™|Z").

Such systems are called equivalent systems. Thus two systems « and
u are equivalent

u~uw i [meul = [meu]. (4.23)
Condition (4.23) means 3 f € R":
w=wu+ d6f (mod C'(K,Z"))

or

YaCK, u(x)=u(x)+(¢6—a«)f (modZn). (4.24)
Systems « fulfilling condition (4.24) arc called ,,stark dquivalent’ in
reference [13].

So far, we have shown that the relations

o= [meu], Ou=1ym
determine a mapping A : H?(K, Z") - H' (K, R*/Z") such that for any
[m] € H*(K, Z")
Am] = [mgu] =0 € HY(K, RYZ") . (4.25)
To show that this mapping is an isomorphism, we first prove the fol-
lowing proposition.
Proposition 4.3. Given the K-modules B™ and R"Z"™ we have
HYK, RYZ") ~ Hi Y\ (K, Z») ¢>0. (4.26)
Proof. Consider the exact sequence of K-modules

0 VAL : Rn - Rn/Zn————>0

giving rise to the long exact sequence
— H1(K, R")ﬂ*—LH‘I(K, Rn/Zn)i)Hqul(K, Zn)—[t*—]»HQ%—l(K, R®—>
and take into account that, according to (2.11),

HY(K,R")=0 for ¢>0.

Proposition 4.4. The mapping A : H*(K, Z*) -~ H* (K, R*Z"), defined
by A[m] = [myu] € HY(K, R*Z") and du = tym, s an isomorphism, and
A=0:t. (4.27)
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Proof. We first show that
0. 4=1 (4.28)

where [ is the identity mapping on H?(K, Z"). We have to calculate [a]
given by
O A[m] = 0y [myu] = [a] . (4.29)

But [@] is given, according to (2.36), by the pair of relations
ﬂ*u:ﬂ*b, éb:l/*a (430)

and [a] is independent of the particular choice of the elements b and a
that fulfill these relations. Therefore we may choose b = u. Then

0b = 0u = 1ym =10 (4.31)
and
m=a. (4.32)

Thus (4.28) is proved. The connecting homomorphism 9, is an iso-
morphism, according to the preceding Proposition. Then

A= (010:) A =0;1(0:4)=0;"

and A is an isomorphism, the inverse of the connecting isomorphism 0,.
In Part I we have seen that two isomorphic n-dimensional space
groups @ and @ determine the same arithmetic crystal class and that
therefore one may assume, without any loss of generality, that they
determine the same (arithmetic crystallographic) point group ¢(K).
Hence G and @ determine elements [m] and [1i] of the second cohomology
group H?(K, Z"), and generally [m] <= [m]. The necessary and sufficient
condition for ¢ and @ to be isomorphic was shown to be (cf. Part T,
Proposition 7) the existence of isomorphisms y: 2" — Z* and w: K — K

such that
Vaczr, ValK, zllge)al=(poa)(za)  (433)

and
[x] [m] = [w*] [m] € H*(K, Z") . (4.34)
Note that by (4.33) y determines w:
YacK, goa=y(pa)y? (4.35)

and this shows that y is an element of the normaliser N of ¢(K) in
G L(n, Z). Relation (4.34) may be translated into a relation between equi-
valence classes of non-primitive translations.

Proposition 4.5. Two n-dimensional space groups G and G are iso-
morphic if and only if it possible to choose systems of non-primitive trans-
lations u and @ for G and @ respectively, an automorphism y of Z™ and an
automorphism w of K such that for any a € Z™ and any « € K one has

rlpa)a]l = (poa) (ya), yu(e) =%(wa). (4.36)

11+
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Here the automorphism y has been extended by linearity to R™.
Proof. We only have to show that (4.34) is equivalent to

[xx]l o= [w*] 6 (4.37)

where ¢ and & are the equivalence classes of w and % respectively.
The homomorphism [y,]: HY(K, R*/Z") - H*(K, R*Z) is induced by
the automorphism y of R?/Z» defined by

Zn ——> R —— Rn|Zn

xl xl Jx (4.38)

Zr —— R — Rr|Zn.

The equivalence between (4.34) and (4.37) is proved by straightforward
diagram chasing. To the particular choice of u and # satisfying yu(x)
= % (wa) corresponds the particular choice of m and m of Proposition 7
of Part I satisfying ym (o, f) = m(wa, wf). Note also that condition
(4.37) means the same as

ViER", YacK, qul)=u(wa)+ (¢—wa)f (modZm)

or
u(x)= yu(w=ta)+ (¢ —¢e)f (modZ")

which is Zassenhaus’ ,,gewdhnliche Aequivalenz‘‘ [13].

5. Some Properties of Non-Primitive Translations
The properties of non-primitive translations concern mainly the
limitations imposed on the order of these.

Proposition 5.1. Let G be a space group with point group K of order k.
Then it is possible to choose the origin for G in such a way that k-times
a system of non-primitive translations s primitive.

Proof. A system of non-primitive translations u obeys to (4.4): tym
= 6, u with u € C*(K, R"). Furthermore, according to (2.8)

830U + 08 % = S0, u + kéo%slu = ku . (6.1)

Since R® is divisible, we may introduce the centre of gravity {u) of the
system of non-primitive translations » by

1
{uy = 7 Su ER. (5.2)
Then
Ly SgM = Syl = Sy0,% = k(u — 8y {u)) = ku . (5.3)
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Clearly % is a system of non-primitive translations and the change of
origin is that from an arbitrary one to the centre of gravity {u). Note that

W= 8 Iy = T~ 10, N (uy = (5.4)

where the norm homomorphism N is defined by (2.15).

Corollary 5.1.1. Suppose that G is a split extension of Z™ by K presented
as semi-direct product. Then by a suitable change of origin it is possible to
eliminate oll non-primitive translations.

Proof. By hypothesis m = 0 so that kw = 0; hence % = 0 (since R*
is torsion-free).

Corollary 5.1.2. For a given o € K with period k, we have

k()= 0 (mod Z*) . (5.5)
Proof. Proceed as in Proposition 5.1., but introduce the centre of
gravity {u), only relative to the cyclic group {«} generated by «.
We recall that
H(K,R")={z€R"|ax =2, Va€K}= AK, (5.6)

AX is a R K-submodule of B” and, according to Maschke’s theorem ([14],
[6, p. 156], [10, p. 253]) there exists a R K-submodule A’ C R” such that

Rr=AK 4+ 4’ (5.7)
This induces a corresponding decomposition of the R K-modules C?(K, R*)
CY(K,R™) = C1(K, A¥) + CY(K, A") . (5.8)
Thus any g-cochain f € C¢(K, A) may be decomposed
f=1+F (6.9)
with
fEeCiK, AR)  aff ¢ OUK, AK) (5.10)
and
fe0(K,4") af €CYK,A"). (6.11)
It follows that
N,f ¢CUK, AEYn C1(K,4")=0 (5.12)
where N,: O1(K, 4) > C1(K, 4) is defined by
(Nof) (s - - o) = N[flog, - - o5 og)] (5.13)
and N is defined by (2.15). Thus
Naszqu+qu/=ka- (5.14)

For the following it will be sufficient to limit ourselves to 1-cochains.
Proposition 5.2. Seitz’ Theorem. Let u be a system of non-primitive
translations for a space group, then

YacK, kuF()=0 (modZn). (5.15)
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Proof. According to (5.14) we have
kuE (o) = Nu(a) . (5.16)
But from t,m = du we have

;32 vm(f, o) = ﬂZ’ [u(p) + Bu(x) —u(fo)] = Nu(ex)  (5.17)

showing that Nu (o)== 0 (mod Z").
Corollary 5.2.1. For a given o € K with period k, we have

k,auE(e)=0  (mod Z7) . (5.18)
The above corollary may be found in [3] with a wrong proof. (The
operator & + - - - + of«~1 does not necessarily equal 0.)

Let H be a finite normal subgroup of finite order % of a (not neces-
sarily finite) group K and 4 a K-module. Define the homomorphism
Ng:A->A4 by

YacA, Nga= } Ba. (56.19)
BEH
Ny is a K-module homomorphism since
Ny (xa) = Z,' foa = Z,' axfoa = aNga. (5.20)

Furthermore N mduces a homomorphlsm N% :HY (K, A) - H" (K, 4)
defined by

NG (o - - o5 2g)] = [Ngfiloy, - - - a9)]. (5.21)
Proposition 5.3. With the above definitions we have
NL=hlI q=0, (5.22)

I being the identity mapping on H4(K, 4).

Proof. The proof will be by induction on ¢. For ¢ = 0 the theorem
is trivially true since H(K, A4) is the submodule of elements invariant
under K. Suppose now that the proposition is true for ¢ — 1. Let 4 be
the co-induced K-module associated to A4 and A’ = A/A. Then the
following diagram of K-modules

% n

0 A V) A’ 0
N,,l l 173 (5.23)
0—A4—— A—> A" —0

is commutative and induces the following commutative diagram of
cohomology groups:

—— He (K, A') —> HY(K, A) — HY(K, Z) —
N(gll g ) (5.24)
— H* (K, 4") -~ HY(K, A) — HY(K, 4) — .
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But He(K, A) = 0 since 4 is co-induced, so that the connecting homo-
morphisms 0, are epimorphisms. Thus

YVecHY K, 4), 3JycHI YK A):0,,y==x. (5.25)
Then
NYyax= N7 0wy = 0x Nty = 05 hy = hdyy = ha . (5.26)
Corollary 5.3.1. If Nya =0 for any a € 4, then
rHY K, 4)=0 ¢=0. (5.27)

Corollary 5.3.2. Let A be divisible and torsion-free. If NgA =0 for
any a € A, then
HYK, 4)=0 ¢=0 (5.28)
since HY(K, A) s torsion-free.
Proposition 5.4. (Generalization of Speiser’s theorem.) Let K be a
(not necessarily finite) group, Z" o K-module, and H a finite normal sub-

group of K of order h that leaves no non-zero element of Z" invariant, then
forq =0

hHY(K,Z") =0 } (5.20)
hHY(K, R"Z™) = 0 .
Proof. The hypothesis amounts to
HCY(H,Z") =0 (5.30)
which, since NgZ» ¢ H°(H, Z"), implies
NgZr = 0. (56.31)

If the action of K on R” is defined by way of the natural homomorphism
t: Z" — R™ according to (4.12), and the action of K on R"/Z" by (4.13),
then we have also

NyRMZr =0 (5.32)

and application of Corollary 5.3.1. yields the desired result.

Corollary 5.4.1. (Speiser’s theorem) [6, p. 229]. Let G be a space group
with point group K. If K has a normal subgroup H of order h that leaves
n0 non-zero vector tnvartant, it is possible to choose the origin for G in such
a way that h-times a system of non-primitive translations is primitive.

In particular, if K contains the inversion — 1,, then A = 2.

Proposition 5.5. Let K be a group of n-dimensional real matrices con-
taining the inversion — 1,. Then

HYK,R")=0 ¢=0.
(The same is true in the complex case.)
Proof. Take for H the group generated by — 1,. It is a finite normal

subgroup of K and NgzR"” = 0. Furthermore, R” is divisible and torsion-
free.



162 E. AscHER and A. JANNER:

Corollary 5.5.1. Any extension of R® by GL(n,R), O(n,R), or
O(n — 1,1) — the n-dimensional Lorentz group — ts split.

Note that we had already deduced from (2.20) that H?(O (n, R), R*)=0
for ¢ > 0. Now this result has been extended to ¢ = 0 and arbitrary
cochains. However, (2.20) also yields

HI(SO(n,R),R") =0 ¢>0, (5.33)

a result that cannot be obtained from proposition 5.5. when # is odd.

6. Imbedding of a Space Group into a Symmorphie Space Group

We now choose another group, @, satisfying conditions (3.21). The
group @ will be the split extension (symmorphic space group) belonging
to the arithmetic crystal class ¢ (K).

Proposition 6.1. Any space group G is a subgroup of the split extension
G belonging to the same arithmetic crystal class as G-

Proof. Consider the diagram

0>Z"n>G@—->K—->1 ¢m
| I (6.1)
0>2Z">G—>K->1 @, 0.

The two conditions (2.45) and (2.46) are fulfilled since obviously

k(o) a] = (pa) (ka) (6.2)
and since
ky[m]=0 (6.3)

by Corollary 2.1.1. Thus there exists a monomorphism i : G - G defined

by
fla, a) = (ka+v(a),x), veCHK,Z (6.4)

that makes the diagram commutative.

Furthermore, the index of G in G is k.

If the group K fulfills the conditions of Proposition 5.4, then the
mapping k can be replaced by a mapping 4.

Since G can be presented as semi-direct product and can be imbedded
into the Euclidean group £, v is clearly a system of non-primitive trans-
lations. The question now arises how this system is related to a system u
determined by (4.4).

First we remark that (1/k)s tx v ~  in the sense of (4.23). Here
(1/k)y : C2(K, R*) — C4(K, R") is the mapping induced by 1/k: R* — R™.
The equivalence we want to prove is a simple consequence of
[ke]1 H1 (K, R*Z") = 0. Indeed

[ky] [y u] = 0 = [7m4 t5v]
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so that
[eu] = [n (%)* L*’U] . (6.5)

A second remark is that, according to (2.9), kym = d;s,m, so that sym
is a possible choice for the system of non-primitive translations ». As in
Section 4, an arbitrary system v may differ from this particular one in
three ways. First, another monomorphism u’ : G - G may be chosen; this
would add a l-cocycle b’ € Z1(K, Z") to ». Second, another 2-cocycle
m’ € [m] may be chosen to represent @; this adds a 1-cochain k¢ to v.
Third, a term b” € Z'(K, Z") may be added, corresponding to the choice
of a new monomorphic section 7, : K — (. Thus the most general system
of non-primitive translations v is given by
v=238m+ b+ kyc (6.6)
with
0v = ky(m + dc) (6.7)
where
meLZ(K,Z™), b=b +b"cZYK,Z"), c¢cCYK,Z"). (6.8)
The difference with (4.16) is that b is not a coboundary. Therefore we
shall construct equivalence classes in a slightly different manner from

that adopted in Section 4.
Consider the short exact sequence of K-modules

0—> Zn—2s gn -2

ZnlkZin — 0 (6.9)
and the corresponding exact sequence of cochain complexes

0 0 0

J

0 — CL(K, Zm) 2 OV(K, Zm) 22 OV (K, 20|k Zim) — 0

5 5 l«s (6.10)
0 — C2(K, Zm) > 02 (K, Zm) 22> 2K, ZnJkZm) — 0 .

) i) jvé

From (6.6) we deduce

Ps¥ = Py S + Pyb (6.11)
and
P30V = 0P =0 = 0Py 83Mm = Py (05 8,M) . (6.12)
Thus
PV,  PpSem €ZV (K, Z7kZm) (6.13)
and

PV = pys,m  (mod p,Z' (K, Z")) . (6.14)
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Thus the particular system s,m and the most general system » determine
the same equivalence class ¢ modulo p,Z'(K, Z"):

0 = (pySam + pu ZN (K, Z") € ZY (K, ZMkZ7)|pe Z2 (K, Z7) (6.15)
We want to show that the mapping

I': H*(K, 7"y — ZMN (K, ZmkZm) | pe ZY (K, Zm) (6.16)
defined by
I'lm] = pysym + pye ZHK, Z7) (6.17)

is an isomorphism. We consider the exact sequence

2V (K, Zm) -2 73 (K, 2022 21 (K, 2 [l 20— H2 (K, 2222 12 (K, 2m)

(6.18)
obtained from (6.10). Since
[ke1 H*(K, Z") =0
we find that
ZY K, Z"[kZ"™)[ps 2 (K, Z7") =~ H* (K, Z") . (6.19)
Let o be that isomorphism. Let ¢ € Z1 (K, Z"/kZ"), then
(e 4+ ppZ1 (K, Z™)) = 04¢ = [a] (6.20)

and [a] is given, according to (2.36), by the two relations ¢ = p,b and
0b = kya, and is independent of the choice of . We calculate

pI'lm] = yp(pusym + puZH (K, Z7)) = Oy pysym = [a] . (6.21)

Now a is given by

PypSem = pyb, 0b=kya ; (6.22)
choosing b = s,m we find, using (2.9)
08,m = kym = kya (6.23)
or
m=a. (6.24)
Thus
wl'=1 (6.25)
where I is the identity mapping on H2(K, Z»). Thus I"is an isomorphism:
I'=y1. (6.26)

Since py B (K, Z") = BY(K, Z"kZ") it follows that
ZMK, Zr[kZm)|py 2 (K, Z7) == HY (K, 2"k Z")|[ps] HY (K, Z7) .

Using (2.34) and the fact that [k,] H1(K, Z") = 0, one sees that [py] is
a monomorphism, so that

ZMK, 7k Zm)|pe ZM (K, Zm) =~ HY (K, Zn|kZm)|HY (K, Z") .
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7. An Illustration: The two 2-Dimensional Space Groups pm and pg

(i) Definition of ¢(K). Let K be the cyclic group of order two gen-
erated by the element o. Let e; and ¢, constitute a basis of U. This
determines an isomorphism A : U ~ Z2 through le, = (é) and Ae, = (é) .
As was done in Chapter 4, we identify AU and U. Define the mono-

morphism ¢: K - GL(2,Z) by

) (o) = (o) = (1) = (%)

1 0
‘P“:(o —1)'

Any finite subgroup ¢ (K) of G L(n, Z) is isomorphic to a finite subgroup
of O(n, R)and thusleaves a positive definite metric invariant. In our case

()T G(pa) = G

or

(where (po)T is the transposed of the matrix (gw)) gives
G:(g 0 ) With gy >0, g2 > 0.
Jae

The lattice generated by e, and e, and left invariant by ¢(K) is thus
rectangular. We shall write o instead of g« and 1 for ge.
(i) Non-equivalent extensions. For the normalized 2-cocycles
m € Z3(K, Z"*), we find
(I —o)m(o, ) =0

e - )

The 2-coboundaries dc are determined by

giving

:CEZ}.

(d¢) (a0, o) = c{o) + ac(e) — c(o?)
giving

00) (a0 = () |y €2} .

Therefore we have two inequivalent cohomology classes, [m,] and [m,],
defined by

) 2= {(5)|z €2}, o ={(*1 1) 27},

H?*(K, Z?) is thus the cyclic group C, generated by [m,]. To represent
the cohomology classes, we may choose the two cocycles, m, and m,,
defined by

my (e, o) = (g) ,  my(a, o) = ((1)) .
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Recall that the 2-cocycles m and the sections r are related by

(ro)? = xm(o, o)
so that
(ra)2=0, (ryo)®=¢;.

The corresponding space groups are generated by e, e,, and r« ac-
cording to

pm = {61, 62’ 7'1061 (7'10‘)2 = 1} = (Zzy K> (,D; ml)

PG = {1, ep Tat|(1y2)% = 91} = (2% K, ¢, my) .

(7it) Non-equivalent systems of nonm-primitive translations. For the
normalized 1-cocycles s € Z1 (K, R"/Z"), we find

(14 a)s(e) =10
giving
s(o) = {(:)Il 25,=0 (mod R|Z), s,¢ R/Z} .

The 1-coboundaries dg are determined by

(09) () = (1= @) g = {(5, )| € 12}

Therefore we have two inequivalent cohomology classes, [s;] = [y u,]
and [s,] = [7m4u,], defined by

o= (e - () en).

H'(K, R*Z?) is thus the cyclic group C, generated by [s,]. To present
the cohomology classes, we may choose the two cocycles, s; = 744, and
Sy = Tty Uy, defined by

56 =(o) s =(")

so that
y () = {(Z:) 2, 2, QZ} () = {(zl ‘21/2)

Again we may choose the following two inequivalent systems of non-
primitive translations,

w@) = (o), wr=(b).

The connecting homomorphism 0, acts as follows:

Og[s1=1[m;] 7=12.

21 zzeZ} .

The corresponding space groups are

pm = (Z2: K, (P, ul)
and
g = (Z% K, @, 1) .
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(w) Action of the element ro on €. According to (3.19) the action of

7o on a point x € & is given by

raox=(u'ro)x = (u(x) r,a)x=(r,0)c+ ulx) €& .
Thus, by (3.19")

D, (raox) =D, [(rya) x] + u(x) = a(Ppx) + u(x) €T .
Putting

Dyx = tie; + tye,

and extending the isomorphism A by linearity to 4: 7'~ R?, we find for
pm, after identification of A7 with R2:

D, (naoa) = (@) (@p2) = ( * ) € 2.

Therefore r; « is a mirror “m’ on the e;-axis. For pg, we find

— 1, — 1,
The element r,a acts as a glide “g”” where the mirror component is the

. . o .1
same as in pm but is followed by non-primitive translation 5-e, .
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