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Abstract. The algebra of S U (3) is developed on the basis of the matrices 4; of
GELL-MANN, and identities involving the tensors d;;; and f;,; occurring in their
multiplication law are derived. Octets and the tensor analysis of the adjoint group
SU(3)/Z(3) of SU(3) are discussed. Various explicit parametrizations of S U (3) are
presented as generalizations of familiar 8 U (2) results.

1. Introduction

The aim of this paper is to discuss the algebraic properties of
(I) The Gell-Mann matrices 1,,(: = 1,2, .. ., 8), [1], which play the
role for SU (3) that the Pauli matrices play for SU (2),

(IL) The Gell-Mann. tensors f;;; and d;;;, [1], which enter the

multiplication law
Aidy = % Ois + (dijn + tfisn) M (LL)
of the 4,

(III) Octets or real octet vectors a;(¢? =1, 2, . . ., 8) which transform
according to the adjoint or octet representation of SU (3),

(IV) Special unitary 3 X 3 matrices, i.e. elements of SU (3).

The motivation for the paper stems for the need, [2], of results such
as are derived, in theories of elementary particles, including current al-
gebra, in which S U (3) or chiral SU (3) X SU(3)is present as an under-
lying symmetry group. The paper itself is in part a review of existing
knowledge, particularly under headings (I) and (II), and in part an
exposition of new results.

It seems that TArRTANNE [3] was the first to give identities amongst
Gell-Mann d and f tensors. Also Kaprax and REsNIkOFF [2] have con-
sidered such matters and the generalization to S U (n). Our discussion of
the 4;, and of d and f tensors is given in section two, and its claimed
merits, apart from various new identities, are as follows. Firstly, all
results are presented in as symmetric a way as possible with a view to
making manifest their entire content, how previous treatments fail to do
this being explicitly indicated. Secondly, SU (3) results are shown to



78 A. J. MACFARLANE et al.:

separate into two classes: identities in one class being those with exact
SU(n) analogues, for all n, identities in the other being peculiar to
8 U (3). We discuss the former, to some extent following Kaprax and
REsSNIKOFF [2], at the S U (n) level, so that S U (3) results arise by putting
n = 3. KapraN and REsNikOFF [2] did not consider the second class of
identities at all. When we consider such identities, we follow a general
procedure which could indeed be applied to SU (n) for any =, although
results would no doubt be different in form for other n. This procedure
involves the use of the characteristic equation of an arbitrary element
A = ayA;, of the self representation of the algebra of SU(3); the im-
portant result (2.22) stems directly from use of this equation.

Our discussion under heading (III) is given in section three. It can
alternatively be described as an introduction to the analysis of tensors
which can be built out of octet vectors and which transform according
to representations of the adjoint group S U (3)/Z(3). This tensor analysis,
in contrast to that used by OxuBo [4] in his discussion of SU(3), is
hardly discussed at all in the literature. Our discussion emphasizes such
tensors, including invariants, as can be formed out of a single octet
vector. Some aspects of our discussion reflect facts that are quite well-
known in other formulations of SU (3) theory. For example it is very
familiar that, given a single octet vector, a; say, one can build from it
one and only one octet vector, b, = d;;;, @;a; say, linearly independent
of it. What is less familiar but useful information is the explicit expression
of other octet vectors as linear combinations of a; and b;.

In section four, we use the results of sections two and three to study
the explicit parametrization of elements of SU(3), i.e. special or uni-
modular unitary 3 X 3 matrices U. In other words we attempt to write
such U explicitly in the form

U=uo+iuk}.k

where u, = aa; + fd;;0;0; for some real octet vector a;, and u,, «,
and f are explicitly given functions of the invariants which can be built
out of the vector a;. Using the exponential and Cayley representations
of unitary matrices we obtain two such explicit forms. In the light of
experience with the corresponding problems for S U (2) our results may
well seem complicated. It is very probable that the nature of our results
simply reflect the inherent complexity of the S U (3) situation, but the
possibility of finding a parametrization of more appealing appearance is
not ruled out. A recent paper by CHANG and GURSEY [5] displays various
parametrizations of U € SU (2) featuring Pauli in place of Gell-Mann
matrices. Our discussion has been motivated in part by a desire to extend
the work of these authors on chiral SU(2) X SU(2) to chiral SU(3)
x 8U(3).
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2. Basic Results on d and f Tensors

We are here principally concerned with deriving identities involving
the GELL-MaNN [1] S U (3) tensors d;; and f; 4, which arise in the multi-
plication law (1.1) of the Gell-Mann matrices 1,. The identities in question
are of two distinct types, those which are special (n = 3) cases of results
valid for SU (n), and those which are specific to the SU (3) situation.
We discuss the former class of identities first at the S U (n) level, in such
a way that the required S U (3) results can be read off directly.

We consider the algebra of SU(n), which consists of all n X n
traceless hermitian matrices, and choose as a basis a set of N = n2 — 1
matrices V;, 2 =1, ..., N, such that

(Voo Vi) =Te(V:V;) = 26;5. 2.1
The normalization fixed by (2.1) means that for SU (2) the V, are the
Pauli matrices ;, and for SU (3) the V; are the Gell-Mann 4,.
Since V;, ¢ V;, I and i1 together span the space of all complex n X n
matrices!, it follows that we have a multiplication law of the type
2 .
ViVi= 0+ (disi + 1 fisn) Vi (2:2)

where (2.1) has been used to fix the coefficient of the identity. From (2.2)
we obtain

[V{, V]] = 27: fijk Vk 3 (2.3)
4
{Vir Vi} =5 0i5 + 2353 Ve, (2.4)
and
4dijk = TI‘{Vi, Vg} Vk . (2.6)

It follows easily that f;,, and d;;, are respectively totally antisymmetric
and totally symmetric in 4, j and %k, and, since TrV;; =0 and V,V, is
a multiple of the identity, that

diix=20. (2.7)

The associative property (V;V;) V= V;(V; V) of matrix multiplication
gives rise to various d, f identities. To obtain economically a minimal
independent set of such identities, we use

(Ve Vid Vil + [V Vil Vil + [V Vi1, Vi1=0,
Vo Vi Vil + {V5, Vi, Vil + [{Ve, Vi, V31=10,
Vi [Ve VIl = {V,«, {Vk’ Vi}}— {V,-, {V:'s Vk}} ’

! This fact can be expressed by the useful identity

2
(Vi)aﬂ(vt)yd = 26166‘37 - 7“ 63;'567,’ .
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and obtain
fivm Fmin + fivm fime + foim fism =0, (2.8)
fovm Gmie+ fiim imp+ feim Giim=0, (2.9)
fiim Feim = % (Oix 0510 — 0:1 652) + (dinm ivm — Djtem di1m) - (2.10)
Of these, the last is the generalization of the familiar S U (2) result

Eiim Exim = Oi 051 — 63105 - (2.11)

An alternative derivation of (2.8) and (2.9) is illuminating. Since (2.2)
to (2.6) are invariant under the change

V> UV, U1 UcSUS3)

of basis, it follows that d,;; and f;;, are isotropic tensors. However, in
the case of U = 1 + {a; V, for real infinitesimal a;, this invariance of (2.3)
and (2.4) gives rise directly to (2.8) and (2.9), which are thus expressions
of the isotropy of the f and d tensors.

From (2.3), it can be seen that the f,;; are the structure constants
of SU (n), and (2.8) is, of course, a well-known general property of struc-
ture constants. Also, since S U (n) is compact, a further general property
of structure constants of compact semi-simple Lie groups? yields the
result

fosw frin=m0i1. (2.12)
Now, from (2.10), we obtain
n* — 4
dz’ikduk'—"‘n—au, (2.13)

and along with these last results, we have the obvious result
diikflik': 0. (2.14)

From here, we can proceed systematically to results involving threefold
products of d and f tensors, and beyond. We shall however be content
to record the following easily verifiable identities

foiafasr brew = — 5 fisi» (2.15)
dyiafose o= — 5 disi» (2.16)
Byiaosr fro =g ) fise (2.17)
dysadass drs = ") diss- (2.18)

2 See, for example, G. Racam [6]. The actual multiple of the Kronecker delta
involved in (2.18) depends on the normalization (2.1) of the V.
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We now specialise to n = 3 to obtain two important relations that
are peculiar to this case. The method to be used, however, is of con-
siderable generality and can be applied to SU (n), for any =, to yield
results which will correspond to those below but whose form will be
specific to the value of #» under consideration.

The method is based on the characteristic equation of a general
element of the algebra of SU(3). Writing such an element in the form

A= a; }.z ,
we obtain its determinant as
1
det 4 = —3‘1- EouBy Erpv (aiﬂ'i)aﬂ. (af;'j)ﬁ/l (a’k}'k)yv

= i TI‘ (}'zljz'k -+ lzlkj.]) aiajak (219)

!

N W

=73 dijn @00

using a well-known expansion of ¢,;, ¢;,,. Similarly we obtain its charac-
teristic equation as

2
A% — a,a; 4 — gdﬁk a;a;a;, =0 . (2.20)

Since the a, are arbitrary we can equate to zero the coefficients of a,a;a,,
symmetrized with respect to ¢, j, k, to obtain®

1 1 2
& (A2 + five perms) = o (0,545 + Ojxdi + Opsdy) + 5 dijr - (2.21)

We now use (2.2) and (2.8) to grind Eq. (2.21) into the form K;;;,4;, = 0,
where K, ;;,; is an S U (3) tensor. The linear independence of the 1, now
implies that K, ., = 0; the real part of this equation is

1
Bivm Ao+ Ajim imr + i Bigm = 5 (035081 + 053057 + 0:1.0;1)5 (2.22)

the imaginary part just reproduces (2.9).

Note that the distribution of indices on the left-hand side of (2.22)
is identical to that on the left-hand sides of (2.8) and (2.9). It is to be
stressed that the remaining quantity of this nature,

iimbmit + Giimfimne + Ceimliim »

is one for which no simple result exists. That the quantity is non-
vanishing can be checked explicitly; its symmetry properties under per-

3 Results equivalent to (2.21) in other formulations of SU(3) theory, but of
less appealing appearance, have occurred in various important contexts. In con-
nection with the mass formula, see OxuBo [4]; in connection with the non leptonic
decays of baryons, and Lee-Sugawara triangle relationship, see Okuso [7] and
Davrrz [8]; in connection with the Ademollo-Gatto theorem and related matter,
see ADEMOLLO and Garro [9], and ZaruAarROV and KoBzargv [10].

6 Commun. math. Phys., Vol.11
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mutations of ¢,4, k, I prevent it from having an expansion in terms of
Kronecker deltas.

Equation (2.22) can now be used, in conjunction with (2.10), to
obtain the relation

8d;18pqr = 0ip0jq + 0:¢0ip — 0:30pq + fivmliqm + fiamfiom » (2.23)

an expression for the product of two d-tensors analogous to (2.10) for
the product of two f-tensors.

It seems fairly clear that no further identities for d and f tensors
exist that are independent of those given above. We could obtain further
results by considering more complex products; but we leave the matter
here, having obtained results sufficient for our own immediate purposes
and hopefully most others.

TarJANNE [3] and Karran and ResNvikorr [2] have expressed
results in matrix notation with ¥; and D, defined by

(Fi)ik =1 fz‘ik ) (Dj)ik = diik . (2-24)

Accordingly (2.12) to (2.14) translate into
TrFiFl = 77/5” N (2.253;)
TrF,D, =0, (2.25D)
0,0, =T s, (2.250)

while (2.15) to (2.18) become

TrFF,Fy, =i i, (2.26a)
T D FF =5 diy, (2.26b)
TeD,D,Fy =i o L fy, (2.26¢)
TeD,D,Dy = 2522 4, (2.264)

It would appear that considerable simplification has been achieved, but
this is in fact not really so. For example, (2.26b) hardly makes manifest
the entire content of (2.16), which also translates, using (2.24), into the
identities

n

?Dz‘ = di:iijFk ’

n (2.27)

? Dj = .Dp F 5F D

If one translates (2.8) and (2.9) into matrix notation, obtaining
[Fo Fl=1ifn Py, (2.28)
[F;, D;1= 1% f;;1 Dy » (2.29)
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then, on the one hand, their symmetric appearance has been destroyed,
but, on the other hand, (2.28) implies the well-known general result that
the matrices F'; are the matrices of the adjoint representation of SU (n),
and (2.29) implies that the matrices D;, related to the F; by (2.27), also
transform according to this representation. Finally, we note that the
important identities (2.10) and (2.23) do not translate into matrix
notation without the introduction of further independent matrices.

3. Tensor Analysis of the Octet Group

It is evident that tensor indices which take on eight values as do
those of the d and f tensors are tensor indices associated with the adjoint
group SU(3)/Z(3) of SU(3) rather than with SU(3) itself. In other
words, just as ordinary Cartesian tensors, with indices taking on three
values, refer to B (3) = SU(2)/Z(2), and spinors, whose indices take on
only two values, refer to S U (2), so here we have tensors associated with
S8 U (3)/Z(3), which are in fact Cartesian tensors in eight real dimensions,
since S U (3)/Z (3) is isomorphic [11] to a subgroup of R(8), and tensors
associated with SU (3). The tensor analysis based on the latter is well
discussed in the literature [4], [12], whereas that based on the former
is not, probably for lack of the algebraic tools. We wish now to employ
the results of the last section to discuss briefly some aspects of the
analysis of tensors belonging to the octet group SU (3)/Z(3).

We begin by considering the “vectors” of the SU(3)/Z(3) group,
which are real eight-vectors, called octets, and which transform according
to the adjoint representation of S U (3). First of all consider the SU (3)
invariants and octets that can be formed if one has at one’s disposal only
a single octet vector a; and the tensors d and f. It is of course well known
that at most two linearly independent octets can be formed. We shall
take these to be a; itself and (a * a);:

(a*a)i= dz’jk a;Qy . (3.1)

It is equally well known that at most two independent S U (3) invariants
can be formed, which we take to be

Iy(a) = a;a;, (3.2)
I(a) = (a * a); a; = d;; a;0;0; . (3.3)

In terms of the notation
(abe) = d;jp a:bicy (3.4)

we write I3(a) = {a®) quite often. While the two statements made answer
the questions of principle, it is clear that other octets and SU(3) in-
variants can be written down. To exhibit explicitly how such quantities
can be expressed in terms of the selected basis octets and S U (3) in-
6%
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variants is in fact essential for practical purposes. For octets, we note

fise @0, =0, (3.5)
fisna;(@axa),=0, (3.6)
fiil@xa)(@xa), =0, (3.7)
digr ay(0 % @)y = 5 Ty(a) a;, (3.8)
diglax @)y(ax )= 5 Ij(@) a;— 5 Iy(a) (@xa)y.  (3.9)

Of these two are obvious, and three require straightforward use of
identities given in section two. Turning to SU(3) invariants, we use
results of section two, along with (3.8) and (3.9), to derive

(@xa)(axa) = (@alaxa)y = L@, (3.10)
{a(a * a) (aa«a)):%—[z(a) I(a), (3.11)
(@xapy =2 [L@P - 5 L@F. (3.12)

It is to be noted that unless I(a) = 0 the octets a; and (a * a); are not
orthogonal. For some purposes it is desirable to replace (a * a); by O;
such that a;0; = 0, and it follows from (3.2) and (3.3) that the choice

0; = Iy(a) a; — I,(a) (a * a); , (3.13)
satisfies the orthogonality condition. We note that
1
0,0, = 1@ {3 (L@F ~ ;@7 . (3.14)

Now both 0,0, and I,(a), being the norms-squared of real octet vectors,
are positive definite; hence (3.14) implies*

5 L@P - [L@Prso0. (3.15)

A further consequence of (3.5) to (3.7) that may be worth noting is as
follows. In contexts in which one has a single real octet vector a;, all
3 X 3 matrices are of the form M = « + [Ba; + y(a * a),] A; where
o, f, v are functions of I,(a) and I3(a), and accordingly commutative.
To see this, note [M, M'] involves only terms like Sy’ 24f;; a;(a * a); Ay
which vanishes in view of (3.6). We now go on to consider the general
tensor representation of SU(3)/Z(3). In general, a tensor 7';;; ... will
carry an irreducible representation of S U (3)/Z(3) if and only if

1. its indices have irreducible permutation symmetry,

2. all contractions which can be formed using Kronecker deltas and
d and f tensors, are zero.

¢ The fact that the cubic (2.20) necessarily has three real roots for any octet
vector a, likewise yields the result (3.15).
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We do not attempt a general discussion, but illustrate using simple
examples. Given a general tensor T';; of second rank, we know, of course,
on the basis of

8X 8—>1+8+8+10+ 10+ 27,

what irreducible tensors can be built from its components. Explicitly we
find, using the results of section two in the consideration of contractions,
that the irreducible constituents of the symmetric part of 7';; are

T, (1 component),
% (T:5+ T52) dojn (8 components),
1 3 1 1
5 (Tii+ T5) — 5 dijidimr g (T + Tem) — g 015 Ty s

(27 components),

while those of the antisymmetric part are
1
5} (Ts5— T53) fign s (8 components),

1 1 1
7(Ti:"“ 10— ?finftmk?(ka = Tm)

(20 components) .

It is noteworthy that the last tensor cannot be split up into two parts
(corresponding to the 10 and 10 in the antisymmetric part of 8 X 8)
without discussion of a conjugation operation, a matter not taken up
here. In the special situation wherein there is only a single octet vector
at one’s disposal, so that 7';; = a,a;, only the symmetric part exists and
h
we have Iy(a), (1 component) ,
(@ *a);, (8 components) (3.16)
3 1
a;a;— 5 dyjp(@ x a)— 5 055 15(a) .
In further illustration, we consider a question which arose in the authors’
study [2] of chiral SU(3) x S8U (3) dynamics: how many independent
symmetric second rank tensors can be built when only a single octet
vector a; is at one’s disposal. It is not hard to convince oneself that the
following are a minimal set of such tensors:
05, dijrx, @; 05 diji(a * a)y

(3.17)
a;(a * a); + a;(a * a);, (@ * a);(a * a); .

Tensors such as

dizﬂc diqk Ay Qqs fz'pk f:iak ApQq »
etc. can be expressed as linear combinations of those in the set (3.17),
using identities given in section two. Similarly, one may show that a
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minimal set of antisymmetric rank two tensors built out of a single real
octet vector is

fiin@u fiin(@* @)y, a;(@*xa); —a;(@*a);, dipo@pfiqr(@*a), . (3.18)

4. Special Unitary 3 X 3 Matrices

We wish here to give generalizations to SU (3) in terms of Gell-Mann
matrices of certain familiar representations of elements of S U (2) in terms
of Pauli matrices.

It is well-known that any special unitary matrix U can be written
in the form U — oid @1

with 4 hermitian, to make U unitary, and traceless, to ensure det U = 1.
In the 2 X 2 case, writing
A=a-T, (4.2)

and putting @ = 6 n, where n? = 1, so that a? = 02, one easily develops
U=cos0/2+isinf2t-n. (4.3)

An alternative description of any unitary matrix is the Cayley or rational
representation. This allows almost any unitary matrix U to be written
in terms of a hermitian matrix B in the form

U=(1+¢B)(1—-:¢B)? (4.4)
the two factors being commutative. In the two by two case, the corre-
sponding U is unimodular if and only if B is traceless. In this case
writing B = b - T one converts (4.4) into the form
1—-b2+2ib-7

14 b2
At the SU (2) level, relationships between different parametrizations are
easily seen, and we may alternatively write any U € SU (2) in the form

U= (4.5)

U=c¢,+ic T (4.6a)
in terms of real quantities ¢,, ¢ subject to
Ct+er=1. (4.6b)

We wish here to consider the problem of parametrizing special unitary
3 X 3 matrices, i.e. elements of S U (3). The problem is very much harder
than the SU(2) problem in view of the fact that the algebra of Gell-
Mann matrices, involving d-tensors, is much more complicated than that
of the Pauli matrices.

We discuss in turn the use of the exponential and Cayley representa-
tions of U € 8U (3) and the (not completely successful) search for a result
analogous to (4.6).
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First consider the exponential form (4.1) with A4 traceless and
written as
A == a/k )‘k . (4.7)

We wish, in as close analogy as possible with (4.3), to express U in
the form
U=uy+ i uphy (4.8)
where
Uy = Ty + Y (@ * @)y 4.9)

with u,,  and y given explicitly as functions of the invariants I, = a,a,,
I, = {a®). A direct approach, based on manipulation of the series expan-
sion of e*4 and use of the characteristic equation

A LA-21,—0 (4.10)

of 4, quickly becomes unmanageable. An alternative approach consists
of two steps, first, computation of u,= %Tr U as a function of I, and

I, and second, calculation of # and y in terms of w,. The first step is easy
to perform but leads to a complicated result. Let @, (x =1, 2, 3) be the
three real latent roots of 4, i.e. solutions ¢ = ¢, of

P —TLp—2I,=0, 4.11)
given explicitly [13] in terms of I, and I; by means of

1
@ =2(Lf3)? cos 5 (y + 2ma), «=1,2,3, (4.12a)

cosy = /3 Iy(Iy)~3". (4.12b)
It then follows that
U= g TrU =5 36" (4.13)

o«

To compute z and y of (4.9), we develop

Uy, = ——*,lz—TerU

1 0 .
= Tra—ak(EZA)

T2
4.14)
1 0 (
=Y %a —TrU
1 up 2@,
) ‘:"‘ day;
and using (4.7) get
a(Pcc — ((pocak_"diikat J) (4 15)

aak 3(]70: - 12



88 A. J. MACFARLANE et al.:

Hence the quantities # and y of (4.9) can be identified as
== g, 0B ek — L), (4.16)

y=—3 e B¢l I)1, 4.17)

and, in virtue of (4.12), the desired expression for U of form (4.1) with
(4.7) has been obtained. While the result with u,, z, y given as complex
and complicated functions of I, and I; may seem disappointing as
a generalization of (4.3) for S U (2), it seems clear that there is no explicit
parametrization of S U (3) which will not involve the solution of a cubic
(if not even a sixth order) equation.

Turning now to the rational or Cayley representation (4.4) of a 3 x 3
unitary matrix U, we do not assume B to be necessarily traceless but

rather set B = by + Axby (4.18)

and see what the restriction detU = 1 implies. If any 3 X 3 unitary
matrix U is written in the form (4.8) with u,, u;, in general complex, then
directly one obtains
det U = ug® + ugu? — i (u . (4.19)
Applying this to the consequence
det(l — 7.B) = det(l + 2 B)

of det U = 1, we deduce that b, must be a function of the invariants
I,, I; which can be built out of b, which obeys®

2
b = bo(I; + 3) — 5 I, (4.20)
and tha det (1— iB) =1+ I, — 3bg. 4.21)
From (4.20), it follows that det U = 1 and b, = 0 require I3 = 0. In order
to make practical use of the Cayley representation we need to be able
to obtain (1 — ¢ B)~! explicitly in the form

(I —¢B)t=cy+ tc Az, (4.22)
Directly one obtains
= (1 —1by) 21, (4.24)
f=10"1, (4.25)
co— [%(1-3ib0)+§9] 01, (4.26)

8 The condition that (4.20) have three real roots can be directly shown to be

2
satisfied, since the condition that 23 = I, + 5 I, have three real roots is satisfied.



Parametrizations of S U (3) 89

where 2 = det (1 — ¢ B) = 1 + I, — 3b,2. Now, since

U=2(1—-i¢B)y1-1
it follows that

— (1= Biby) Q1 — 5+ 2ily
[(1 — 7bg) by + 1d;;,b;b;] 271

(4.27)

Thus again we are lead to a parametrization of S U (3) based on a single
real vector b, wherein scalar quantities involved are given explicitly in
terms of the invariants formed from b, only after a cubic equation has
been solved. It would seem however that the Cayley approach leads to
a more manageable final result than the exponential form. Result (4.27)
shows clearly how restrictive on U is the condition b, = 0 in (4.14), since
by = 0 implies Tr U real.

Finally we consider the possibility of expressing a matrix U ¢ SU (3)
in the form

U=fo+igo+ide(fe+ igs) (4.28)

where

gi=af; + ydisi e (4.29)

and expressing f,, g, # and y in terms of the invariants J,, J, which can
be built out of f,. To handle this problem, we write unitary U as

U = vy + 10344 (4.30)
and, as for (1 — ¢ B)~?, find

U1 = (det U)-? [1;02 -+ % V0 — A (G5 + di,-kvivj)] .
Putting det U = 1, and equating U~ to

U* = ’UO* - ivk*lk
yields the equations

V¥ = 12 + —;;— ViV, » (4.31a)
V¥ = vUp — 1 dyi U Y; (4.31b)

When we put v, = fo + ¢9y, v = fi + g%, With g, given by (4.29), (4.31)
yields in fact six equations for fy, gy, @ ,y in terms of J, = fif;, J3 = {f*).
Of these four are independent:
2
I=fo—gox+3¥Js,

0=—goy+ 2z,
2 (4.32)
—-x=f0:z:+g0+§—y(xJ2+yJ3),

2
~go=2fo.‘7o‘i“g)?‘(xJz‘*'Z/Ja),
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and the other two are consequences thereof. No better result than the
following was obtained:  and y are given by

@=go(L+3f0)7% y=2(1+3f)" (4.33)
in terms of f,, g, which are related to J,, J; by

(1+3f0) (L — fo) = 5 Ja— 9a° (4.34)

2
390(1 +3fp) =—2 [903 —Jy90 + ng] . (4.34D)

Elimination of f,, g, from (4.34) leads to equations of sixth order for
fo Or g, (and hence for z, ). It is of course possible that a more attractive
answer exists — various other possibilities have been considered. Eq.
(4.33) provides a useful check on results for the exponential or Cayley
representations.
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