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Abstract. The equal time limit of commutator matrix elements of conserved
currents is rigorously calculated by means of structures which follow from general
principles of relativistic quantum field theory and current conservation. We prove:
(a) In general derivatives of d-functions occur (gradient terms). — (b) The proper
(non-gradient) part of the equal time limit is exactly given by the divergence-free
causal one particle structures constructed from those intermediate one particle
states which have the same main quantum numbers (mass, total spin and total
isospin) as one of the external states (saturation by two one particles states!). —
(c) All the other intermediate discrete one particle states drop out completely and
the continuous many particle states contribute at most to gradient terms. —
(d) The gradient terms emerging from the remaining two discrete intermediate one
particle states can be removed without any restrictions on the form factors. — (e)
From current algebras of conserved currents in the form proposed and used in the
literature one cannot deduce any predictions for form factors beyond the algebraic
conditions for coupling constants which already follow from the algebra of the
charges.

I. Introduction

In recent years we have witnessed an ever increasing interest in the
field theoretical aspects of current operators. Generalizing group theo-
retical features of conserved charges to non-conserved charges [1] proved
to be very successful in deriving sum rules of various types [2—6].
Encouraged by these results physicists have conjectured algebraic struc-
tures also for the current densities. Whereas numerous articles, and
lecture notes [7]' have been published on the applications of these
current density algebras, considerably less effort has been devoted to
the problem of consistency of the density algebras with quantum field
theory.

In addition the combination of the density algebras with simple
saturation assumptions (one particle saturation) lead to kinematical in-
consistencies of the results [4]. Without looking for possible diseases

* Supported in part by the U.S. Atomic Energy Commission under Contract
AT (30-1)-3829.

1 For a general information on current algebras see [7] and the bibliography
given there.
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of the assumptions, the removal of these inconsistencies combined with
the claim for infinite sets of one particle intermediate states has been
used as a dynamical recipe for the determination of form factors [8, 91.

In a series of papers we will investigate the consistency of current
density algebras without gradient terms and their saturation by a finite
number of intermediate one particle states with general principles of
relativistic quantum field theory. In the present first article we restrict
ourselves to the case of two conserved currents.

Let us consider for example the following simple situation of the
internal symmetry group SU(2) and the m-system: From the group
theoretical aspects of isospin one obtains the following commutation
relations between total iso-charges and isospin currents:

<.‘7'6k'1| [Qou 7%('”)] ]nk2>T = ieuﬂy <nkll ?’; (x) Iﬂk2>
(ky| [75.(®), Qp] [ho)™ = i 60, {mhes| 75 (@) [l -

The most general form of the truncated charge density commutator
matrix elements consistent with (1) is2:

{rky| [1%®), 53 (0)] [whodE, — yo— o = O (2 — ©) e~ T R)® AQ (B, Fy)
— 895 (ky, ky) (O(z), — Opy,) [e™ " 1@~ 1¥) § (2 — y)]
+ A3y, Tey) [0y, Oy, + Oy O] [P 1™~ 1e¥) 5 (2 — )] 2)
- 522(101, k) Viey Vi) 0y, — Oy, [e7 1@~ Hal) § (2 — )]
+ higher terms.
ith
he (ky — o)y S (ky, bp) = 0. 3)

The proposal of a current algebra is that all the gradient terms vanish
and that 4%, can be identified with ie,g, {(7wk,| j2(0) |ky7). Furthermore
the one particle saturation in its simplest version means to introduce
a complete set of intermediate states in the commutator on the left hand
side of (2), keep from this infinite set only the discrete one particle states
and drop all the others. It is obvious that such a procedure if it is con-
sistent with general principles leads to relations between form factors.
Unfortunately it destroys locality and because locality is strongly con-
nected with Lorentz covariance this procedure shows the well known
kinematical inconsistencies in the equal time limit.

In this article we will prove from general principles of relativistic
quantum field theory, current conservation and some technical high
energy assumptions the following six statements:

I. The equal time limit of the density commutators is exactly given
by the right hand side of (2).

2 Latin indices run from 1 to 3, Greek indices from 0 to 3 with the metric
(+a Ty T —')‘

(1)
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IT. In one particle approximations which satisfy locality and current
conservation (such approximations will be called from now on DCOP-
structures) the equal time limit does not show any inconsistencies.

ITI. From all DCOP-structures only those two which correspond to
the intermediate one particle states with the same main quantum num-
bers as one of the external states contribute to the equal time limit (in
the example at hand this is the one pion state). All the others drop out.

IV. All contributions to the gradient terms emerging from the
remaining two DCOP-structures can be removed without any condition
on the form factors.

V. The proper (non-gradient) part of the charge density algebra does
not lead to any new dynamical restrictions apart from the algebraic
relations for the coupling constants which also follow from the algebra
of the charges. 494 is exactly given by products of coupling constants
and form factors which automatically satisfy the algebra without any
restrictions on the form factors for momentum transfer ¢ = 0.

VI. All continuous many particle intermediate states contribute at
most to gradient terms. Sum rules can only emerge from structural
assumptions on these gradient terms, for example their vanishing.

From these six statements it follows that the current density algebras
for conserved currents in the form, in which they are proposed and
extensively used in applications, are dynamically empty as far as the
calculation of form factors is concerned. The only possible dynamical
content is contained in the assumption that no gradient terms do occur
(small distance behaviour of matrix elements). But in order to extract
this content one has to calculate directly the three coefficients S%,
A%Y%tand S9% on the right hand side of (2) in terms of physical quantities
and to check what the vanishing of the three coefficients means for these
quantities.

In the proof of these statements we rely heavily on the field theo-
retical causal one particle structure of the commutator matrix elements.
Such causal one particle structure properties in the case of Green’s func-
tions have been studied by ZimmMErRMANN [10, 11], Symanzix [12, 13]
and STREATER [14]. They are a consequence of locality, and the
existence of non zero mass one particle states below a continuous spec-
trum. For special Wightman functions and the case at hand one of the
present authors (A. H. VOLKEL) has investigated the one particle struc-
ture [15, 16]. It was shown that the connected matrix element of the
commutator of two currents can be written:

K| [7#(@)s 9" @)] [Re) = B (, ) + F¥* (w, y)™* 4)

where Fr’( ) is a product of (retarded) three point functions and
Fev( )T contains only contributions from the continuous energy mo-
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mentum spectrum. Every part is local for itself. However the occurence
of retarded three point functions in F#*( )I destroys current conservation
for each part separately on the right hand side of (4). It was shown by
two of the present authors (Ura VOLKEL and A. H. VorkEL) [16, 17]
that by changing the decomposition one can rewrite the right hand side
of (4) as:

Fre (@, )¢ 4 Fwo (g, g1 (5)

where both terms separately satisfy current conservation. Both are
separately local. Furthermore F»*( ) ¢ contains all the one particle con-
tributions and incorporates only the three point functions information
of the theory.

This decomposition together with current conservation exposes
enough structure of the commutator matrix elements so that the state-
ments above can be rigorously proven. This structure is however not
strong enough to show whether all gradient terms vanish trivially, give
rise to non-trivial sum rules, or cannot be removed in principle.

We want to mention that all forthcoming high energy assumptions
are sufficient assumptions which can be weakened with the only effect
that further gradient terms arise.

We restrict ourselves to the case of spin zero particles. All our
statements remain unchanged for particles with spin. It is a simple matter
of introducing spin indixes to generalize our calculations to the case of
particles with spin. The case of spin 1/2 particles will be treated in the
second article of this series, where we investigate the SU (2) x SU(2)
algebra of vector and axial vector currents.

II. The Causal, Divergence-Free one Particle Structure (DCOPS)

The commutator matrix element (4) can be written as a sum of the
one particle intermediate state contribution and the continuous rest3:

<"’1M1| [ (x), ¢” ()] |]l42k2>"l1
— [ B2 (s 1] (@) [ ) yam| g7 () | My ey
— (ke My g7 (y) Imq y) yqml §#(x) | Mokey)}
- continuous rest .

But in this decomposition the one particle contribution and the rest
separately do not have all the linear properties of commutators. They
do not vanish for space like distances. An unpleasant side effect of this

3 The internal quantum number y denotes always the pair (I, I") with summa-
tion over I'. I" denotes the representation of the corresponding symmetry group
and I the states within this representation.
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decomposition would be the explicit k&, k, dependence of each separate
contribution to the equal time commutator. If one for example omits the
continuous contribution then one has to introduce ad hoc devices
(k — oo method) to get kinematical consistency. The way to repair this
situation is to change the decomposition (6) to [10—17]:

Chey M| [ (0), 9 (9)] | Mg, Beg)™ = P (3, ) + o (a, )1 ! (7
with:
Fev(z, y)f
= 2mi [ diq {e~ i Do +illi—0)y
© [k RIg(0), By (— 9)110) Aiet (@) <0) RIB, (), (0] ko)
— (ly| BLBy(~ ), g(0)110) Aiy (q) O] R#(0), B,(@)] [)]
— gl —Dz—i(ka—q)y (8)
© [ k| R#(0), By(— 9)110) Aleg (9) <O BLB,(g), g7 (0)] o)
— (k] RIB5(— 9), (001 |0) Agy (@) <O B9 (0), B, (q)] [k} -

Here E,,(q) [E’_,(q) = E,,(— q)*] is the interpolating field of the inter-
mediate one particle state with mass m and internal quantum numbers y.
R[ ] denotes the retarded product. The kernel

“~>

;et (@ =: Aret (@™ A;et (@) A;et (@ )

4
av av av

is given by the two point functions of the interacting field B, (x). They
can be represented by [12]:

S 1 F_dse(s, )
;zt(q)_m—l— fm 1o
4m?

av

"1 — (2 — g2 3 dso(s, y)
ret ()71 = (m* — ¢*) [Ar +4.[ [s — (g +i€)?] [s — mz]} (1)
e, )=0, o(s,7)=0, 4,z0,

[A n M]zl, (12)

Y [s — m?]?
4m?

The expression (8) has on the mass shell of the intermediate momentum
the same structure as (6). But it is in addition local and is given solely
in terms of three point functions with one particle on the mass shell.

Of course such a ‘“‘causal one particle” expression is not unique.
Without changing the normalisation of the intermediate one particle
structure one can take any definition of retarded products or any other
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propagator with the same one particle poles and residua and the same
starting point of the continuum. As long as one does not make any
approximation the choice of retarded products and propagators is a pure
matter of bookkeeping in the decomposition (7).

The next step in our argument is the realisation that the decomposi-
tion (7) is still not satisfactory. For a conserved current 9,5*(x) = 0 we
would like to redefine our causal one particle term in such a way that
current conservation is separately fulfilled for each term of our decom-
position. In other words, what we call a “divergence-free causal one
particle structure” (DCOP-structure), is an expression which on the mass
shell agrees with (6), is local, satisfies the above mentioned divergence
condition and is a bilinear functional of the three point functions. Two
of the present authors (Ura VOLKEL and A. H. VOLKEL) have explicitely
constructed such DCOP-structures [16, 17] in terms of Jost-Lehmann-
Dyson representations [18—21]. They are given by*:

Fl“’(x’ y)IG = F/“’(x, y)[ — ei(klz_kzy)
KM@ =y + HE (@ — y)] (13)
e k) [0 (5 — ), HP (@ — )]
Ruv 1 (R
{Hﬂ,} (@) = [ digeFits {ﬁ”} (@) (14)

Rrr(g), = = i(= 1) [duds e(g — u) 8((q — )* — 3)

{(q + b — 20 (g + kyey — 20)°
s— (W —F)? s~ (u— k)

kr - ]6‘3_, i
[ﬂ (u: S)r + (q - kr)l (¢;(u, S)r + ((kl _ kz))g V; (u: 8)1.)
k _ k:!-—r A
~ (g o (300, iW?mL%w&M (15)
(g + ky—r — 2u) ky_i)H
T — (w— ks_:;z) |:¢,' (u, 8), — (]c —F)? (1/): (0, 8), + gy (u, 5), )

— g+ b= 20y (s — (u — k) e(u, ),

(g+k —2up T, (ky — k)"
gy ey [¢g(u,s el = g (), 4+, (w, 9),)

— @ty = 2006 — (= by ) e,(w,9), )

¢ The following Eq. (15) differs from Eq. (40) in [17] by the absence of the terms
containing the spectral functions ¢, w#, ¢ and E, which do not occur in the case
of conserved currents.
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Here {¢#, v;, e;} (u, 5), are the Dyson spectral functions of the following
matrix elements:
It(gy =i @m)P
{Ucl R[#0), By(— ¢)110) Aot (@) — R[B;(~ 9),7*(0)]|0) 45y (@)}
g(y’ 9 kz)z ’ (16)
f,‘-‘(Q)z = i(27)°2 Py (y, ¢ by
“{ Aot () O] BB, (), 7(0)] [ky) — Aay (0) O] B[1#(0), B, ()] |k}
with the abbreviations:
Py(y, 4, ky)y =: (ky — @) <ea| Rg"(0), By(— )1 10)
Py(y, g, ka)y =: (ks — q), O] R[B,(q), g*(0)] |k -
Locality implies the functions P, (v, g, k,), to be polynomials in g¢.
Similarly {¢!, ¥,, €,} («, 5), are the Dyson spectral functions of the
matrix elements f 4 (¢), which are obtained from 7;(q);_, by the replace-
ments j* — g# and P,(y, g, k,), -~ P;(y, ¢, k,), on the right hand sides of
(16), (17). P;(y, q, k,), is given by (18) with g replaced by j. All these
spectral functions are introduced in such a way that the following

divergence conditions are automatically fulfilled by the Dyson represen-
tations:

(17)

(18)

(q— k) I (Q) } 1(27)°2 P;i(y, ¢, ky), (19)

(0~ by 14(@),
[Aret.(Q) R M (/) Po(y, ¢ ks_r)s—r -
These equations follow 1mmediately from current conservation and the
definition of the matrix elements ' e )(q)r
Now the Dyson representation of I# in terms of {¢*, p, e} are simply
obtained by the most general solutions of the Eq. (19). If — ¢(— 1)7x (u,s),
are the Dyson spectral functions® of the right hand side of (19) then these
solutions are given by [17]:

Ig), = —i(— fd“udsa( —u%) (g — w)? —s)
.{(Q-Fk 2“)

s — (’LL [75 (u: 8)7‘ + wy (u ‘9)7‘ + (q - l ¢; (u: 8)1’] (20)
- ¢;L(u’ 8)y + (q + ky — 2u) 6(‘9 - (u—k, 2) e; (u, 8)7}

Iyg) = —i(= 1) [dtuds e(g® — u%) 6((q — w)? - s)
_{<q+k3 . 2u)

s — (u — kg

[n(u: ) Yy (u: 3)7' - (q - ka——r)l ¢3(% 8)1]
o 8), = (@ oy — 207805 — (0= o)) g, 8),) (@)

5 From the polynomial character of P, and Eq. (11) it follows that the
support of 7 (u, s), is concentrated in the point » = 0.
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with
Jdtuds e(q® — u®) 6((g — w)? — ) () (¥, 8), =0
and
¢Jl(u’ 8),. _ a Zﬁ’ (u’ 'S)r
s—(u—k) " 0s s — (u— k) 93
Phu, 5), 0 ZAu, s), (23)
s— (U —lhy-p)? "0 s — (w—lky_p)*

All the spectral functions have certain support properties which follow
in the well known manner [18—21] from the support properties of the
commutator matrix elements [ £ (@)r In momentum space.

As we mentioned earlier the DCOP-structure is not unique. In part
this non-uniqueness is expressed in the occurrence of the functions
H#? (z), in Eq. (13). Their fourier transforms are arbitrary local solutions
of the divergence equations:

(- kr),u ‘FI’“J(Q)r =0
(q - ks—r)VHl”(q)r =0
with their support contained in the support of K#*(g),. Solutions of this
boundary value problem are given by [17]:
#(q), = i(~ 1y [ dtuds e(g” — u0) (g — u) — )
{(a+ k- 200 (@ + koey — 209

. [ (g — k)a (g — ksy)n
[s — (w— K] [s — (v — ky)*]

8(s — (u — k)2
(@~ En B, 8), + L g k) B, 8,

r=1,2 (24)

O(s — (u — ksp)?)
s — (u — k,)?

7 (u, 8), +

4 0(s — (u— k) 8(s — (u — ky_)?) B (u, s),] (25)
+ 207, ), — LEEZEO k), 2w, ),

gt ey — 20
§ — (U — kg_y)?

- (q + kr - 2“)” 6(8 - (u’ - kr)z) E;I (u: 8)7‘
(g kg — 20 05 — (= k) B (0, ),

The spectral functions Z** (u, s), and B}, (u, s), are arbitrary except
the condition that their support is contained in the support of ¢7” (u, ),
+ ¢g(u, 8)s_, and e;(u, s), + e,(u, 8)3_, respectively.

As we will see in section IV the arbitrariness of all these spectral
functions is strongly restricted, if we demand that the equal time limit

does not contain derivatives of J-functions.

(q - kr)n Z,”‘(u: 8)7’
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I11. The Equal Time Limit of the DCOP-Structure

In order to calculate the equal time limit we have to introduce Dyson
representations for the retarded and advanced matrix elements and to
make certain high energy assumptions. Essentially these are assumptions
on the “large s-behaviour” of the Dyson spectral functions.

First of all we assume the validity of Ward’s identity for the three
point matrix elements. By this assumption it follows from (18) that the
polynomials P,(y, g, k,), are independent of ¢8. Therefore we obtain by
means of the asymptotic condition:

Py(y, g, k= Py(y, k) = qu_)m;cl (ky — Dy (ky| B [g#(0), E’;(‘ 9)1 10>

5 26
_..‘;% (key My g°(0) | My Eeyy) {ykey M| B;(O) 10> #9)

and similar:
Pg(% Q, k2)2 = Pg(% kZ)Z (27)

27
= % 0] B, (0) [Mykyy) (yky M| g°(0) [Moks) .

From these equations we deduce that P,(y, k,), is unequal to zero only
if the mass m of the intermediate state is equal to the external mass M.
Otherwise the matrix elements of B vanish (B is the interpolating field
of the intermediate particle with mass m). P,(y, k,), is also diagonal in
the total isospin because the space integral over ¢° is a generator of the
isospin group. If we had included particles with spin the same statement
would be true for the total spins, because the generators of the isospin
group commute with the generators of the Lorentz group.

On the “large- s-behaviour” of the spectral functions we make the
following assumptions:

[dtu [ dsh(u) s {gh v}, 5), < oo

a>°2 (28)
[d*u [ dsh(u)s—32Zr (u,s), < oo
>0
for A (u) € C*®
[ dsoly,s) <oo. (20)
4m?

The assumptions (28) and (29) are sufficient conditions in order that the
equal time limits of the DCOP-structures and the so called continuous
rest exist separately.

¢ In case the ETC between the currents and the intermediate Heisenbergfield
like (&,|[9°(x), B(y)]10) contain gradient terms, one would have instead of a con-
stant P, a polynomial in ¢. The nonconstant part of P, would then give additional
gradient contributions to the ET-structure of the 4-point function.
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From the first inequality of (28) and the condition (22) it follows:

[ atuas “’s)') ~0. (30)

Furthermore we define the retarded and advanced parts of the matrix
elements It , (16)—(21) by:

(k| B[j#(0), B— 110> Aiet (@)1 Py (y, kz)z}
eyl R[B,“, Q) 7#(0)1 [0) A5y (@)™ Py(y, ky)s
(

I @Ak — 20k
i /4 “ds[s—(qiis—u)z
1

' {?——Ml?k])—z [70(w, )1+ w;(u, )1 + (@ — Fu)s ¢ (w, )]
85— (w— )" (w5} 1)
(g — W — (u— k) )
QR TR iy oy ey e e i A "”)1]
+ Q;f(% Q/kl)l .
P,(y, ky)y Aret (@)1 (O] R [Ey(Q);N?"‘(O)] |k2>}
P, (y, ky)y Agy(g)7 O] R[5#(0), B,(q)] |ks)
i (g + by — 20
=+ e [ At ds [s — gL ie—up
A e [ 9 i 9)a (g~ ks G, )]

85 — (= ko)) e, 9} (82)
_ (¢ —w)? — (u — ky)?
= T — e = e 4 ]
+ Q5 (v, 9lks)s
Here Q (y, g/p) are polynomials in g.
The corresponding representation for the retarded and advanced
matrix elements of the current g* are obtained from (31) and (32) re-

placing {¢ V), €5, ) (u, 5), by {¢ Vg €g> — T} (U, §)3_, and Q;'l('}” alk),
by Q5 (y, q/lc 3, on the rlght hand sides.

In order to calculate the polynomials @*, we multiply for instance the
Eq. (31) by (&, — ¢),. By means of Eq. (18) we obtain:

Pi(Vy kl)l ;et(Q)—l Pg(ya k2)2 = (kl - Q)y Q;(V: Q/kl)l - (—23‘_:)7/2‘ f d*u ds
(33)
(ks — ) — (g — up*
[ b= g o S+ 86 — = k) eyt

Taking the limit ¢ — &, we deduce from Eq. (11), the diagonality of P;
in the masses and the polynomial character of @f that the d-function




On Current-Density Algebras, Gradient Terms and Saturation 79

term in (33) must vanish.

[druds d(s — (u — k,)?) e;(u,s), =0

Jadruds d(s — (uw— ky_,)?) e, (u,8),=0.
If we use the fact that 7 (u, s) is the Dyson spectral function of the right
hand side of (19), and therefore apart from trivial factors equal to the

spectral function o (y, s) of the inverse two point functions, we get by
means of some elementary calculations from the Eqgs. (11), (33) and (34)7:
Q;(% glk,), =(q+ k'r)uAij(Vs k), Pg('}” ks—r):;—r
Q:;(')” qlk,)s—r = (g + kr)‘uAyPg(V: ke Pi(y, bg_p)3_r -
The retarded and advanced matrix elements defined in (31), (32) and (35)
are needed for the calculation of the equal time limit of the terms K#” in
(13). In order to calculate the equal time limit of F#*(z, y)! defined in
Eq. (8) we need similar representations for the retarded and advanced
matrix elements without the (constant) factors P, [P;] occurring in (31),
(32). These can be constructed in exactly the same manner as above
because we never used any properties of these factors. Therefore the
result is simply obtained by dropping these factors in the Eq. (31)—(35).
With these preparations it is straight forward to calculate the equal
time limit by means of the Gauchy integral formula and the occurring
J-functions respectively, if we assume, that the limit y° — 20 can be inter-
changed with the u, s and ¢° integrals. We obtain:

lim  FoO(z, y)I¢ = (2m)5 i1 =k § (20 — y)
yu__)zo

{3 P Ty [ i )2 O] RUB, (), 08(0)] o)
+ Ai () 0] RIg°(0), B, ()] )]
4 [l RIP(0), B (— 1)1 [0 Aoy )
+ (| RLB,(— k), 2(0)] 10 Ay (k)1 Py (y, k)y  (36)

— (o9 + Z?g(kp k2/y)}
120 7.0\ 0 .
+ ez(k1 ES {“S?,}r(kl’ kz/?’) (a(w)T — a(y) ”)
+ A%”(kl: koly) O r 0wy 1+ 9wy 1 9y #)
— S%r(kl: k2/7) (a(m) r a(y) r) awaw} [e_i(klw_kw) o — Yl

7 The solution (35) is unique if we limit the polynomials to be of degree one.
In the opposite case, we can add a higher polynomial of the form:

Q¥ = [(k — @ (¢* — K7) + (& + Q* (ky — @)*1 (g, ) »

where p is an invariant polynomial. We drop such polynomial as part of our high
energy assumptions.

(34)

(35)
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In order to give the explicit expressions for the four coefficients A, 4,
8 and S we introduce the following abbreviations:

B (1, 5), = (B0, ), = (0, D)
]C _k3—r (37)
(_kl_—]g’é_(wa u, 8)y & Py (U, 8)5— r)

ZE (u, 8), =t 5 (Z/‘ u, 8), + Z"*(u, 8),) . (38)

In terms of these abbreviations the coefficients are given by:

- 1
Pa oy, Teofy) = — ?Wfd%‘ ds

o(s — k,
{ (Es—_ ((Z_ % ))2) [(ky + by — 2u)° (e;(u, s); — e, (u, 8),)
+ (kl —k ) {(k + k - 2u (El(u> + EII u; 8)1)

— (ky + ky — 2u)* (EY(u, 5); + B (w, 8);)}] (39)
20+ ky — 20)0 8(s — (w0 — kp)2) 8(s — (u — Ky)?)
- B (u, 8), + (1H2)} .

89:7 and S%" are the (0, 7) — components (r = 1, 2, 3) of the following
tensors:

" 1
8157y, hafy) = = o @0 [ dbu ds

1
e e mre b 200 2%

— (ky + kg — 2u)” DA (u, 8); + (ky — k)
“ ((key + Ty — 2w Z°*(u, ), — (ky + kg — 2u)” ZH*(u, s),

+ (ky + ky — 2u) ZF? (u, s),)] (40)
S(s — (u — I
— Sl [k + By — 20 (B, o)y — Bz, 9))
~ (o ey — 2007 (B, )y — B, s)p)] — (1> 2)}
_— 1
8oy Raly) = — @ [ dt ds = — g = = ]
- (B (0, 8 — D8, ) (41)

AYHly, efy) = — 5 @ [ dbu ds
1
) [[3 — (w — k)?1 [s — (u — ky)?] {0%4(PL (w, 8)y + (kg — &y); Z%(u, $);)
+ (kg + koy — 2“)0 28 (u, 8) — 2(ky + ky — 20)% 2% (u, 5),} (42)

O(s — (w — k)2
s — (u — Ic)2

+ L (B (u, 8), + B3 (u, 8)y) + 1<_»2)]
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Now the first question is if all the gradient terms in (36) can be removed.
As will be seen in the next section this can be achieved by (strong)
restrictions on the arbitrary spectral functions Z#*, B ;,. In other words
the condition that no gradient terms occur in the density algebras fixes
in part the approximations which are consistent with these algebras.

Furthermore it will be shown there, that the coefficient Z}’g must
vanish in order that the commutation relations (1) between one charge
and one current density are satisfied. This in turn leads to a further
restriction on the spectral function &% ;;(u, s). This condition must be
fulfilled because the only contribution to the non gradient terms in the
equal time limit comes from the DCOP-structure as will be shown in
section V.

1V. Consistency of DCOP-Saturation of Current Algebras

We first discuss the removal of the gradient terms and prove the
following theorem:

Theorem. Necessary and sufficient for the wvanishing of all gradient
terms:

S;?;T(lcl, kyly) = SO "(ky, koly) = A;’;‘l(kl, ky) =0 (43)
is the condition:
(ky — z);u kp koy) = 0. (44)
Proof. We define antlsymmetrlc tensors by :
v . 1 1
Bl k) =i = @ [ Aol 4

[y + by — 2u) B (u, 8)y — (g + oy — 2u) D (u, )]

O(s — (u — k,)?
- 2= B 1k + b~ 20y By, 9), — Burlo, 8))
— (kg + by — 2u) (Bl (u, 8)y — BY; (0,8))] — (1 2)},
v 1
v, k) =g P [ A ds e (49
: {(k1 + kp — 2u)¢ [(Z¥* (w, 8), + Z**(u, 8)2]} >
T¥rh (e, o) = {4577 — P 4 (200 (e, ) (47)

The tensors Z**, B4 and ¢*:#” are antisymmetric in 4 and ». I'#*** is anti-
symmetric in all three indices. With these definitions 8% are the (0, 7)
— components of the expression:
S (g, kofy) = B2 (ky, kp) — (ky — ka)y I#7* (g Kg) - (48)
In order that S**” vanishes we must find a totally antisymmetric tensor
I'#% guch that (k, — k,); I'*** is equal to the first term of (48)
(ky — ko); I (ky, Fey) = B2 (ky, k) - (49)

6 Commun. math. Phys., Vol. 10
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The antisymmetry of both tensors in this equation implies the necessary

condition :
(ky — ko) B7#(kys k) = 0 (50)

which is equivalent to (44).
If this condition is satisfied then the most general solution of Eq. (49)
is given by:

1
0t — s (B = Bo)* BE? — (ky — By} BY + (ky — k)’ B} + oot
(51)
with
(fy — ko), B#74 =0 . (52)

For our purpose it is sufficient to take only special solutions of the
homogenous Eq. (52), which can be represented in the form:

puvd — Z‘,u:vi. _ iv:,ul+ il:/,w (53)
) 1 1
wivh 5 3/2 4
’ apt [ duds g (54)
s (ky + ky — 2y [Z7H(u, 8); + 2" (u, 5),] .
In order to satisfy condition (52) it is sufficient that Z has the form:

2" (u, 8)p = (ky + ky — 2u)” VA(u, 8), — (> A) . (55)
Solving the Eqs. (46), (47) and (51)—(54) for Z** we obtain by means of
the Eq. (45):

Z¥Mu, s), 1

[s — (@ — k)21 [s — (@ — ko)®]  (ky — ko)?
— (A=)

1
{[s~(u-—lc)2][s——(u~—]c)2] [(&y — Ey_,)” D2 (u, 3),
6(8 _ - r) ) v 73
“—‘*‘[( — ky_p)" (B (%, 8)3_r — Bir(w, 8),) — (A 9)]

§— (u — kg—
Zvl(u’ )
Rl gy ey o3 gy gy (56)

Inserting this expression into Eq. (42) we get for A9°F! (ky, ky/y):

. ) 1
A?ékl(kl) kz/'}’) =" (2m)3/2 fd4u ds { s — (w— k)?][s — (w — ky)?]
ky — ky)°
- [0 (@0, 51, — @O 81y = (e — By B, (u, 5y
(b = Ty 20, 8) - (b + By — 2000 28 (u, ) 57)

O(s — (u — ky)*
=20+ b~ 20 20w, o) 4 o S0

by — kp)°
- [2BR @, 51, — = U — Ty (B, 5)y — By (w51

+(1«+2)}.
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It is easy to see that A2:¥ vanishes with the following choice of Z,
and Z_:
1

Zﬁ-v (u: 'S)r = g/” (k, — u)? — (ks—-r — u)?

1
| mar T O~ ek P9,

8(s — (w — k)
OBy — R )y B, ), — Bh, oy} (59)

Z’_“(u, 8)y ) 1
[s — (u— k)21 [s — (w — k)] " (ki — )2 — (ky—p — u)?

1
e eraar—am [t b 20 (2w,

ky — ky)”
B, ), + S Oy — )y D (3, ), ) = ()]

0(s — (v — k)%
§ — (u - ka—r)2

+ [@ + o — 20 {277 (w5,

— B U — T (B, )y, — By, 9))) — (e | (69)

The tensor Z#” as defined by (59) has the structure (55) and therefore
satisfies the condition (52). Furthermore with the choice (58) for ZX* the
gradient term S;?!;’(kl, ky) also vanishes because ZX¥ is diagonal in u
and ». |

Next we have to investigate the condition (44) of the theorem.
Before we plung into the discussion of this condition we need a little
generalization of our formalism.

So far we have only considered the DCOP-structure of one single
discrete intermediate one particle state. If there are several discrete one
particle states with the internal quantum numbers p; and masses m,
(¢ =1,..., N) then we have simply to replace y by y; and m by m; in
all our expressions and to take the sum over s [16, 22]. This will be done
explicitely from now on. Furthermore we introduce SU(2) quantum
numbers 6, = (4;, 4;) and §, = (4, 4,) for the external states. Here
again 4, denotes the representation of SU (2) and A, the states within
this representation.

By means of the Eq. (31), (32), (35), (37) and (40) the condition (44)
can be rewritten as:

(2;)5 (fy — ky), S;.’;” (y, ky) = D (ky, ky) + Dyp(key, k) =0,  (60)
6*
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where we have introduced the abbreviations:

Dl by k) = — }{2 [((8: 7] RIj#(0), By,(~

+ <6 k I R[Efq — ky),7#(0)] |0> A;v(kz)i_l) P, (s ky0,),
— Pi(ys ky 611 (Afes (k)7 (O] R[B,,,(Ky), g*(0)] [y 05

+ Ay (k)72 (0] R [g#(0), B, (k)] |k262>)]+<g«»i>}, (61)

k)] 10) Aret (k)i

. 7 1 0(s — (u — k,)?)
Diflky, k) =: — 5 G { e e Uy A

: [Z (s + by = 200 eyl sfyh + e 8l7) o

- (kl {(k + k - 2“ (E (u’: 8)2 E;il(u, 8)1)

— (b 4 by — 2u)? (E;‘(u, )y — Elﬁ(u, 3)1>}] +(1le 2)} .

Let us first consider Df. From the Egs. (26), (27) we obtain in the usual
normalisation of the matrix elements of B:
> My, m;

1 /A, M, ;
A
Mzms

P;(yilky01), = — 42 \d, k, |7
1 M.
P;(yilky02)e = — Anky II:: k: 7°

As we already remarked in connection with the Eqs. (26), (27) the matrix
elements on the right hand side are also diagonal in the spin quantum
numbers. Furthermore if we use the fact that j=j, and g =j; are
members of the regular representation of 8 U (2) then from the connection
of j, with the group generators, and translation invariance it follows that
these matrix elements are also diagonal in the (main) quantum numbers
A,, I';. Introducing the coupling constants G4(M,) via the Wigner-
Eckart theorem [23] we obtain:

(63)

1 — [ 41T,
P, (v Badh = 5 Oatym O, 7, Ga, (M) (= W43 (30 )
1 14, (64)
Py‘.,(Vi’ k262)2= %' 6Ma,m,~ 6Ag, I; GA,(Mz) (_ I)AQ+P ( [’ a A )
By means of the L-S-Z-reduction formalism it follows:
(0| RI4(0), By, (— 9)110> et (@)i7 s = ks
mg = My
= (ks R[B5,(— 9),74(0)110) A5y @74 =2, (65)

mi = M,

= —-2%1— {01k 74 (0) gy -
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Similar relations follow for the other retarded matrix elements in Eq. (61).
If we define form factors by:

T 1 A0 o )= (- DA (27 (66)
{0y + o) F 4, p(My, ¢, My)p 4 (key — ko) F g, p(My, ¢, My) 11}
with ¢ =: (b — ky)?,
then we finally get for D¥ (k;, k&,):
Dty Iy) = g (= 1)+ & {(ky + k) By, (M, 8, M),
+ (ky — Fo)* F g,4,(My, 8, My) 11} (67)

. 257 {GAI(Ml) (- 14+l [(_ fTi if_}) (_ %113131:) - (ou-)ﬁ)]

- a0ty 04T [(L7 L5 (L7 5) + e}

However the commutator algebra (1) between iso-charges and current-
densities implies that the sum over I" in (75) vanishes. Furthermore
from these equations it follows:

G (M) = ﬁﬂ(’ﬂ?ﬁiﬂw ¥1). (68)

In most cases of physical interest DY, vanishes identically because of the
support properties of the Dyson integrand. For instance d(s — (u — &,)?)
- e;(u, s, ¥), is a part of the Dyson spectral funciton of a commutator
matrix element of the type (¢2 — m?) (le; M| [§(0), By(— ¢)1]0)>. Let u,

and u, be the masses of the lowest intermediate states with
(¢* — m?) M| 7(0) [ Sl By (= @) [0) + 0
(g% — m?) {(My| By (= q) |ua) o 7(0) [0) == 0.

If py > M, or u, > 2M, then (s — (u — k;)?) e;(u, s|y), vanishes iden-
tically. This statement is a special case of a Lemma to be formulated in
section ¥ and proved in appendix I. Similar statements hold for all the
other terms of D¥;. In the opposite case where DY, is not a priori equal
to zero we obtain by means of the Eq. (34) the following simple solution
of DY (ky, ky) = 0:
B (u, 8)y_, — Biy(u, s), = (, = ko))"
I\%5 9/3—7r II\%> °)r (ky — k,)?

.Z_‘ (ej (?,l,, 8/71')1' + €y (u’ s/yi):s—r) .

(69)

After we have removed all the gradient terms we may now discuss the
remaining proper part of the equal time commutator. Inserting the
Eqgs. (64)—(66) into (36) we obtain for the contributions of all discrete
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intermediate one particle states to the equal time limit:
lim F0(@, )¢ = (2a)? ¢/ Gk% 3 (@ — y)
Yo —a®
1
3 [ )0 Bt (O, 0, M)y + (b — ) P, (M, 6, 33) )]
(— 1Vt A 4+ T Alldl). AllAg)
(= 1A 3 @, 00 (= DA T (3R (L5 T (70)
7 4,14 4,14
+a,0n) (-4 (L 7) - (L F A - o)
— e g [ A1 ML
+ @ 3 Al b ol = it (3
If we integrate this equation over the space coordinates x or y then con-

sistency with the algebra of one charge and one density (1) requires the
condition (68) on the coupling constants and:

2 Ay (g, Feofys) = 0. (71)
?
According to Eq. (39) A° has the same structure as DY;. Therefore all
the remarks above are also valid for A9 Exactly the same argument
applied above for the solution of D}, = 0 leads to the following solution

of (71):

r

B0) 25y E s (@ — ).

E;' (u’ s)a—r + Eﬁl (u’ '5)1- _ (kr _ ks—-r)l
s—(w—lke_?*  (k— k)t
1
: {m 4? (8o, (w0, 8[Y3)r — €ig (%, 8[Ys)z—r) (72)

+ 005 = (= k) (Bl 1+ B, )}

The equation together with (69) specifies the spectral functions
E% 11(u, s), completely.

Summing up the results obtained so far we may make the following
statements in the case of (0, 0)-components of conserved currents:

Equal time density commutation relations without gradient terms
together with saturation by a finite number of intermediate one particle
structures are completely consistent with general principles of local
quantum field theory, if the one particle structures are constructed in
such a way that they satisfy themselves all these principles (DCOP-
structures). Therefore we may conclude that all kinematical difficulties
occuring in other approaches to this problem, for instance the k-depend-
ence in the naive one particle approximation [8], simply reflect the fact
that one of these principles (locality!) is destroyed by the approximation.

Furthermore from all discrefe intermediate one particle states the
equal time limiting procedure picks out only those states which have the
same main quantum numbers (mass, tolat isospin, total spin) as the
external states. This is due to the fact that the main contributions to the
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equal time limit come from the terms which must be added to the local
one particle structure FI in order to save current conservation. These
terms are proportional to the matrix elements P;(y,, k,6,), (18). By
Ward’s identity these matrix elements are diagonal in the main quantum
numbers.

However there exist physical examples [24] (external states are 7’s
and intermediate states w, ¢) where these terms do not occur because
the local one particle structure FI itself is divergence free. In the next
section we will prove that all intermediate states, discrete one particle
states as well as continuous many particle states, with masses larger
than both masses of the external states can at most contribute to the
gradient terms of the equal time limit. Therefore the w- and ¢-contribu-
tions to the commutator matrix elements between pion states drop out
of the proper non gradient term of the equal time limit8. This is in
complete agreement with the results obtained by Barpaxcr, HALPERN
and SEGRE [25] from perturbation theory and in disagreement with the
dispersion methods [24, 25].

A further consequence of this pick-out-mechanism is that the density
commutator algebras do nof lead to any predictions beyond those which
can be already obtained from the algebra of one charge and one density.
The density algebras for conserved currents are only consistency require-
ments restricting at most the structure of the separately local and
divergence free remainder of the matrix element.

For instance the arbitrary spectral functions Z#* which we left open
at the beginning of our calculations are determined in part by the removal
of the gradient terms. Similarly the spectral functions E ;; are fixed in
part by this. The remaining part of K} ;; is then determined by the
consistency requirement for the proper part of the equal time limit with
the algebra of one charge and one density (1).

V. The Equal Time Limit of the Rest

We have split the truncated current commutator matrix elements
into two parts:

(o M| [7#(@), ¢ ()] | Moo )T = B2 (, )T €+ B2 (, ) TE (73)
where both parts have all the properties which follow from general prin-
ciples of quantum field theory and current conservation. Furthermore
Fro(z, y)T ¢ is explicitely given by products of three point functions
(DCOP-structures).

In this section we adopt the following bookkeeping:

8 Fven if the mass of the w and ¢ would be smaller or equal to the mass of
the 7 this remains true. This follows from the general structure of the local one
particle term FZ corresponding to these intermediate states.
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Fer(x, )L @ contains all DCOP-structures constructed from one par-
ticle intermediate states with masses smaller or equal to the maximum
of M, and M,.

Fev(z, y)IIG contains all other discrete one particle and continuous
many particle contributions to the commutator matrix elements.

We want to prove from current conservation that Fo0(z, y)I¢ does
not contribute to the proper mon gradient terms of the equal time limit
provided the threshold of the continuous many particle intermediate
states is larger than the maximum of M; and M,. In these cases
Foo(z, 4y)11¢ can at most contribute to the gradient terms.

By translation invariance F**(z, y)1I ¢ is of the form:

Fro(z, y)16 = eid@+v) ‘@%ﬁz‘f dtqe-ia@—v) Fuv(A, q, PYIG, (74)
Azl p_ Bihk (75)

From current conservation we obtain the two conditions:
(@— A), v (4,9, p)¢=0, (762)
(q+4), Fr*(4,q,p)T¢=0. (76b)

As it was shown in [17] the most general solution of (76a) is:

Fev(A, g, PTG = fd4u dse(@® — u®) 0((g — u)? —s)

{g+ 4 2up [ E80 i 86 - w—ap @) )
] Av (u, s d mY (u, 8
+(g— A)zg;%] — (- (- A)z)ﬁs_ipﬁ}
0" (u, s) satisfies condition (22).

Furthermore all the spectral functions have the well known support
properties [20—21] uniquely given by the support properties of
Frv (,y)IT ¢ in momentum space. From these support properties we prove
in appendix I the following lemma:

Lemma. If the mass of the lowest discrete or continuous state in the
commutator F** (x, y)II€ s larger than the maximum of the masses M, M,
of the external states then the intersection of the support of E(u, s) and the
O-functions 6 (s — (u £ A)?) is empty.

Therefore according to our bookkeeping the §-function term in (77)
vanishes. The remaining part of (77) can be rewritten in the following
way:

Per(A,, PYIO= [ dtuds (g0~ ut) 5(lg — u~ 8)- [T =20 000,

Fl Av , 8
+@- M a-2up 2 T Gow]l. o8)



On Current-Density Algebras, Gradient Terms and Saturation 89

The first term in this equation occurs only because the Dyson represen-
tations are non unique®. From condition (22) it follows that it vanishes
in the equal time limit. According to the antisymmetry of the cornered
bracket in A and u we obtain from (74) and (78) for the equal time limit:

Lim FO0(x, )¢ =
YO

- lim [ dg0 e~ t@ = {ki00(4 ¢ P). (79)

Yo —>a®

(27!)3/2 ezimx" f d3q(q _ A)k e-l—i(q—A)m —i(q+ 4)y

In exactly the same manner we obtain from the most general solution of
(76D):

lim F00(x, y)& = e2id%a®, [d3q(q + A), gl@—ANz —i(q+ 4)y

Yos @n)y
clim [ dg0 e i@ ghO0(4 g, P) . (80)
Y020

Each of the limits occuring on the right hand sides of (79) and (80) is
because of locality at most a polynomial in ¢. Hence, from these two
equations we deduce:

. 1 i49g0 r
y}lglxo FoO (e, y) €= (2m)32 ¢4 {(a(w)r — 0w ,) A77(4, P)  (81)
e~ td@+y) 5({D —y) + 8(30)76 a(y)l [e—id(m-l-y) lim Hk,l;OO(A,x -, P)]}
Yo —> 20
with
4,174, P)=0. (82)

By locality the limit on the right hand side of (81) is a finite sum of
d-functions and their derivatives'®. We want to point that we did not
need for our proof any other high energy assumptions than the existence
of the limit®.

An interesting question is if these gradient terms really do occur or
not. It is easy to construct sufficient conditions for their absence in form
of high energy assumptions or special structure properties for the explicit
solutions of the Eq. (76a—b) [17] similar to the considerations of sec-
tion IV. However, in contrast to the one particle structure, we do not
know enough about the many particle structures [12—13] in order to
see if these conditions are consistent or not. Therefore, we do not write
them down here.

® In most cases the support in momentum space is symmetric after splitting
off the one particle contributions. Then we can use the unique JosT-LEEMANN
representation [19] and the term containing ¢ does not appear [16].

10 In writing down explicitly the most general gradient term in (81) one should
make use of the identity [¢d, 4+ 1/2 (04, + 0y),)] e~ 14 @+¥) §(x — y) = 0. This
allows to reduce many of the higher gradient terms to lower ones.
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VI. Final Remarks

In the proof of the statement that the proper (non gradient) part of
the equal time limit is exactly given by the contributions of the DCOP-
structure we had only to assume that the limits of this structure and
the so called rest exist seperately®. No assumptions on the definite
behaviour at high energies or an interchanges of integrals and limits were
needed. On the other hand for the explicit calculation of the equal time
limit of the DCOP-structures we needed further (sufficient) assumptions
(section IIT) which at a first glance seem to be very strong. One can
probably weaken these conditions with the effect that new gradient terms
emerge. The relevant discussion should be similar to the discussion on
the connection of large s behaviour and occurrence of additional gradient
terms as given by MEYER and SUURA [26] and STICHEL and SCHROER [27].

It would be interesting to see if all our results for the time-time-
components remain true for space-time-or even space-space-components
of conserved currents. A further interesting problem is the investigation
of algebras containing non conserved currents (for instance SU (2)
x 8 U (2)) by our methods. Work on these problems is in progress.

Acknowledgement. We want to thank Professor P. StrcaEL for his constant
encouragement, for helpful discussions and critical remarks.

Appendix I

Proof of the lemma of section V:
From the support in momentum space we have [20—21]

supp (B (u, 8)) = {(u, s): (p+w) €V, ,(p—w) €V, (A1)

l/s—max 0, uy — [/(p-l—u [uz—]/(p—u)z},
(ty, 1o are the masses of the lowest intermediate states in the commutator
Fer (g, y)IIG)'
We look for necessary conditions that the support of d(s — (v & 4)?)
- B (u, s) be not empty, that is for a solution « of the conditions

prueVoap—uecV a(utA?2=0, (A2)
At A2 = max(0, uy — /(P + u)?, ue — (0 — w?). (A3)
Let us first consider the positive sign (u + A):

We have to distinguish three cases according to the different shapes
of relation (A3):

LYt d2z0am=)p+u)fap=|(p—up (A4)
2. Yw+APzu—Y(p+uPz=0nu—)(p+uPzp,—|(p—u? (Ab)
3. Y+ A2z pa—(p—uP=0rpus— ) (p—up=p—/(p+u)? (A6)
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where p = 1+k A—- kz,k%zM%,r:l,Z
Let us consider case 1.:
l.a) (w+A4)y=0

Then from (A4) it follows

Ao+ uy = IA“I‘“]’\M%’I‘IP—“Pé (Po — %)? »
or
pi+ 1P —ul = (py+ 4o — |4+ ul)?

and after some calculation

§E = M3 — 2|4+ u| x (i — cosa [k),

where
cosq— T4 +w
ks |4 + ] *
From (A7) and k9 — cosa |k;| = 0 we have
pg = M3.

For 1.b) (u + A)y < 0 we get from an analogue calculation
ui< M%.

Therefore we have the necessary condition for a solution of (A4)

= Myvp, = M, .

Now we study case 2.:
From (A5) it follows

=V @+ uR+ YA+ upvp, < (- w4+ )4+ w?.
We define the two functions
folw)=:)(p £ w2+ )4 +w2.
An investigation of these functions shows, that
fo(w) = My for (u+ A)y =0
f-(w) < M, for (u+A4),=0

(A7)

(A8)

(A9)

(A10)

(A11)

(A12)

(A13)

From (A1ll) and (A13) we get the necessary condition for a solution

of (A5)
= Myvpy = M.

(A14)

As for case 3. we also get relation (A1l) from (A6) and therewith (A14).
The case (¢ — 4) in (A2), (A3) can be reduced to the above considered

case by changing A — — A, that means &, < k, and M; & M,.
‘We conclude :
A necessary condition for a solution of (A2), (A3) is

= MV/‘2<M1
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In other words:
supp(d(s — (u + 4)%) B (u, 5)) and supp(6(s — (u — 4)%) B (u, 5)) are
both empty, if

> max(My, M,) and p,>max(M,, M,).

Note added in proof. After this work was completed, we learned that Drerz and
Kuescr [28] have proved the analogue of our result in Section V for the special
case of zero momentum transfer (4 = 0).
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